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Abstract: Fatigue behavior is affected by numerous uncertainties, making the number-of-cycles-to-failure N(S) for a given strain level S a random variable. The purpose of the present paper is to introduce and to compare two methods that allow a statistical treatment of fatigue laboratory data. Both approaches are described and discussed in order to characterize the random variable N(S,ω). The first method considers that the fatigue life time N(S,ω) at each strain level S is a lognormally distributed random variable. The second approach is based on the ESOPE method (AFNOR standard) which gives an iso-probability S-N curve. The experimental data used to develop both methods come from a private database and allow to compare and to validate the probabilistic assumptions made in each case by applying appropriate statistical tests.
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INTRODUCTION



A number of components in nuclear power plants are submitted to thermal and mechanical loading cycles. The choice of the methodology of statistical treatment is of importance to establish a probabilistic framework for fatigue analysis [1]. Usually, the results of fatigue endurance tests are plotted on graphs relating applied loading (e.g. force, stress, strain...) and the number of cycles to failure. Two different methods that allow a statistical treatment of fatigue laboratory data are developed in this paper. The aim of each approach is to characterize the random number of cycles to failure N(S,ω) for a given strain level S. The first method considers that the fatigue life time N(S, ω) at each strain level S is a lognormally distributed random variable [1]. The scatter of experimental values at each strain level is thus directly taken into account. The second method is based on the statistical treatment of fatigue data investigated in the 60’s by Bastenaire [3] and put in French Standards [2]. A chapter in the Standard deals with the probabilistic characterization of the S-N curve. The socalled ESOPE method does not provide a closed-form expression of the probability density function of the number of cycles to failure but an iso-probability S-N curve. From these elements, a complete framework that allows the determination of the distribution of the random variable N(S, ω) for a given strain level S is developed. The experimental data used to develop the statistical methods described in the sequel is based on a private database consisting of 153 austenitic stainless steel specimens. These tests are carried out in air under zero-mean tension-compression condition in the strain control mode. Among those tests, 8 did not reach failure. We compare both approaches as follows:
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•



The median fatigue curve is obtained by maximization of the likelihood given by the experimental observations.



•



Statistical tests such as the Kolmogorov-Smirnov test are applied to validate the assumptions made in the formulation of each approach.



•



Iso-probability S-N curve are derived from each approach and compared.



STATISTICAL TREATMENT BY THE FIRST METHOD (GUÉDÉ ET AL.) This part takes back the main elements developed in [1], [4] and [6].



2.1



Principles of the probabilistic characterization of specimen fatigue life



Let N(S,ω) denote the random variable “number-of-cycles-to-failure” observed at stress level S. The notation ω recalls the randomness of this quantity. At each strain level, N(S,ω) is supposed to be a lognormally distributed random variable. This can be written: 1 of 8



ln N ( S , ω ) = λ ( S ) + σ ( S , ω )



(1)



where λ(S) is the mean value of the logarithm of N at stress level S and σ(S,ω) is zero-mean Gaussian random variable. We also suppose that these variables (representing the scatter of ln N around its mean-value) are perfectly correlated: this means that a given sample (which is a “realization” of the material in the probabilistic vocabulary) is good or bad with respect to fatigue life whatever the stress level applied. Under this assumption, Eq.(1) may be simplified as: ln N ( S , ω ) = λ ( S ) + σ ( S )ξ (ω )



(2)



where ξ (ω ) is a standard normal random variable. The mean value λ(S) and standard deviation σ(S) of ln N have to be given a particular form of S. In this paper, the form of the curve used for the mean λ(S) is inspired by the Langer model [8] based on the early work by Stromeyer (1914):



λ ( S ) = a − b ln( S − E )



(3)



where E is the endurance limit, and a and b are unknown parameters that allow the best fit for the median curve. As far as σ(S) is concerned, three assumptions have been investigated in [1, 6]. According to these results, the best representation consists in assuming that the standard deviation of ln N, σ(S), is proportional to the mean value:



σ ( S ) = δ .λ ( S )



(4)



According to Eq.(2),(3), the scatter of the fatigue specimen data may be represented by a single standard normal random variable ξ (ω ) , whose expression is given by: ⎛ ln( N ( S , ω )) ⎞ − 1⎟ ⎜ − + a ln( S E ) b ⎠ ξ (ω ) = ⎝



(5)



δ



Under the above assumptions, the median number-of-cycle-to-failure N50%(S) can be written as: N50% = eλ ( S ) = ea −b ln( S − E ) = ea ( S − E ) −b



(6)



or, equivalently: a



−



1



S = E + e b ( N50% ) b



(7)



The postulated model requires determining four unknown parameters: E (endurance limit), a and b (form of the median curve), and δ (scatter of the data). These parameters are determined simultaneously using the method of Maximum Likelihood (ML) described below.



