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Jul 20, 1989 - siderably, and then instead of closing, they circle around another loop ... to give a necessary and sufficient condition for a tiling by lozenges, along with a formula ... The relation T, says that c conjugates (ab)3 to its inverse. ... Conway's tiling groups are quite versatile, provided you can work out the group de-. 
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Groups,tilings,and anite stato automata S u n ■I n e r 1 9 8 9 “A M S C o l l o q u i u m l e c t u r e s (VerSiOn l.5,Jdy 20,1989) WILLIAM P.THuRSTON



Sl. INTRODUCTION



These four lectures will deve10p some ideas involving the geOmetry of grOups, tilings (primarily of the plaFle),nttte state automattt arld dynattcal systems.They tte grouped into three related subjects which are tied together by coHllnon themes,butciently are s遍 independent that it should be possible to understand them independently. The subject of the flrst lecture is a cOnnection between tilings of the pl[me and the but Only recently becn geometry of grOups discovered by Conway a number of ycars ago〕



discussed in phnt(tTh01,tCOnWay Lagariasl).It develops a necessary condition for a



region in the plane to be tiled by a given collectiOn of ェ tiles,in teェ ェ ェ s Of COmbinatorial group theory. Thc second lecture also concerns tilings,but frOm a difFerent point of viewi the subject is the theory of self― silnilar tilings Of the plane and Of other Euclidean spaces. Many examples and constructions will be discussed, The lnain result is a characteAzation of the x complゃ expansion constttlts for selfsirnilar tilings,This subject is c10sely related to the theO Mttkov partitions for dynamcal systems atrld flnite state automata. In a certain sense it may be thought of as a cOmplexincation ofthe PerrOn― Frobenius theorerll and its tconverse' of D.Lind. Word processing on groups,or the theOry of automatic groups,is the subject of the last two lectures.This theory has bee↑ deVe10ped over the last few yetts pttmarily in joint work of Jim Cannon,David Epstさ in,Derek HOlt,Mike Paterson,and me(lCEHPTl). An automatic grOups adlmts an algorithm of a rather sirnple type which will tell when two words in generators for the group represent the sme element Of the group(ど ・ C・ ,an angodthm for the wOrd problem ofthe grOup.)MoreOVer,the ttgottthm is sO special and simplc that questions about the angorithrll can be algOrithn主 cally handledi in particular, there is an algorithm which,given a presentation for an automatic grOup,、ア ill construct anそ述go五thna as above fOr the wOrd prOblem. Automatic groups are ciosely tied tO the thcOry of anite state automata, and the in― vestigation of them is partly mOtivated by the successful applicatiOns lvhich anite state automata have found tO practical and theoretical problems in computer science,combined with the need tO be able to handle algOdthn■ ically actual flnitely― presented inanite grOups (in pa品



Cular,fundamenttt grOups of 3-marxFolds,)Many WOrd―



processors一



fOr exttnPい



the unix utilities grep〕 egrep〕sed, vi, ctc. 一 ― cOnstrtlct a flnite― state automatolt wixP● you ask it tO search for a certtttn pattern, and mmy compllers directly use the thcr)r} 。f nnite state automata at early stages Of thdr tasks(lexical and syntactical antty主 6) Besides theoretically analyzing the issues invOlved in autOmatic groups,wc have beerl de― veloping computer progr― s tO carry Out`word― processing on groups'. Automatic groups



are more general than hyperb01ic grOups in the sensc of Gromov. At least most of the sma11-cancellation groups arc automatic. An、automatic structllre for a group in general produces a kind Of seif― sinilar tiling of a certaan tsphere at ininity'for the group;in particular examples,this space is actually a 2-sphere. These notes are preliminary.Although some PortiOns have becn lwritten carefuny and in fttr detadl,there are other portiOns are sketchy and hastily written,and some toPiCS have been left out altogether.



The next portion of this text,concerning COnway's tihng grOups(S2-S7)is sub― 「1990 iSSuc of the Attcr,can stantianly a reprint from an tttrticle to appear in the Janua甲



れ ん ど す θ せ hiS Will be a special issuc on gcometry. car〃 財a t cれt tせ α y , t T h O lT ・ S2.CoNWAY'S TILING GROUPS



The problem of deciding whether a given flnite set Of tiles 、 A/11l tile the plane is an undecidable question― 一 that is, there is nO general well―denned procedure Rwhich will answer the question.The same question for a nnite rゃgiOn in the plane,when appropriately formulated,is decidable,but it is nOt easy: it isヽ 貯hat computer scientists call an NP― cOmplete question. In practice,it is Often hard to do. John Conway discovered a techniquc using ininite,initely presented groups that in a number of interesting cases resolves the qutstion of whether a region in the plane can bc tessellated by given tiles.The idca is that the tiles can be interpreted as describing relators in a group,in such a way that the plane region can be tiled,9nly if the group element which describes the boundattr of the regiOn is the trivial element l. Of course,the word problem for a initely― presented group(the problem Of deciding whether or not two given words represent identical elements in the group)is anSO an undccidable question. The ability tO answer the tiling qucstions depends in part on the ability to understand particular grOup presentations.…. s3. GROUP CRAPHS



