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1. Direct and indirect observation ◮



Direct observation of a few quantities are possible: length, time, electrical charge, number of particles



◮



For many others, we only can measure them by transforming them. Example: Thermometer transforms variation of temeprature f to variation of length g.



◮



Relating measurable quantity g to the desired quantity f is called Forward modeling: g = H(f ).



◮



Predicting the measurements g if we knew the desired quantity f and the measurement system is called Forward problem.



◮



Infering on the desired quantity f from the measurement g is called Inverse problem.
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2. Inverse problems examples ◮



Example 1: Measuring variation of temperature with a therometer ◮ ◮



◮



Example 2: Seeing outside of a body: Making an image using a camera, a microscope or a telescope ◮ ◮



◮



f (t) variation of temperature over time g(t) variation of length of the liquid in thermometer



f (x, y) real scene g(x, y) observed image



Example 3: Seeing inside of a body: Computed Tomography usng X rays, US, Microwave, etc. ◮ ◮



f (x, y) a section of a real 3D body f (x, y, z) gφ (r) a line of observed radiographe gφ (r, z)



◮



Example 1: Deconvolution



◮



Example 2: Image restoration



◮



Example 3: Image reconstruction
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Measuring variation of temperature with a therometer ◮



f (t) variation of temperature over time



◮



g(t) variation of length of the liquid in thermometer



◮



Forward model: Convolution Z g(t) = f (t′ ) h(t − t′ ) dt′ + ǫ(t) h(t): impulse response of the measurement system



◮



Inverse problem: Deconvolution Given the forward model H (impulse response h(t))) and a set of data g(ti ), i = 1, · · · , M find f (t)
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Measuring variation of temperature with a therometer Forward model: Convolution Z g(t) = f (t′ ) h(t − t′ ) dt′ + ǫ(t) 0.8
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Inversion: Deconvolution 0.8
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Seeing outside of a body: Making an image with a camera, a microscope or a telescope ◮



f (x, y) real scene



◮



g(x, y) observed image



◮



Forward model: Convolution ZZ g(x, y) = f (x′ , y ′ ) h(x − x′ , y − y ′ ) dx′ dy ′ + ǫ(x, y) h(x, y): Point Spread Function (PSF) of the imaging system



◮



Inverse problem: Image restoration Given the forward model H (PSF h(x, y))) and a set of data g(xi , yi ), i = 1, · · · , M find f (x, y)
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Making an image with an unfocused camera Forward model: 2D Convolution ZZ g(x, y) = f (x′ , y ′ ) h(x − x′ , y − y ′ ) dx′ dy ′ + ǫ(x, y) ǫ(x, y)



f (x, y) ✲ h(x, y)



❄ ✎☞ ✲ + ✲g(x, y) ✍✌



Inversion: Image Deconvolution or Restoration ? ⇐=
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Seeing inside of a body: Computed Tomography ◮



f (x, y) a section of a real 3D body f (x, y, z)



◮



gφ (r) a line of observed radiographe gφ (r, z)



◮



Forward model: Line integrals or Radon Transform Z gφ (r) = f (x, y) dl + ǫφ (r) L



ZZ r,φ f (x, y) δ(r − x cos φ − y sin φ) dx dy + ǫφ (r) =



◮



Inverse problem: Image reconstruction Given the forward model H (Radon Transform) and a set of data gφi (r), i = 1, · · · , M find f (x, y)
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Computed Tomography: Radon Transform



Forward: Inverse:



f (x, y) f (x, y)



−→ ←−



g(r, φ) g(r, φ)
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Microwave or ultrasound imaging Mesaurs: diffracted wave by the object φd (ri ) Unknown quantity: f (r) = k02 (n2 (r) − 1) Intermediate quantity : φ(r)



y



Object



ZZ



r'



Gm (ri , r ′ )φ(r ′ ) f (r ′ ) dr ′ , ri ∈ S D ZZ Go (r, r ′ )φ(r ′ ) f (r ′ ) dr ′ , r ∈ D φ(r) = φ0 (r) + φd (ri ) =



Measurement



plane



Incident



plane Wave



D



Born approximation (φ(r ′ ) ≃ φ0 (r ′ )) ): ZZ Gm (ri , r ′ )φ0 (r ′ ) f (r ′ ) dr ′ , ri ∈ S φd (ri ) = D



r x



z



r



r r ✦ ✦ ▲ r ✱ ❛❛ r ✱ ❊ r ✲ ❊ ❡ φ0r (φ, f )✪ r ✪ r r r r g r



Discretization :   φd = H(f ) φd = G m F φ −→ with F = diag(f ) φ = φ0 + Go F φ  H(f ) = Gm F (I − Go F )−1 φ0



r



r
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General formulation of inverse problems ◮



