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to violation of Newton's third law in EM interaction. ...... This equation signifies that the particle takes its kinetic energy, reducing the heating of the disks. 
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On momentum and energy of a non-radiating electromagnetic field Alexander L. Kholmetskii Belarusian State University 4, F. Skorina Avenue, Minsk 220080, Belarus [email protected] Abstract This paper inspects more closely the problem of the momentum and energy of a bound (nonradiating) electromagnetic (EM) field. It has been shown that for an isolated system of nonrelativistic mechanically free charged particles a transformation of mechanical to EM momentum and vice versa occurs in accordance with the requirement PG =const, where PG = PM +



N i =1



qi Ai is the canonical momentum (N>1 is the number of particles, q is the



charge, A is the vector potential, PM is the mechanical momentum of the system). Then dPM d =− q i Ai represents the self-force, acting on this system due to violation of Newdt dt ton’s third law in EM interaction. If such a system contains bound charges, fixed on insulators then, according to the assumption of a number of authors, a so-called “hidden” momentum can contribute into the total momentum of the system. The problem of “hidden momentum” (pro and contra) is also examined in the paper, as well as the law of conservation of total energy for different static configurations of the system “magnetic dipole plus charged particle”. Analyzing two expressions for electromagnetic momentum of a bound EM field, qi Ai and the Poynting expression ε 0 E × B dV , we emphasize that they coincide with



(



)



V



each other for quasi-static configurations, but give a discrepancy for rapid dynamical processes. We conclude that neither the first qi Ai , nor the second ε 0 E × B dV expressions



(



)



V



provide a continuous implementation of the momentum conservation law. Finally, we consider the energy flux in a bound EM field, using the Umov’s vector. It has been shown that Umov vector can be directly derived from Maxwell’s equations. A new form of the momentum-energy tensor, which explicitly unites the mechanical and EM masses, has been proposed. 1. INTRODUCTION It is well known that local validity of the energy conservation law requires the equality of the ∂ partial time derivative of electromagnetic (EM) energy in some spatial volume V, udV , ∂t V to the energy flux across the boundary of that volume and a transmission of energy to matter. Here E2 B2 + ε 0c 2 2 2 is the energy density of the EM field. One sees from Eq. (1) that u = ε0



(1)



∂u ∂E ∂B = ε0E⋅ + ε 0c 2 B ⋅ . (2) ∂t ∂t ∂t Considering Eq. (2), Poynting proposed to use the Maxwell equations to evaluate the field partial time derivatives [1]: ∂B = −∇ × E , ∂t



(



(3)



)



j ∂E = c2 ∇× B − , ∂t ε0



(4)



Then the substitution of Eqs. (3), (4) into Eq. (2) leads to the familiar equation ∂u +∇⋅S + E ⋅ j = 0 ∂t where j is the current density, and



(



S = ε 0c 2 E × B



)



(5)



(6)



is the Poynting vector, which defines the energy flux density of the EM field. Applying Eqs. (5), (6) to an EM radiation, one can see that the direction of S coincides with that of EM wave propagation, and the term j ⋅ E corresponds to an absorption of EM radiation by charged particles. The same Eqs. (5) and (6) are also customarily applied to a non-radiating EM field, and according to a general theorem of classical mechanics, a momentum density p for both EM radiation and non-radiating EM field is defined as



(



)



p EM = S c 2 = ε 0 E × B .



(7)



Then the total momentum of a non-radiating EM field is computed by integration of (7) over all free space V:



(E × B )dV .



PEM = ε 0



(8)



V



We should mention that Bessonov in a number of his papers (see, e.g. [2]) showed that the energy balance equation (5) meets a number of physical difficulties, when the point-like charged particles are involved. The problem becomes worse when the self-forces of electromagnetic fields of particles are also taken into account. However, an analysis of these problems and their resolution in [2] fall outside the scope of the present paper. In the next section we consider an isolated system of non-relativistic mechanically free charged particles and prove that a transformation of mechanical to EM momentum and vice versa occurs in accordance with the requirement PG =const, where PG = PM +



N



q i Ai being the canonical momentum of the system (N>1 is the number of



i



particles). Then dPM dt = − d dt



q i Ai



represents the self-force, acting on this system due



i



to violation of Newton’s third law in EM interaction. If the system contains any conductors and insulators with bound charges, a number of authors assumed that a so called “hidden momentum” Qh should be introduced into the law of conservation of total momentum, so that i



dPMi =− dt



i



dA dQ h qi i − , where Qh = dt dt



Nb j =1



mbj × E j c 2 is the hidden momentum, Nb is the



2



number of magnetic momenta with bound charges in the isolating system, and E j is the electric field on the momentum mbj . The problem of “hidden momentum” (pro and contra) as well as the law of conservation of total energy for a static system «magnetic dipole plus charged particle» is examined in section 2. In section 3 we analyze two different expressions for electromagnetic momentum of a bound EM field, qi Ai and ε 0 E × B dV , which coincide with each other
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)