Tα A convenient way to describe the cOnstruction is by lneans of the Cayrcyす Pん Or gTaPん Of a group.If C is a group,then its graph「 1,92・… ,gn is (C)With respect to generators。 a directed graph whose vertices tt「 e the elements of the group.FOr each vertex υ ∈ F(C), there will beれoutgoing edges,labeled by the generators,and n incormng edgesi the edge labeled gf connects υto υ gf, ly 1) aple,the graph of Z2 with respect to standard generatOrs(α As a flrst exaコ ,yl密y。 is the standard g占 d in the plarle(as in graph paper)。 The graph of a group is arl answer to the question,`what dOes a group look like?'which generally is carefutty avoided in introductory courses, Note however that the graph Gf ti group depends on the choice of generators,and the appearance can change cOnsideli)1,4y s what a grOup lwith a little cxtra structtre with a change of generatorsi the group graph te■ looks like. It is convenient to make a slight lnodincation of this Picture when a generator 9f llas order 2. In that case,instead of drawing an arrow froHl υ to υgt and another arow from Version l.5
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υgi back to υ , we dra鴻″a single undirected edge labeled gf. Thus,in a drav/ing ofthe graph if there are undirected edges〕 Of a grotlp〕 it is understood that the cOrresponding generator has order 2.



The graph of a group is automatically hOmOgeneousi for every transformation υ→ gυ is an automorphisim Of the graph. Every labeled graph has this form. This prOperty charactedzes gTaphs edges are labeled by a inite set ir such that there is exactly edge with each label at each vertex is the graph of a group if automorPhism taking any vertex to any other.



element g c こ ち the automorphism Of the of groupsi a graph whose one incOIIling and Onc outgoing and Only if it adH古 ts an



Whenever tt is a relator for the group,that is,a word in the generators which represents l, then if you start from υ c P and trace Out 兄 , you get back to υagain. If C has presentati?n



C = ( g l , g 2 ,…・ = 1 , 況2 = 1 , …・ た= 1 ) , g . 11兄 ,況



(f



the graph r(c)extends to a 2(c):seWた 2-complex「 disks at each vertex υ c F(め ,one for each relator jRf,so that its boundary traces out the word rif. An exception is made here for relations of the formギ =1,since this relation is already incorporated by drawing 2(c)is Simply― connectedi that is,every loOp gf as tt undirected edge.The 2-complex「 in「 2(c)can be contracted to a point. In fact,if the loop is an edge path,the sequence ア of edges it f01lo、 s descttbes a word in the generators, The fact that the its starting point lneans that the word represents the identity. A proof represents the identity by lnaking substitutions using the relations」 R.can 2(c). geometdcally into a homotopy of the path in「 As a very silnple example,the sy_etric grOup S3 iS generated by the α= ( 1 2 ) a n d b = ( 2 3 ) . T h e y S a t i s f y t h e r e l a t i o n ( a b ) 3 = 1 . T h e g r a p h i s a



path retuと ェ ェ s to that this word be transiated transpositions hexagon,with



undirected edges,alternately labeled a and b.



一



Figure 3.1。Soccerball. A30CCerbarr 13 Cθ ,3truCtc芝 砲ゴ 2 Pcn↓ α θ れ3, θ aす bサ 砲β 〃 ヵθ β by Tθ tatれ rす れ た す ng せ ん 3れ c ttacC3 θ a rcgttrar】 θ 】 ccaれ cど Tθ n, θ と cT弘だ せ ん2θれcttapθ 「 め g an冴 メ gctん centereど iccJ o/サ atせ れc υ crゼ んc 】 θ 】 CCaれ cttrθ 角. A shghtly more complicated example is S4・ It iS generated by threc elements a=(12), b = ( 2 3 ) , 劉 n d C = ( 3 4 ) 。A p r e s e n t a t i o n i s S4=(a,b,Cla2=b2=c2_1,(α VersiOn l.5



b)3=(bc)3〒 (aC)2_1). July 20,1989



To construct its graph, flrst maよe sOme cOpies of the αb hexagOn fOr the S3 Subgroup generated by a and b, and silnilarly make sOme cOpics of bc hexagons. The subgroup generated by a and c is Z2× Z2,and its graph is a squがe・with edges iabeled江iternately squares, Take one cOpy of each pOlygOn, and nt them α and c. Make copies also of α c― together around a vertex,glung an a edge tO an a edge, ctc. Around the perilneter Of this igure,keep gll担ng on a copy of the polygon that fltso lf you do this systematically, ―it is a truncated octalledron. All layer by layer,you will have constructed a polyhedron― the edges froIII the underlying octahedron are labeled b,lwhile the squares produced by c. truncating the vertices are labeled acα



t5, uSing genh The readcr may enjoy working out the graph of the alternating group】 N o t e t h a t t h e y s a t i s f y t h e relatiOns b5=l and PratOrs a=(12)(34),and b=(12345)。



= (135)3=1.Try kicking arOund the construction,with white ababab h tab予 black bbbbb pentagons. Of course,graphs Of groups don't always ttwork out sO niccly or so casily,but often,for sirnple presentations,they can be worked out, and they tend to have a nice geometric navor.



S4.LozENGES' We will begin with a relatively easy tiling probicm. Suppose we have a plane ruled WhOSe edges are intO cquilateran triangles,and a certadn region jR bounded by a polygon 7「 edges of the equilateran triangle netwOrk.When can jtt be tiled by ngllres,let us call them lozenges,formed from twO attaCent equilateral triangles?