General non linear inverse problems: g(s) = [Hf (r)](s) + ǫ(s),



◮



Linear models: g(s) =



Z



r ∈ R,



s∈S



f (r) h(r, s) dr + ǫ(s)



If h(r, s) = h(r − s) −→ Convolution. ◮



Discrete data:Z g(si ) = h(si , r) f (r) dr + ǫ(si ),



i = 1, · · · , m



◮



Inversion: Given the forward model H and the data g = {g(si ), i = 1, · · · , m)} estimate f (r)



◮



Well-posed and Ill-posed problems (Hadamard): existance, uniqueness and stability



◮



Need for prior information
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3. Inverse problems: Analytical methods Two communities working on Inverse problems: ◮



Mathematical departments: Analytical methods: Existance and Uniqueness Differential equations, PDE



◮



Engineering and Computer sciences: Algebraic methods: Discretization, Uniqueness and Stability Integral equations, Discretization using Moments method, Galerkin, ...



Two examples: ◮



Deconvolution: Inverse filtering and Wiener filtering



◮



X ray Computed Tomography: Radon transform: Direct Inversion or Filtered Backprojection methods
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Deconvolution: Analytical methods Time domain Forward model: g(t) = h(t) ∗ f (t) + ǫ(t) ǫ(t) ❄



F (ω)✲ H(ω) ✲ +❥✲G(ω)



Deconvolution: g(t) → w(t) =



G(ω) = H(ω) F (ω) + E(ω) E(ω) ❄



f (t) ✲ h(t) ✲ +❥✲g(t)



1 } IF T { H(ω)



Fourier domain



→ fb(t)



Deconvolution: g(t) → W (ω) → fb(t)



Inverse filtering b (ω) G(ω) → 1 → F H(ω)



Wiener filtering



G(ω) →



H ∗ (ω) S (ω) |H(ω)|2 + S ǫ (ω) f



b (ω) →F
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Deconvolution example 0.6
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Analytical Inversion methods



y ✻ r ❅ ✒ ❅ ❅ ❅ ❅ ✁ f (x, y)❅ ❅❅ ✁ ❅ ✁ ❅ φ ❅ ✲ ❅ x ❍❍ ❅ ❍ ❅ ❅ ❅ ❅ •D S•



g(r, φ) Radon Transform: ZZ ✁ g(r, φ) = f (x, y) δ(r − x cos φ − y sin φ) dx dy D   Z π Z +∞ ∂ 1 ∂r g(r, φ) f (x, y) = − 2 dr dφ 2π 0 −∞ (r − x cos φ − y sin φ) A. Mohammad-Djafari, Seminar 1: School of Mathematics and Computational Science, Sun Yat-sen University, Guangzhou, China 16/47



Filtered Backprojection method   Z π Z +∞ ∂ 1 ∂r g(r, φ) f (x, y) = − 2 dr dφ 2π 0 −∞ (r − x cos φ − y sin φ) ∂g(r, φ) ∂r Z ∞ 1 g(r, φ) ′ Hilbert TransformH : g1 (r , φ) = dr π 0 (r − r ′ ) Z π 1 g1 (r ′ = x cos φ + y sin φ, φ) dφ Backprojection B : f (x, y) = 2π 0 Derivation D :



g(r, φ) =



f (x, y) = B H D g(r, φ) = B F1−1 |Ω| F1 g(r, φ) • Backprojection of filtered projections: g(r,φ)
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Limitations : Limited angle or noisy data
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◮



Limited angle or noisy data



◮



Accounting for detector size



◮



Other measurement geometries: fan beam, ...
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4. Inverse problems: Discretization and Algebraic methods Z g(si ) =



◮



h(si , r) f (r) dr + ǫ(si ),



i = 1, · · · , M



f (r) is assumed to be well approximated by N X f (r) ≃ fj bj (r) j=1



with {bj (r)} a basis or any other set of known functions Z N X g(si ) = gi ≃ fj h(si , r) bj (r) dr, i = 1, · · · , M j=1



g = Hf + ǫ with Hij = ◮ ◮



Z



h(si , r) bj (r) dr



H is huge dimensional b LS solution P : f = arg 2minf {Q(f )} with Q(f ) = i |gi − [Hf ]i | = kg − Hf k2 does not give satisfactory result.
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Convolution: Discretization ǫ(t) f (t) ✲



g(t) =



Z



′



′



h(t)



′



❄ ✲ +♠✲ g(t)



f (t ) h(t − t ) dt + ǫ(t) =



Z



h(t′ ) f (t − t′ ) dt′ + ǫ(t)



◮



The signals f (t), g(t), h(t) are discretized with the same sampling period ∆T = 1,



◮



The impulse response is finite (FIR) : h(t) = 0, for t such that t < −q∆T or ∀t > p∆T . p X g(m) = h(k) f (m − k) + ǫ(m), m = 0, · · · , M k=−q
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Convolution: Discretized matrix vector forms                             



g(0) g(1) . . . . . . . . . . . . . . . . . . g(M )







f (−p)  .  .  0 .   . f (0)   .   . f (1)    . .  . .  . .   . .  . .  . .    . .  . .  . .   . .    . .  . .   f (M )   f (M + 1)  0   . h(−q)  .  . 



 h(p)        0       .   .   .     .   .   .   =   .   .   .     .     .   .     .   .   .  0



··· .



