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PHYSICAL REVIEW A



Inertia as a zero-point-field Lorentz force Bernhard Haisch Lockheed Palo Alto Research Laboratory, Division 91-30, Building 252,3251 Hanover Street, Palo Alto, California 94304 and Max-Planck-InstitutJiir Extraterrestrische Physik, D-85740 Garching, Germany



Alfonso Rueda Department oj Electrical Engineering, California State University, Long Beach, California 90840



H. E. Puthoff InstituteJor Advanced Studies at Austin, 4030 Braker Lane West, Suite 300, Austin, Texas 78759



(Received 8 February 1993) Under the hypothesis that ordinary matter is ultimately made of subelementary constitutive primary charged entities or "partons" bound in the manner of traditional elementary Planck oscillators (a timehonored classical technique), it is shown that a heretofore uninvestigated Lorentz force (specifically, the magnetic component of the Lorentz force) arises in any accelerated reference frame from the interaction of the partons with the vacuum electromagnetic zero-point field (ZPF). Partons, though asymptotically free at the highest frequencies, are endowed with a sufficiently large "bare mass" to allow interactions with the ZPF at very high frequencies up to the Planck frequencies. This Lorentz force, though originating at the subelementary parton level, appears to produce an opposition to the acceleration of material objects at a macroscopic level having the correct characteristics to account for the property of inertia. We thus propose the interpretation that inertia is an electromagnetic resistance arising from the known spectral distortion of the ZPF in accelerated frames. The proposed concept also suggests a physically rigorous version of Mach's principle. Moreover, some preliminary independent corroboration is suggested for ideas proposed by Sakharov (Dokl. Akad. Nauk SSSR 177, 70 (1968) [Sov. Phys. Dokl. 12, 1040 (1968)J) and further explored by one of us [H. E. Puthoff, Phys. Rev. A 39,2333 (1989)] concerning a ZPF-based model of Newtonian gravity, and for the equivalence of inertial and gravitational mass as dictated by the principle of equivalence. PACS number(s): 03.65.-w, 03.50.-z, 05.45.+b



I. INTRODUCTION



Inertia as formulated by Galileo (ca. 1638) was simply the property of a material object to either remain at rest or in uniform motion in the absence of external forces. In his first law of motion, Newton (ca. 1687) merely restated the Galilean proposition. However, in his second law, Newton expanded the concept of inertia into a fundamental quantitative property of matter. By proposing a relationship between external force acting upon an object and change in that object's velocity (F=ma), he defined and quantified the property of inertial mass. Since the time of Newton there has been only one noteworthy attempt to associate an underlying origin of inertia of an object with something external to that object: Mach's principle. Since motion would appear to be devoid of meaning in the absence of surrounding matter, it was argued by Mach (ca. 1883) that the local property of inertia must somehow asymptotically be a function of the cosmic distribution of all other matter. Mach's principle has remained, however, a philosophical statement rather than a testable scientific proposition. Thus apart from Mach's principle, the fact that matter has the property of inertia is a postulate of physics, and while special and general relativity both involve the inertial properties of matter, they provide no deeper insight into an origin of



