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Some (standard) references



Wüthrich, M. & Merz, M. (2008) Stochastic Claims Reserving Methods in Insurance Wiley Finance Series



Frees, J.E. (2007) Regression Modeling with Actuarial and Financial Applications Cambridge University Press
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Lexis diagram in insurance Lexis diagrams have been designed to visualize dynamics of life among several individuals, but can be used also to follow claims’life dynamics, from the occurrence until closure, in life insurance



in nonlife insurance
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Lexis diagram in insurance but usually we do not work on continuous time individual observations (individuals or claims) : we summarized information per year occurrence until closure, in life insurance



in nonlife insurance
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Lexis diagram in insurance individual lives or claims can also be followed looking at diagonals, occurrence until closure,occurrence until closure,occurrence until closure,occurrence until closure, in life insurance



in nonlife insurance
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Lexis diagram in insurance and usually, in nonlife insurance, instead of looking at (calendar) time, we follow observations per year of birth, or year of occurrence occurrence until closure,occurrence until closure,occurrence until closure,occurrence until closure, in life insurance



in nonlife insurance
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Lexis diagram in insurance and finally, recall that in standard models in nonlife insurance, we look at the transposed triangle occurrence until closure,occurrence until closure,occurrence until closure,occurrence until closure, in life insurance



in nonlife insurance
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Lexis diagram in insurance note that whatever the way we look at triangles, there are still three dimensions, year of occurrence or birth, age or development and calendar time,calendar time calendar time in life insurance



in nonlife insurance
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Lexis diagram in insurance and in both cases, we want to answer a prediction question...calendar time calendar time calendar time calendar time calendar time calendar time calendar time calendar timer time calendar time in life insurance



in nonlife insurance
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Loss development triangle in nonlife insurance Let PAID denote a triangle of cumulated payments, over time > PAID [,1] [1,] 3209 [2,] 3367 [3,] 3871 [4,] 4239 [5,] 4929 [6,] 5217



– – – – –



[,2] 4372 4659 5345 5917 6794 NA



[,3] 4411 4696 5398 6020 NA NA



[,4] [,5] [,6] 4428 4435 4456 4720 4730 NA 5420 NA NA NA NA NA NA NA NA NA NA NA



row i the accident year column j the development year diagonal i + j the calendar year (for incremental payments) Yi,j are incremental payments Ci,j are cumulated payments, per accident year, Ci,j = Yi,0 + Yi,1 + · · · + Yi,j 10
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Incurred But Not Reported - IBNR At time n, all claims occurred before have not necessarily been (fully) reported, or settled, so claims manager have to predict the total amount of payments. Let Hn denote the information available at time n (the upper part of the triangle) Hn = {(Yi,j ), i + j ≤ n} = {(Ci,j ), i + j ≤ n}. For accident year i, we want to get a best estimate of the total amount of payment, i.e. b (n−i) = lim E[Ci,j |Hn ] = E[Ci,∞ |Hn ] C i,∞ j→∞



and the difference with the payment done as at year i will be the required reserve bi = C b (n−i) − Ci,n−i . R i,∞ One interesting quantity can be the (ultimate) uncertainty, (n−i)



b Var[Ci,∞ |Hn ] or Var[C i,∞ ] 11



Arthur CHARPENTIER, Life insurance, and actuarial models, with R



One year uncertainty in Solvency II In Solvency II, it is required to study the CDR (claims development result) defined as b (n−i+1) − C b (n−i) = CDRi (n), ∆ni = C i,∞ i,∞ Note that E[∆ni |Fi,n−i ] = 0, but insurers have to estimate (and set a reserve for that uncertainty) Var[∆ni |Fi,n−i ].
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Chain Ladder The most popular model is the Chain Ladder methodology, assuming that Ci,j+1 = λj · Ci,j for all i, j = 1, · · · , n. A natural estimator for λj is Pn−j



i=1 Ci,j+1 b λj = Pn−j for all j = 1, · · · , n − 1. i=1 Ci,j



Then it is natural to predict the non-observed part of the triangle using h i bn+1−i · · · λ bj−1 · Ci,n+1−i . bi,j = λ C > k sum(PAID[1:(nl-k),k+1])/sum(PAID[1:(nl-k),k]) [1] 1.380933
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Chain Ladder Those transition factors can be obtained using a simple loop > LAMBDA for(k in 1:(nc-1)){ + LAMBDA[k]=(sum(PAID[1:(nl-k),k+1])/sum(PAID[1:(nl-k),k]))} > LAMBDA [1] 1.380933 1.011433 1.004343 1.001858 1.004735



