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1. Introduction Inequality means different things to different people: whether inequality should encapsulate ethical concepts such as the desirability of a particular system of rewards or simply mean differences in income is the subject of much debate1. Here we will conceptualise inequality as the dispersion of a distribution, whether that be income, consumption or some other welfare indicator or attribute of a population. We begin with some notation. Define a vector y of incomes, y1, y2….yi….yn; yi∈ℜ, where n represents the number of units in the population (such as households, families, individuals or earners for example). Let F(y) be the cumulative distribution function of y, and I(y) an estimate of inequality. Inequality is often studied as part of broader analyses covering poverty and welfare, although these three concepts are distinct. Inequality is a broader concept than poverty in that it is defined over the whole distribution, not only the censored distribution of individuals or households below a certain poverty line, yp. Incomes at the top and in the middle of the distribution may be just as important to us in perceiving and measuring inequality as those at the bottom, and indeed some measures of inequality are driven largely by incomes in the upper tail (see the discussion in section 2 below). Inequality is also a much narrower concept than welfare. Although both of these capture the whole distribution of a given indicator, inequality is independent of the mean of the distribution (or at least this is a desirable property of an inequality measure, as is discussed below in section 2) and instead solely concerned with the second moment, the dispersion, of the distribution. However these three concepts are closely related and are sometimes used in composite measures. Some poverty indices incorporate inequality in their definition: for example Sen’s poverty measure contains the Gini coefficient among the poor (Sen, 1976) and the FosterGreer-Thorbecke measure with parameter α≥2 weights income gaps from the poverty line in a convex manner, thus taking account of the distribution of incomes below the poverty line (Foster et al, 1984). Inequality may also appear as an argument in social welfare functions of the form W=W(µ(y), I(y)): this topic is discussed more fully below under the subject of stochastic dominance. 2. Measuring Inequality There are many ways of measuring inequality, all of which have some intuitive or mathematical appeal2. However, many apparently sensible measures behave in perverse fashions. For example, the variance, which must be one of the simplest measures of inequality, is not 1 2



See Atkinson (1983) for a brief summary. Cowell (1995) contains details of at least 12 summary measures of inequality.



independent of the income scale: simply doubling all incomes would register a quadrupling of the estimate of income inequality. Most people would argue that this is not a desirable property of an inequality measure and so it seems appropriate to confine the discussion to those that conform to a set of axioms. Even this however may result in some measures ranking distributions in different ways and so a complementary approach is to use stochastic dominance. We begin with the axiomatic approach and outline five key axioms which we usually require inequality measures to meet3. 2.1. The Axiomatic approach. The Pigou-Dalton Transfer Principle (Dalton, 1920, Pigou, 1912). This axiom requires the inequality measure to rise (or at least not fall) in response to a mean-preserving spread: an income transfer from a poorer person to a richer person should register as a rise (or at least not as a fall) in inequality and an income transfer from a richer to a poorer person should register as a fall (or at least not as an increase) in inequality (see Atkinson, 1970, 1983, Cowell, 1985, Sen, 1973). Consider the vector y’ which is a transformation of the vector y obtained by a transfer δ from yj to yi , where yi>yj , and yi+δ>yj-δ, then the transfer principle is satisfied iff I(y’)≥I(y). Most measures in the literature, including the Generalized Entropy class, the Atkinson class and the Gini coefficient, satisfy this principle, with the main exception of the logarithmic variance and the variance of logarithms (see Cowell, 1995). Income Scale Independence. This requires the inequality measure to be invariant to uniform proportional changes: if each individual’s income changes by the same proportion (as happens say when changing currency unit) then inequality should not change. Hence for any scalar λ>0, I(y)=I(λy). Again most standard measures pass this test except the variance since var(λy)= λ2var(y). A stronger version of this axiom may also be applied to uniform absolute changes in income and combinations of the form λ1y+λ21 (see Cowell, 1999). Principle of Population (Dalton, 1920). The population principle requires inequality measures to be invariant to replications of the population: merging two identical distributions should not alter inequality. For any scalar λ>0, I(y)=I(y[λ]), where y[λ] is a concatenation of the vector y, λ times. Anonymity. This axiom – sometimes also referred to as ‘Symmetry’ - requires that the inequality measure be independent of any characteristic of individuals other than their income (or the welfare indicator whose distribution is being measured). Hence for any permutation y’ of y, I(y)=I(y’). Decomposability. This requires overall inequality to be related consistently to constituent parts of the distribution, such as population sub-groups. For example if inequality is seen to rise amongst each sub-group of the population then we would expect inequality overall to also increase. Some measures, such as the Generalised Entropy class of measures, are easily decomposed and into intuitively appealingly components of within-group inequality and between-group inequality: Itotal = 3



See Cowell (1985) on the axiomatic approach. Alternative axioms to those listed below are possible and the appropriateness of these axioms has been questioned. See Amiel (1998), Amiel and Cowell (1998), Harrison and Seidl (1994a, 1994b) amongst others for questionnaire experimental tests of the desirability of these axioms, and Cowell (1999), for an introduction to alternative approaches to inequality.



Iwithin + Ibetween. Other measures, such as the Atkinson set of inequality measures, can be decomposed but the two components of within- and between-group inequality do not sum to total inequality. The Gini coefficient is only decomposable if the partitions are non-overlapping, that is the sub-groups of the population do not overlap in the vector of incomes. See section 3 for full details of decomposition techniques. Cowell (1995) shows that any measure I(y) that satisfies all of these axioms is a member of the Generalized Entropy (GE) class of inequality measures, hence we focus our attention on this reduced set. We do however also present formula for the Atkinson class of inequality measures, which are ordinally equivalent to the GE class, and the popular Gini coefficient. 2.1.1. Inequality Measures



Members of the Generalised Entropy class of measures have the general formula as follows:



1 GE (α ) = 2 α −α
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where n is the number of individuals in the sample, yi is the income of individual i, i ∈ (1, 2,...,n), and y = (1/n) ∑yi, the arithmetic mean income. The value of GE ranges from 0 to ∞, with zero representing an equal distribution (all incomes identical) and higher values representing higher levels of inequality4. The parameter α in the GE class represents the weight given to distances between incomes at different parts of the income distribution, and can take any real value. For lower values of α GE is more sensitive to changes in the lower tail of the distribution, and for higher values GE is more sensitive to changes that affect the upper tail. The commonest values of α used are 0,1 and 2: hence a value of α=0 gives more weight to distances between incomes in the lower tail, α=1 applies equal weights across the distribution, while a value of α=2 gives proportionately more weight to gaps in the upper tail. The GE measures with parameters 0 and 1 become, with l'Hopital's rule, two of Theil’s measures of inequality (Theil, 1967), the mean log deviation and the Theil index respectively, as follows:



GE (0) =



y 1 n log ∑ n i =1 yi



y 1 n yi GE (1) = ∑ log i n i =1 y y With α=2 the GE measure becomes 1/2 the squared coefficient of variation, CV:



(



)



2 1 1 n CV =  ∑ yi − y  y  n i =1 



1



2



In the presence of any zero income values GE(0) will always attain its maximum, ∞. Negative incomes restrict the choice of α to values greater than 1. 4



The Atkinson class of measures has the general formula: 1



 1 n  y  1−ε  (1−ε ) Aε = 1 −  ∑  i    n i =1  y   where ε is an inequality aversion parameter, 0 
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