inertia than Newton's definition of inertia as a fundamental property of matter. Recently one of us [2] analyzed a hypothesis of Sakharov [1,3] that Newtonian gravity could be interpreted as a van der Waals type of force induced by the electromagnetic fluctuations of the vacuum, the so-called zero-point fluctuations or zero-point field (ZPF). In that analysis ordinary neutral matter is treated as a collection of electromagnetically interacting polarizable particles made of charged point-mass subparticles (partons). This is a reasonable approach in ZPF analyses in which an ideal Planck oscillator serves as an analytical surrogate for more detailed representations of matter; or, more specifically, it is a simple model in which at ultrahigh (Planckian) energies matter appears as if formed of very small elementary constituents that respond like oscillators characterized by a radiation damping constant rand a characteristic frequency mo. The effect of the ZPF is to induce a Zitterbewegung motion in the parton in a manner entirely analogous to that of the bound oscillators used to represent the interaction of matter with electromagnetic radiation by Planck [4] and others. This has the consequence that the van der Waals force associated with the long-range radiation fields generated by the parton Zitterbewegung can be identified with the Newtonian gravitational field.
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We have now found that the inertia of such a particle can also be calculated from the particle's interaction with the ZPF. For the idealized case we have analyzed, the F=ma equation of motion appears to be related to the known distortion of the ZPF spectrum in an accelerated reference frame. This distortion of the ZPF spectrum due solely to acceleration gives rise to the well-known Davies-Unruh effect [5]. We show in this paper that there exists another effect, a heretofore unexplored electromagnetic Lorentz force (specifically the magnetic component of the Lorentz force) on an ideal charged particle, and since this ZPF force acts against the force giving rise to the acceleration and is proportional to the acceleration, it would appear to offer the interpretation of being the "cause" of the property of inertia. Stated another way, the resistance to acceleration which defines the inertia of matter appears to be an electromagnetic resistance (specifically Lorentz force) of the ZPF acting at the constituent particle (parton) level. This furthermore opens the possibility of specifying a causal basis and thus developing a scientific version of Mach's principle involving the universal ZPF, thereby offering deeper insight into what has been thought to be a fundamental, nonderivable property of matter, i.e., inertia. The existence of an electromagnetic ZPF is a clear prediction of quantum theory resulting from quantization of the harmonically oscillating radiation modes in a Hohlraum. While quantum mechanics predicts a ZPF, there is, in fact, a minority view in modern physics that asserts that this situation might be turned around, and by assuming a ZPF a priori several quantum effects can be derived using classical formalism as a consequence of perturbation of elementary particles by such a random electromagnetic field. This approach, sometimes termed stochastic electrodynamics (SED), is a modern development of much earlier investigations by Planck [6], Nernst [7] and Einstein and Stern [8]. Considerable progress has been made in SED since the 1960's when this line of investigation was reopened by Marshall [9], Boyer [10], and others. A detailed account, with many references, of the development of this theory may be found in de la Pella [11] and in the brief update by Cole [12]. Given the relative ease and simplicity of the SED approach, and the fact that Milonni [13] has shown that for a broad class of problems (which includes the type of model being discussed here) quantum-mechanical and SED treatments are isomorphic, we shall use the SED approach here. In either case, quantum mechanics or SED, there appears a ubiquitous ZPF which can be regarded as a propagating electromagnetic field in free space with spectral energy density,



'lUu 3 p(m)dm=~dm 2'T1c



.



(1)



The issue of whether this field should be regarded as real or virtual has been an ongoing debate in quantum theory [14], whereas in SED the ZPF is by definition real [15]. Taking a pragmatic view, we use SED exclusively as a useful and convenient tool that is straightforward and intuitively clear, and which has been applied to the very real effects attributable to ZPF-matter interactions,



679



such as the Casimir effect [16], the Lamb shift [17], the van der Waals forces [18], diamagnetism [19], spontaneous emission [20], and quantum noise [21]. That these effects are due to the ZPF is well known from QED and usually also from SED analyses such as those cited above; for discussion of many other specifically SED references concerning these and related effects, see de la Pella [11]. The ZPF spectrum of Eq. (1) is Lorentz invariant [22]. This has the consequence that motion through space at constant velocity does not, by virtue of a Doppler shift, change the ZPF spectral characteristics in any way so as to make the ZPF detectable. However, in an accelerated reference frame a manifestation of the ZPF does appear. It has been shown by Unruh, Davies, and others [23] using methods of quantum field theory, and then by Boyer [24] using SED formalism, that in a uniformly accelerated coordinate system with constant proper acceleration a, a pseudo-Planckian spectrum will appear having a radiation temperature



T=~.