V



for quasi-static configurations, but give a discrepancy for rapid dynamical processes. We conclude that neither the first qi Ai , nor the second ε 0 E × B dV expressions provide a continu-



(



)



V



ous implementation of the momentum conservation law. In section 4 we consider the energy flux in a bound EM field, using the Umov’s vector. Finally, section 5 represents the conclusions.



2. ABOUT A MUTUAL TRANSFORMATION OF THE ELECTROMAGNETIC AND MECHANICAL MOMENTA First consider the interaction of two non-radiating free charged particles q1 and q2, moving at the velocities v1 and v 2 at t=0. One wants to determine the change with time of the total mechanical momentum of this isolating system. It is known that the Lagrangian for a particle q1 with the proper mass m1 in the EM field of particle q2 is



(



)



L1 = −m1c 2 1 − v1 2 c 2 − q1ϕ 12 + q1 v1 ⋅ A12 ,



(9)



where ϕ12 , A12 are the scalar and vector potentials of the particle q2 at the location of particle q1. Then the motional equation of the particle q1 is d ∂L1 ∂L1 = , or dt ∂v1 ∂r1



(



)



dPM 1 ∂ϕ dA ∂ + q1 12 = − q1 12 + q1 v1 ⋅ A12 , dt ∂r1 dt ∂r1



(10) 2



where r1 is the position vector of particle q1, and PM 1 = m1v1 1 − v1 c 2 is its mechanical momentum. In a similar way we write the Lagrangian for the particle q2 with the mass m2 in the field of the first particle:



(



)



L2 = − m2c 2 1 − v2 2 c 2 − q2ϕ 21 + q2 v2 ⋅ A21 ,



(11)



where ϕ 21, A21 are the scalar and vector potentials of particle q1 at the location of particle q2. The motional equation is



(



)



dPM 2 dA ∂ϕ ∂ + q 2 21 = − q 2 21 + q 2 v 2 ⋅ A21 . dt dt ∂r2 ∂r2



(12)



Summing up Eqs. (10) and (12), we obtain



(



) (



)



(



)



(



d PM 1 + PM 2 d q1 A12 + q2 A21 ∂ϕ ∂ϕ ∂ ∂ + = − q1 12 − q2 21 + q1 v1 ⋅ A12 + q2 v2 ⋅ A21 dt dt ∂r1 ∂r2 ∂r1 ∂r2



).



(13)



Assuming that the velocities of both particles are non-relativistic, the scalar and vector potentials produced by the particle q2 at the location of particle q1, and vice versa can be written to the accuracy of the order c-2, [3]: 3



ϕ12 =



q2



4πε 0r12



, A12 =



[ (



) ], ϕ



q 2 v 2 + v 2 ⋅ nˆ 2 nˆ 2 8πε 0 c 2 r12



=



21



q1



4πε 0 r21



, A21 =



[ (



) ] , (14)



q1 v1 + v1 ⋅ nˆ1 nˆ1 8πε 0 c 2 r21



where r12 = r2 − r1 , r21 = r1 − r2 , nˆ 2 is the unit vector at the direction from q2 to q1, nˆ1 is the unit vector from q1 to q2 ( nˆ = − nˆ ), and r , r are instantaneous radius-vectors of the charges 2



1



1



2



q1 and q2. Substituting the scalar and vector potentials from Eqs. (14) into Eq. (13), one gets:



) (



(



)



d PM 1 + PM 2 d q1 A12 + q 2 A21 qq ∂ 1 q q ∂ 1 + =− 1 2 − 2 1 + dt dt 4πε 0 ∂r1 r12 4πε 0 ∂r2 r21 +



+



q1 q 2 (v1 ⋅ v 2 ) ∂ 1 q q (v ⋅ v ) ∂ 1 + 2 1 221 + 2 ∂r1 r12 ∂r2 r21 8πε 0 c 8πε 0 c



∂ 8πε 0 c 2 ∂r1 q1 q 2



(v



2



)(



⋅ nˆ 2 v1 ⋅ nˆ 2 r12



)



+



(v ⋅ nˆ )(v



∂ 8πε 0 c 2 ∂r2 q 2 q1



1



1



2



⋅ nˆ1



r21



)



.