T 3切b芝j‐ erar tTiaれ lθ れθ Figure 4.1. メ【region tiled by lozenges. ム g“!α PθT↓ メaれc?也jraせ zcnge3, by rθ んc Pranc,tf!cど υど 3す 0れ ?メせ Version l.5
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To analyze this problern, we flrst establish a labeling convention. We arrange the tri― is,or at O°. Label 弱く angulation of the plane so that one set of edges is paranlel to the何― these directed edges a,label b the directed edges pointing at 120° ,and c the edges pointing ア e can read ofF at 240°. This labeling is homogeneous,so it is the graph of a group A. ヽ ヽ A by tracing out the boundary curves of triangies: A satislles abc= l and relators for“ :=1. If desired,the nrst relation could be used to elimnate c;the second relation then cbα says that ba:=α b.The grouP A is Z tt Z,as we could have seen anyway by its action on the plane. The shape of the polygon T is determned by the sequence of edges it traces Outi this is a word in the generators a,b,c of A. Rather than thinking of it as a word,we prefer tO t h i n k o f i t a s a n e l e m e n( tT ) α in the free group F with generators a,b,c.The fact that T A send α (T)tO the closes up is cquivalent to the condition that the homomorphism F→ identity. ‐ If a lozenge is plを距ed in the triangular network, its boundary can be traced by one of threc elements,depending on its orientationi that elemerlt is cither五 1 = aba lb 1, 1。 The precise word depends on the starting Point On thc 五2==bCb lc 1,。 r五 3=CaC lα boundary of the lozenge,but starting froHl a difFerent vertex only changes the word by a circdar permuationi the two choices give conjugate elements Of F,The rθ



″cれ`夕 Cョ TθttP L iS



deaned by these relators,that is



五=(a,b,C十 五1 = 五 2 = あ 3 = 1 ) ・ vith(3aCh Other〕so Actually, the three relatiOns say that the three generators commute、 t h a t 五= Z 3 . We clttm that if the region tt can be tiled by lozenges,then the image r(T)。 fα(T)in あ ml■st be trivial. In fact,suppose that we have such a tiling.If Ftt consists of a single tile〕 the clを 迪m iSi― lediate. C)therwise,IInd a silnple arc in」 cuts rtinto two tiled R which subregions Rl ind兄2・By inductiO五 ,we may assume that r(Tl)and r(T2)are bOth trivial, where Tt is a polygonal curve tracing arOund∂ also trivial.



妃 :.But r(T)=r(打



1)*r(T2),SO r(T)is



ゥ



There is a very direct geomet宜c interpretationi thinkゅfthe graph「 (工)aS the l―skeleton of a cubical tesselation of space,0占 ented so that cubes are on their corners:Inore precisely, l



so that the two endpoints Of atrly path labeled abc are On the same vertical line. The 2complex r2(五 )is the union of the faces Of the cubes.A lozenge in the pltte is the



l鱗 盤磁鑑翻静縄鵠盛 盤 盤開



m a y o r m a y n o t c o m e b a c k t o t h e s t a r t i n g p o i n t i(nあ 「) . T h e i n v a 五a n t r ( T ) ∈ 五 i s t i l e ending vertex. This invanant of necessity lies in the kerne1 0f the map五 一→ A, which is isomOrphic to Z: it can be described silnply as the nct rise in height. Iftt can be ttled by bzenges,the tthng itsdf can be hfted,は L by tile,intO r2(五 ),that is, into the 2-skeleton of the cubical tesselation. This gives ttother prOOf that the invariant r(T)must be l if tt ctt be tiled.In fact,if you look at a tiling by lozenges,you can imagine it so that it springs out at yOu in a thrce… dimensional picture. Version l.5
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Figure 4.2. Three‐ dilnensional interpretation of 10zenge tiling. α Tcgす θ れ況 cjtt aれ bcサ trctt by ″ rθ cs,tれ cれ eれ を れ c rθ ″ c,す c Paサ tCrれ r"3サ θサ れc2‐ 3た CrCサ θ れげ a cttb'Carすげ tfrれ R3, す θ rtcntc冴 あagθ れarry せ tθ んc Pra,c。 ん c rθ ″ cれ c3. ! /せ ♂



Figure 4.3. Nontileable region.



ダ



c u r υ c c α れ, o サ b C サ f r e a b y r θ ″c れg c 3 , 3 1 れ



耽c r e g f θ れす れを れc P r a n c c , c r θ 3 C t t b y tcんP θ! ダ ダθれa r CC切



れc れ ど↓ 1 3 1 津



C 】 t θ せんc c u b ↓ c , c サ



切 θT れ



すt カ ガ ! 3 t θ



Crθ 3C. Algebraically,given the word representing 7r,the net rise in height is silnply the suttl of the cxponents. The conditiOn is that 7T heads at a bcaring Of O° ,120° or 240° the same length of time it heads at a bearing of 60° ,180° or 300°. This condition can be seen in an alternativc way using a coloぶ ng argument.The triangic] in the planc have an ttiternating co10ring,with abc triangles co10red white and cbα triallgics cO10red black.Each iozenge covers one triangle of each cOlor一一therefOre,if tt can l)c tilせ d, VersiOn l.5
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Figure 4.4. Potentially tileable regiono



Pれ



c bθ“■冴ary c化 賀た ?メ ￨ん13 Trvどθ紀 rザセ3サ θ a c!θscど curυ e,3θ ft 7れCCt3セ れCす Tθ“P_tれ cθTeとすc tfrれす cθれどす ttθれ. プ 4■ actuarサ frす れす 化だrr bc 3れθ切花 :れ び.ゴ, お「 ど れ rθ ″ cttgCせ frfttg. す