(2)



21TCk



In such a uniformly accelerated frame the spectral energy density takes the modified form



x [lim + 2



lim [dm . exp(21Tcm/a)-1



(3)



We have found that the associated modification of the ZPF as seen from an accelerated frame leads to a new result. Upon analyzing the force F that the ZPF exerts per constituent parton in an accelerated frame, it has been found that this force is directly proportional to and directed opposite to the acceleration vector a. In other words, the acceleration process meets with a resistance from the ZPF which is a function of a radiation reaction damping constant r defining the interaction of the parton with the radiation field and of the acceleration a. We interpret this as the inertia associated with the parton, i.e., the inertial mass of the particle (Planck's oscillator) containing the parton. This is equivalent to stating that Newton's law of motion, F=ma, may be formulated from the ordinary electrodynamics including the ZPF via the techniques of SED in the sense that the electrodynamic F(a) relationship predicts an inertial mass, per parton, of



mi=



[~p )(rm p),



(4)



where r is the Abraham-Lorentz damping constant of the underlying oscillating parton, and mp is the Planck frequency, mp



=



[£ )1/2 liG



(5)



We hasten to point out that although the Davies-Unruh



effect and the inertia effect proposed herein are both due
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to the distortion of the ZPF as observed from an accelerated frame, the Davies-Unruh effect manifests itself primarily at low frequencies, as follows from the w dependence of the second factor in the parentheses in Eq. (3), whereas on the contrary, as the derivation in Sec. II will show, the inertia effect here explored appears primarily because of the distortion of the ZPF vector components at very high frequencies. As follows from Eq. (3), the very-high-frequency distortions of the ZPF have a spectral energy density that, within the range of applicability of Eq. (3), grows linearly with w. On the other hand, the purely thermal pseudo-Planckian part that constitutes the Davies-Unruh effect dies out exponentially at high frequencies. In the next section we present a detailed mathematical derivation of Eq. (4). The last section presents some additional discussion.



er time, i.e., its time in S. We consider the simple case of uniformly accelerated (in IT' the instantaneous frame of the particle) motion in the x direction, which yields socalled hyperbolic motion [27]. A lucid description of this situation and of the relations between quantities in the various frames is given by Boyer [5], whose notation we also follow. We let f3 T=vX (r)/c and r T=0-f3;)-1/2 and then use the Lorentz transformation to relate E~P(O,r) in IT to the laboratory coordinates [28], E~P(O,r) 2



f



= l:



d 3k(i€x+JrT[€y-f3,'(kXE)z]



;\.=1



+kr T[€Z +f3T(kXE)y]j XHzp(w )cos[k· R.( r)-wt. (r)



II. NEWTON'S EQUATION OF MOTION, F=ma



The SED technique we use for calculating the effects of the electric and magnetic components of the ZPF on a parton is similar to the method introduced by Einstein and Hopf [25]. The particle model we use is that of Puthoff [2]. The particle acts as a harmonic oscillator with a characteristic frequency wo, free to vibrate in a plane perpendicular to the direction of acceleration. The relevant parameter for calculating the response of the oscillating particle to the driving force of the ZPF is the Abraham-Lorentz damping constant r of the parton (see discussion in Sec. III). The Wo is a characteristic frequency in the manner of the Planck oscillators [4]. The aggregate of point charges in a finite object are not free, but rather bound to the whole. As our analysis will show, for the Planckian frequencies of interest (w~'wp), Wo will be negligible, i.e., partons are asymptotically free. In the case of the electron, for example, Wo would possibly be on the order of the Compton frequency, since this is roughly the frequency at which the center of charge oscillates in Zitterbewegung around the center of mass in conventional interpretations of QED [26]. The inclusion of Wo at this point affords physical clarity and will have mathematical advantages at the stage of locating and of separating poles in the process of contour integration. We do not need to specify any further constraints on Wo other than Wo «w p. Eventually Wo disappears from the calculations and the final result does not contain wo' A. Acceleration relative to the ZPF



The formalism we start from corresponds to that of Boyer [5] for a small oscillator. Three coordinate systems are specified: 1*, IT' and S. We let the particle oscillator be subject to a force along the x axis of an inertiallaboratory coordinate system, I., in such a way that the coordinate system of the particle, S, is accelerating with respect to this laboratory frame with a constant acceleration a, as viewed from a moving but non-accelerating inertial coordinate system, IT' that coincides with S at proper time r. We refer to time in I. by t. ; r refers to the particle prop-



-O(k,A.)] ,



(6)



where R. and t. refer to the space and time coordinates of the central-force point of the oscillator in the laboratory frame I. and O( k, A.) is a family of random variables whose elements are mutually independent and where for each choice of k and A. there is a different random variable uniformly distributed between 0 and 21T, and 2



H zp



(



)_



froJ



w - 2~ .



