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Abstract It is useful to have simple but accurate wave functions for atoms and molecules which emphasize the physical structure of the wave functions. Apart from global properties such as the variational property, local properties of wave functions are important in the development of such wave functions. We have developed some simple but quite accurate wave functions for some states of two-electron atoms and ions and one and two-electron molecules, incorporating the cusp conditions when two particles are close to each other and asymptotic condition when one electron is far away. These conditions are particularly attractive since they depend only on the charges of the particles and the separation energies. These wave functions provide quite accurate values for the energies and compact expressions for the wave functions particularly in the asymptotic region, which is important in the description of inter-particle interaction and in the calculation of diamagnetic susceptibility.
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Chapter 1



Introduction : In order to describe the properties of a physical system, we have to solve the Schroedinger equation. But when we want to study a many-body system using the Schroedinger equation we have serious mathematical problems. This comes out to be very difficult because we generally have to solve non separable differential equations with a large number of variables. That is the reason why we generally take recourse to numerical solutions in some of the simpler cases. These numerical solutions are possible only in a few simple cases and there also the solutions do not give insight into the physical properties of the system. What we do is to observe that though the complete solutions are not possible, we can deduce some properties in some local regions such as the asymptotic regions, or when two particles are close to each other. We are able to do this because the equations are simpler in those regions. We then try to develop some model wavefunctions which incorporate these properties. Because they are correct in some domains we expect them to be generally good. In the following we will, after having described the local and global properties we use[1], analyse three main systems : Helium and its isoelectronic sequence (two electrons and one nucleus), H2+ (one electron and two nuclei), and H2 (two electrons and two nuclei). The main purpose of our work is the calculation of the energy of the systems and of other physical properties such as diamagnetic susceptibility. Our wavefunction should also be useful in the analysis of interatomic interaction where the surface properties of the wave function are important.
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Chapter 2



Some properties of energy eigenfunctions In this chapter we are going to describe two kinds of properties : global and local properties. Global properties are variational extrema, virial theorem and some generalisations of virial theorem. Local properties are cusp conditions when two particles are close to each other, and asymptotic condition, when one particle is far away. We will mention also the test of local energy.



2.1



Global properties



2.1.1



Variational extrema



The variational principle[2] is very useful for the determination of energy. For example if the average value of the Hamiltonian in a given state depends on a given parameter characteristic of the system, we can obtain the optimum value by requiring : ∂ < ψ|H|ψ > = 0. ∂a < ψ|ψ > If the value of < ψ|H|ψ > depends on n parameters (a1 , a2 , ..., an ), we also have : ∂ < ψ|H|ψ > = 0. ∂ai < ψ|ψ > This can be explained by the fact that the value of the energy does not change when we change the state vector by a small amount about the eigenstate. We can proove this easily : 5



The energy is : E=



< ψ|H|ψ > . < ψ|ψ >



Let us choose : |ψ >= |ψi > +|δψi > where H|ψi >= Ei |ψi > and |δψi > is an infinitesimal variation. Then the infinitesimal variation of the energy is given by a simple differentiation of the product of two functions : δE = −



< δψi |H|ψi > + < ψi |H|δψi > < ψi |ψi >



< ψi |H|ψi > (< δψi |ψi > + < ψi |δψi >) . < ψi |ψi >2



This expression becomes : δE = Ei ( −Ei (



< δψi |ψi > + < ψi |δψi > ) < ψi |ψi >



< δψi |ψi > + < ψi |δψi > )=0 < ψi |ψi >



which implies ∂E = 0. ∂ψi



(2.1)



Now if ψ depends on some parameters ai we may expect that the best ∂E wavefunction is obtained by requiring : ∂a = 0. i



2.1.2



Virial theorem :



Because we will have to calculate the total energy of our systems, we will have to calculate both kinetic and potential energy. The virial theorem gives a relation between these two forms of energy when the potential is an homogeneous function of the space variables. That can help us to check the quality of our results. Classical approach : The definition of the average value of kinetic energy is : < T >= limτ →∞



1 τ
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Z 0



τ



1 d~r 2 m( ) dt. 2 dt



An integration by parts gives : < T >= limτ →∞ [−



1 τ



τ



Z



1 d~ p 1 ~r.( )dt + [~ p.~r]τ0 ]. 2 dt 2τ



0



The last term tends to 0 when τ tends to ∞ because p and r are finite for a bounded motion. Then we have : < T >= limτ →∞ because



d~ p dt



1 τ



Z 0



τ



1~ ∇V.~rdt 2



~ , or = F~ = −∇V < T >=



1 ~ r>. < ∇V.~ 2



~ = Euler’s theorem says that for a nth order homogeneous function : ~r.∇V nV . So we have: < T >= n2 < V > . (2.2) Quantum mechanical approach : We have the relation : < ψ|[H, ~r.~ p]|ψ >= 0 where |ψ > is an eigenstate of the Hamiltonian, and [H, ~r.~ p] = ~r.[H, p~] + [H, ~r].~ p which is equal to ~ − i¯h~r.∇V



i¯h p~.~ p. m



That implies ~ >= < ~r.∇V



1 < p~.~ p >= 2 < T > m



and again Euler’s theorem for nth order homogeneous wavefunction leads to the conclusion :



< T >=



n 2



.



(2.3)



In all our cases, we only have coulombic potentials, i.e. n=-1. This is a good way to check the quality of the results. We shall have : < T >= − 12 < V > .
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2.1.3



Generalisations :



There is a generalisation of the Virial theorem which is quite interesting. To be specific, consider a two-electron atom. For an eigenstate of the Hamiltonian, < ψ|[H, ~r1 .~ p2 + ~r2 .~ p1 ]|ψ >= 0. Now, ~ 2V − [H, ~r1 .~ p2 + ~r2 .~ p1 ] = i¯ h~r1 .∇



i¯h ~ 1 V − i¯h p~1 .~ p~1 .~ p2 + i¯h~r2 .∇ p2 . m m



So that we have : ~ 2 + ~r2 .∇ ~ 1 )V |ψ >= 2 < ψ|~ < ψ|(~r1 .∇ p1 .~ p2 |ψ > . This can be regarded as a generalisation of the virial theorem. It is particularly sensitive in the correlation properties of the two electrons.



2.2



Local properties :



The local properties are the properties which help us to develop simple wave functions. We are going to consider two properties : the asymptotic condition, when one particle is far away, and the cusp conditions, when two particles are close to each other.



2.2.1



When one particle is far away from the others



Let us consider an N-particle system described by the Hamiltonian HN so that : HN ψ = Eψ i.e. X i



(−



X qi qj L2i ¯ 2 ∂2ψ h 2 ∂ψ + ψ = Eψ. + ψ) + 2 2 2mi ∂ri ri ∂ri 2mi ri r i>1 ij



When r1 tends to infinity HN tends to HN → HN −1 +



X qi p21 + q1 2m1 ri1 i



and ri1 tends to r1 . Then for r1 tending to infinity we have (HN −1 +



p21 q1 Q1 N + )ψ = Eψ N 2m1 r1 8



where Q1 =



X



qi .



i>1



We can always develop ψ N on a basis of wavefunctions ψi depending only on particles 2 to N. ψN =



X



ψiN −1 (2, ..., N )fi (1)



i



where HN −1 ψiN −1 = EiN −1 ψiN −1 . We then get : X



(EiN −1 −



i



X ¯ 2 ∂2 2 ∂ h L21 q1 Q1 N −1 ( 2+ )+ )ψi fi (1) = E ψiN −1 fi (1) + 2 2m1 ∂r1 r1 ∂r1 2m1 r1 r1 i



Projecting out the state ψiN −1 , this equation can be written for each value of i : (−



¯ 2 ∂2 h 2 ∂ L21 q1 Q1 ( 2+ )+ + )fi (~r1 ) = Efi (~r1 )−EiN −1 fi (~r1 ) (2.4) 2 2m1 ∂r1 r1 ∂r1 r1 2m1 r1



When r1 tends to infinity we get the leading exponential part, because the Schroedinger equation becomes[3] : −



¯ 2 ∂ 2 fi h = (E − Ei )fi 2m1 ∂r12



with Ei > E. Here since Ei − E is the separation energy of the electron, it is positive. Then fi is Ai exp (−(2m(Ei − E)/¯h2 )1/2 r1 ). Clearly the exponent (2m(Ei −E))1/2 has the smallest value for the smallest value of Ei , i.e. for E0 . Therefore the leading term is the term corresponding to i=0. We then try a solution of the form : X



f0 = exp (−(2(E0 − E))1/2 r1 )(



ai r1u−i )Ylm (θ, φ)



i=0



in atomic units, where u is an exponant we have to find. The coefficient of r1u−1 gives us the equation : 2a(u + 1) = −q1 Q1 where a = (2(Ei − E))1/2 which finally gives us : u = −1 − 9



q1 Q1 . 2a



(2.5)



The coefficient of r1u−2 gives us : 1 l(l + 1) − (a0 u(u − 1) + 2ua0 ) + a0 + aa1 + q1 Q1 a1 + aa1 (u − 1) = 0. 2 2 We now have a relation between the first terms of the power series : 1 (u(u + 1) − 12 l(l + 1) a1 = 2 a0 au + q1 Q1



(2.6)



Thus the asymptotic dependance of the wavefunction on r1 is determined by the separation energy E0 − E of the particule represented by r1 and the product of the charges q1 and Q1 [4]. It should be emphasized that this term is only the leading term for r1 tends to infinity. It may be observed that for large values of r1 , the exponential part is the most important and dominant factor, because the dominant term is when Ei takes the smallest value, though the power factor can play a significant role in some situations. In the following examples we show that this asymptotic behaviour plays an important role in the determination of atomic and molecular properties.



2.2.2



When two particles are close to each other :



This is the second local condition. Let us see what happens when two particles are close to each other. The Hamiltonian of the system is : H=



X p2 i i



2mi



+



X qi qj i>j



rij



.



When rij tends to 0, one can write : p2j p2i p2cm p2 + = + 2mi 2mj 2(mi + mj ) 2mij where mij is the reduced mass and pcm is the momentum of the center of mass. When rij tends to 0, the Schroedinger equation becomes : [−



∂2 2 ∂ L2 qi qj ¯h2 ( 2 + )+ 2 + r ]ψ = O(1). 2mij ∂rij rij ∂rij 2mij rij ij



We try a solution of the form : ψ=



X



Ylm (~rij )Rlm (rij ).



l,m
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Then we have : [−



∂2 2 ∂ ¯ 2 l(l + 1) qi qj h ¯2 h ( 2 + )+ 2 + r ]Rnl = 0. 2mij ∂rij rij ∂rij 2mij rij ij



Let’s develop Rnl in powers of rij : k+1 k Rnl = a0 rij + a1 rij + ...



