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Growth Paths12 JOSEPH STIGLITZ



St Catherine's College, Oxford and Stanford University



The proposition that limited natural resources provide a limit to growth and to the sustainable size of population is an old one. The natural resource that was the centre of the discussion in Malthus' day was land; more recently, some concern has been expressed over the limitations imposed by the supplies of oil, or more generally, energy sources, of phosphorus, and of other materials required for production. Those who predicted imminent doom in the nineteenth century were obviously wrong. Were they simply wrong about the immediacy of catastrophe, or did they leave out something fundamental from their calculations? There are at least three economic forces offsetting the limitations imposed by natural resources: technical change, the substitution of man-made factors of production (capital) for natural resources, and returns to scale. This study is an attempt to determine more precisely under what conditions a sustainable level of per capita consumption is feasible,



to characterize steady state paths in economies with natural resources, and to describe the optimal growth path of the economy, in particular to derive the optimal rate of extraction and the optimal savings rate in the presence of exhaustible natural resouces. One of the interesting problems posed by the presence of exhaustible natural resources is that some of the basic concepts of growth theory, such as " steady state " and " natural rate of growth ", need to be re-examined. If, for instance, there are two unproduced factors, labour and natural resources, one of which is growing exponentially, the other of which is not growing at all, what is the " natural rate of growth "? In conventional economic discussions, the long-run growth rate of the economy is determined simply by the natural rate of growth and is independent of the savings rate. We shall show that in economies with natural resources, efficient growth paths which differ with respect to savings rate also differ, even asymptotically, with respect to the rate of growth. The analysis of optimal growth paths presents certain technical difficulties, because there are two state variables (the stock of capital per man and the stock of natural resources per man) and two control variables (the rate of extraction of natural resources and the savings rate). Fortunately, by the appropriate choice of variables, the qualitative properties of the path can be completely described. Optimal growth paths for economies with only capital or with just natural resources have been examined elsewhere. Typically, a country begins with little capital and hence, in the former models, optimal growth is characterized by increasing consumption per capita. On the other hand, natural resources act much like a capital good; since the stock 1 First version received September, 1973; final version accepted March 1974 (Eds.). 2 This paper is an extension of Section 4 of " Tax Policy and the Oil Industry ", prepared for the Energy Policy Project sponsored by the Ford Foundation. An earlier version of this paper was presented



to the Workshop in Public Economics, University of Essex, July 1973. The author is indebted to Peter Hammond, Al Klevorick, R. Solow, P. Dasgupta and G. Heal for helpful comments. Financial support from the Ford Foundation and the National Science Foundation is gratefully acknowledged. 123
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124 REVIEW OF ECONOMIC STUDIES



of natural resources is largest initially and as one " co not surprisingly consumption per man falls monotonically over time along the optimal path (if it exists). When there is both a capital good and a natural resource, it is not obvious what the qualitative properties of the optimal path will look like, e.g. whether consumption will be monotonic. What is of particular interest is that the choice among alternative efficient growth paths involves a choice about paths which differ in their rates of growth, even asymptotically. Paths which involve high rates of natural resource utilization (i.e. a high ratio of resource use per unit of time to stock) have permanently lower long run rates of growth.



The paper consist of three sections. In Section 1, we present the basic model. Section 2 analyses paths along which the rate of growth of consumption per man is constant. Section 3 analyses the optimal growth path of the economy.



1. THE BASIC MODEL



In most of our analyses we focus on the special, but, as we argue in the central, case of an economy with a Cobb-Douglas technology of the form Q = F(K, L, R, t) = Kal L22R 3 eAt, a1+a2+03 = 1 where R = rate of utilization of natural resources L = supply of labour



A = rate of technological progress, assumed to be constant



Q = aggregate output, which can be used either for investment or consumption.



Because of the assumption of a Cobb-Douglas technology, we do not need to specify whether technical change is labour, resource, or capital augmenting. For our purposes, nothing is gained by assuming different sectors have different production functions. Hence we write:



Q



=



C+.K



...(2)



where C is consumption



and K is net investment.



As usual, we either can think of Q as net outp



no depreciation. The necessary modification forward. We assume population grows at the constant rate n:



L



L



-



n.



...(3)



Differentiating (1) logarithmically, we obtain (letting gQ = Q/ 9k= IK/K, etc.)



gQ = 0g1K+a2n+a3gR+. (4)



The crucial economic decisions concern the rate of change of the input of natural resources. Since resour eventually be declining, but the question is, at what r considering the basic efficiency condition: d In FR FK df



=



n



...(5)
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The return to capital must be the same as the rate of cha natural resource," 2 or, in our model



Olf= gQ-gR where ,B = QIK, the output-capital ratio. Letting s = K/Q, the aggregate savings rate and x = 1-s,



we obtain, for any efficient path



9Q = a2n+A+c.lfl(s-aC3) _C2n+A-celfx + 7 tl + 02 tl + a2



gR = a2n+ A-olf(1-s) _C2nX+A-oc1lfx .(8) tl + a2 tl + O2



and



gp8 = YQ-Y +K = o-2n+ = +A 2flX (1- fl), . ...(9) l



+a2



al+a2



Finally, it is convenient to focus our attention on the ratio of resource utilization, R, to the the stock of the resource, S. We define R S so



=



gR+Yv



..