(7)



The expression for the field in Eq. (6) results after a Lorentz transformation from the random field E;P(R.,t.) at R.(r),t.(r), the equilibrium point of the oscillator in the laboratory inertial frame I.. Since we will be interested in the Lorentz force we also require the Lorentz-transformed form of the magnetic field,



B~P(O,r)=



±f



d 3k(i(kXE)x+Jrz[(kXE)y+f3T€Z]



;\.=1



+kr A(kXE)z-f3rEy ]} XH zp(w )cos[k· R.( r)-wt * (r)



-8(k,A.)] .



(8)



In Eqs. (6) and (8) we sum over the two possible polarizations 1..= 1,2 and integrate over the wave vector k. The fact that € should read €;\. is understood and is omitted for simplicity of notation. For constant acceleration as perceived by a particle we have the well-known case of hyperbolic motion in which the acceleration a enters as [29] (9a)



r T=cosh



[ acr



l'



(9b)



and we can select space and time coordinates and orienta-
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tion in 1* such that [5]



[aTc 1 ,



c . h t =-sm



2



'" c [aT R (T)-i=-cosh -



*
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c



a



1



*



(9c)



a



(9d)



and therefore



B~(O,T)= At! f d 3k f(kXE)x+1coS h [a; 1[(kXE)y+tanh [acT lEZ 1+kcosh [acT 1[(kXE)z-tanh [acT lEy II (II)



[:c lSinh [ acT l-mk,A) l. I



The ZPF is referenced with respect to the equilibrium point of the particle. The equation of motion is a particular form of the Abraham-Lorentz-Dirac equation derived for a particle undergoing hyperbolic motion [30], 2



m d r =-m o d~



3 Ctir+l.~ [d r _£ dr 1 3 e 3 d~ c 2 dT



0 0



+eE~P(O,T) ,



f



co



dO '1Ji(.O,)exp( -i!lT) ,



~::



/m o( -iO)2-



[( -iO)3-( -iO) ::



1+mo(()~ 1



(12)



where r is the vector displacement of the oscillating particle in the S frame. It is the additional term in a that captures our attention, and as shown by Boyer [5] this term is a relativistic one. This is the reason that we develop relativistic expressions even though the particle velocity (from constant acceleration) may be extremely small. Inertia will be shown to be a relativistic effect, a situation not so surprising if inertia originates in Zitterbewegung and somewhat analogous to the ordinary electromagnetic Lorentz force being a relativistic phenomenon (resulting from the in variance of the equations of electrodynamics under Lorentz transformations). Due to the fact that the effect to be derived is mainly due to the very-high-frequency components of the ZPF, we do not need to include any coherence effects. Hence in Eq. (12) we may neglect the action of other particles. Our high-frequency analysis automatically excludes many-particle cooperative effects like those responsible for refractive behavior, i.e., high index of refraction at lower frequencies. One can solve Eq. (12) using Fourier transforms. The assumed two dimensionality of the Zitterbewegung trajectories implies that the particle moves in a plane [2,26]. The instantaneous displacement of the parton in IT is taken to be in the yz plane, and so we write r(T)=(21T)-112



from which we may also obtain B~~z)(O,T). The equation of motion (12), a particular version of the Abraham-Lorentz-Dirac equation, in the nonrelativistic case with constant acceleration has the form developed by Boyer [5] in his Eq. (14). The Fourier transform of Eq. (12) is



(13a)



-'" (13b)



X'1J(.O,)=e~(yz)(.O,)



,



(14)



where mo is the bare mass of the parton associated with r, i.e., mo=2e 2 /3rc 3. Our Eq. (14) has the solution r(T)=(21T)-1I2 X



f



co -co



dO



~(yz)( 0



e



)exp( - i OT)



mo [(()~-02-ir(.O,3+0a2 /e 2 )] , (15)



with dr V(T)=dT =r=(21T)-1/2 X



f



co -co



dO



e



(-iO)X~(yz)(O)exp(-iOT)



mo [(()~-02-ir(.O,3+0a2/c2)] , (16)



