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Contents • Hilbert’s Program • Examples of constructivizations – – – – –
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Hilbert’s Program



Since the work of Dedekind, and Hilbert, non effective methods have been more and more used in algebra Dedekind: abstract definition of ideals as a set of elements Reasoning by contradiction: to prove the existence of an object, show instead that it is absurd that this object does not exist If we prove in commutative algebra the existence of an object satisfying a simple “concrete” property, it is not clear if this proof gives a way to compute this object
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Hilbert’s Program



This was one issue raised during the debate between Hilbert and Brouwer Hilbert’s program: if we prove using ideal methods a concrete statement, one can always eliminate the use of these ideal elements and obtain a purely elementary proof Ideal methods: use of prime ideals, maximal ideals, valuation rings, local-global principle, non constructive reasoning, . . . Hilbert: (abstract) existence = logical consistency
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Hilbert’s Program



Warning! Hilbert’s Program cannot work for all “concrete” statements. E.g., the existence of a prime factorization for a polynomial in K[X], K a field. This is related to the logical complexity of the assertion: any polynomial has an irreducible factor. This is a ∀ ∃ ∀ statement, and for this kind of statement, classical logic gives a radically new interpretation. So a classical proof may not in principle hide a constructive proof of the concrete result.
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Hilbert’s Program



Recent work in constructive mathematics shows that Hilbert’s program works for a large part of abstract algebra providing a constructive explanation of some abstract methods used in mathematics. Furthermore this follows Hilbert’s idea of replacing an “infinite ideal object” by a syntactical theory that describes it.
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Examples of constructivizations Local-global principles Classical moto in abstract algebra: in order to get a concrete result when dealing with a commutative ring see what happens after localization at an arbitrary prime. “Localizing at an arbitrary prime” has the concrete following content: consider the given (rigid) structure, but add the axioms of local rings, you get a (non-rigid) dynamical structure, and you see what happens. In the classical abstract proof you are thinking that you are looking at all primes. But this “set” (the Zariski spectrum of the ring) is really too big and too mysterious. In fact, you are only writing a proof, which is a finite object using only a finite ammount of information about the “generic prime” you consider.
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Local-global principles Example: if F is a square idempotent matrix with entries in A, there are finitely many comaximal elements s1, . . . , sk such that F becomes similar to a standard projection matrix when viewed on A[1/si]. More abstract formulation with the same meaning: a finitely generated projective module becomes free after localization at finitely many comaximal elements. Intuitive interpretation: an algebraic fiber bundle is locally trivial, and this is given by a finite partition of unity. Classical proof: A projective module over a local ring is free. So the images of F and I − F become free after localization at an arbitrary prime P. In this case this remains true on a basic open Us 3 P (Us ⊆ Spec A). Conclude by using the compacity of Spec A.
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Local-global principles



Constructive rereading: replace “all primes” by “a generic prime”, and “compacity of Spec A”, that is “sums are finite in algebra”, by “proofs are finite in our world” (no miracle). The needed construction of comaximal elements is hidden in the classical (and constructive) proof that a f.g. projective module on a local ring is free. Perhaps the concrete result “finding finitely many comaximal elements such that . . . ” is not very spectacular. It seems not to be present in exercises of classical books, e.g., Bourbaki or Atiyah-Macdonald. But this result has many consequences: theorems that become constructive once you know how to find the comaximal elements.
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Examples of constructivizations Krull dimension of a ring The Krull dimension of a ring is defined to be the maximal length of a chain of prime ideals. This definition seems hopelessly non effective. Following the pioneering work of Joyal and L. Espa˜ nol, one can give a purely algebraic definition of the Krull dimension of a ring.
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Krull dimension of a ring



A. Joyal Le th´eor`eme de Chevalley-Tarski. Cahiers de Topologie et G´eometrie Differentielle, (1975). L. Espa˜ nol Constructive Krull dimension of lattices. Rev. Acad. Cienc. Zaragoza (2) 37 (1982), 5–9. L. Espa˜ nol Dimension of Boolean valued lattices and rings. J. Pure Appl. Algebra 42 (1986), no. 3, 223–236. T. Coquand, H. Lombardi, M.-F. Roy An elementary characterisation of Krull dimension From Sets and Types to Analysis and Topology (L. Crosilla, P. Schuster, eds.). Oxford University Press. (2005) 239–244.