− +



¯2 X h k+n−2 an ((k + n)(k + n − 1) + 2(k + n))rij 2mij n



X ¯ 2 l(l + 1) X h k+n−2 k+n−1 an rij + qi qj an rij = O(rk ). 2mij n n



The coefficient of r−2 gives us : −k(k + 1)



¯2 h ¯h2 + l(l + 1) = 0 2m 2m



k−1 gives us : that implies k=l. The coefficient of rij



¯2 h a1 ((k + 1)(k + 2) − l(l + 1)) + qi qj a0 = 0. 2m Finally we obtain : qi qj a0 m a1 = 2 . (2.7) ¯h (l + 1) Then we can discuss two cases, when two electrons are close to eachother, and when one electron is close to the nucleus. For the electron-electron case we have, −



a1 me2 = , a0 2¯h2 l=0, for the singlet state s=0. a1 me2 = , a0 4¯h2 l=1, fpr triplet state s=1. For the electron-nucleus case, we have: Zm r) ¯h2 Zm l = 1, ψ = b0 (r − 2 r2 )Y1 . 2¯ h Now we can start applying these results to some examples. l = 0, ψ = a0 (1 −
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2.2.3



Test of local energy :



The Shroedinger equation Hψ = Eψ is correct everywhere. So at each point of the space we can define a local energy as : Eloc =



Hψ ψ



(2.8)



If the wavefunction is exact then we should have E = Eloc . This can be used as a test that gives us indications about where the wave function is accurate.
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Chapter 3



Two-electron atoms : The hamiltonian for a two-electron atom is : H=



p21 p22 1 1 1 + − Z( + ) + 2 2 r1 r2 r12



in atomic units (m = h ¯ = e = 1).



3.1



Ground state :



To build the wavefunction we need, we take the function of a single-electron atom, which is exp (−Zr) and multiply it by the more important exponential part of the asymptotic behaviour. Then we obtain ψ = exp (−Zr2 ) exp (−ar1 ) + exp (−Zr1 ) exp (−ar2 )



(3.1)



where a is the square root of twice the separation energy of an electron. Three conditions have to be satisfied: 1. when r1 → ∞ and r2 finite 2. when r1 → 0 3. when r12 → 0. the first condition is obviously satisfied. When one electron is close to the nucleus, for example electron 1, we have 1-Zr1 and 1-ar1 in the development of the wavefunction. The point is that we only want 1-Zr1 . Let’s try : ψ = exp (−Zr2 ) exp (−ar1 )(1 + c exp (−αr1 )) + exp (−Zr1 ) exp (−ar2 )(1 + c exp (−αr2 )).
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(3.2)



When r1 → 0, 1 − Zr1 ∼ (1 − ar1 )(1 + c − cαr1 ) (1 + c)a + αc . (3.3) 1+c The problem is solved. For the case where two electrons are close to each other, we can multiply the wavefunction by a correlation function : Z=



f (r12 ) = 1 + β exp (−λr12 ). We want the cusp form 1 + 21 r12 . So we have : 1 + β(1 − λr12 ) ∼ 1 + 12 r12 . λβ 1 1 =− and β = − . 2 1+β 1 + 2λ Then



1 exp (−λr12 ). (3.4) 1 + 2λ This function does not affect the two other conditions : when r1 → ∞ obviously there is no problem, and when r1 → 0 : f (r12 ) = 1 −



r12 → r2 − r1 cosθ12 so we now have 1 + β exp (−λr2 − λr1 cosθ12 ), but the angle dependant term only contributes to the case l=1. So now we have 4 parameters c, α, β, and λ, but only two relations. We need two more relations. In the perturbation theory we have : ψ = exp (−Z(r1 + r2 )).[5] Now we consider the wave function : exp (−Z(r1 + r2 ))f (r12 ). The Schroedinger equation becomes : 1 [− (∇21 + ∇22 ) − Z/r1 − Z/r2 + 1/r12 ]ψ = Eψ 2 that is −Z 2 f + Z Let’s try f =



~r1 ~ ~r2 ~ 1 2 2 .∇1 f + Z .∇ 2 f − (∇1 + ∇2 )f + 1/r12 f = Ef. r1 r2 2



i i ai r12 .



P



Z



One then obtains



~r1 X ~r12 i−1 ~r2 X ~r12 i−1 . iai r12 − Z . iai r r1 i r12 r2 i r12 12 14



−



X



i−2 ai (i + 1)ir12 +



i



X



i−1 ai r12 = (E + Z 2 )



i



X



i r12 ai .



i



−Z 2



5 8 Z,



With the perturbation value E = + we set : −1 1 The coefficient of r12 gives us : a1 = 2 a0 . 0 gives us : −6a + a = 5 a Z. The coefficient of r12 2 1 8 0 1 (a1 − 58 Za0 ). Then we have a2 = 12 If we make a power series development of f (r12 ) we find : 1 2 f (r12 ) = 1 + β − λβr12 + λ2 βr12 + ... 2 So we have



1 βλ2 1 5 = (1 − Z) 21+β 12 4



i.e.



5 1 λ = − (1 − Z). 3 4 Now we only need one more relation, between c and α. For this we note that for the factor : g(r) = e−ar1 + ce−(a+α)r1 in our wave function, we have g0 = −a for r → ∞ g g0 = −Z for r → 0. g We therefore take the variational value for



g0 g



at r1 = 1/Z 0 :



g0 = −Z 0 r1 = 1/Z 0 Z 0 = Z − 5/16. g Which is obtained from the variational function : 0



e−Z (r1 +r2 ) . Then the final result is : Z0 =



a + c(α + a) exp (−α/Z 0 ) . 1 + c exp (−α/Z 0 )



Now we can start the integrations. 15



3.1.1



Calculation of < ψ|ψ > :



It is interesting to write the wavefunction in the form : ψ=



X



ci [e−Zr1 e−bi r2 + e−Zr2 e−bi r1 ]f (r12 )



i



where i=1,2, with c1 = 1, c2 = c, b1 = a, and b2 = a + α. The value of < ψ|ψ > is : < ψ|ψ >=



X



ci cj [2A(2Z, bi +bj , 0)+2A(Z+bi , Z+bj , 0)]+2β[same A(., ., λ)]



ij



+β 2 [same A(., ., 2λ)] where



Z



A(a, b, c) =



3.1.2



e−ar1 e−br2 e−cr12 d3 r1 d3 r2 .



Calculation of potential part :



The value of potential part is : < ψ|V |ψ >= −2



X



ci cj [B(2Z, bi +bj , 0)+B(bi +bj , 2Z, 0)+B(Z+bi , Z+bj , 0)



ij



+B(Z + bj , Z + bi, 0)] + 2β[same B(., ., λ)] + β 2 [same B(., ., 2λ)] +



X



ci cj [C(2Z, bi + bj , 0) + C(bi + bj , 2Z, 0) + C(Z + bi , Z + bj , 0)



ij



+C(Z + bj , Z + bi , 0)] + 2β[same C(., ., λ)] + β 2 [same C(., ., 2λ)] where Z



e−ar1 −br2 −cr12 3 3 e e d r 1 d r2 r1



Z



e−ar1 e−br2



B(a, b, c) = and C(a, b, c) =



16



e−cr12 3 3 d r1 d r2 . r12



3.1.3



Calculation of kinetic part :



In order to simplify the calculations we can set : ψ = φf and use the formula : Z



D=



Z



2



(φf )∇ (φf ) =



2



2



f (φ∇ φ) −



Z



~ )2 . φ2 (∇f



After developing : ∇2 (φf ) one gets : Z



D=



f φ2 ∇ 2 f +



Z



f 2 φ∇2 φ + 2



Z



~ ~ ). f φ(∇φ).( ∇f



Integrating the first term by parts we get : Z



D=



2



Z



(φf )∇ (φf ) =



2



2



f (φ∇ φ) −



Z



~ )2 . φ2 (∇f



Then we need to know the expression of : ~ 1 f. ∇ We have : ~ 1 f = −λβ(∇r ~ 12 )e−2λr12 . ∇ In cartesian coordinates : r12 = ((x1 − x2 )2 + (y1 − y2 )2 + (z1 − z2 )2 )1/2 so that : ~ 12 = ~r12 /r12 . ∇r Then ~ 1 f = −λβ~r12 /r12 e−λr12 . ∇ The final result for the kinetic energy is : < T > = −0.5



X



ci cj (Z 2 + b2i )[[2A(2Z, bi + bj , 0) + 2A(Z + bi , Z + bj , 0)]



ij



+ 2β[same A(., ., λ)] + β 2 [same A(., ., 2λ)]] +



X



ci cj [[2ZB(2Z, bi + bj , 0) + 2bi B(bi + bj , 2Z, 0)



ij



+ 2bi B(Z + bi , Z + bj , 0) + 2ZB(Z + bj , Z + bi , 0)] + 2β[same B(., ., λ)] + β 2 [same B(., ., 2λ)]] + λ2 β 2



X



ci cj [2A(2Z, bi + bj , 2λ) + 2A(Z + bi , Z + bj , 2λ)]. (3.5)



ij
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In order to calculate the three-parameter-dependant integrals A, B, and C, we only need to calculate I: Z



I=



e−ar1 e−br2 e−cr12 3 3 d r1 d r 2 r1 r2 r12



and then A=



∂3 I, ∂a∂b∂c



B=



∂2 I, ∂b∂c



and



∂2 I. ∂a∂b We can calculate I using complex analysis ; the result comes out to be : C=



I=



16π 2 . (a + b)(b + c)(a + c)



Taking successive derivatives : F =



∂n ∂m ∂p I, ∂an ∂bm ∂cp



One gets : F = n!m!p!



p m X n X X (m + i − j)!(p + j − k)!(n + k − i)! i=0 j=0 k=0



∗



(a +



b)m+i−j+1 (b



i!j!k!(n − i)!(m − j)!(p − k)! 1 . + c)p+j−k+1 (a + c)n+k−i+1



Then a simple Fortran program enables us to calculate any derivative of I(a,b,c). The final results are, in atomic units : norm. const. 1.462958



pot. en. -5.786381



kin. en. 2.884643



The experimental value of the energy is : -2.9037.
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energy -2.9017



3.2 3.2.1



Excited states l=1, s=0 and l=1, s=1 : State l=1, s=0 :



The wavefunction is now given by : ψ = [e−Zr1 r2 cosθ2 e−ar2 + e−ar1 r1 cosθ1 e−Zr2 ]f (r12 )