After laying out this formalism developed by Boyer [5], the next step is to calculate a specific kind of radiation pressure exerted by the ZPF in the accelerated frame S on the oscillating particle. We compute the Lorentz force on a parton oscillator and average over the random phases. The ZPF will exert a magnetic Lorentz force on
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the parton,



F=e VCT) XB~P(O,T) ,



(18)



c



which is the only one that will remain since the electric part of the Lorentz force will not contribute owing to the [soon to be performed, see Eqs. (30)-(32) below] averaging over the random phases, (19) Because of symmetry we show below [Eq. (34)] that after averaging, the resulting averaged magnetic Lorentz force takes place only along the x axis; i.e., the direction of the acceleration since the average force vanishes along the other two directions. Three comments are then in order. (i) As discussed in Rindler [27], the resulting force is an ordinary three-force: It is the same in the 1* and IT systems because it is collinear with the relative velocity between the two systems. (ii) The technique of first calculating the velocity v( T) from the effect of the electric field and then proceeding to find the effect of the magnetic field, as in Eq. (18), constitutes the essence of the method of Einstein and Hopf [25,31]. (iii) When such techniques are applied to a genuinely free electromagnetically interacting particle, ZPF forces, in the absence of friction,



2



k -cosh c [aT] ]sinh [aT x a c [ mc a c



yield an increase in the translational kinetic energy of random motion for the particle [32], whereas in the present case the particle oscillator is not free as it is constrained to undergo uniform acceleration by the applied external force. B. Solution of the force equation



We need to consider only very short times first order in (a Tie) outside the phases,



f3T~ [acT



]«



T,



so that to



(20)



1,



r T~(1-f3~)-l/2~ 1 ,



(21)



and in the phases we go to second order in (aT/e), cosh [aT ]=1+1- [aT ]2+ ... c ~ c



.



aT



smh [ -;;-



aT



]



~1+1-[aT]2, 2 c



aT



1



= [ -;;- ] + 3T [ -;;- ] 3 + ...



aT -;;-



~ []



(22)



(23)



Thus the expression for the phases reads



]-O(k'A)~kxa~+kx ~1[aT ]2_ [mc a a 2 c



] [aT ]-O(k A) c



'



(24) and therefore cos jkx



~2 cosh [ acT ]- [:c ]sinh [ acT ]-O(k'A ]~cos jkx ~2 +kx a: -mT-O(k,A) =Re jexp



I



Ii [kx ~2 +kx a: -coT-O(k,A) ]11.



(25)



This explains why a relativistic formalism is relevant even for nonrelativistic displacement motions of the particle. The velocity in the IT frame [Eq. (16)] can be written as



iOT (-iO)e. (27T)- 1I2 mo [ma-02-in03+0a2/c2)]



v(T)=(27T)-1/2f oo dO e -00



=~J 00 dT'E~r z)(O,T') 27Tmo -00 y



f



00 -00



dO



f



oo



dT'E zP (OT')eiO-r' 7"(yz)



-00



(-iO)exp[iO(T'-T)]



.



[ma-02-irW3+0a2/e2)]



,



(26)



In the yz plane of the oscillator motion the projection of the electric vector is [33]



(27)



where we have used the approximation (aT/c)~O outside the phases because (aT/c)« 1. Of paramount importance to this equation as well as to many of the following ones, see, e.g., Eq. (28) and (90) below, is the fact that only very high
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frequencies will be found to contribute to the inertia effect. We write the velocity as



e v(r)=-27Tmo



I



IX)



I d3k'(j€~+k€~)Hzp(w')exp



2 dr' ~



A



A



}..'=!



-IX)



XI""



dO.



-00



2



c k'x ar,211 i k~--O(k',A')-W'-r'+ 2 a



[[



(-iO)exp[iO(r'-r)] [w5-o.2-ino3+oa2/c2)]'



(28)



where we have been able to integrate over -r' from - ao to + ao because of the fast-wave approximation of physical optics. As the relevant contributions to the inertia effect come exclusively from very large w', the large Ir' I part of the integral is irrelevant. Within the same order of approximation the magnetic field becomes



Xexp [i [k~'



~2 -O(k",A")-W"-r"+ k"x ;r"211



.