It is possible to rewrite Ci,j+1 = λj · Ci,j for all i, j = 1, · · · , n, as follows Ci,j = γj · Ci,∞ or Yi,j = ϕj · Ci,∞ . > (GAMMA (PHI barplot(PHI,names=1:5)
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Chain Ladder Note that we can write bj = λ



n−j X i=1



Ci,j



ωi,j · λi,j où ωi,j = Pn−j i=1



Ci,j



et λi,j



Ci,j+1 . = Ci,j



i.e. > k weighted.mean(x=PAID[,k+1]/PAID[,k],w=PAID[,k],na.rm=TRUE) [1] 1.380933



An alternative is to write that weighted mean as the solution of a weighted least squares problem, i.e. > lm(PAID[,k+1]~0+PAID[,k],weights=1/PAID[,k])$coefficients PAID[, k] 1.380933



The main interest of that expression is that is remains valid when triangle contains NA’s 16
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> LAMBDA for(k in 1:(nc-1)){ + LAMBDA[k]=lm(PAID[,k+1]~0+PAID[,k], + weights=1/PAID[,k])$coefficients} > LAMBDA [1] 1.380933 1.011433 1.004343 1.001858 1.004735



The idea here is to iterate, by column, > > + >



TRIANGLE tail.factor chargeultime paiements (RESERVES DIAG PRODUIT sum((cumprod(PRODUIT)-1)*DIAG) [1] 2426.985



It is possible to write a function Chainladder() which return the total amount of reserves > + + +



Chainladder > >



par(mfrow = c(1, 2)) j=1 plot(PAID[,j],PAID[,j+1],pch=19,cex=1.5) abline(lm(PAID[,j+1]~0+PAID[,j],weights=1/PAID[,j])) j=2 plot(PAID[,j],PAID[,j+1],pch=19,cex=1.5) abline(lm(PAID[,j+1]~0+PAID[,j],weights=1/PAID[,j])) par(mfrow = c(1, 1))
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> j=1 > RESIDUALS lambda SIGMA for(i in 1:(nc-1)){ + D 1 such that Ci,∞ = Ci,n × λ∞ . A standard technique to extrapolate λi is to consider an exponential extrapolation (i.e. linear extrapolation on log(λk − 1)’s), then set Y bk . λ∞ = λ k≥n



> logL tps modele plot(tps,logL,xlim=c(1,20),ylim=c(-30,0)) > abline(modele) > tpsP logP points(tpsP,logP ,pch=0) > (facteur chargeultime paiements (RESERVES sum(RESERVES) [1] 2451.764
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The ChainLadder package > library(ChainLadder) > MackChainLadder(PAID) MackChainLadder(Triangle = PAID)



1 2 3 4 5 6



Latest Dev.To.Date Ultimate IBNR Mack.S.E CV(IBNR) 4,456 1.000 4,456 0.0 0.000 NaN 4,730 0.995 4,752 22.4 0.639 0.0285 5,420 0.993 5,456 35.8 2.503 0.0699 6,020 0.989 6,086 66.1 5.046 0.0764 6,794 0.978 6,947 153.1 31.332 0.2047 5,217 0.708 7,367 2,149.7 68.449 0.0318



bi in the In this first part, we have outputs per accident year, namely reserves R bi ) given by Mack S.E. IBNR, column, e.g. 2,149.7, for present year, and msep( [ R e.g. 68.449 for present year. 26
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The ChainLadder package Totals Latest: 32,637.00 Ultimate: 35,063.99 IBNR: 2,426.99 Mack S.E.: 79.30 CV(IBNR): 0.03



b is IBNR, qui vaut 2,426.99, as well as Here, the total amount of reserves R b given by Mack S.E. i.e. 79.30. Function plot() can also be used on msep( [ R) the output of that function.
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The ChainLadder package Chain ladder developments by origin period