Hilbert’s Program for Abstract Algebra does work



[11]



Krull dimension of a ring



Definition: Let √ a ∈ A. Ka = aA + ( 0 : a)



We define the Krull-boundary ideal of a in A as



So x is in Ka iff it can be written x = ay + z where az is nilpotent. Inductive definition of Krull dimension: 1) A has Krull dimension −1 iff 1 = 0 in A. 2) If n ≥ 0 then A has Krull dimension ≤ n iff for all a ∈ A, A/Ka has Krull dimension ≤ n − 1. Notice that this definition is not first-order but it is geometric. It states the condition in term of the elements of the ring (that are “concrete”) and not in term of prime ideals.



Hilbert’s Program for Abstract Algebra does work



[12]



Nullstellensatz for Krull dimension



We get the following (new) Nullstellensatz. Theorem: Kdim(A) < n iff for any a1, . . . , an there exist k1, . . . , kn and u1, . . . , un such that ak11 (ak22 (. . . aknn (1 − anun) · · · − a2u2) − a1u1) = 0. Using this characterization, one can give a simple (constructive) proof that the dimension of K[X1, . . . , Xm] is m (K a field). This follows directly from the fact that m + 1 polynomials on m variables are algebraically dependent.
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Examples of constructivizations Serre Splitting off and Forster-Swan theorems These famous theorems in commutative algebra have a rather abstract formulation. In the hypothesis you say something about the “dimension” of your commutative ring A. The conclusion can be formulated as a concrete statement about matrices with entries in A. Let us denote ∆n(M ) the ideal generated by (n × n)-minors of the matrix M .
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Serre Splitting off and Forster-Swan theorems



Theorem 1: (Serre, 1958) Let M be a square idempotent matrix. If ∆n(M ) = 1 and A is of dimension < n then there exists a unimodular combination of the column vectors of M . Forster-Swan’s Theorem can be deduced as a corollary of a generalization of the previous theorem. Theorem 2: Let M be an arbitrary matrix. If ∆n(M ) = 1 and A is of dimension < n then there exists a unimodular combination of the column vectors of M .
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Serre Splitting off and Forster-Swan theorems As a test case, we have analysed a paper of R. Heitmann which contains non effective proofs of Serre splitting off and Forster-Swan. R. Heitmann. Generating non-Noetherian modules efficiently Michigan Math. J. 31 (1984), 167–180. T. Coquand. Sur un th´eor`eme de Kronecker concernant les vari´et´es alg´ebriques. C.-R. Acad. Sci., Paris, Ser I, 338 (2004), 291–294 T. Coquand, H. Lombardi, C. Quitt´e. Generating non-Noetherian modules constructively. Manuscripta Mathematica, 115 (2004), 513–520 T. Coquand, H. Lombardi, C. Quitt´e. Dimension de Heitmann des treillis distributifs et des anneaux commutatifs. Publications math´ematiques de Besan¸con (2006), 51 pages.
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Heitmann dimension and J-dimension of a ring Heitmann’s paper is remarkable because he drops Nœtherian hypotheses for the case of Krull dimension. He proposes also a non-Nœtherian variant of the dimension of the maximal spectrum. We have improved the results of Heitmann’s paper. Also: our method solves open problems in Heitmann’s paper and improves the results of Serre and Swan who used the dimension of the maximal spectrum, but only in a Nœtherian context. To attain this aim we introduce a new dimension: Heitmann dimension is defined constructively as Krull dimension, by replacing the nilradical (the intersection of all primes) by the Jacosbson radical (the intersection of maximal primes).