(29)



Next we compute the (magnetic component of the) Lorentz force, where ( ) refers to the usual average over random phases. The proper times rand r" must be the same in the force expression; however, we retain the formal distinction to allow us to more easily trace the origin of the various factors. Later we will set r" = r. The Lorentz force is



F=e( v~) =..!.Re 2



XB;P(O,r"))



[!.(_e_ foo c 27Tmo



d-r'



±I d3k'G€;+k€~)Hzp(w')exp



[i



}..'=!



-IX)



X



I



00



dO



[k~~-e(k"A')-W'-r'+ k~a2r'211 a



(--:-iO)exp(iO(r'-r)] {w6- 02 - i r[03+0(a 2 /c 2 )]}



-00



I



2



® ~



AA



AA



AA



d 3k" [i(k" X €")x + j(k" XE")y + k(k" XE")z}H zp(W")



}.."=!



[i [k~' ca



2



X lexp



-O(k",A")-w"r"+



k;'~-r"2111) 1 '



where ® denotes the vector cross product, and the asterisk the complex complementation. Noting that (expi[ e(k', A') + O(k", A")]} =0 , (expi[ O(k',A') - e(k" ,A")]) =8 u 8(k' - k") ,



(30)



(31) (32)



and now setting -r" =r we arrive at



(33)



Now the Fy and Fz components of F vanish because of symmetry, i.e., the situation must be cylindrically symmetric around the x axis of acceleration, so we need only compute Fx , which is



F =t·F =_1 ~Re x



2c 27Tmo



II



oo dr' -00



±I



d 3k'



J



}..'=!



00



dO



-00



(-iO)exp[iO(r'-r)] H2 (w') [W5-o2-ino3+0a2/c2)] ZP



fu~



1



A A Xexp [ -iw'(-r'-r)+-2-(r'2-~) [E;(k'X~)z -€~(k'X~)y]



2



=_1 _e__ Re



2c 27Tmo



lIoo -co



dr'



±J



}..'=!



d 3k'



Joo -00



dO.



I



(-iO)exp[iO(r'-r)] H2 (w') [w5-02-ino3+o.a2/c2)] ZP



I



iak~ Xexp [ -iw'(r'-r)+-2-(r'2-~) {i·[E'X(k'XE')]) A



A



)



.



(34)
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Observe that



~X(k'X~)=k'(~·~)-~(k'·~)=k' ,



(35)



hence taking the x axis as the azimuth axis we have 2 e =Re 2c 21Tmo -



F =_1 x



If



co



i f



dr'



d 3k'cos(}'



}.'=I



-co



f



dU



co -co



(-iD.)exp[iU(7'-7)]



Hh(cu').



[CU6-u2-irw3+Ua2/c2)]



Xexp [-iCU'(r'-7)+



ia:~ (7'2_~)



II.



(36)



To compute the angular part we do the following: iak' I=J d k'cos(}'exp [ -2-cos«(}')(r'2_~) 3



=



Io



co



=21T



I



-I021T d¢' I1T· d(}'sm(}'cos(}'exp [iak' --(7'2_~)cos()' 0 2



k,2dk'_



I'"o k,2dk' fl



-I



I (37)



df-Lf-Lexp(Qf-L),



where (38)



Since [34]



f Ile QPdll=e Qp [~- ~21



(39)



we find



cos[(a/2)k'(7'2-:~)] [(a/2)k'(7'2_~)]



I



(40)



and thus



=~Re If'"



F x



2cmo



d7'(4i)



-00



Ioo k,2dk'H 2 (cu') [ sin[(a /2)k'(7'2_~)] _



0



ZP



xfoo -00



dU



[(a/2)k'(r'2_~)]2



(-iD.)exp[iU(7'-7)] [cu6-U2-irw3+Ua2/c2)]



cos[(a /2)k'(7'2_~)] [(a/2)k'(7,2_?)]



e-iOJv-'Tll.