the number of white triangles must equal the number of black trianglei).rrhe difFerence in fact can be shOwn tO be the net risein height Of,8崎 α Ineぉured in rnぶn diagOnals Of cubes. The co10五 ng cOnsideratiOn reauy gives a more elementary dettvatiOn thて ェ tr(T).nuSt Vanish for a tiling tO be possible. However,this md related co10ring[rgument,s in general cannot ェ ェ ation as r(T).one way tO think ofit is that c010dng arguments are give as much infoェ ェ the abelian part ofthe grOup theory.Ifthe group is abelian as in the present case,or rnore tt paths is abelian,then that 3θ α g e n e r a l l y i f t h e s u b g r o u p c o n s i s t i n g o f i n w t t t a)nftosr rC(rγ infottation is s胡 cient. The angebrttc cOndition that r(T)=l is not suttcient to guarantee a tiling,by 10zenges. Therc are curves T which go around nearly a full circle,with the lift in「 (jう )riSing con― siderably,and then instead of c10sing,they circle arOund another 100p which brings them down tO the starting height. If rこ cOuld be tiled by lozenges,it could be divided intO twO regions by a fairly shOrt path a10ng edges Of 10zenges; but the rise in height for One side would be fbrced to be still positive,which wOuld be a cOntradictiOn. IVe Rwill return later to give a necessary and s韻 cient cOIlditiOn fOr a tiling by lozenges,along with a fOrmula for a tiling if such exists. s5. TRIBONE TILINGS



Here is another exttple,fOr which Other methOds seem inadequatc. I nrst hcard this problem in an electronic mttl inquiry from Cari W.Lee(ms.uky・



edu!lec)in Kentucky.



Last selmester,a number Of us here becttme interested in a cOmbinatOrial problem that was mtting the rounds. I'm sure you江 iready have heard Of it, and we heard a rttOr that」 Ohn COnway had sOlved it. It cOncerned a triangular a「ay of dots. The prOblem was tO pack in as many segments as Version l.5
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pOssiblc,wherc each segment covered threc adjacent dots in Onc Of the threc w O segments were aniowed to tOuch.Is there any size directions, and no い 、 、conflguratiOn that admits a packing such that each dOt is covered? Do you knOw anything abOut the status of this prOblem? Thanks in advance. /e ァ I hadn't hettd Ofit,but l asked COnway abOutit.ヽ ヽ sat dO、 n tOgether,and he、ア orked out.



Figure 5.■ . IIiangle Of hex4gons. ん,3 bc tfrc】 σαれ せ b yサrfbθ ,cs P



ムを Ttα れgurar arTay?メ れcttaす θ れ3, Cむ れをθ れα3tdC,



This question can be alternately formulated in teェ ェ 上S Of a triangular array Of hexagOns. The problem is to show that one cannot tesselate the regiOn using tiles made Of three hexagons hoOked linearly together. MOre generally,One can ask fOr the minilnum number of holcs left in an attempt to tile the region by these tiles. If the region has side lengthれ ,then the number of hexagOns is角 (角 +1)/2.A flrst, necessary condition is that tt Orれ ‐ 十 ユis divisible by 3,that is,免 is cOngruent to O or 2 mod 3. Note that ifit is ever possible tO sOlve the problem whenれ is cOngrucnt to 2 111od 3,one can extend the solutiOn by adding a row of tiles a10ng one side,tO derive a sOlution f O r 免+ 1 . Label each side in the hexagonal gぶd with an a,b,Or c,according to the directiOn Of thc edge:a r it is parttlel to the a axis,b if the angle ttom the α― 拡 is tO the edge(meaSurtd counterclockwise)is 60° .Thus,the sides Of every hexagon ale ,and c if this angle is 120° labeled abcabc. This iabeling gives the l― skeletOn Of the grid the structure of a grOup graph,where the group ls



VersiOn l.5



A = ( a , b , C l α2 = b 2 = c 2 = ( a b C ) 2 = 1 ) . July 20,1989



F i g u r e 5 . 2 . i n r i b o n e s i r l t h r e e O r i e F l t a tPれcTc i O n s .arc せ れTcc Pθ33す brr OT,caせ aを ,οn3 rfbθ れc , l i n a れ array orれ /OT aを caagθ 免3 , 7 1 i せ んθt trabcrす T れg Cθれυc砲せ ど ,■, せ んcy αTc rabcrcどど れ せ んT c c ど電たT C ・ サ切a y 3 , The grOup is a grOup OfisOmetries of the plane〕 generated by 180° rev01utiOns about the centers of the edgesiit alsO cOntalns the 180° rev01utiOns abOut the centers of the hexagons. The grOupム is sOmetimes called the(2,2,292)― group・ A path 7r in the l,skeletOn Of the hexagOnan gdd now is determned by a wOrd in the generators Of Ao We prefer tO think of this in a slightly difFerent way: T deterrmnes an element a(T)in the free product F=z2■ Z2■ Z2・We are particularly interested in c10sed paths, that is,elements Of the kerne1 0f j「 → A. lunfOrtunately,this kernel is inanitely generated: it is a free grOup whOse generatOrs are given by arbitrary paths P】 ,fOl10wed a circuit arOund One Of the threc hexagons at the endPOint Of Pl,f0110wed btt the 1. p「by



The standard tile, let us call it rfbθ a サ れc, can be laid in the plane in lhree difFerent orientatiOns.Circuits around the tribOnes in these three OdentatiOns trace Otit the elements r、こ=(ab)3c(ab)3c ri= (bc)3α (bc)3α = ( c a ) 3 b (ca)3b. 孔



｀ l究 ↓ ;舌 li岳 畳g挙 li督 :景 暑 :,岳 苫 [Ftfgi:告 ずt腎 暑 lri岳 運暑 ゴ 号 ダ 88ng七 )S::と 津予 18[lded by7r Can be r=(a,



=b2=c2=■ b , c l2α



=挽 =孔 ‐ 1)



must be trivial.



