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List Decoding of second order Reed-Muller Codes Grigory Kabatiansky and C´edric Tavernier Abstract A new list decoding algorithms for second order Reed-Muller codes RM (2, m) of length n = 2m correcting far beyond minimal distance is proposed. In order to prove polynomial complexity of the algorithm we derive an improvement of well known Johnson bound.
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Introduction



Introduced by P.Elias almost fifty years ago [1] the concept of list decoding has been recently revived thanks to M.Sudan discovery of efficient list decoding algorithms for Reed-Solomon (RS) codes. Despite that there are a lot of similarities between ReedSolomon and Reed-Muller (RM) codes no efficient list decoding algorithms for RM codes were known until very recently. One such algorithm was suggested by R.Pellikaan and X.W.Wu [3]. This algorithm exploits two well known facts: shortened RM codes (of length n − 1 = 2m − 1) are subcodes of BCH-codes of the same designed distance d, and BCHcodes are subfield subcodes of RS codes of the same distance d. Hence one can directly apply Guruswami-Sudan algorithm [2] what√will result in a list decoding algorithm of RM code of order s “correcting ” up to n(1 − 1 − 2−s ) errors (see [3] for details). At the same time, the authors of this paper constructed very efficient list decoding algorithms of RM-1 codes, correcting up to n( 12 − ) errors with linear complexity O(n/3 ) for any fixed p  > 0 [4]. For comparison the algorithm of [3] can correct only up to n(1 − 1/2) < 0.3n errors and with much higher complexity. In this paper we extend approach of [4] to Reed-Muller codes of √ second order (RM-2 1 codes). A new list decoding algorithm can correct up to n( 2 − 2−h−3 ) errors, where h = 0, 1, ..., m/2, but its complexity has a growing with h order O(n3+2h ). In particular, this algorithm can correct up to n( 14 − θ) = d − θn errors with complexity√ O(n5 /θ2 ) what is better that the algorithm of [3] which can correct only up to n(1 − 23 ) = 0.134 × n errors. A crucial point in estimating of complexity of list decoding algorithm is an application of effective upper bound for the size of the list. For the first order Reed-Muller codes it 1



was enough to bound the size of the list by the classical Johnson bound, but for the second order it is not enough and we derive (see Th.1) an improvement of the Johnson bound for the case when some information on code’s weight distribution is known.
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Deterministic list decoding algorithms of second order Reed-Muller codes



Binary Reed-Muller code RM (2, m) of order 2 and length n = 2m consists of vectors f = (..., f (x1 , ..., xm ), ...), where f (x) = f (x1 , ..., xm ) = f0 +



m X



fi xi +



i=1



X



fi,j xi xj



1≤i



1 √ (Johnson 2 2



bound);



for  > 41 ;



2h



3. M = O( 2 −2n−(h+3) ) for  > 2−(h+3)/2 and h ∈ {0, ..., b m2 c − 1} fixed. Proof.



Let us recall that for any Boolean functions y(x) and f (x) X (−1)y(x)+f (x) = n − 2d(y, f ). x∈Fm 2



Let E = {f ∈ RM (2, m) | d(y, f ) ≤ (1/2 − )n} and M = |E|. Define !2 X X S := (−1)y(x)+f (x) . x∈Fm 2



f ∈E
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(4)



1 n



P



P



y(x)+f (x)



The Cauchy-Schwartz inequality implies that S ≥ p∈E (−1) x∈Fm 2 and therefore S ≥ 42 nM 2 P since x∈Fm (−1)y(x)+f (x) = n − 2d(y, f ) ≥ 2n for any f ∈ E. 2 On the other hand, XX X X X S= (−1)y(x)+f (x)+y(x)+g(x) = (−1)f (x)+g(x) + M n. f ∈E g∈E



x∈Fm 2



f 6=g∈E
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,



(5)



(6)



x∈Fm 2



P Now x∈Fm (−1)f (x)+g(x) ≤ n/2 since d(f, g) ≥ /4 for any distinct vectors of RM (2, m) 2 equals n/4 and therefore S ≤ M n+M (M −1)n/2. This together with (5) imply 42 nM 2 ≤ √ M n + M (M − 1)n/2, and hence for  > 1/ 8 M ≤ (82 − 1)−1