(3.6)



with still the same value of f (r12 ) : f (r12 ) = 1 −



1 e−λr12 . 1 + 2λ



Calculation of < ψ|ψ > : The value of < ψ|ψ > is : < ψ|ψ >= [H(2Z, 2a, 0, 1, 3, 1)+H(2a, 2Z, 0, 3, 1, 1)+H(Z+a, Z+a, 0, 1, 3, 1) +H(Z+a, Z+a, 0, 3, 1, 1)−H(Z+a, Z+a, 0, 1, 3, 1)]+2β[same H(., ., λ, ., ., .)] +β 2 [same H(., ., 2λ, ., ., .)] where



∂ i+j+k I(a, b, c). ∂ai ∂bj ∂ck In the calculations we used the relations : H(a, b, c, i, j, k) =



< r12 cos2 θ1 >=< z12 >= 1/3 < r12 > and < r1 r2 cosθ1 cosθ2 >=< z1 z2 >= 1/3 < ~r1 .~r2 >= 1/3 
. 2



We note that the use of the programs that calculate the successive derivatives of I simplifies the calculations. Calculation of potential part : V = −1/r1 − 1/r2 + 1/r12 . < ψ|V |ψ >= −[H(2Z, 2a, 0, 0, 3, 1)+H(2a, 2Z, 0, 2, 1, 1)+H(Z+a, Z+a, 0, 2, 1, 1) +H(Z + a, Z + a, 0, 0, 3, 1) − H(Z + a, Z + a, 0, 0, 1, 3)] 19



−2β[same H(., ., λ, ., ., .)] − β 2 [same H(., ., 2λ, ., ., .)] −H(2Z, 2a, 0, 1, 2, 1) − H(2a, 2Z, 0, 3, 0, 1) − H(Z + a, Z + a, 0, 3, 0, 1) −H(Z + a, Z + a, 0, 1, 2, 1) + H(Z + a, Z + a, 0, 1, 0, 3) −2β[same H(., ., λ, ., ., .)] + β 2 [same H(., ., 2λ, ., ., .)] +H(2Z, 2a, 0, 1, 3, 0) + H(2a, 2Z, 0, 3, 1, 0) + H(Z + a, Z + a, 0, 1, 3, 0) +H(Z + a, Z + a, 0, 3, 1, 0) − H(Z + a, Z + a, 0, 1, 1, 2) +2β[same H(., ., λ, ., ., .)] + β 2 [same H(., ., 2λ, ., ., .)]. Calculation of kinetic part : For the kinetic part it is much simpler to write the Hamiltonian as : L2 1 1 1 ∂ ∂ − ∇2 = − [ 2 (r2 ) − 2 ] 2 2 r ∂r ∂r r so that we don’t have any power bigger than one in the denominator in our integrals. Then we can use our program for the successive derivations of I. We still use the formula : Z



2



φf ∇ (φf ) =



Z



2



2



f φ∇ φ −



Z



~ )2 . φ2 (∇f



The expression of the kinetic part is : < T >= −[Z 2 H(2Z, 2a, 0, 1, 3, 1) + a2 H(2a, 2Z, 0, 3, 1, 1) +0.5(a2 +Z 2 )H(Z+a, Z+a, o, 3, 1, 1)+H(Z+a, Z+a, 0, 1, 3, 1)−H(Z+a, Z+a, 0, 1, 1, 3) −2aH(Z+a, Z+a, 0, 2, 1, 1)+H(Z+a, Z+a, 0, 0, 3, 1)−H(Z+a, Z+a, 0, 0, 3) −4aH(2a, 2Z, 0, 2, 1, 1) − 2ZH(2Z, 2a, 0, 0, 3, 1) − ZH(Z + a, Z + a, 0, 2, 1, 1) +H(Z + a, Z + a, 0, 0, 3, 1) − H(Z + a, Z + a, 0, 0, 1, 3) +2β[same H(., ., λ, ., ., .)] + β 2 [same H(., ., 2λ, ., ., .)]] +λ2 β 2 [H(2Z, 2a, 2λ, 1, 3, 1) + H(2a, 2Z, 2λ, 3, 1, 1) +H(Z+a, Z+a, 2λ, 1, 3, 1)+H(Z+a, Z+a, 2λ, 3, 1, 1)−H(Z+a, Z+a, 2λ, 1, 1, 3)]. The final results are, in atomic units : λ 0.8



norm. const. 18.713



pot. en. -4.2413



kin. en. 2.2147



The experimental value of the energy is : -2.1239 a.u. 20



energy -2.12344



3.2.2



State l=1, s=1 :



The wavefunction is now given by : ψ = [e−Zr1 r2 cosθ2 e−ar2 − e−ar1 r1 cosθ1 e−Zr2 ]f (r12 )



(3.7)



with the new value of f (r12 ) : f (r12 ) = 1 −



1 e−λr12 . 1 + 4λ



(3.8)



As noted earlier, for the triplet state, l=0 state is absent so that the behaviour for small r12 is : 1 ∼ Y1 (1 − r12 ). 4 The (1 − 14 r12 ) part comes from f : 1 [4λ − λr12 ]. 1 + 4λ Except for this, the calculations are very similar to the previous ones. The final results are, in atomic units : λ 0.9



norm. const. 16.6597



pot. en. -4.2554



kin. en. 2.1680



energy -2.1304



The experimental value of the energy is [6]: -2.1332 a.u.



3.3



diamagnetic susceptibility :



We can also calculate the diamagnetic susceptibility. The hamiltonian of the system in a magnetic field is, in cartesian coordinates : H=



p2 q ~ ~ q2 + L.B + (x2 + y 2 )B 2 2m 2mc 8mc2



so that the shift in the energy due to the last term is : < H >=



q2 2 2 B 2 < r12 + r22 > 2 8mc 3 3



The expression of magnetic energy is : 12 χB 2 . Thus the final expression of diamagnetic susceptibility is : χ=



1 < ψ|r12 + r22 |ψ > . 6 21



(3.9)



The only thing we need to calculate is : < ψ|r12 |ψ >=



X



ci cj [J(2Z, bi + bj , 0) + J(bi + bj , 2Z)



ij



+J(2 + bi , 2 + bj , 0) + J(2 + bj , 2 + bi , 0)] +2β[same J(., ., λ)] + β 2 [same J(., ., 2λ)] where Z



J(a, b, c) =



r12 exp (−ar1 ) exp (−br2 ) exp (−cr12 )d3 r1 d3 r2 .



This integral can again be calculated by taking derivatives od Z



I(a, b, c) =



exp (−ar1 ) exp (−br2 ) exp (−cr12 ) 3 3 d r 1 d r2 r1 r2 r12 =



16π 2 (a + b)(b + c)(a + c)



three times by a, one time by b and one time by c. We have already done that before. We can use the same program. For < r22 > the calculation is of course similar. It is also interesting to calculate the average value of < r14 + r24 > and of < r16 + r26 >. Since our wave function is asymptotically correct, the predictions for these quantities are expected to be accurate. They can also be used in electron-atom scattering [7]. For high-energy electron-atom scattering, one has : 3 dσ 1 ( ) =< r2 > − q 2 < r4 > +... γ dΩ 20 where γ is the relativistic factor 1+E/mc2 , and ~q is the momentum transfert. Then the values of < r4 > would be useful in the analysis of e-He scattering at energies greater than about 2 Kev. The final results are : < r2 > χ < r4 > < r6 >



2.3554 0.3926 7.7061 50.6973
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3.4 3.4.1



Isoelectronic ions : Li+ , Be2+ and B 3+ : Values of the energies :



The energies are, in atomic units : ions Li+ Be2+ B 3+



3.4.2



norm. const. 0.09432 0.01451 0.00349



pot. en. -14.549 -27.3072 -44.0627



kin. en. 7.2718 13.6523 22.0354



energy -7.2770 -13.6523 -22.0273



Average values of the powers of r : ions Li+ Be2+ B 3+



< r2 > 0.8746 0.4560 0.2797



< r4 > 0.9973 0.2663 0.0994



< r6 > 2.179 0.2941 0.0665



The experimental values of the energies are : ions Li+ Be2+ B 3+



exact energy -7.2799 -13.6556 -22.0310
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χ 0.1458 0.0760 0.0466



Chapter 4



H2+ : 4.1



The symmetric, gerade state :



The Hamiltonian of the system is : p2 − (Z/ra + Z/rb ) + Z 2 /R 2 where Z is the charge of each nucleus, ra and rb the distances between the electron and the two nuclei, and R the distance between the two nuclei. We are assuming here the Born-Oppenheimer approximation which says that the motion of a nucleus is very slow compared to that of the electrons so that we can neglect it. Then we consider that R remains approximately constant. Let us take the Guillemin-Zener wavefunction [8] : H=



ψ = exp (−z1 ra ) exp (−z2 rb ) + exp (−z2 ra ) exp (−z1 rb ) where z1 and z2 are two parameters we have to determine. Let us have a look at the cusp conditions : When ra → 0, ψ = (1 − z1 ra ) exp (−z2 R) + exp (−z1 R)(1 − z2 ra ) what should be proportionnal to : 1 − Za ra . That implies : Za =



z1 exp (−z2 R) + z2 exp (−z1 R) exp (−z2 R) + exp (−z1 R)



When the electron is far away, ψ → exp (−ar) = exp (−(z1 + z2 )r) 24



(4.1)



where a is still the square root of two times the separation energy. thus we have another condition : z1 + z2 = a. It is worth noting that we can improve this condition, by taking into account the power of r : ψ → ru exp (−ar) where u = − q1aQ1 − 1. ψ → exp (ulnr) exp (−ar) u ψ → exp (ulnr0 + (r − r0 ) − ar) r0 u ψ → exp (−r(a − )) r0 where for r0 we take R + a1 . Then we obtain a condition that gives better results : z1 + z2 = a −



4.1.1



u . R + a1



Calculation of < ψ|ψ > :



The normalisation factor is : < ψ|ψ >= 2G(2z1 , 2z2 ) + 2G(z1 + z2 , z1 + z2 ), where



Z



G(a, b) =



e−ara e−brb d3 ra .