The relatiOn ttL says that c cOIIjugates(α b)3 to its inverse. Observe that a and b alsO COEIjugate (ab)3 to its inverse 一i n f a c t , t h i s i s a l r e a d y t r u c i n F . I n O t h e r w O r d s , ( a b ) 3 ム IIal SubgrOup, generates a nOェ and it commutcs with every word Of even length. similarly, VersiOn l.5
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Figure 5。



3. Second hexagonal group.



rれ



tれ れar ttrど c e】 αれettagθ れ んc Pra,c. gc3 9メ g。メせ



c g r O 竹 P a t t a r 3 θ んa 3 a p l a P れ



ど 3 θ何け θT P ん どc と θ



,



al (bc)3 and(Ca)3 generate nomal subgrOups.TOgether,the three elements gencrate a no― abelian subgroup J of T.



To form a picture of T,let us arst i。 。 k at the quotient grOup島 = T/J = 2=b2=c2=(ab)3=(bc)3=(cα )3=1).The graph of tt ctt readily be con― (a,b,Clα



structedi take an ininite collection of three types Of hexagOns,with their edges iabeled by the relations(91,C2and〈 93・TheSe glue tOgether to forlrrl a hexagonal pattern in the plane,where cach vertex has one c edge,one b edge,and one c edge incident to it. The



by renections in group tt acts fttithfully as a group of isometries of me,generated the plを the edges of this hexagonan tiling: it is a triangle group. It is curious that even though the g r o u p s A a n d t t a n d t h e l a b e l e d (g Ar )a ap nh ds 「F ( 島) 密 e d f F e r e n t , w h e n t h e l a b e l s a r e stripped they become isottorphic. If the region tt can be tiled by tribOnes,then α map to the trivial element of (十)must T,so it maps to the trivial element of γ b.In our case,the region is a triangular aray of hexagons,and its boundary can be ttten as α (T)=(ab)・ (Ca)・(bC)几 ・ ‐ Obviously,ifれ is a multiple Of 3,the image r(打 )/J in tt is trivial.In the Other case, that n is 2 more than a multiple of 3,it is also trivial. This is casily seen by tracing out the curve in our array of hexagons,or by noticing that One can add additiOnal tribones along onc edge to form a triangular region with side lengthれ ― +1,Which is a lnultiple of 3. Since wc have pushed T only across tribones,r(T)is the Same for the twO cases.



Since tt was nOt Sttcient to detect the nontriviality of r(T),we need to nnish our by TЪ job,and build a picture of tr. First,loOk at the path in deterrmned the graph of where the circuit Cl=ababab goes cOunterclocttwisc the eleIIlent乳 .Start at a vertexホ around a hexagon. Then■ goes counterclockwise around this hexagon,then a10ng the c edge,clockwise around theく 91 hexagOn thrOugh that vertex,and back a10ng the c edge to Version l.5
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んc せ れcrサrat'o.3 aTC れ, せ T,bθ Figure 5.4. Alternate image of tribone. Jy cθれ3tTuctFθ ttP3 T an冴 れ c,ce乳=P/ブ. rん ■Cθ んc tTjbθ れc Tcra― 3at'3'Cttん clinせ gTθ ど んc tttagcげ θ 3おせ メせ サ θT3れあc graPん o/tれ c gTθ ttP島 .「θ サ cれθ 切す せc れc l T c r e 3 サ切 θ 九 五卜んc t t a g θれ3 , 0 ■ C C C r θC ん切 , 3 C a化 】θ 切,3C. ttcc 竹 cθ 角 せ Crcrθ cた



Figure 5.5.Alternate image Of a trianglec rん 31ZC角 れ =3れ



=3m θ



rn=3向



,trace ttc ttθ



+2秘



c tTど αttrc切 αP3を



T冴 3せαTサれ gaサ



θ せんc tTれ tれ c ccれ



far ercれ



サcr.汀



れ =3胸



cれ サ f"島 +2,5taTせ



.あ



。Tど



(ab)・



せんcあ bヵ



θ砲



(Ca)混



(bC)n,メ



αttTatt abθ 抗 cc御



υば「 i声



】 cT,



close.In particular,the signed tota1 0f σ l_1lexagons enclosed(cOunted accOrding to degree VersiOn l.5
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of winding With counterclockwise circuits cOunted positively),iS O・ which is an extension of the form It is not hard to dcscribe now the full grOup r, ・ _ z 3 → → ブ 『 e graph 島 . I V e c a n i n t e r p r e t t t c l e m e n t O f r t o b e a v e ritne xt hυ



of ttЪ , tOgether with a path P from tt to υ, subject tO the cquivalence rclation that if留 91,(92, and C】 is another path fromネ to%then P― 3 heXagons q if the signed totans of〈 to υ,then other paths from* are a11 0。(Of COurse,if we pick One path such as P frOmホ to υare deterIIllned by three arbitrary integers,which specif37 theSe signed totals,)WVith r e ObViously satisded,hence the grOup so constructed is this dcinition,the relations 71に at least a quotient group of tr. ]But we have adready seen that the kernel J of the map T→ 島 is abelian,and generated by《 夕f. In the cOnstruction,this kernelis the free abelian ば ,so it lnust in fact give r. group on the t夕 Once wc know T,we can read r(7r)by inSpection.As we saw,it s胡 caseれ