(7)



In fact, we just repeated the proof of classical Johnson bound. Now we shall use (3). Denote E0 = {(f, f ) : f ∈ E} and E1 = {(f, g) ∈ E × E : d(f, g) = n/4}. Note that d(f, g) ≥ n(1/2 − 1/8) for any pair f, g such that (f, g) ∈ E × E − (E1 ∪ E0 ) since the “next” distance in RM-2 code equals n(1/2 − 1/8). Now rewrite (6) X X X X S = Mn + (−1)f (x)+g(x) + (−1)f (x)+g(x) (f,g)∈E1 x∈Fm 2



(f,g)∈E×E−(E1 ∪E0 ) x∈Fm 2



n n n + (M 2 − M − |E1 |) = (M 2 + |E1 | + 3M ). 2 4 4 n 2 Then S < 4 M (M + 3 + 2n /3) since obviously |E1 | ≤ M A 1 n < 2M n2 /3. Together with 4 (5) it leads to the second assertion ≤ M n + |E1 |



(162 − 1)M < 2n2 /3 + 3.



(8)



A general case can be proved in the same way. 2 Now we are ready to upper bound the size of lists generated by the proposed algorithms. Lemma 2 Let  = a + θ, where 0 ≤ a <  < 1/2. Then for any received vector y and for every ν = 2, ..., m (ν) (ν) |Lν (y)| ≤ |Ra,θ (y)| ≤ 2θ−1 Ma+θ/2 (9) (ν)



Proof. Denote µ(q (ν) ) = |{s : 2−ν ∆j (y, q (ν) ) ≤ 12 − ˆ}| the number of ν-dimensional facet Sj for which the given prefix q (ν) is “enough close” (ν) to y, i.e., there exists a linear function lqν ,j = l(x1 , ..., xν ) ∈ RM (1, ν) such that dj (y + 5



(ν)



lqν ,j , q (ν) ) ≤ 2ν ( 12 − ˆ). Then we have that |{q (ν) : 2−ν ∆j (y, q (ν) ) ≤ 21 − ˆ}| ≤ |q ∈ (ν) (ν) RM (2, ν) : 2−ν ∆j (y, q) ≤ 12 − ˆ}| ≤ |q ∈ RM (2, ν) : 2−ν dj (y, q) ≤ 21 − ˆ}| + |q ∈ (ν) RM (2, ν) : 2−ν dj (y ⊕ 1, q) ≤ 12 − ˆ}| ≤ 2Mˆ. Then X



µ(q



(ν)



)=



all q (ν)



2m−ν X−1



(ν)



|{q (ν) : 2−ν ∆j (y, q (ν) ) ≤



j=0



1 − ˆ}| ≤ 2m−ν+1 Mˆ. 2



(ν)



Hence |Ra,θ (y)| which equals to the number of q (ν) such that µ(q (ν) ) ≥ θ2m−ν cannot exceed Mˆ(θ)−1 . 2
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Complexity



Let  = a + θ, where θ > 0. At the ν-th step of the proposed algorithms we assume that the corresponding list containing all good candidates q (ν−1) has been evaluated and for each such candidate we need to find all its good continuations xν (c1 x1 + ... + cν−1 xν−1 ). Our idea is to suggest the 2ν possible candidates and to keep in the list the candidates which satisfy the “sums” or “ratio” criterions. An obvious analysis of the complexity gives us the following theorem Theorem 2 For any received vector y the proposed algorithms Sums and Ratio evaluate the list of all vectors f ∈ RM (2, m) such that d(y, f ) ≤ n( 21 − a − θ) with complexity −1 O(n3 |L(m)  (y)|θ ).



(10)



√ In particular, their complexity equals O(n3 θ−2 ) for a = 1/ 8, and O(n5 θ−2 ) for a = 1/4, and O(n2h+3 θ−2 )) for a = 2(h+3)/2 and h ∈ {0, ..., b ν2 c − 1} fixed correspondingly.
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conclusion



We have designed an efficient algorithm which decodes beyond the Johnson radius in polynomial time.It should be interesting to see if it is possible to extend these results for greater order.
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