.



h(0)



··· .



.



h(p)



.



.



0 .



.



···



.



h(−q)



h(0)



.



···



···



···



h(0)



···



.



···



h(−q)



. .



.



.



. ···



···



. . 0



h(p)



···



f (M + q)



                                  



g = Hf + ǫ ◮



g is a (M + 1)-dimensional vector,



◮



f has dimension M + p + q + 1,



◮



h = [h(p), · · · , h(0), · · · , h(−q)] has dimension (p + q + 1)



◮



H has dimensions (M + 1) × (M + p + q + 1).
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Convolution: Discretized matrix vector form ◮







If system is causal (q = 0) we obtain 







h(p) · · · g(0)  g(1)      0    . ..    . .    .    . . .   =  .. .       . ..    .. .    ..    .    .. . g(M ) 0 ··· ◮ ◮ ◮ ◮
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···



···



h(p) · · ·



h(0)



···



h(p) · · ·



0



 f (−p) ..   0 .   ..    .   f (0)    ..   f (1)   .   .    .. ..    .   .    .. ..    .   ..   .  0    ..   . h(0) f (M ) 







g is a (M + 1)-dimensional vector, f has dimension M + p + 1, h = [h(p), · · · , h(0)] has dimension (p + 1) H has dimensions (M + 1) × (M + p + 1).
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Convolution: Causal system and causal input              



g(0) g(1) .. . .. . .. . .. . g(M )















h(0)



    h(1) . . .     ..   .    =  h(p) · · ·     ..   0 .     ..   . 0 ···



h(0) ..



.



0 h(p) · · ·



h(0)



◮



g is a (M + 1)-dimensional vector,



◮



f has dimension M + 1,



◮



h = [h(p), · · · , h(0)] has dimension (p + 1)



◮



H has dimensions (M + 1) × (M + 1).



            



f (0) f (1) .. . .. . .. . .. . f (M )
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Discretization of Radon Transfrom in CT S•



y ✻



r



✒ ❅ ❅ ❅ ❅ ❅ f (x, y)❅ ❅❅ ✁ ❅ ✁ ❅ ✁ φ ❅ ✲ ❅ x ❅ ❍ ❍❍ ❅ ❅ ❅ ❅ •D



g(r, φ)



g(r, φ) =



Z



◗



Hij



f1◗◗



◗◗ f◗ j◗◗ ◗ ◗g



i



fN P f b (x, y) j j j 1 if (x, y) ∈ pixel j bj (x, y) = 0 else f (x, y) =



✁



f (x, y) dl



gi =



L



N X



Hij fj + ǫi



j=1
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Deterministic methods g =Hf +ǫ ◮ ◮



◮



◮



◮



b = H ′ g, Backprojection: f



but H ′ H 6= I



Minimum norm solution of Hf = g: b = H ′ (HH ′ )−1 g minimize kf k2 s.t. Hf = g −→ f



(Filtered Backprojection) Least Squares:



b = (H ′ H)−1 H ′ g minimize kg − Hf k2 −→ f



(Backprojection followed by image deconvolution) Constraint optimization: b = (H ′ H+λI)−1 H ′ g minimize kg−Hf k2 s.t. kf k2 < c −→ f



b = (µH ′ H+I)−1 H ′ g minimize kf k2 s.t. kg−Hf k2 < c −→ f Minimum norme LS (MNLS):



J(f ) = ||g − H(f )||2 + λ||f ||2
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Deterministic methods: General Data matching methods ◮



Observation model: g =H (f )+ǫ gi = hi (f ) + ǫi , i = 1, . . . , M



◮



Misatch between data and output of the model ∆(g, H(f )) b = arg min {∆(g, H(f ))} f f



◮



Examples:



– LS



∆(g, H(f )) = kg − H(f )k2 =



X



|gi − hi (f )|2



i



– Lp – KL



p



∆(g, H(f )) = kg − H(f )k = ∆(g, H(f )) =



X i



◮



gi ln



gi hi (f )



X



|gi − hi (f )|p ,



1 
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