=3た



;the in碇



回 観 北 iS CFCttσ



隅ces to consider the



す,Which is obviously not l,so the tiling is impossible`//



One can ask whether this lnethod gives a lower bound On the number Of holes one is forced to leave,in a partial tiling of jR by tribOnes, To study this question, we should examine the subgroup r Of T generated by elements ofthe fOrm r(7),Where T is a path in the graph of A going fromホto some point υ ,circmnavigating a hexagOn,and retuming. In o t h e r w o r d s , I i s t h e k e r n e l o f t h e m a p A r. → Note that α cabcg 1, ( γ) h a s t h e f o r m gb α



where g is arbitra=y.In the group,abcabc 7Ъ acts as a transiation.The cottugates Of abcabc in tt are translatiOns in three difFerent directions spacedarlgles, at 120°and the f,there are actually an innnite number subgroup they generate is isomorphic to Z2. Inス



of difFerent cottugatesbαof if abcα g acts as a transiation ,thenin島 the commutator gabcabcg lcbacba is trivial in tl),but it lnight not be trivial in tri this path may enclose an arbitrary number rn of hexagons Of type(伊 1,and an equal number Oftype Cろ alld(グ 3・ The subgroup F is therefore a nilpotent group,generated by s i:abcabc,t==bcabca, and u=σ l σ 2σ3,With presentation



r=(S,サ , u l ,ぃ材 , 司= u 3 ) . l = け, u l = 1 , い It is casy to chcck that every element Of r is re述zed as r(T),fOr some simple ciosed curve 7r in the plane. Even though the invanants associated with triangular regions take larger arld larger ェ ェ valucs in r,this does not give any infoェム ation limiting the number Of holesi for instance, l Can yield uた threc holes gfαbcabcg戸 , for arbitranly high た 。In fact, it is possible to With tribones except for l h01c,ifれ =1(3),by tesselate the triangdar region of sizeれ placing the hole exactly in the Hliddle,and then aranging concentric triangular layers of tribones around this holc. From these cxamples, tribone tilings with 3 holes are casily ェ ェ ation,hOwevert in the ctte =0(3)or 2(3).It dOes give some infoェ ェ constructed whenれ



thatれ ≡2(3)orれ =0(3),the COttugacy Class changes(“inCreases")withれ,which implies that the length of the minilnuHl ciosed ioop enclosing all the hOles has to go to ininity with角



. In the case角



= 1(3), the COnJugacy class of r(7r)iS COnstant一



一



since the region



carl always be tiled with a single hexagon missing,r(T)iS COnjugate to abcabc.HOwevcr, thc actual word changes lwithれ



,WhiCh implics that the IIlissing hOlご



cannOt be tOO ciose



to the bound岬 .「Perhaps a careful ttalysis would shOw that if there is a single hole,it must be exactly in the center of the triangle. VersiOn l.5
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s6, DoMINOES AND LOZENGES REVISITED



Conway's tiling groups are quite versatile, provided you can work out the group de― teエ エ エ ム ined by the tileso Even when(or perhaps especially when)the invariant r(7r)giveS atiOn which could not have been easily obtained by other rneans,the geometric nO infoェ ェ ェ ェ



Picture of the graph of the grOup can sometilnes be exPloited to give not just an angebraic criterion,but a precise geometric criterion for the existence of a tiling.



ofは dettc a measure nぶven by a setles),We hng group(with presentatお When C is aは 2(c)to be the ttea detted by prOjection to the planet the area of a of area in「 he curve T boundng a r e a o f a c o r r e s p o n d n に。W g 伍 h e n t h e t t g e b r t t c i n v a r i a n t r (1T,)tぉ 兄 l i t t s t o a c i o s e d (tCt) .iWne「C a n a s k , w h a t i s t h e m i n i m u m a r e a o f a s u r f a c e S i n F 2 ( c ) .If it is equal, with bounda崎 ′宗?This area is necessarily at least as great as the area of兄



then the images ofthe 2-cells of S must be didoint,SO that they form a tiling.There of兄 are severan approaches which are sometilnes successful for cttctllating this lninimal are itive solution:when「 2(c) but there is one particular situation when there is a really deJtt■ can be enlarged,by adding 3-cells,tO make a contractible 3-Inanifold. In this situation, there is a``max now min cut''principle which guarantees an efncient algorithrn for flnding a minlman surface. Rather than going on with the general theory,we will illustrate this with two examples. First we revisit the lozenge question. If tt is a union of triangles in the plane,and if υ andり are vertices in iR,Possibly o早 t h e b o u n d a r y , d e f h e 』 ( υ, り) t O b e t h e m i n i r r l u r l t l l e n g t h o f a p o s i t i v e l y d i r epcattehd e d g e ―



o り, T h i s “d i s t a n c e " f u n c t i o n d i s n o t i n 兄 ( p O S S i b l y g o i n g o n t h e b o) uj nO di 叩 n i n g tυ sy― etric,since we cannot silnply reverse an edge path. Any closed Positively directed edge path has length a multiple of 3,so the』



(υ,切)iS defhed moddo 3 independent of R is path, The three vertices of a triangle take the three distinct values lnodulo 3. If」 toり connccted,it is alwa・ ys possible to flnd at least one positively directed path froHl υ, SOど (υ,り)iS Well_deined. t Consider the lifting of any tiling of tt by 10zenges to the cubicai network,「 2(五).ThiS iS . We can choose the vertital scale determined by a height functionれ (υ)fOr the vertices υ 1lued,and cach edge Of a lifted 10zenge increases in height by li the so thatれ is integer-1に



etモ ギ !子 '::〔 翻 損 2il培 描だ 置 lt堵 ば あ )予 墾 ま !:1讐 鴫ま 母 醤 魯 そ ti材 廷 子 を ::irifi: 3岳 :監 and 1:岳 『 〕 lll子 「 f丹 卜 が “ ξ 「 it岳 ャ ‖ 話FyCOnditionthatjRcanbetiledi f fi手 If 7r Satisflcs this■ccessary conditiOn, then there is a unique maxilnally high 10zenge tiling: deane



ん ,α (3)=礎 )}・ p口(υ To produce the actual tiling, place a 10zenge so as to cover an edge where the hciふ 1lL changes by 2. Since the three vertices of a triangle take distinct values mOdulo 3, :tス ti sinceれ increases by at lnost l along any edge,each triangle has exactly one edge whercん changes by 2t therefOre,the collectiOn of iozenges is a tiling。 VersiOn l.5
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F i g u r e 6 .1 . 正 【 i g h l o z e n g e t i l i ng.