(15)



Taking into account the equalities:



r12 = r21 , r12 = − r21 , nˆ 2 = − nˆ1 ,



(16)



we derive



(



)(



) (



)(



)(



)



)



∂ 1 ∂ 1 =− , v 2 ⋅ nˆ 2 v1 ⋅ nˆ 2 = v1 ⋅ nˆ1 v 2 ⋅ nˆ1 , ∂r1 r12 ∂r2 r21



(



)(



)



(



∂ ∂ v 2 ⋅ nˆ 2 v1 ⋅ nˆ 2 = − v1 ⋅ nˆ1 v 2 ⋅ nˆ1 . ∂r1 ∂r2



(17)



The obtained Eqs. (17) allow us to conclude that rhs of Eq.(15) is equal to zero, and



) (



(



)



d PM 1 + PM 2 d q1 A12 + q 2 A21 + = 0. dt dt We can rewrite this equation as dPG dPM dPA = + = 0, dt dt dt



(18)



where PG = PM + PA is the generalized (canonical) momentum, PM = P1M + P2 M is the total mechanical momentum for the isolating system of two particles, and PA = q1 A12 + q2 A21 . In the adopted approximation Eq. (18) is extended to the case of arbitrary number i of free charged particles due to the principle of superposition:



d dt d dt



PMi +



i



i



i



PMi = −



q i Ai = 0 , or d dt



i



q i Ai .



(19)



Eq. (19) shows that the total time derivative of resultant mechanical momentum (total mechanical force, acting on the closed non-radiating system of free charged particles due to violation of Newton’s third law for EM interaction) is equal with the opposite sign to the total time derivative of "momentum" PA = q i Ai . Hence, under change of EM fields in the i



4



points of location of moving non-radiating particles, Eq. (19) tells us that the momentum PA is transformed to the mechanical momentum of the non-radiating system. This assertion does not contradict the Poynting definition of EM momentum (8), because many authors proved that for finite quasi-static systems1 of non-radiating charged particles the momentum qi Ai i



coincides with the momentum (8) (see, e.g., [4, 5]). At the same time, we underline that such equality cannot be correct in a general case. Indeed, the momentum P = ε 0 E × B dV is deV



(



)



fined by a continuous distribution of the electric and magnetic fields over the whole free space, while the momentum PA = qi Ai is determined by the vector potential in a number i



of discrete spatial points xi , where the charges qi are located. Hence, for rapid dynamical processes, which essentially depend on time evolution of the EM fields and potentials ( τ ≥ L c ), two different expressions for the momentum PA = qi Ai and P = ε 0 E × B dV i



V



(



)



should be inevitably non-equivalent to each other. Below in section 3 we will consider a number of physical problems, which clearly indicate the difference between both momenta for dynamical EM systems. Now look closer on physics of Eq. (19). First of all, we mention that the Lagrangian (9), used in our theorem, does not include the radiation reaction. The latter effect is taken negligible by supposition (the accelerations of particles are small)2. We also have to stress that Eq. (19) is valid for inertial reference frames only, although a motion of particles under observation can be arbitrary (with small accelerations, allowing for the neglect of EM radiation). Consideration of interaction between two particles from a non-inertial reference frame, attached to one of them, does not give Eq. (19) and leads to a seeming paradox with the momentum conservation law [7]. Further, we notice that the momentum PA of a considered system is not associated with an energy flux across the boundary of that system. Following to [8], we propose to name PA as "potential" momentum. Eq. (19) loses its physical meaning in the case of EM radiation, when the sources of the EM field, in general, may be absent in an arbitrary space volume. Hence, for that (sourcefree) kind of EM fields, the momentum density is solely defined by the conventional and more general expression through the Poynting vector ε 0 E × B . Eq. (19) also loses its meaning in case of a single isolating particle (N=1), when the term qA would mean a self-action of the particle. Hence, for such a particle the momentum of EM field is exclusively determined by Eq. (8). Nevertheless, in many problems of classical electrodynamics, dealing with quasistatic systems, the application of “potential” momentum instead of Eq. (8) greatly simplifies calculations. In this connection it is necessary to explain that for the system of N free charged particles, the momentum of ith particle PiA = qi Ai cannot be attributed to its proper total momentum; rather it represents a contribution of the particle i to the total potential momentum of



(



)



We conditionally define a quasi-static system by the requirement τ>>L/c, where τ is a typical time of dynamical processes in the system, and L is its typical size. 2 For the system of radiating particles, the time derivative of momentum of free electromagnetic field should be added to rhs of Eq. (19) [6]. 1



5



the whole system; it is only PA =



i



q i Ai , which has a physical meaning. Even in the case,



where occasionally the total potential momentum of a system under consideration coincides with the value PiA = qi Ai for a single charged particle i, the total time derivative − dPiA dt is not equal to the force, acting on the particle i, but it defines the force, acting on the whole system (the charged particle i + the sources of the field Ai ). Consider, for example, the motion of a charged particle inside a mechanically free elongated solenoid3. Let at the initial time moment the velocity of the particle v lie in the plane xy, while the magnetic field of solenoid B lies in the negative z-direction. The Lorentz force, acting on the particle, is



(



)



(



)



( )



dPM dt = q v × B = qv × ∇ × A = q∇ v ⋅ A − q (v ⋅ ∇ ) ⋅ A .