G(u,v) can be found by taking derivatives of : Z



K(a, b) =



e−ara −brb 3 e d ra . ra



We need the value of this integral anyway for the potential part of the energy. This integral is quite complicated to calculate. It is more convenient to use elliptic coordinates. It is also important to separate the cases where a is equal to b and a is different from b. We set u = (ra + rb )/R and v = (ra − rb )/R. v goes from -1 to +1, and u goes from 1 to ∞. The volume element is : dτ = dudvdφR3 (u2 − v 2 )/8. 25



The result is, when a is different from b : K(a, b) =



4π e−aR − e−bR 2b Re−bR [ + ]. R a2 − b2 a2 − b2 e−aR − e−bR



And after derivation we find : G(a, b) = ( +



Re−aR 2a Re−aR 2a − )( − ) e−bR − e−aR a2 − b2 e−bR − e−aR a2 − b2



4ab e−bR − e−aR R2 e−bR e−aR ( −bR − ). a2 − b2 (e − e−aR )2 (a2 − b2 )2



When a=b the result comes out to be : K(a, a) = and for G : G(a, a) =



4.1.2



πR −aR 1 e [1 + ] a aR



πR3 −aR 1 1 1 e [ + 2 + 3 3 ]. 2 3aR a R2 a R



Calculation of potential part :



< ψ|V |ψ >= −2Z(K(2z1 , 2z2 )+K(2z2 , 2z1 )+2K(z1 +z2 , z1 +z2 ))+ < ψ|ψ > /R.



4.1.3



Calculation of kinetic part :



For this expression we have to use the following results : ∇2 (e−z1 ra e−z2 rb ) = (∇2a e−z1 ra )e−z2 rb + e−z1 ra (∇2b e−z1 rb ) ~ b e−z2 rb ) ~ a e−z1 ra ).(∇ +2(∇ and ~ a e−z1 ra = −~ra /ra z1 e−z1 ra ∇ and



Z



e−z2 ra −z4 rb 2



2z1 z2 = (z1 + z3 )(z2 + z4 )



Z



~ra .~rb z1 z2 e−z1 ra −z2 rb d3 ra . ra rb



~ −(z1 +z3 )ra ).(∇e ~ −(z2 +z4 )rb )d3 ra . (∇e



This expression can be written as : 2z1 z2 =− (z1 + z3 )(z2 + z4 )



Z



e−(z1 +z3 )ra ∇2 e−(z2 +z4 )rb d3 ra . 26



So finally we get : Z 2z1 z2 =− e−(z1 +z3 )ra e−(z2 +z4 )rb [(z1 +z3 )2 −2(z1 +z3 )/ra ]d3 ra . (z1 + z3 )(z2 + z4 ) We have to use it in two cases : z3 = z1 and z4 = z2 , and z3 = z2 and z 4 = z1 . Then the expression for the kinetic energy is : < T >= −0.5[2(z12 + z22 )G(z1 + z2 , z1 + z2 ) − 4(z1 + z2 )K(z1 + z2 , z1 + z2 ) −2z1 K(2z1 , 2z2 ) − 2z2 K(2z2 , 2z1 ) − 4z1 z2 G(z1 + z2 , z1 + z2 ) +4z1 z2 /(z1 + z2 )K(z1 + z2 , z1 + z2 )]. The final results are, in atomic units, for the minimum energy : R 2.0



z1 0.2274



z2 1.1277



norm. const. 2.6144



pot. en. -1.2023



kin. en. 0.5999



energy -0.6024



The exact value of the energy is : -0.6028.



4.2



The antisymmetric, ungerade state :



For the antisymmetric state, the Guillemin-Zener wavefunction becomes [8] : ψ = exp (−z1 ra ) exp (−z2 rb ) − exp (−z2 ra ) exp (−z1 rb ). (4.2) The calculations are similar to the symmetric state. The results are : R norm. cond. z1 energy −4 1.7 9.95.10 0.4245 -0.0504 1.8 0.3757 0.5908 -0.0927 1.9 0.7940 0.6758 -0.1307 2.0 1.088 0.7265 -0.1647 2.1 1.358 0.7678 -0.1954 2.2 1.572 0.7992 -0.2230 2.3 1.809 0.8299 -0.2479 2.4 1.956 0.8501 -0.2704 2.5 2.110 0.8694 -0.2908 2.7 2.306 0.8956 -0.3259 3.0 2.537 0.9241 -0.3673 3.5 2.995 0.9638 -0.4151 4.0 3.064 0.9735 -0.4453 These results are very close to the experimental values. 27



4.3



Heteronuclear molecules :



Let’s take the Guillemin-Zener wavefunction : ψ = exp (−z1 ra ) exp (−z2 rb ) + A exp (−z2 ra ) exp (−z1 rb ). where A is a constant we have to determine. When ra tends to 0, we have : 1 − Za ra ∼ (1 − z1 ra ) exp (−z2 R) + A(1 − z2 ra ) exp (−z1 R) ⇒ Za =



z1 exp (−z2 R) + Az2 exp (−z1 R) . exp (−z2 R) + A exp (−z1 R)



When rb tends to 0, we have the similar relation : Zb =



z2 exp (−z1 R) + Az1 exp (−z2 R) . exp (−z1 R) + A exp (−z2 R)



and still : z1 + z2 = a. The final results are : for HeH 2+ : R 2.0 2.5 3.0 3.5 4.0



A 0.0184 0.00781 0.00339 0.00150 0.00667



z1 2.000686 2.000129 2.000025 2.000005 2.000001



energy -1.501 -1.643 -1.718 -1.762 -1.791



These results are very close to the experimental values.
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(4.3)



Chapter 5



H2 : 5.1



Molecular orbital approach :



We now have two nuclei and two electrons. The Hamiltonian of the system becomes : H = p21 /2 + p22 /2 − Z/r1a − Z/r1b − Z/r2a − Z/r2b + 1/rab + Z 2 /R where index 1 or 2 means electron 1 or 2, index a or b means nucleus a or b, and R is the distance between the two nuclei. We are using here a ”Molecular orbital approach”. The wavefunction we take is the following : ψ = [(e−z1 r1a e−z2 r1b + e−z1 r1b e−z2 r1a )(e−z3 r2a e−z4 r2b + e−z3 r2b e−z4 r2a ) +(1 → 2)]f (r12 )



(5.1)



where z1 , z2 , z3 , and z4 are four parameters we have to determine. When r1a → 0, we must have : (1 − z1 r1a )e−z2 R + (1 − z2 r1a )e−z1 R ∼ 1 − Zr1a . ⇒Z=



z1 e−z2 R + z2 e−z1 R . e−z2 R + e−z1 R



We still have the conditions : z1 + z 2 = a −



u R+



z3 + z4 = a0 −



u1 R + a10



and
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1 a



where a is the square root of two times the separation energy between H2 and H2+ , and a’ is the square root of two times the separation energy for H2+ . u and u1 are the powers we calculated in the second chapter. We still have the same correlation function : f (r12 ) = 1 −



1 e−λr12 . 1 + 2λ



For the determination of the parameter λ, we have, like for Helium, when R tends to 0 : λ(R = 0) = (5/12)(2Z) − 1/3 and λ → 0 for R → ∞. Let’s write λ as : λ = 5/12Zef f − 1/3. If we use the perturbation theory, with the perturbation : ~ − Z/|~r − 0.5R| ~ P = 2Z/r − Z/|~r + 0.5R| and the wave function ψ=



(2Z)3/2 −2Zr e , π 1/2



we find 2 E(R) = −0.5(2Z)2 + 8/3Z 4 R2 = −0.5Zef f



which gives us 2 2 4 2 Zef f = (2Z) + 8/3Z R



then Zef f ∼ 2Z − 4/3Z 3 R2 λ(r ∼ 0) ∼ 5/12(2Z) − 1/3 + 5/12(−4/3Z 3 R2 ) = 0.5(1 − 10/9R2 ) for Z=1. We decide to choose a simple Pade approximant : λ = 0.5



1 . 1 + 10/9R



This value satisfies the two conditions : λ(0) = 5/12(2Z) − 1/3 and λ(R → ∞) → 0. Then we assume that this expression for λ is approximately correct everywhere. The integrations we have to do in order to find the energy are very complicated this time, so we choose to make a numerical integration program. The final results are for the parameters : 30



z1 1.1987



z2 0.2812



z3 1.1859



z4 -0.528



And for the minimum energies, in atomic units : R 1.4



norm. const. 0.5646



pot. en. -2.2617



kin. en. 1.0931



energy -1.1686



The experimental value of the energy is : -1.1744.



5.2



Molecular orbital approach : simplified wave function :



It is also possible to use another wave function, that looks like the last one, but is simpler (only two parameters). It gives also very good results for the energy. This wave function is the following : 0



0



0



0



ψ = [(e−zr1a e−z r1b + e−zr1b e−z r1a )(e−zr2a e−z r2b + e−zr2b e−z r2a )]f (r12 ) (5.2) where z and z’ are two parameters we have to determine. In the previous case, we had : (z1 + z2 )2 + (z3 + z4 )2 = 2Eetot . Now we have : 2(z + z 0 )2 = 2Eetot i.e. z + z 0 = (Eetot )( 1/2). We also still have the condition : 0



ze−z R + z 0 e−zR Z = −z 0 R . e + e−zR The expression for λ is the same, and the correlation function f is the same. The final results are : z 1.1972



z’ 0.1759



norm. const. 0.34648



pot. en. -2.3499



kin. en. 1.1787



at R=1.4. The experimental value of the energy is : -1.1744.
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energy -1.1712



5.3



Other possible wave functions :



There are other wave functions that can be use. We can give several examples : Heitler-London approach : ψ = e−zr1a e−zr1b + e−zr2a e−zr2b



(5.3)



ψ = (e−zr1a + e−zr1b )(e−zr2a e−zr2b )



(5.4)



Other example :



32



Chapter 6



Summary and Conclusion The work we have done on these three different systems illustrates the importance of the asymptotic behaviour of wave functions and the cusp conditions when two particles are close to each other, in the determination of physical properties of a system. The values of energy and diamagnetic susceptibility we obtain are very close to the experimental values. The asymptotic behaviour of wave functions has the great advantage of depending only on the separation energy of the last particle and the charges. Indeed, while obtaining either exact or approximate solutions of the Schroedinger equation it is well worth bearing in mind that they ought to satisfy approximate asymptotic conditions, and choose only those solutions that satisfy these conditions. It is important to mention the fact that asymptotic conditions have been used in other domains with different constraints : for example in the analysis of Thomas-fermi model and susceptibility[9].
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Appendix 1 Calculation of the kinetic energy in the two-electrons problem ∇2 = ∇21 + ∇22 = Z



(



∂2 ∂2 2 ∂ 2 ∂ + 2+ + 2 r1 ∂r1 ∂r2 r2 ∂r2 ∂r1



X ∂2φ ∂2φ + 2 )φf 2 = ci cj (Z 2 +b2j )[2A(2Z, bi +bj , 0)+2A(Z +bi , Z +bj , 0)] 2 ∂r1 ∂r2 i