2.2



Maximum likelihood estimation



The ML method is used here to estimate the unknown parameters of the random fatigue model. Assuming that the Q experimental points ln( N j ) are independent and follow a Gaussian distribution with mean value and standard deviation given by (3) and (4) respectively, the likelihood of the observations reads [5]: Q



{



αj



1−α j



LQ (a, b, E , δ ) = ∏ ⎡⎣ f ( N j , S j , a, b, E , δ ) ⎤⎦ ⎡⎣1 − F ( N j , S j , a, b, E , δ ) ⎤⎦ j =1



}



(8)



where: ⎧⎪ 1 if N j is a failure ⎪⎩ 0 if N j is a censored observation



αj =⎨



In Eq.(8), the expressions for a failure (resp. a censored) point are given by: f ( N j , S j , a, b, E , δ ) =



1



δ ( a ln( S j − E ) + b )



⎛ ln N j − a ln( S j − E ) − b ⎞ ⎟ ⎜ δ ( a ln( S j − E ) + b ) ⎟ ⎝ ⎠



ϕ⎜



(9)



and: 2 of 8



ln N j



F ( N j , S j , a, b, E , δ ) =



∫ δ ( a ln(S



−∞



1 j



− E) + b)



⎛ t − a ln( S j − E ) − b ⎞ ⎟ dt ⎜ δ ( a ln( S j − E ) + b ) ⎟ ⎝ ⎠



ϕ⎜



(10)



where ϕ is the standard normal probability density function (PDF). The determination of parameters E, a, b and δ is performed by requiring that they maximize the likelihood defined in (8), or equivalently minimize the following quantity: Q



{



}



−2 ln( LQ ) = −2∑ α j ln ⎡⎣ f ( N j , S j , a, b, E , δ ) ⎤⎦ + (1 − α j ) ln ⎡⎣1 − F ( N j , S j , a, b, E , δ ) ⎤⎦ j =1



(11)



The minimization problem described above is solved using classical routines implemented in MathCad [9].
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STATISTICAL TREATMENT BY THE NORMALIZED METHOD



The statistical treatment of fatigue data has been investigated since the 60’s and normalized in French Standard A 03-405 [2]. This standard proposes several recommendations. The present method is related to §8 of this document, which is entitled “Iso-probability S-N curve modelling by the ESOPE method”. In this section, a method is proposed, which takes into account and clarifies all the remarks proposed in the Standard in order to be applicable from lowcycle to high-cycle domain.



3.1 3.1.1



Principles Mathematical model



Let F ( S , N ) be the fraction of samples which fail before N cycles at stress amplitude S. this fraction is comprised between 0 and 1. In the ESOPE method, following the work by Bastenaire [3], it is supposed that this quantity F ( S , N ) varies as a normal cumulative distribution function (CDF) as follow: ⎛ S − µ(N ) ⎞ p = F (S , N ) = Φ ⎜ ⎟ σ ⎝ ⎠



(12)



In this expression, σ is supposed to be constant, whereas µ ( N ) has to be given an analytical form. Note that σ is sometimes referred to the constant standard deviation of S at a given N. This is incorrect since S is never considered as a random variable, in contrary to N ( S ) which is the (random) number of cycles to failure. If a large number of tests were carried out at the same amplitude S, the quantity F ( S , N ) would converge to the probability of failure before N cycles at S, i.e. the cumulative distribution function (CDF) of N ( S , ω ) .Thus, the probability distribution function (PDF) of N ( S ) , denoted by f ( S , N ) may be written as the derivative of F ( S , N ) with respect to N: f (S , N ) =



∂F ( S , N ) ∂N



(13)



It is easy to show that the form of F(S,N) in Eq.(12) allows to plot iso-probability curves of failure. Each curve ⎛ S − µ(N ) ⎞ represents a constant probability of failure p = F ( S , N ) = Φ ⎜ ⎟ . For a given p, this leads to: σ ⎝ ⎠ S = µ ( N ) + σ Φ −1 ( p )



(14)



The iso-probability median curve defined by p = 0.5 satisfies: S = µ(N ) Thus µ(N) exactly represents the median S-N curve, also called Wölher curve.