.(1O)



Equations (6)-(10) will find repeated use in the subsequent analysis.



2. STEADY STATES



Long-term growth in models with only capital and labour has been so extens that we hardly need to think twice about what we mean by " balanced gr "steady state "; we characterize a steady state by a constant capital-output ratio, a constant rate of growth of output, consumption, wages, etc. But with an exhaustible resource, we must reconsider what it is we mean by a " steady state ". I shall consider here the asymptotic states of paths for which consumption is growing exponentially. The results of Section 3 and the analyses of [7] provide some justification for why we should be particularly interested in such paths. Since C = xQ



if C is to grow exponentially at rate gc, then gC = gx+gQ or (using (7))



9X = 9C- 2 + + 1 -.. .. (11) L1 +2 al ta2



1 This is just the familiar efficiency condition for growth with se



in Dorfman-Samuelson-Solow. 2 In [7] we observe that this is equivalent to the equilibrium condition for competitive asset markets



that the return to holding capital, FR, be equal to the return to holding a stock of the natural resources,



which is just the capital gain on the stock.
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Equations (9) and (11) provide a complete characterization of such paths in terms of the



variables x and ,B. Alternatively, we can characterize the paths in terms of ,B and fix:



gpx =gc+px-,B. ... (12)



P( = fx+9c)



//x



FIGURE 1



In Figure 1 we draw the phase diagram in (#x, ,B) space. Provided



(1- al)(a + a2) there is a unique value of (/*, x*) such that g, = gx = 0. It is immediately apparent that



( *l, x*) is a saddle point, and no path not converging to (,B*, x*) is feasible; eventually either x exceeds one (those diverging to the right) or f3x-+O, in which case, from (8), there



exists a finite T after which gR>O, which is clearly not feasible. The fact that ,B+B*, x-+x*, implies, from (8) that gR_+constant and, from (10) y* = -gR. Moreover, since (fj*, x*) is a saddlepoint, we can easily solve for the (unique) savings rate corresponding to any value of the output capital ratio, or



fix = T (/3), T'P'>O.



substituting into (8) and the result into (10), and using (9) to obtain the (13, y) phase diagram (figure 2), showing that the unique equilibrium (f*, y*) is a saddlepoint, and that convergence to the equilibrium is monotonic.' Proposition 1. Any path for which consumption grows at a constant rate must asymptotically have a constant savings rate, a constant rate of change of input of the natural resource and a constant resource flow-stock ratio. I This establishes that any path converging to the saddle-point equilibrium uses a finite amount of



resources. Our supply of resources gives us our " boundary " values, i.e. it enables us to establish (see figure 2) (y(O), fl(O), x(O)).
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We can characterize the different steady state values as a function of the rate of growth consumption:



s= &X3gC or g - s*(A+c2n)



i-a2(gC-n) aia3 + a2s*



1Z 0C2(gC-n) *C = gc= &2n . .(14) al(3 S* (L1C3 + C2S



-y* =gC(t_a1)_(oC2n +,) - (c2n n+A)(s* - a,) a3



c1X3



+



&'2s*



Straightforward differentiation of (14) yields



flo = Ka6l2lLS2So3yX3



FIGURE 2



Proposition 2. An increase in the savings rate increases the growth rate, increases the asymptotic capital output ratio, and is associated with a lower rate of resource utilization. The restrictions O< s < 1



and gR l>



Hence



lim o > ( 2n+ A Thus g9 > 0 and S3< Oc2n+A



Hence, using (18) 0(2n + A



If



9Q 1-
R*(O). It immedi 00



iR*(t)dt = So I-SYM
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Our proof proceeds as follows: we consider paths along which s is constant. We



show that a necessary and sufficient condition for gc = 0 with constant s is that ac > X Then we show that if a path with constant s and constant C is not feasible, no path with constant C is feasible. We rewrite (3) as



gQ = 0CgK+a3gR = ClSfJ+c3gR = 0. () Differentiating (3') and using (9) we obtain



0 O = =-l(sfl)2+034R. Using (3') we obtain 2



4R atl



=



-.OC



...



(19)



Let a3/al = z. Then integrating successively, we obtain 1



gR K1+Zt R =KKc2(l+Zt)-llz. This is feasible if and only if 1



SO > R(t)dt -C2 (Kcl+zt)-llzdt i.e. zO, ...(33a)



1 The intercept of gpx = 0 with the vertical



greater than unity; g9 = 0 has a positive intercept and a slope less than unity:



a+2 -1 = -1l+ 0(04+ 2) = 0-0C3 
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