+2β[same A(., ., λ)] + β 2 [same A(., ., 2λ)] Z



M= = −2



Z X



[



ci [(



i



(



2 ∂φ 2 ∂φ + )φf 2 r1 ∂r1 r2 ∂r2



Z bi bi Z + )e−Zr1 e−bi r2 + ( + )e−Zr2 e−bi r1 ]]φf 2 r 1 r2 r1 r 2



with φf 2 =



X



ci [e−Zr1 e−bi r2 + e−Zr2 e−bi r1 ](1 + 2βe−λr12 + β 2 e−2λr12 )



i



Thus we have M = −2



X



ci cj [ZB(2Z, bi + bj , 0) + bi A(bi + bj , 0)



i



+ZB(z + bj , Z + bi , 0) + bi B(Z + bi , Z + bj , 0) +bi B(bi + bj , 2Z, 0) + ZB(2Z, bi + bj , 0) +ZB(Z + bj , Z + bi , 0) + bi B(Z + bi , Z + bj , 0)] +2β[same B(., ., λ)] + β 2 [same B(., ., 2λ)] where



Z



e−ar1 e−br2 e−cr12 d3 r1 d3 r2



Z



e−ar1 −br2 −cr12 3 3 e e d r 1 d r2 r1



A(a, b, c) = and B(a, b, c) = So we have the following result : M = −2



X



ci cj [2ZB(2Z, bi + bj , 0) + 2bi B(bi + bj , 2Z, 0)



i
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+2bi B(Z + bi , Z + bj , 0) + 2ZB(Z + bj , Z + bi , 0)] +2β[same B(., ., λ)] + β 2 [same B(., ., 2λ)] We also have to calculate : Z



N=



~ 1 f )2 φ2 (∇



We have already prooved : ~ 1 f = −λβ~r12 /r12 e−λr12 ∇ So we have : N=



X



ci cj [2A(2Z, bi + bj , 2λ) + 2A(Z + bi , Z + bj , 2λ)]λ2 β 2



i



The final value of the kinetic part is : < T >= −0.5



X



ci cj (Z 2 + b2i )[[2A(2Z, bi + bj , 0) + 2A(Z + bi , Z + bj , 0)]



ij



+2β[same A(., ., λ)] + β 2 [same A(., ., 2λ)]] +



X



ci cj [[2ZB(2Z, bi + bj , 0) + 2bi B(bi + bj , 2Z, 0)



ij



+2bi B(Z + bi , Z + bj , 0) + 2ZB(Z + bj , Z + bi , 0)] +2β[same B(., ., λ)] + β 2 [same B(., ., 2λ)]] +λ2 β 2



X



ci cj [2A(2Z, bi + bj , 2λ) + 2A(Z + bi , Z + bj , 2λ)].



ij
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Appendix 2 Calculation of : E=



= n!



= n!



∂n ∂m ∂p 1 n m p ∂a ∂b ∂c (a + b)(b + c)(a + c)



n ∂m ∂p X 1 ∂bm ∂cp i=0 (a + b)i+1 (b + c)(a + c)n−i+1



n X m ∂p X (i + 1)(i + m − j)j! j Cm p i+1+m−j ∂c i=0 j=0 (a + b) (b + c)j+1 (a + c)n−i+1



= n!



p n X m X X



j Cni Cm



i=0 j=0 k=0



[(i + 1)...(i + m − j)]j![(j + 1)...(j + p − k)].[(n − i + 1)...n − i + k)] (a + b)m−j+i+1 (b + c)j+1+p−k (a + c)n−i+k+1 = n!m!p!



p m X n X X (m + i − j)!j!(p + j − k)!(n + k − i)! i=0 j=0 k=0



(a + E = n!m!p!



i!j!(n − i)!j!k!(m − j)!(p − k)!



b)m+i−j+1 (b



1 + c)p+j−k+1 (a + c)n+k−i+1



p m X n X X (m + i − j)!(p + j − k)!(n + k − i)! i=0 j=0 k=0



i!j!k!(n − i)!(m − j)!(p − k)!



1 (a + b)m+i−j+1 (b + c)p+j−k+1 (a + c)n+k−i+1
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Appendix 3 Calculation of K(a,b) and G(a,b) When a is different from b : Z



K(a, b) =



e−a(u+v)R/2−b(u−v)R/2 3 R /8(u2 − v 2 )dudv (u + v)R/2



Z



K(a, b) = 2π Z



2



e−ara e−brb d3 ra



= πR /2[



e−(a+b)Ru/2 e−(a−b)Rv/2 (u − v)dudv



Let us set : a’=(a+b)R/2 and b’=(a-b)R/2. Z



0



1



v 0 0 e−a u [[− 0 e−b v ]∞ 1 + b −1



Z



Z



= πR2 /2[



−b0



(e − e b0



)



−b0 v



e −1



b0



0



1



0



0



0



e−a u−b v vdudv Z



= πR /2[ −πR2 /2[



Z



u 0 [[− 0 e−a u ]∞ 1 + a



Z



2



0



e−a u−b v ududv −



= πR2 /2[



0



∞



e−a u du]dv] a0



∞



e−b v du]dv] b0



1



1 0



0



0



0



= πR2 /2[(e−aR − e−bR )[1/a0 b02 − 1/a02 b0 ] + = 4π/R[(e−aR − e−bR )



8e−bR ] R2 (a2 − b2 )



2b Re−bR + ] (a2 − b2 )2 e−aR − e−bR



4π (e−aR − e−bR ) 2b Re−bR [ + ] R a2 − b2 a2 − b2 e−aR − e−bR After taking the derivative, one gets : K(a, b) =



G(a, b) = ( +



0



[e−a (1/a0 +1/a02 )]+e−a /a0 [eb +e−b ]/b0 +[eb −e−b ]/b02 ]



2a Re−aR 2a Re−aR − )( − 2 ) −bR −aR 2 2 −bR −aR e −e a −b e −e a − b2



e−bR − e−aR R2 e−bR e−aR 4ab ( −bR − 2 ). 2 2 −aR 2 a −b (e −e ) (a − b2 )2



When a=b, we have : K(a, a) = πR2 /2



Z



e−aRu (u − v)dudv
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1



1 −aRu ∞ 1 [[− = πR /2[ e ]1 + aR aR −1 2



Z



Z



∞



−aRu



e



du]dv − 2



Z



1



∞



e−aRu du]



1



e−aR e−aR + 2 2] a a R πR −aR 1 K(a, a) = e [1 + ] a aR = πR2 /2[



For G (a,a), we have : Z



e−a(u+v)R/2 e−a(u−v)R/2 dudv



Z



e−aRu (u2 − v 2 )dudv



3



G(a, a) = 2πR /8 = πR3 /4 = πR3 /2[



2 −ue−aRu ∞ 1 e−aR + [[ ]1 + aR aR aR aR



= πR3 /2[ G(a, a) =



e−aR aR



+



2e−aR a2 R2



+



2e−aR a3 R3



Z



∞



1



−



2e−aRu du]] aR



1 ] 3aR



πR3 −aR 1 1 1 e [ + + ] 2 3aR a2 R2 a3 R3
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Appendix 4 Determination of the energy correction in perturbation theory for H2 . The Hamiltonian is : H=



p2 2Z 2Z Z Z − +( − − ) ~ ~ 2 r r |~r + R/2| |~r − R/2|



The wave function is :



(2Z)3/2 −2Zr e π 1/2 Z Z (2Z)3 2Z Z − )d3 r E= e−4Zr ( − ~ ~ π r |~r + R/2| |~r − R/2| ψ=



=



(2Z)3 ∗4π[2Z π



Z



∞



re−4Zr dr−Z



0



Z



∞



r2 dr−Z ~ |~r + R/2|



e−4Zr



0



Z



∞



e−4Zr



0



r2 dr] ~ |~r − R/2|



The development in Legender polynomials is : 1 1 = + ... if r1 > r2 |~r1 − ~r2 | r1 1 + ... if r2 > r1 r2 The rest of the development does not give any contribution to our integrals. =



E = 32Z 3 [2Z[−



r −4Zr ∞ 2Z e ]0 + 4Z 4Z



= 32Z 2 [ where Z



∞



I=



∞



Z



2Z − 2ZI] = 32Z 3 − 2ZI] 16Z 2 −4Zr



re



Z



R/2



r2 e−4Zr dr



dr + 2/R



R/2



0



1 I = [− re−4Zr ]∞ R/2 + 1/(4Z) 4Z +2/R[−



e−4Zr dr − 2IZ



0



1 2 −4Zr R/2 2 r e ]0 + 4Z 4ZR



Z



∞



e−4Zr dr



R/2



Z



R/2



2re−4Zr dr



0



R −2Zr 1 −2ZR 1 R2 −2ZR e + e − e 8Z 16Z 2 2RZ 4 Z R/2 1 1 1 2 R/2 [− re−4ZR ]0 + . e−4ZR dr + 2RZ 4Z RZ 4Z 0 I=
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=



R −2ZR 1 −2RZ R −2ZR 1 R −2ZR 1 1 e + e − e − . e + (− )(e−2ZR −1) 2 2 2 8Z 16Z 8Z 4RZ 2 4RZ 4Z 1 1 1 E = 32Z 3 [ − e−2ZR − (e−2ZR − 1)] 8Z 8Z 2 16RZ 3