(15)



Fatigue data on stainless specimens indicate that experimental samples tested below a particular stress level are unlikely to fail. The limiting stress level is called the fatigue limit or endurance limit E. Thus µ(N) exhibits an asymptotic behavior near the fatigue limit, so that: E = µ (∞ )



(16)



Taking this notation into account, Eq.(12) is written:
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⎛ S − γ (N ) − E ⎞ F (S , N ) = Φ ⎜ ⎟ σ ⎝ ⎠



(17)



where γ ( N ) = µ ( N ) − E .Thus, Eq.(14) rewrites: S = γ ( N ) + E + σ Φ −1 ( p)



(18)



Suppose now that S = S0 .When N tends to infinity, γ ( N ) tends to 0. Thus: ⎛S −E⎞ Φ⎜ 0 ⎟ ≠1 ⎝ σ ⎠



(19)



This remark implies that there is always a probability of no-failure at any stress amplitude S0 whatever N. The French Standard concludes from this remark that ψ = S − E − γ ( N ) is a right censored Gaussian random variable, with zero mean and standard deviation σ:



ψ ≡ N (0, σ )



3.1.2



(20)



Fatigue model



To define the whole ESOPE model, we have to select a form for the median S-N curve. In order to be consistent with the first method developed in Section 1, a closed form expression as in Eq.(3) is chosen: a



S = E + e b N 50%



Defining c =



−



1 b



(21)



1 ⎛a⎞ and A = exp ⎜ ⎟ , Eq.(21) rewrites: b ⎝b⎠



S = E + AN 50% − c = µ ( N )



(22)



The ESOPE model requires to determine four unknown parameters: E (endurance limit), A and c (form of the median curve), and δ (usually referred to as the scatter in the S direction). Using Eq.(22), Eq.(12) is now rewritten as: ⎛ S − E − AN − c ⎞ F ( S , N , A, c, E , σ ) = Φ ⎜ ⎟ σ ⎝ ⎠



(23)



By taking into account the truncation of the random variable N and by using Eqs.(13),(23) , the distribution of the number-of-cycle-to-failure reads: f N ( S , N , A, c, E , σ ) =



∂ 1 ⎛ S − E ⎞ ∂N Φ⎜ ⎟ ⎝ σ ⎠



⎡ ⎛ S − E − AN − c ⎢Φ ⎜ σ ⎣ ⎝



⎞⎤ ⎟⎥ ⎠⎦



(24)



One finally gets: f N ( S , N , A, c, E , σ ) =



⎛ S − E − AN − c 1 ϕ⎜ σ ⎛S−E⎞ ⎝ Φ⎜ ⎟ ⎝ σ ⎠



⎞c − c −1 ⎟ AN σ ⎠



(25)



where ϕ is the standard normal PDF.



3.2



Estimation of model parameters



Based on the experimental fatigue database, the four unknown parameters of the ESOPE model have to be determined by using the ML method as expressed in Eq.(11) by replacing f and F with f N ( S , N , A, c, E , σ ) and FN ( S , N , A, c, E , σ ) , defined in Eqs.(24),(25), respectively. As a conclusion, we present the ESOPE method in the tradition of Bastenaire’s work. We complete the original method in order to have an iso-probability S-N curve whose unknown parameters can be estimated by the maximum likelihood method.
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APPLICATION TO AUSTENITIC STAINLESS STEEL FATIGUE DATA



In this section, the two models described in Sections 2 and 3 have been fitted to fatigue data provided by EDF R&D. The data comprise from a 153 specimens of austenitic stainless steel. Experimentally speaking, fatigue life N is defined as the number of applied cycles at which the stress amplitude in tension side decreases to 75% of the maximum stress amplitude. See [7] for more details. The dataset also includes 8 censored observations. Figure 1 shows the data and random fatigue models on a log-log scale with number of cycles in the horizontal axis, as is traditional in the plot of S-N curves. In this figure, “|” and ”…” represent failure and censored observations, respectively. Remark: it is to be noted that no experimental values appear on the two obtained curves since the database is private. Only the methodology of statistical treatment is of importance.



4.1



Maximum likelihood estimates of the random fatigue models



The Levenberg-Marquardt algorithm (see [9] for more details) is used to fit the models. The quality of the fit is estimated by calculating two coefficients: •



(



)



The determination coefficient R 2 0 < R 2 ≤ 1 which is useful because it represents the ratio of the explained variance to the total fluctuation. In other words, it is a measure of how well the regression model represents the data.



•



The Akaike Information Criterion (AIC) statistic [11] for each model allows identifying which best approximates the true underlying model. The AIC statistic is given by: AIC = −2 ln( LQ ) + 2k



(26)



where k is the number of model parameters. Higher values of R 2 and smaller values of AIC indicate better fits, see [11] and [12] for further details.



Stress



Failure points Censured points First model ESOPE model



Thousands of cycles



Figure 1. S-N plot of the data points and the models’ fits
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Table I. Fitting results for the austenitic stainless steel database 2



R AIC Statistic



First model 0.96



ESOPE model 0.81



158



2075



According to Figure 1, the two approaches give almost the same S-N median curve. Nevertheless, based on the values of Table I, the first method provides the best fit to the data among the two models.