For stationary current in the solenoid, ∂A ∂t = 0 , and dA dt = (v ⋅ ∇ ) ⋅ A . Then, taking PA = qA , we get



( )



dPM dt = − dPA dt + q∇ v ⋅ A .



(20)



We see that the mechanical force (the total time derivative of the momentum of particle PM )



( )



is not equal to − dPA dt , but includes the term q∇ v ⋅ A . However, it does not contradict Eq. (19) yet, because we did not include the mechanical momentum of solenoid PMS and did not consider the force, acting on the solenoid due to the particle. One can show that this force is equal to − q∇ v ⋅ A (see, Appendix A), and



( )



( )



dPMS dt = −q∇ v ⋅ A .



(21)



Summing up Eqs. (20), (21), we obtain



dPM dt + dPMS dt = − dPA dt , in accordance with Eq. (19). Let us consider another example: a charged particle q orbits around a tall solenoid S at the constant angular frequency ω (Appendix B, Fig. 5). In this problem the net force, acting on the particle, is equal to zero, while its “momentum” PA = qA changes with time. Moreover, this value defines the potential momentum of the whole system “charged particle + solenoid”. Then it follows from Eq. (19) that the total time derivative − dPA dt should be equal to the force, acting on the solenoid due to the particle. This result is confirmed by the particular calculations, presented in Appendix B. The revealed physical meaning of the “potential” momentum is masked in familiar textbooks, which usually begin a consideration of electrodynamics from a motion of charged particle in some abstract external EM field. By such a way it is impossible to find that the total time derivative of the momentum PA = qA for a given particle contains a part of force, acting on the sources of this external field. At the same time, it seems that this interpretation creates a difficulty for the energy conservation law: for example, it seems that for the problem in Appendix B the particle can rotate around the solenoid infinitely long (if we neglect its radiation), while the solenoid receives a force which can make work. This and other para-



3



Hereinafter we imagine a solenoid as two oppositely charged elongated cylinders with thin walls and equal radius, which rotate without friction at the opposite directions about a common axis with the angular frequency ω. The charged are rigidly fixed on the insulating walls, that allows excluding the charge of polarization. 6



doxes (see, e.g. [5, 9]) prompted to a number of authors to introduce a so-called “hidden momentum” of a magnetic dipole. This problem is worth to be considered separately.



2.1. “Hidden momentum”: pro We emphasize that Eq. (19) has been derived for the isolating system of mechanically free charged particles. If the system contains any conductors, that, in general, they acquire the polarized charges with the surface charge density σ p , which should be included into Eq. (19):



d dt



PMi = − i



d dt



qi Ai − i



d σ p (r , t ) A(r , t )dS , dt S



(22)



where the integration is carried out over the surface S of all conductors. In particular, when a conductor represents a point-like magnetic dipole µ , the integral in Eq. (22) is equal to



(µ × E ) c



2



, where E is the electric field at the location of µ [5]. The authors of ref. [5]



(



)



named the value µ × E c 2 as “hidden momentum”. In the present author’s opinion, it is a matter of terminology solely, and we can always directly apply Eq. (22) for the charged on conductors to get correct physical results without any references on “hidden momentum”. An actual problem emerges when the system includes bound charges fixed on insulators. For such a case Shockley and James invented a paradox as follows [9]. Two counter-rotating oppositely charged insulating disks, whose rotation is slowed down by mutual friction, are in the electric field of a charged particle, which rests in a laboratory (Fig. 1). The particle and the disks lie in the plane xy. We want to compute the force, acting on the charged particle, as well as the force, acting on the whole isolating system “particle + rotating disks”. For the sake of simplicity we assume that the charge is homogeneously distributed over the perimeter of disks. The rotational axis of disks z passes across the point x, y=0, and at the initial instant the charge has coordinates {0, R, 0}. The radius of each disk is r0 
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coincides with the momentum (8) (see, e.g., [4, 5]). At the same time, we underline that such equality cannot be correct in a general case. Indeed, the momentum.
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