∼ 32Z 3 [R/4 − ZR2 /4 + 1/4Z − R/2 + ZR2 /2 − 1/4Z + 1/4R − ZR2 /6] E = 32Z 3 [



ZR2 ZR2 32Z 3 − ]= 4 6 12 E=



8Z 3 3
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Appendix 5



c



program zHeliuml0 real b(2),c(2),lam,bet,m,G2,G1,po,l,p,q,o,o1,o2,o3,h,h7,h8,h9, xhp,hs,po1,po2 external G2,G1,po,po1,po2 lam=0.5 bet=-0.5 b(1)=1.343 b(2)=2.924 c(1)=1.0 c(2)=0.711 call Calcule(G2,G1,po,po1,po2,m,q,p,o2,h,hp,hs) o3=8.0*3.14159**2*o2 write (*,*) ’ la valeur de psipsi est : ’ write (*,*) o3 l=8.0*3.14159*3.14159*m/1.46295798 write (*,*) ’ l energie potentielle est : ’ write (*,*) l o=8.0*3.14159*3.14159*q/1.46295798 write (*,*) ’ l energie cinetique est : ’ write (*,*) o o1=l+o write (*,*) ’l energie totale est : ’ write (*,*) o1 write (*,*) ’ avec les perturbations : ’ write (*,*) p write (*,*) h h7=h*16.0*3.14159*3.14159/1.46295798 write (*,*) ’ la valeur de est : ’ write (*,*) h7 h8=hp*16.0*3.14159*3.14159/1.46295798 write (*,*) ’ la valeur de est : ’ write (*,*) h8 h9=hs*16.0*3.14159*3.14159/1.46295798 write (*,*) ’ la valeur de est : ’ write (*,*) h9 end function G1(x,y,z) 42



real x,y,z,G1 integer i,j,k G1=0.0 do i=1,3,1 do j=1,3,1 k=(6-i-j) if ((k.le.3).and.(k.ge.1)) then G1 = G1 - 4.0*(x+y)**(-i)*(y+z)**(-j)*(x+z)**(-k) else G1 = G1 endif end do end do return end function G2(x,y,z) real x,y,z,G2 integer i,j,k G2=4.0/((x+y)**3*(y+z)*(x+z)) do i=1,2,1 do j=1,2,1 k=(5-i-j) if ((k.ge.1).and.(k.le.2)) then G2 = G2 + 2.0*(x+y)**(-i)*(y+z)**(-j)*(x+z)**(-k) else G2 = G2 endif enddo enddo return end subroutine Calcule(G2,G1,po,po1,po2,m,q,p,o2,h,hp,hs) real G2,G1,po,c(2),b(2),m,r,t,p,u,v,n,o2,o4,h,h1,hp,h2,hs,h3, xpo1,po2 integer i,j c(1)=1.0 43



c(2)=0.711 b(1)=1.343 b(2)=2.924 m=0.0 h=0.0 hp=0.0 hs=0.0 do i=1,2 do j=1,2 t=G2(0.0,b(i)+b(j),4.0)+G2(0.0,4.0,b(i)+b(j)) x+G2(0.0,2.0+b(i),2.0+b(j)) x+G2(0.0,2.0+b(j),2.0+b(i))-G2(0.5,b(i)+b(j),4.0) x-G2(0.5,4.0,b(i)+b(j)) x-G2(0.5,2.0+b(i),2.0+b(j))-G2(0.5,2.0+b(j),2.0+b(i)) x+0.25*G2(1.0,b(i)+b(j),4.0)+0.25*G2(1.0,4.0,b(i)+b(j)) x+0.25*G2(1.0,2.0+b(i),2.0+b(j)) x+0.25*G2(1.0,2.0+b(j),2.0+b(i)) r=G2(2.0+b(i),2.0+b(j),0.0)+G2(4.0,b(i)+b(j),0.0) x-G2(2.0+b(i),2.0+b(j),0.5) x-G2(4.0,b(i)+b(j),0.5)+0.25*G2(2.0+b(i),2.0+b(j),1.0) x+0.25*G2(4.0,b(i)+b(j),1.0) u=G1(4.0,b(i)+b(j),0.0)+G1(2.0+b(i),2.0+b(j),0.0)x(G1(4.0,b(i)+b(j),0.5)+G1(2.0+b(i),2.0+b(j),0.5))+ x0.25*(G1(4.0,b(i)+b(j),1.0)+G1(2.0+b(i),2.0+b(j),1.0)) v=4*G2(0.0,b(i)+b(j),4.0)+2*b(i)*G2(0.0,4.0,b(i)+b(j))+ x2*b(i)*G2(0.0,2.0+b(j),2.0+b(i))+4*G2(0.0,2.0+b(i),2.0+b(j))x(4*G2(0.5,b(i)+b(j),4.0)+2.0*b(i)*G2(0.5,4.0,b(i)+b(j))+ x2*b(i)*G2(0.5,2.0+b(j),2.0+b(i))+4*G2(0.5,2.0+b(j),2.0+b(i)))+ x0.25*(4*G2(1.0,b(i)+b(j),4.0)+2*b(i)*G2(1.0,4.0,b(i)+b(j))+ x2*b(i)*G2(1.0,2.0+b(j),2.0+b(i))+4*G2(1.0,2.0+b(i),2.0+b(j))) n=(G1(4.0,b(i)+b(j),1.0)+G1(2.0+b(i),2.0+b(j),1.0))*0.25**2 o4=-G1(4.0,b(i)+b(j),0.0)-G1(2.0+b(i),2.0+b(j),0.0)+ xG1(4.0,b(i)+b(j),0.5)+G1(2.0+b(i),2.0+b(j),0.5)x0.25*G1(4.0,b(i)+b(j),1.0)-0.25*G1(2.0+b(i),2.0+b(j),1.0) 44



q=q+c(i)*c(j)*(0.5*(4.0+b(j)**2)*2.0*u+v-2.0*n) m=m+c(i)*c(j)*(-4.0*t+2.0*r) o2=o2+c(i)*c(j)*2*o4 h1=po(4.0,b(i)+b(j),0.0)+po(b(i)+b(j),4.0,0.0)+ xpo(2.0+b(j),2.0+b(i),0.0)+po(2.0+b(i),2.0+b(j),0.0)xpo(4.0,b(i)+b(j),0.5)-po(b(i)+b(j),4.0,0.5)xpo(2.0+b(j),2.0+b(i),0.5)-po(2.0+b(i),2.0+b(j),0.5)+0.25* xpo(4.0,b(i)+b(j),1.0)+0.25*po(b(i)+b(j),4.0,1.0)+0.25* xpo(2.0+b(j),2.0+b(i),1.0)+0.25*po(2.0+b(i),2.0+b(j),1.0) h=h+2.0*c(i)*c(j)*h1



h2=po1(4.0,b(i)+b(j),0.0)+po1(b(i)+b(j),4.0,0.0)+ xpo1(2.0+b(j),2.0+b(i),0.0)+po1(2.0+b(i),2.0+b(j),0.0)xpo1(4.0,b(i)+b(j),0.5)-po1(b(i)+b(j),4.0,0.5)xpo1(2.0+b(j),2.0+b(i),0.5)-po1(2.0+b(i),2.0+b(j),0.5)+0.25* xpo1(4.0,b(i)+b(j),1.0)+0.25*po1(b(i)+b(j),4.0,1.0)+0.25* xpo1(2.0+b(j),2.0+b(i),1.0)+0.25*po1(2.0+b(i),2.0+b(j),1.0) hp=hp+2.0*c(i)*c(j)*h2 h3=po2(4.0,b(i)+b(j),0.0)+po2(b(i)+b(j),4.0,0.0)+ xpo2(2.0+b(j),2.0+b(i),0.0)+po2(2.0+b(i),2.0+b(j),0.0)xpo2(4.0,b(i)+b(j),0.5)-po2(b(i)+b(j),4.0,0.5)xpo2(2.0+b(j),2.0+b(i),0.5)-po2(2.0+b(i),2.0+b(j),0.5)+0.25* xpo2(4.0,b(i)+b(j),1.0)+0.25*po2(b(i)+b(j),4.0,1.0)+0.25* xpo2(2.0+b(j),2.0+b(i),1.0)+0.25*po2(2.0+b(i),2.0+b(j),1.0) hs=hs+2.0*c(i)*c(j)*h3 enddo enddo p=8.0*64.0*(-4.0*G2(0.0,4.0,4.0)+G2(4.0,4.0,0.0))



45



end function po(x,y,z) real x,y,z,po,hh integer u11 po=0.0 u1=3.0 do u11=0,3,1



hh=(u11+1.0)*(u1-u11+1.0)*(x+y)**(-u11-2.0)*(y+z)**(-1.0)* x(x+z)**(-u1+u11-2.0) x+(u11+1)*(x+y)**(-u11-2.0)*(y+z)**(-2.0)*(x+z)**(-u1+u11-1.0)+ x(u1-u11+1.0)*(x+y)**(-u11-1.0)*(y+z)**(-2.0)*(x+z)**(-u1+u11-2.0) x+2.0*(x+y)**(-u11-1.0)*(y+z)**(-3.0)*(x+z)**(-u1+u11-1.0) po=po+6*hh enddo return end



function po1(x,y,z) real x,y,z,po1,hh integer u11 po1=0.0 u1=5.0 do u11=0,5,1



hh=(u11+1.0)*(u1-u11+1.0)*(x+y)**(-u11-2.0)*(y+z)**(-1.0)* x(x+z)**(-u1+u11-2.0) x+(u11+1)*(x+y)**(-u11-2.0)*(y+z)**(-2.0)*(x+z)**(-u1+u11-1.0)+ x(u1-u11+1.0)*(x+y)**(-u11-1.0)*(y+z)**(-2.0)*(x+z)**(-u1+u11-2.0) x+2.0*(x+y)**(-u11-1.0)*(y+z)**(-3.0)*(x+z)**(-u1+u11-1.0) po1=po1+120.0*hh enddo return end 46



function po2(x,y,z) real x,y,z,po2,hh integer u11 po2=0.0 u1=7.0 do u11=0,7,1



hh=(u11+1.0)*(u1-u11+1.0)*(x+y)**(-u11-2.0)*(y+z)**(-1.0)* x(x+z)**(-u1+u11-2.0) x+(u11+1)*(x+y)**(-u11-2.0)*(y+z)**(-2.0)*(x+z)**(-u1+u11-1.0)+ x(u1-u11+1.0)*(x+y)**(-u11-1.0)*(y+z)**(-2.0)*(x+z)**(-u1+u11-2.0) x+2.0*(x+y)**(-u11-1.0)*(y+z)**(-3.0)*(x+z)**(-u1+u11-1.0) po2=po2+720.0*7.0*hh enddo return end



47



Appendix 6 Program zHeliuml1s0 implicit none real psipsi,poten,kine,Z,la,a,h1,c integer i,ga(100) external psipsi,poten,kine Z=2.0 a=sqrt(2.0*(2.12336-2.0)) write (*,*) ’ The value of a is : ’ write (*,*) a la=0.80 ga(0)=1 do i=1,99 ga(i)=(i)*ga(i-1) enddo



c



c c



write (*,*) ga(5) write (*,*) h1(1.0,1.0,0.0,1,1,1,ga) call minimi(psipsi,poten,kine,la) write (*,*) ’ ---------|-------------------------|------- ’ write (*,*) ’ |This is for the state l=1| ’ write (*,*) ’ | s=0 | ’ write (*,*) ’ |-------------------------| ’ write (*,*) ’ The value of beta is : ’ write (*,*) be write (*,*) ’ The value of lambda that minimises energy is : ’ write (*,*) la write (*,*) ’ The value of psipsi is : ’ write (*,*) psipsi(la,ga) c=sqrt(1.0/psipsi(la,ga)) write (*,*) ’The normalisation constant is : ’ write (*,*) c/sqrt(4.0*3.14159/3.0) write (*,*) ’ The potential energy is : ’ write (*,*) poten(la,ga)/psipsi(la,ga) write (*,*) ’ The kinetic energy is : ’ write (*,*) kine(la,ga)/psipsi(la,ga) write (*,*) ’ The value of the total energy is : ’ 48



write write write write end



(*,*) (*,*) (*,*) (*,*)