4.2



Evaluation of statistical assumptions



The application of each model defined above involves validating by statistical tests the assumptions made by using these random fatigue models.



4.2.1



Goodness-of-fit tests



It is important to have a tool for assessing the distribution fit. The statistical significance of departures from each random fatigue model is assessed by performing empirical distribution function goodness-of-fit tests. Table II shows the Gaussian assumptions that have to be rejected or not by statistical tests. Table II. Statistical assumptions for each method Method



Probabilistic assumption



First method



H 0 : ξ ≡ N (0,1) Eq.(5)



ESOPE method



H 0 : ψ ≡ N (0, σ ) Eq.(20)



Several common statistics are used to perform these tests [10]: Kolmogorov-Smirnov test (KS), Cramer-Von Mises test (CVM), Watson test (W) and Anderson Darling test (AD). Table III. Results of the goodness-of-fit tests for each random fatigue model Test



First model



ESOPE model



KS CVM W AD KS CVM W AD



Upper percentage point 5% 5% 5% 5% 5% 5% 5% 5%



Statistic limit value



Statistic test value



Reject H0



1.358 0.187 0.461 2.492 1.358 0.187 0.461 2.492



1.071 0.260 0.272 1.875 2.918 2.112 2.791 9.183



no yes no no yes yes yes yes



Table III gives the different statistics values for each model. The hypothesis of normality of the random variable ξ defined in (5) is only rejected by the Cramer Von Mises test at 5 % however it cannot be rejected at α = 1% . On the other hand, the normal hypothesis made on the random variable ψ is not satisfied here: all the tests allow to reject with a 95 % confidence level. According to these goodness-of-fit tests and to the fitting curves evaluation made above, the first probabilistic model provides better results than the second one.



4.2.2



Quantiles of the number of cycles to failure



To assess the validity of both models, we also study plots of quantiles of the number of cycles to failure. The quantile estimates under each model are plotted in Figure 2. The following curves are representative of the relationship between the variables S and N at constant probability failure p.
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First model



ESOPE model failure points censored points 0.5 quantile 0.975 quantile 0.025 quantile



Stress



Stress



failure points censored points 0.5 quantile 0.975 quantile 0.025 quantile



Thousands of cycles



Thousands of cycles



Figure 2. S-N plot for the data base with 0.025, 0.50 and 0.975 fractile curves By considering a 95 % confidence interval around each median model S-N curve, we can see that each probabilistic model give different fractile curves. On the one hand, at greatest values of S, the scatter of the random variable seems to be better represented by the first model since all data points except 2 are included in the interval. On the other hand, near the endurance limit E, the ESOPE model does not provide a good representation of the scatter of the data.



4.2.3



Probability density function for a given stress level S



The aim of the proposed methods is to give, by applying a maximum likelihood method, the distribution of the number-of-cycle-to-failure N for a given stress level S. The PDF of N is of importance when a complete probabilistic framework is been set up to assess the fatigue life of components of nuclear plants, see for example [1]. The following plots are only given as a rough guide.



Stress level >> E



Stress level close to E



First model ESOPE model



density probability



density probability



First model ESOPE model



Number of cycles



Number of cycles



Figure 3. Schematic plot PDF at selected stress level Figure 3 shows that both methods give almost the same probability density functions at high stress level. In contrary, at lower stress level (e.g. near the endurance limit), the first approach and the ESOPE method give significantly different PDFs. In order to validate precisely one method to the other, a large number of experiments at one single amplitude S should be carried out. This is yet to be done. However, the experimental evidence of large scatter at low stress amplitude is obviously better represented by the first method.



5



CONCLUSION



To investigate the fatigue behavior and variability under tensile fatigue loading, we develop and compare two methods that predict the fatigue life N under alternative stress loading S. In the first model, specimen fatigue life at stress amplitude S is represented by a lognormal random variable whose mean and standard deviation depend on S. 7 of 8



Moreover, the correlation between fatigue life levels is supposed to be perfect. In the second part, another approach based on the ESOPE model defined in a French Standard is developped which gives an iso-probability S-N curve. Each method allows the determination of the Wölher curve and the distribution function of the random lifetime at a given stress level S. Based on an experimental database comprising 153 austenitic stainless steel, we show that the first methodology gives better results. Indeed, the statistical tests show that the ESOPE hypotheses are not satisfied when applied to our samples. The application of the statistical treatment in a complete probabilistic fatigue framework including the characterization all other sources of uncertainties is currently in progress.



6 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12.
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