Mack Chain Ladder Results Forecast Latest



7000



●



6000



7000



●



5



●



6000



5000



●



●



4



4



4000



5000



Amount



4000 3000 2000 1000



6



3



3



3



2



2



2



2



1



1



1



1



1



2



3



4



5



6



5



4 3 2 1



0



Value



●



1



2



3



4



Origin period



5



6



1



Development period



28



Arthur CHARPENTIER, Life insurance, and actuarial models, with R



1.5 1.0 0.5 0.0 −1.5



−1.0



−0.5



Standardised residuals



0.5 0.0 −0.5 −1.0 −1.5



Standardised residuals



1.0



1.5



The ChainLadder package



4500



5000



5500 Fitted



6000



6500



1



2



3



4



5



Origin period



29



Arthur CHARPENTIER, Life insurance, and actuarial models, with R



1.5 1.0 0.5 0.0 −1.5



−1.0



−0.5



Standardised residuals



0.5 0.0 −0.5 −1.0 −1.5



Standardised residuals



1.0



1.5



The ChainLadder package



1



2



3 Calendar period



4



5



1.0



1.5



2.0



2.5



3.0



3.5



4.0



Development period



30



Arthur CHARPENTIER, Life insurance, and actuarial models, with R



One year uncertainty Merz & Wüthrich (2008) studied the evolution of CDRi (n) with time (n). They proved that   2 bi,∞ b i,n + ∆ b i,n msepc \ n−1 (CDRi (n)) = C Γ where b i,n = ∆



2 σ bn−i+1 n+1 b2 λ S n−i+1 n−i+1



+



n−1 X j=n−i+2



Cn−j+1,j Sjn+1



!2



σ bj2 b2 S n λ j j



and b i,n = Γ



1+



2 σ bn−i+1



b2 λ n−i+1 Ci,n−i+1



!



n−1 Y j=n−i+2



1+



σ bj2 C n+1 2 n−j+1,j 2 b λj [Sj ]



! −1



Merz & Wüthrich (2008) mentioned that one can approximate the term above as !2 n−1 2 2 X σ b σ b C n−j+1,j j n−i+1 b i,n ≈ Γ + 2 b b2 Cn−j+1,j Sjn+1 λn−i+1 Ci,n−i+1 j=n−i+2 λ j 31
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using



Q P (1 + ui ) ≈ 1 + ui , which is valid if ui is small i.e. σ bj2 MackMerzWuthrich(PAID) MSEP Mack MSEP MW app. MSEP MW ex. 1 0.0000000 0.000000 0.000000 2 0.6393379 1.424131 1.315292 3 2.5025153 2.543508 2.543508 4 5.0459004 4.476698 4.476698 5 31.3319292 30.915407 30.915407 6 68.4489667 60.832875 60.832898 tot 79.2954414 72.574735 72.572700
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Regression and claims reserving de Vylder (1978) suggested the following model, for incremental payments Yi,j ∼ N (αi · βj , σ 2 ), for all i, j, i.e. an accident year factor αi and a development factor βj It is possible to use least squares techniques to estimate those factors   X  b = argmin b β) (α, [Yi,j − αi · βj ]2 .   i,j



Here normal equations are P α bi =



b j Yi,j · βj et βbj = P b2 j βj



P



Yi,j iP



·α bi



bi2 iα



,
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Regression and claims reserving An alternative is to consider an additive model for the logarithm of incremental payments log Yi,j ∼ N (ai + bj , σ 2 ), for all i, j. > > > > > > >



ligne n Ybi,j , then  



b E [R − R]



2







≈



 X



d η )·µ b 0F · Var(b bF , φb · µ bi,j  + µ F



i+j>n



b F and η b F are restrictions of µ b and η b to indices i + j > n (i.e. lower part where µ of the triangle). 43
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Quantifying uncertainty Remark : This expression is only asymptotic. > > > > > > > >



p > > > > > > > > > >



par(mfrow = c(1, 2)) hist(residus,breaks=seq(-3.5,6.5,by=.5),col="grey",proba=TRUE) u 
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