'' rθ frど zcttgC せ 免g cθttPat'brc 化だけ rんc “れlgれc3を れ せんc



b θ竹れどa ■y c u t t C ・



There is a simple angodthm for quickly computingれ ,and the tilingi rather than spell it out,we will describe the analogous angorithm fOr dominoes. A closed path T in a square g五



d can be desc宜 bed by an element a(T)Of the free group



F(″ ,v),WhiCh maps to the trivial element of the A=Z2.If the region tt bounded by T can be nlled with dOminoes,then the image r(T)of a(T)in the dominO grOup



2=32y〉 G=(",ylを V2=72密 ,y露 must be trivial. ( What does the graph of C look like? We can construct a picture in R3, aS f01lows. Fill the″y― plane with a black arld white checkerboard pattern. Above the black square



handed hehx,jdning(0,0,0)by a hne segmentto(0,1,1),tO p,11×p,11,construct a right―



r/,θ



(1,1,2),(0,1,3),(0,0,4),and SO Oni the r and y coordinates here marching forever aroun the bouttdary of the square,while the″ cOOrdinate increases by l each move. Silnilarly, (0,0,0)iS COnnected to(0,1,-1),CtCo COnstruct a sinilar helix above cach black square. 五ng to to its image in the planeo Note that this creates left― Label each edge α Or y,accorく handcd helices above the white squares.The boundary of any dOmnO in the plane lifts to a closed path in this graph wc have constructed. Since the graph has a silnply― transitive group of isometrics,it is the graph of a grOup. Since it satisfles the domnO relations,it is at least a quotient group of the dOmino group G.It is not hard(and strictly speて 逮ing,it is not logictty necessary)to Verify that tllis grapll is indeed the graph Of G.



The curve 7r lifts to a curve tt in thc graph of G. A cOnvenicnt way to denote this,ill the plane,is to record the height of the lift next tO cach vertex Of T in the plane. Tllc rule is silnple: one can start lwith O at some ttbitr倒 鴫′vertex. Along any edge of 7r WhiCh has a black square to its left,the heightincreases by l. Along any edge with vhite a、 square to its Version l.5



14



」uly 20,1989



Figure 6。2. The doH■ inO grOupe rttc g r a P ん0 / せんc どθれれθg r θ t t P Ja3 unす θ れθ arC /3?竹 んcrtccs υ θcr tん c3?竹arC3 θ a Cん cTbθ ccた ar冴 aれ cTれ α せ す れすど れれa先芝c』 れc33, ム』θ″湧■θ αt t y 切んc T c メ , す れと んc Praれc r旬 宅5サθせ んど 3 gTα artす ng at αれy Polれ を . rんj3 rすrutttrat'θ れ3 ん θt t j切せ θc θ ど !3げ Pれ, 3を Tれ ctgん bθ T,れ crfcc3. ro竹 gん



Figure 6.3. Dornlno tiling.



ムttrling by ttlinθ p ttθ cs,r"c芝せ θせ んc graPれ んc tttθ 砲れθ げせ



gTθttP,



left,the height decreases by l. A necessary conditiOn that」R can be fllled lwith dO王 直nOes is that thc height after traversing once around the cutte is O. There is a criterion and cOnstruction fOr a dOrmno tiling,ana10gOus tO the construction for iozenges. Here is how the formula can be workld out,on a sheet of grid paper. Begin, as above,by labeling thc height Of each vertex of 7r. The heights cOnsist of the integers in



W e w i l l c O n s t r u c t a h d gOhnt Ofnu ndciはv e r h c e s, bOefぶ s o m e i n t e m a ,,降 兄 nning れl ・ With角+1,and working upo Suppose,inductively,that we have nnished with all vertic 。Fortoた each vertexOfυheightた Of height icss than or equan ,and fOr each edge c icading Version l.5
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rれf315サれcサfrtれ Figure 6.4. Donuno roo丘 ♂切 れ ,cれ れ caし θ Tれ れ 秘 "c材 3,切 ん Cれ αPPr,c冴 】・rヽ す 。ls tれ eサす れす切れす tθa 16 x 16 3即 aTCダ ど rす cれれa 3 せ んe れ, g ん cst 化 rす 均 れすサ θせ んc g r a P れ o/サ れc ど。″研i n θg r θ“P o r a , y t f r i t t b yどθ7み :,OcJ。



ratiθ 切3 bθ Figure 6.5。 ]DoH拭 おfrrttJサ れ3れ θ せ んせ ん cんむん e3を α れ冴tれ ttest c rθ 早o bubble. rれ eJげ a3せ aれ ど α 記 あccた 胡ling by″ θ れf"θ crbθ ar】 .rれcy are f30砲 θ TPん fC,″ crれ ο ry by a れ ,」 す ccた c rbθ ar】 Tθ tattθ ■or材 距cれ attling rθ 「 cθ jジ .rん c uPPcTせ frれ 90° 33れ θ 切れlin ctれ 。す rt,tercん れc ttPPer 3竹