(poten(la,ga)+kine(la,ga))/psipsi(la,ga) ’ The right answer is : ’ -2.12336 ’ -------------------------------------------



’



function h1(a1,b,c,u1,u2,u3,ga) real h1 integer ga(100) integer u1,u2,u3,i,j,k h1=0.0 do i=0,u1,1 do j=0,u2,1 do k=0,u3,1 h1=h1+ga(u1)*ga(u2)*ga(u3)*ga(u1+k-i) x*ga(u2+i-j)*ga(u3+j-k)/ga(i)/ga(j)/ga(k)/ga(u3-k)/ga(u2-j)/ xga(u1-i)/(a1+b)**(u2+i-j+1)/ x(b+c)**(u3+j-k+1)/(a1+c)**(u1+k-i+1) enddo enddo enddo return end function psipsi(la,ga) real psipsi,la,q,Z,be,a integer ga(100) Z=2.0 be=-1.0/(1.0+2.0*la) a=sqrt(2.0*(2.12336-2.0)) q=h1(2.0*Z,2.0*a,0.0,1,3,1,ga)+h1(2.0*a,2.0*Z,0.0,3,1,1,ga)+ xh1(Z+a,Z+a,0.0,1,3,1,ga)+h1(Z+a,Z+a,0.0,3,1,1,ga)xh1(Z+a,Z+a,0.0,1,1,3,ga) x+2.0*be*(h1(2.0*Z,2.0*a,la,1,3,1,ga)+ xh1(2.0*a,2.0*Z,la,3,1,1,ga)+h1(Z+a,Z+a,la,3,1,1,ga)+ xh1(Z+a,Z+a,la,1,3,1,ga)-h1(Z+a,Z+a,la,1,1,3,ga))+be**2.0* x(h1(2.0*Z,2.0*a,2.0*la,1,3,1,ga)+h1(2.0*a,2.0*Z,2.0*la,3,1,1,ga)+ xh1(Z+a,Z+a,2.0*la,3,1,1,ga)+h1(Z+a,Z+a,2.0*la,1,3,1,ga)xh1(Z+a,Z+a,2.0*la,1,1,3,ga)) psipsi=16.0*3.14159*q/4.0 49



return end



function poten(la,ga) real poten,la,r,t,Z,be,h1,y,a,s1,s2 integer ga(100) Z=2.0 be=-1.0/(1.0+2.0*la) a=sqrt(2.0*(2.12336-2.0)) s1=h1(2.0*Z,2.0*a,la,0,3,1,ga)+h1(Z+a,Z+a,la,2,1,1,ga)+ xh1(2.0*a,2.0*Z,la,2,1,1,ga)+h1(Z+a,Z+a,la,0,3,1,ga)xh1(Z+a,Z+a,la,0,1,3,ga) s2=h1(2.0*Z,2.0*a,2.0*la,0,3,1,ga) x+h1(2.0*a,2.0*Z,2.0*la,2,1,1,ga)+h1(Z+a,Z+a,2.0*la, x2,1,1,ga)+h1(Z+a,Z+a,2.0*la,0,3,1,ga)-h1(Z+a,Z+a,2.0*la,0,1,3,ga) r=h1(2.0*Z,2.0*a,0.0,0,3,1,ga)+h1(2.0*a,2.0*Z,0.0,2,1,1,ga)+ xh1(Z+a,Z+a,0.0,2,1,1,ga)+h1(Z+a,Z+a,0.0,0,3,1,ga)xh1(Z+a,Z+a,0.0,0,1,3,ga) x+2.0*be*s1+be**2*s2



y=h1(2.0*Z,2.0*a,0.0,1,2,1,ga)+h1(2.0*a,2.0*Z,0.0,3,0,1,ga)+ xh1(Z+a,Z+a,0.0,3,0,1,ga)+h1(Z+a,Z+a,0.0,1,2,1,ga)xh1(Z+a,Z+a,0.0,1,0,3,ga) x+2.0*be*(h1(2.0*Z,2.0*a,la,1,2,1,ga)+h1(Z+a,Z+a,la,3,0,1,ga)+ xh1(2.0*a,2.0*Z,la,3,0,1,ga)+h1(Z+a,Z+a,la,1,2,1,ga) x-h1(Z+a,Z+a,la,1,0,3,ga))+be**2* x(h1(2.0*Z,2.0*a,2.0*la,1,2,1,ga)+h1(2.0*a,2.0*Z,2.0*la,3,0,1,ga)+ xh1(Z+a,Z+a,2.0*la,3,0,1,ga)+h1(Z+a,Z+a,2.0*la,1,2,1,ga)xh1(Z+a,Z+a,2.0*la,1,0,3,ga)) t=h1(2.0*Z,2.0*a,0.0,1,3,0,ga)+h1(2.0*a,2.0*Z,0.0,3,1,0,ga)+ xh1(Z+a,Z+a,0.0,1,3,0,ga)+h1(Z+a,Z+a,0.0,3,1,0,ga)xh1(Z+a,Z+a,0.0,1,1,2,ga)+ x2.0*be*(h1(2.0*Z,2.0*a,la,1,3,0,ga)+h1(Z+a,Z+a,la,3,1,0,ga)+ xh1(2.0*a,2.0*Z,la,3,1,0,ga)+h1(Z+a,Z+a,la,1,3,0,ga)50



xh1(Z+a,Z+a,la,1,1,2,ga))+be**2.0*(h1(2.0*Z,2.0*a,2.0*la,1,3,0,ga)+ xh1(Z+a,Z+a,2.0*la,3,1,0,ga)+h1(2.0*a,2.0*Z,2.0*la,3,1,0,ga)+ xh1(Z+a,Z+a,2.0*la,1,3,0,ga)-h1(Z+a,Z+a,2.0*la,1,1,2,ga)) poten=16.0*3.14159*(-Z*(r+y)+t)/4.0 return end function kine(la,ga) real kine,la,s,t,w,Z,be,a,t1,t2 integer ga(100) Z=2.0 be=-1.0/(1.0+2.0*la) a=sqrt(2.0*(2.12336-2.0)) s=(h1(2.0*Z,2.0*a,2.0*la,1,3,1,ga)+h1(2.0*a,2.0*Z,2.0*la,3,1,1,ga) x+h1(Z+a,Z+a,2.0*la,1,3,1,ga)+h1(Z+a,Z+a,2.0*la,3,1,1,ga)xh1(Z+a,Z+a,2.0*la,1,1,3,ga))*la**2*be**2 t=Z**2*h1(2.0*Z,2.0*a,0.0,1,3,1,ga)+a**2* xh1(2.0*a,2.0*Z,0.0,3,1,1,ga)+0.5*(a**2+ xZ**2)*(h1(Z+a,Z+a,0.0,3,1,1,ga)+ xh1(Z+a,Z+a,0.0,1,3,1,ga)-h1(Z+a,Z+a,0.0,1,1,3,ga))x2.0*a*(h1(Z+a,Z+a,0.0,2,1,1,ga)+h1(Z+a,Z+a,0.0,0,3,1,ga) x-h1(Z+a,Z+a,0.0,0,1,3,ga))-4.0*a*h1(2.0*a,2.0*Z,0.0,2,1,1,ga)x2.0*Z*h1(2.0*Z,2.0*a,0.0,0,3,1,ga)-Z*(h1(Z+a,Z+a,0.0,2,1,1,ga)+ xh1(Z+a,Z+a,0.0,0,3,1,ga)-h1(Z+a,Z+a,0.0,0,1,3,ga)) x+2.0*be*t1+be**2*t2



t1=Z**2*h1(2.0*Z,2.0*a,la,1,3,1,ga)+a**2* xh1(2.0*a,2.0*Z,la,3,1,1,ga)+0.5*(a**2+ xZ**2)*(h1(Z+a,Z+a,la,3,1,1,ga)+ xh1(Z+a,Z+a,la,1,3,1,ga)-h1(Z+a,Z+a,la,1,1,3,ga))x2.0*a*(h1(Z+a,Z+a,la,2,1,1,ga)+h1(Z+a,Z+a,la,0,3,1,ga) x-h1(Z+a,Z+a,la,0,1,3,ga))-4.0*a*h1(2.0*a,2.0*Z,la,2,1,1,ga)x2.0*Z*h1(2.0*Z,2.0*a,la,0,3,1,ga)-Z*(h1(Z+a,Z+a,la,2,1,1,ga)+ xh1(Z+a,Z+a,la,0,3,1,ga)-h1(Z+a,Z+a,la,0,1,3,ga))
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c



w=-1.0/4.0/3.14159*(t-s) t2=Z**2*h1(2.0*Z,2.0*a,2.0*la,1,3,1,ga)+a**2* xh1(2.0*a,2.0*Z,2.0*la,3,1,1,ga)+0.5*(a**2+ xZ**2)*ux2.0*a*v1-4.0*a*h1(2.0*a,2.0*Z,2.0*la,2,1,1,ga)x2.0*Z*h1(2.0*Z,2.0*a,2.0*la,0,3,1,ga)-Z*v2 u=h1(Z+a,Z+a,2.0*la,3,1,1,ga)+h1(Z+a,Z+a,2.0*la,1,3,1,ga)xh1(Z+a,Z+a,2.0*la,1,1,3,ga) v1=h1(Z+a,Z+a,2.0*la,2,1,1,ga)+h1(Z+a,Z+a,2.0*la,0,3,1,ga) x-h1(Z+a,Z+a,2.0*la,0,1,3,ga) v2=h1(Z+a,Z+a,2.0*la,2,1,1,ga)+h1(Z+a,Z+a,2.0*la,0,3,1,ga) x-h1(Z+a,Z+a,2.0*la,0,1,3,ga) w=-(t-s) kine=16.0*3.14159*w/4.0 return end subroutine minimi(psipsi,poten,kine,lam) real psipsi,poten,kine,la,lam,x la=0.75 x=0.0 do while(((poten(la)+kine(la))/psipsi(la)).le.x) la=la+0.1 x=(poten(la)+kine(la))/psipsi(la) enddo lam=la return end
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Appendix 7 Program zenergyh2plus implicit none real Z,R,z1,z2,h1,h2,psi,kin,pot,en external h1,h2 Z=1.0 do R=1.0,2.0,0.5 call iter(R,z1,z2) write (*,*) ’ for a value of R : ’ write (*,*) R write (*,*) ’ z1 vaut : ’ write (*,*) z1 write (*,*) ’ z2 vaut : ’ write (*,*) z2 call ener(R,z1,z2,psi,pot,kin,en,h1,h2) write (*,*) ’ the value of psipsi is : ’ write (*,*) psi write (*,*) ’ the value of kinetic part is : ’ write (*,*) kin/psi write (*,*) ’ the value of potential part is : ’ write (*,*) pot/psi write (*,*) ’ the value of total energy is : ’ write (*,*) en write (*,*) ’-------------------------------------------’ enddo end function h1(R,a,b) real a,b,R,h1,x,y,z,t,u,v,m if (a.ne.b) then u=exp(-b*R)-exp(-a*R) v=a**2-b**2 m=u/v x=R*exp(-a*R)/u-2.0*a/v y=R*exp(-b*R)/(-u)-2.0*b/(-v) z=R**2*exp(-(a+b)*R)/u/v t=4.0*a*b*u/v**3 h1=4.0*3.14159/R*(x*y*m+z-t) else 53