Hilbert’s Program for Abstract Algebra does work



[17]



Example of constructivization Quillen-Suslin and Lequain-Simis Theorem: (Quillen-Suslin) Any finitely generated projective module on a polynomial ring over a field or a PID is free Theorem: (Quillen-Suslin, concrete version) Any idempotent matrix on a polynomial ring over a field or a PID is similar to a canonical projection matrix Generalization (dropping Nœtherian hypotheses). Theorem: (Lequain-Simis, concrete version) Any idempotent matrix on a polynomial ring over an arithmetical ring A is similar to its specialization in 0 (in this case, one says that the matrix, or the corresponding module, is extended from A).
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Quillen-Suslin and Lequain-Simis



For a Bezout domain, this means that the matrix is similar to a canonical projection matrix. Remark that in the theory of arithmetical rings, if you are able to bound the degrees in the solution, this is a scheme of ∀ ∃ statements. It has a good logical form, a constructive deciphering is a priori feasible. A first important constructive step is the deciphering of Quillen’s proof. A key theorem is Vaserstein-Quillen’s patching, given as an abstract localglobal principle: if a matrix is “extended” when localizing at an arbitrary prime ideal, then it is extended.
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Quillen-Suslin and Lequain-Simis



Another important step is the deciphering of Lequain-Simis theorem in the case of finite Krull dimension. The first difficult case is given by Bass theorem for matrices over A[X] when A is a valuation ring of arbitrary finite dimension. For details see papers by T. Coquand, I. Yengui, ... and a book to appear.
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Examples of constructivizations Elimination of maximal primes A priori, eliminating a (generic) maximal prime from an abstract reasoning seems much more difficult than eliminating a (generic) prime. Reasoning with a generic prime is something like: In order to prove that a ring is trivial, show that any prime ideal contains 1. An efficient constructive translation using logic: if you are able to prove 1 = 0 after you added a predicate and axioms for a generic prime, then you are able to prove 1 = 0 without using this facility.
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Elimination of maximal primes



The case of a generic maximal ideal is different. Reasoning with a generic maximal prime is something like: In order to prove that a ring is trivial, show that any maximal ideal contains 1. This cannot be captured by a similar argument using only first order logic. In order to capture the notion of maximal ideal you have to use an infinite disjunction (a disjunction over all elements of the ring). x∈M



∨



_ y∈R



1 − xy ∈ M
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Serre’s Problem (again)



In fact, the proof of Suslin for Serre’s Problem, which uses a maximal ideal in a generic way, can also be interpreted constructively. I. Yengui Making the use of maximal ideals constructive. Theoretical Computer Science. To appear.
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Elimination of maximal primes



Idea: when rereading dynamically the proof follow systematically the branch xi ∈ M any time you find a disjunction xi ∈ M ∨ xi ∈ / M in the proof. Once you get 1 = 0 in the quotient, this means 1 ∈ hx1, . . . , xk i, so this leaf has the good answer and moreover, at the node hx1, . . . , xk−1i ⊆ M you know a concrete a ∈ R such that 1 − axk ∈ hx1, . . . , xk−1i. So you can follow the proof. If the proof given for a generic maximal ideal is sufficiently “uniform” you know a bound for the depth of the (infinite branching) tree. So your “infinite branching dynamic evaluation” becomes “finite branching” and is finite: you get an algorithm.
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A new approach to constructive mathematics



New: the non-effective arguments contain interesting computational ideas Computer algebra: dynamical methods (system D5) allow to do computations in the algebraic closure of a discrete field, despite the fact that this algebraic closure may not exist (without any further hypothesis on the field) This leads to the idea of systematically reread abstract proofs using infinite objects as concrete dynamical proofs using finite approximations of theses objects. If we think that classical proofs cannot give concrete results by a kind of miracle, Hilbert’s program must be successful.
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