I (41)



Converting from wave vector k' to angular frequency cu' and using ' H 2ZP ( cu ,)=llcu -



(42)



2~



we find



.2:



2



ne F =----Re x
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00 -00



d~' ,



I
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,3d ' _cu cu c3
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The last integral, J=



foo



dO.



-00,



fiexp[ifi(r'-r)]



(44)



[c:u~-fi2-ir(.{l3+fia2/c2)]'



can be computed by contour integration on the complex plane using residue theory. Letting o.=x;or'-r=a, and a 2/c 2:=¢2, we may write J=



f



co -00



xeiaxdx [-irx 3-x 2-ir¢2x +c:u~]



where U J represents the collection of poles that are located inside the area enclosed by the path. Since z, e iaz, and [-irz3_z2-ir¢2z+c:u~] are analytic everywhere, the only poles occur in the zeros of the denominator. We thus find the roots of the polynomial, (47)



(45) where r,¢,C:UoER, and zEC. Since the coefficients are in general complex, from the __ ~d'Alembert-Gauss fundamental theorem of algebra we know there are in general three possibly different complex roots, z" z2, and z3' Given the positions of the poles to be found below, there are reasonable options for the (46) closed contours of integration,



We know that



-,/;,



ze1azdz



J c := ':Y [-irz 3_z 2-ir¢2z +c:u~] -



, a>O,



o



-R



R



. P = bm C



JC=JR +JCR



R_oo



[fR



-R



] a 0 we select a path in the upper plane. We make use of the physical fact that the bare mass rno is very large and thus r=2e2/3rnoc3 is very small. In the limit r -+0 the equation becomes



where &,EER. We may check the roots z, and z2 and derive some internal consistency conditions that & and E must satisfy,



-irzi -zr -ir¢2z, +c:u~=0 , and from Eq. (54),



(56)
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where we are neglecting second-order terms in S and thus -irC06+2cooiS-3rco6S-ir 0 .



Next we examine the evaluation of Ie as stipulated by Jordan's lemma. As Izl---+- 00 we have



for T' larger than T by several r. Therefore we must have ~ T for the force Fx not to vanish; or more properly, we should integrate over T' the contributions from - 00 to T since the part from 1" to 00 essentially vanishes. We then look at the case a < O. Jordan's lemma guarantees convergence in the lower complex plane. However, the integral performed over the contour of Eq. (49) has opposite chirality and the residue theorem reads



r



Hence if a> 0, we integrate over the upper semicircular contour [Eq. (48)] and Jordan's lemma guarantees that .



J=(2m )Res



( F(z)



G (z) ;z =z3



(79)



1-(¢r)2



=-ri ) .



Ie = -(21Ti) l: Res{zj J ,



(81)



(84)



Uj



So for a> 0, because of (79)



where j refers to the poles of the integrand inside C. We then have (82)



or more precisely,



(85)



(83)



_ . (Q)o-iB)exP[ia(Q)o-iB)] J - -2m -3ir(Q)0-iB)2_2(Q)0-iB)-ir¢2



in the limit when R---+-oo, and the integral CR goes to zero because of Jordan's lemma. We obtain



(-Q)o-iS)exp[ia( -Q)o-iB)] ) + -------:;----'-------::-3ir( -Q)0-iB)2_2( -Q)0-iS)-ir¢2



.



(86)



Let J=cJnum/ffden, where ff num and cJden denote, respectively,



"'",m ~ ;;."' ( [( O,J ~O, from (82). Thus the expression for the force becomes



JT



dr



- co



Jco 0



x (11"i)



[e



-1[(ro'-roo)+18](7'-T)



+e -1[(~'+rool+18J(7'-T) 1



(90)



since only the case 1" - l' < 0 contributes. At high frequencies-which are the only ones that substantially contribute to the final result because the frequency integration over cu' peaks near a frequency CUe to be introduced in (l08) belowthe exponentials in the cu' ±cuo introduce rapid oscillations in frequency for 1r - 1'1 sufficiently large. This is a sufficient reason to justify the claim that the only case producing a nonvanishing result is ~ 1'. However, there are additional reasons. The exponent exp[-i(i8)(1"-1')]=exp[8(r-1')] strongly damps the expressions for (1"-1')8 
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