h1=3.14159*R**2/a*exp(-a*R)*(1.0/3.0+1.0/a/R+1.0/a**2/R**2) endif return end function h2(R,a,b) real a,b,h2,R,u,v,m if (a.ne.b) then u=exp(-b*R)-exp(-a*R) v=a**2-b**2 m=u/v h2=4.0*3.14159/R*(R*exp(-b*R)/u-2.0*b/v)*m else h2=3.14159*R/a*exp(-a*R)*(1.0+1.0/a/R) endif return end subroutine iter(R,z1,z2) real Z,a2 a2=(2.0*(0.6024+0.5))**(0.5) a1=a2-(2.0/a2-1.0)/(1.0/a2+R) write (*,*) ’ the value of a is : ’ write (*,*) a2 write (*,*) ’ the value of z1+z2 is ’ write (*,*) a1 Z=1.0 z3=0.0 z1=0.2 z11=0.0 do while(abs(z1-z3).ge.1E-5) z11=((a1-Z)*exp((a1-2.0*z1)*R)-Z)/(exp((a1-2.0*z1)*R)-1.0) z3=z1 z1=z11 enddo z2=a1-z1 return end subroutine ener(R,z1,z2,psi,pot,kin,en,h1,h2) 54



real Z,kin,a1 a1=z1+z2 Z=1.0 psi=2.0*h1(R,2.0*z1,2.0*z2)+2.0*h1(R,a1,a1) pot=-2.0*Z*(h2(R,2.0*z1,2.0*z2)+h2(R,2.0*z2,2.0*z1)+ x2.0*h2(R,a1,a1))+psi/R kin=-0.5*((z1**2+z2**2)*h1(R,2.0*z1,2.0*z2)+(z1**2+z2**2) x*h1(R,z1+z2,z1+z2)-(2.0*z1+2.0*z2)*h2(R,z1+z2,z1+z2) x-2.0*z1*h2(R,2.0*z1,2.0*z2)-2.0*z2*h2(R,2.0*z2,2.0*z1) x+(z2**2+z1**2)*h1(R,2.0*z2,2.0*z1)+(z2**2+z1**2) x*h1(R,z1+z2,z1+z2)-(2.0*z2+2.0*z1)*h2(R,z1+z2,z1+z2) x-2.0*z2*h2(R,2.0*z2,2.0*z1)-2.0*z1*h2(R,2.0*z1,2.0*z2) x-2.0*z1**2*h1(R,2.0*z1,2.0*z2)+2.0*z1*h2(R,2.0*z1,2.0*z2) x-2.0*z1*z2*h1(R,z1+z2,z1+z2)+4.0*z1*z2/(z1+z2)*h2(R,z1+z2,z1+z2) x-2.0*z2**2*h1(R,2.0*z2,2.0*z1)+2.0*z2*h2(R,2.0*z2,2.0*z1) x-2.0*z1*z2*h1(R,z1+z2,z1+z2)+4.0*z1*z2/(z1+z2)*h2(R,z1+z2,z1+z2)) en=(pot+kin)/psi return end
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Appendix 8 Program zH2withpsi3 real*8 R,z111,z22,z3,z4,Z0,phi,dphi,r1,r2,z1,z2,dr1 x,dr2,dz1,dz2,r1a,r1b x,psipsi,psipsi1,psipsi2,psipsi3,psipsi4 x,pot,kine,kine1,kine2,kine3 real *8 kine4,pot1,pot2,pot3,pot4,cor1,cor2,cor3 x,la,be,f1(25,25),f2(25,25) x,dx,r10,r20,z10,z20,r11,r21,z11,z21,r12,r122,ener,coulpot,dot,r2a real*8 r2b,kinetic1,kinetic2,fp1(25,25),fp2(25,25),f11,fp11 x,f12,fp12,kinetic,psi,pp integer i1,i2,i3,i4,i5 R=1.4 z111=1.1987 z22=0.2812 z3=1.1859 z4=-0.0528 write (*,*) ’ z1= ’,z111 write (*,*) ’ z2= ’,z22 write (*,*) ’ z3= ’,z3 write (*,*) ’ z4= ’,z4 la=0.5/(1.0+(10.0*R**2/9.0)) be=-1.0/(1.0+2.0*la) Z0=1.0 write (*,*) ’ |--------------------------------------------| ’ write (*,*) ’ | This is H2 with molecular orbital approach | ’ write (*,*) ’ |--------------------------------------------| ’ write (*,*) ’ The value of lambda is ’ write (*,*) la write (*,*) ’ The value of beta is ’ write (*,*) be write (*,*) ’ Please wait...The result is coming... ’ dx=0.04 dphi=3.14159/8.0 r20=0.0 do i3=1,25,1 56



r21=dx*i3**(1.5) r2=(r20+r21)/2.0 z20=0.0 do i4=1,25,1 z21=dx*i4**(1.5) z2=(z20+z21)/2.0 r2a=sqrt((z2-R/2.0)**2+r2**2) r2b=sqrt((z2+R/2.0)**2+r2**2) f2(i3,i4)=exp(-z111*r2a-z22*r2b)+exp(-z111*r2b-z22*r2a) fp2(i3,i4)=exp(-z3*r2a-z4*r2b)+exp(-z4*r2a-z3*r2b) z20=z21 enddo r20=r21 enddo r10=0.0 pot1=0.0 kine1=0.0 psipsi1=0.0 do i1=1,25,1 r11=dx*i1**(1.5) r1=(r10+r11)/2.0 pot2=0.0 kine2=0.0 psipsi2=0.0 z10=0.0 do i2=1,25,1 z11=dx*i2**(1.5) z1=(z10+z11)/2.0 r1a=sqrt((z1-R/2.0)**2+r1**2) r1b=sqrt((z1+R/2.0)**2+r1**2) f11=exp(-z111*r1a-z22*r1b) f12=exp(-z111*r1b-z22*r1a) fp11=exp(-z3*r1a-z4*r1b) fp12=exp(-z3*r1b-z4*r1a) 57



f1(i1,i2)=f11+f12 fp1(i1,i2)=fp11+fp12 dot=(r1a**2+r1b**2-R**2)/2.0 kinetic1=(z111**2+z22**2+2.0*z111*z22*dot/r1a/r1b)*f1(i1,i2)-2.0* x(z111/r1a+z22/r1b)*f11-2.0*(z111/r1b+z22/r1a)*f12 kinetic2=(z3**2+z4**2+2.0*z3*z4*dot/r1a/r1b)*fp1(i1,i2)-2.0* x(z3/r1a+z4/r1b)*fp11-2.0*(z3/r1b+z4/r1a)*fp12 pot3=0.0 kine3=0.0 psipsi3=0.0 r20=0.0 do i3=1,25,1 r21=dx*i3**(1.5) r2=(r20+r21)/2.0 pot4=0.0 kine4=0.0 psipsi4=0.0 z20=0.0 do i4=1,25,1 z21=dx*i4**(1.5) z2=(z21+z20)/2.0 r2a=sqrt((z2-R/2.0)**2+r2**2) r2b=sqrt((z2+R/2.0)**2+r2**2) psi=f1(i1,i2)*fp2(i3,i4)+fp1(i1,i2)*f2(i3,i4) psipsi=psi*psi kinetic=-(kinetic1*fp2(i3,i4)+kinetic2*f2(i3,i4))*psi coulpot=-2.0*Z0*(1/r1a+1/r1b)*psipsi cor1=0.0 cor2=0.0 cor3=0.0 phi=0.0 do i5=1,8,1 phi=dphi*(i5-0.5) r12=sqrt(r1**2+r2**2+(z1-z2)**2-2.0*r1*r2*cos(phi)) 58



r122=sqrt(r1**2+r2**2+(z1+z2)**2-2.0*r1*r2*cos(phi)) cor1=cor1+(1.0+be*exp(-la*r12))**2+(1.0+be*exp(-la*r122))**2 cor2=cor2+(1.0+be*exp(-la*r12))**2/r12+ x(1.0+be*exp(-la*r122))**2/r122 cor3=cor3+la**2*be**2*exp(-2.0*la*r12)+ xla**2*be**2*exp(-2.0*la*r122) enddo



c c



dz2=z21-z20 z20=z21 psipsi4=psipsi4+psipsi*(cor1*dphi)*dz2 sm4=sm4+((kinetic*cor1+cor3*psipsi+coulpot x*cor1+cor2*psipsi)*dphi)*dz2 pot4=pot4+((coulpot*cor1+psipsi*cor2)*dphi)*dz2 kine4=kine4+((kinetic*cor1+psipsi*cor3)*dphi)*dz2 enddo dr2=r21-r20 r20=r21 psipsi3=psipsi3+psipsi4*r2*dr2 pot3=pot3+pot4*r2*dr2 kine3=kine3+kine4*r2*dr2 enddo dz1=z11-z10 z10=z11 psipsi2=psipsi2+psipsi3*dz1 pot2=pot2+pot3*dz1 kine2=kine2+kine3*dz1 enddo dr1=r11-r10 r10=r11 psipsi1=psipsi1+psipsi2*r1*dr1 pot1=pot1+pot2*r1*dr1 kine1=kine1+kine2*r1*dr1 enddo pot=pot1/psipsi1+1.0/R kine=kine1/psipsi1 59



ener=(pot+kine) write (*,*) ’ ----------------------------------------- ’ write (*,*) ’ The value of psipsi is ’ write (*,*) psipsi1 write (*,*) ’ The value of potential energy is ’ write (*,*) pot write (*,*) ’ The value of kinetic energy is ’ write (*,*) kine write (*,*) ’ The value of total energy is ’ write (*,*) ener write (*,*) ’ The expected value of energy is ’ write (*,*) -1.1687 pp=100.0*abs(ener+1.1687)/1.1687 write (*,*) ’ The result is correct with ’,pp, ’ percent. ’ write (*,*) ’ ------------------------------------------ ’ end
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