竹PPCT Pranc as ttcrr a3サ aれ ど tれc rθ ttcr s“ by】



o7】 れθc3,P03孟



TFaFC O/サ



rraCc o/tれ



れC bttbbre,安



brC tfring3 are Friた



c bubbre,せ



れc bubbrc tれ C'ぁ



んc rθ ttcT↓



cy rOTtt cれ



す P3Cれ liJzメ“れcttθ・31れ



fr,.。



crθ 3C3せ



すれ とんc rθ ttcT Praれ んer旬 牝 q/α



せんc3?“



αTC切



c



れyせ frling



れ れ 五 fPscん itz



TC冴れ せ aれ れc舟√ れα せ せ an ttctric.rれ c rl砲 fせ 30rどθ inθせ friing3,riincガ ■3taれ せ=,a3m ea3“ ″ 研 せ θ Cθ せ んc graPれ



0/tれ C grθ “P, αjサ れC grftt jす″c gθc3 tθ ″Cro, arc cttactry sucん



せ zれ れc,お 子Ⅲ. 五IPscれ ど



from υ which has a black square on its left,consider the second endPoint l妙 (VersiOn l.5
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― height Of tt has been previously denned)and ifit is not greater thanた +l leave it as is. If the height is denned and greatcr thanた。 +1,then a dorrllnO tiling is impOssiblei give up. O t h e r w i s e t t d e n n e t h e h e i g h t O f t t t+ o1 . b e た If this procedure reaches a successful conclusiOn, cach edge of」 配 has a difFerencc of heights Ofits two endpoints of either 1 0r 3.(Note that the height mOdui0 4 is determned by the pdntin the plane.)Erase ttl the edges whOse endpdnts have a dfFerencc of hdght /hat is left is a picture Of a tiling by dOmnoes. of 3. ヽ s7.TRIANCLES



Here is a related sequcnce of tiling prObleHls which are resistant tO direct attempts at generttt solutiOn,but translate nicely intO the reattn Of group theory. Consider, again, a triangular array of dots, with∬ dOts On each side. Is it possible /c to subdivide this aray into dittoint triangular arays of dots with nf on each side? ヽ ヽ suggest the reader indulge in experilnentation with a few cases,beforc reading further, For r ranging from 2 to 12 are interesting. exmple,the cases y=2 1withハ {



t As in the case of the tribones,this transiates intO a tiling prObicrn: given a triangular 獅 ay of hexagons with」 N「hexagons per side,can one tile it by tiles rM which are triangular aHays of hexagons Aイ per side?We can cxpress this with notation as in the casc OftribOnes:



label the edges of the underlying hexagonal tiling by a's,b's,and c's. Given a path 7r in the b y a n e l e m e n t( T α p l a l l e , i t i s dbcesdc 五 )of F=(?,b,Cla2=b2=c2=1).If the region兄 bOunded by 7T Can be tiled by the copies Of ttu,then the image r(7r)Of (7r)iS α triVial in the group GM=(a〕 b,Cla2=b2=c2=1,サ M=1), where tM represents the boundtty curve of the tile TM, tM=(α



b)M(Cα)M(bC)M・



A parallel呼 ― of hexagons with Aイ hexagons on one side and昨 be tiled by two copies of駒



。 ThiS implies that(α



+1 0n the otheF Can



b)M COmmutes with(bC)財



+l and with



ウ ( C a ) M + 1 , 狐 d s o おr t h . 《財+1),and they also imply that These relations imply that(ab)M COmmutes with(bc)拘 combining these twO facts,it follows that(ab) (ab)M+l COmmutes with(bC)M(M+1)・



・ G e o m e t t t cya,■ e a n 財×ル気財 + 1 ) p a r a n e l o g r a m c o m m u t e s w i t h ( b c )+y1()財 O n e c a nlは



parttdograE り 見 屯 と 良 ど 瞥 還 「 盛 棋 潜 冨 縫 :ま & 七 ざ 終 路 よ r qダ 溜 熱 P進 縦 舞 It will simplify the picture at this pointifwe pass to the subgroups FC 2 by words of even length. Since all relatiOns have even length,the wOrdlength modul(、 a nd Cttf to Z2,and these subgrOups have index 2. Tと ェ describes a homomorphisIIl of j「 ぞ etric description is grouP」FC is the frec grOup on 2 generators,but a more syr― Fe=(″ ,y,″ y ″= 1 ) , ￨″ Version l.5
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a



w h e r e r = αb ) y = b c , a n d ″ = c a . A p r e s e n t a t i o n f o r t h e g r o u p C t t i S O b t a i n e attOining relations coming fromせ 財 to FC: it requires two relatiOns,one obtained by of t舟 of transcribingせ れ ィdirectly,and the other transcribing the cottugate ィby an element ==l and bせ n odd length. Usingせ 担 舟 ィ 」 yb==1,wc ob位 ／



〓



Ｚ



Ｚ ｙ 密



Ψ



α



／ ヽ



〓



ＣＭ Ｃ



ヽ



聯



MyMZM=ヽ



Mttyく をく



的



zく



M刊



=⇒



Gtt haS an interesting anternate generating seti X=″ 財,X′ =" (M+1),together with y,y′ ,z and Z′ deined silnilarly,clearly generate, We have already seenて,y,and thatゴ ′ . Z c o m m u t e w i t h ズ, y ' a n d z ′ M + 1 , せ= y M + 1 , a n d u = Z M + ユ c o m m u t e w i t h e v e r y t h i n g i n, G 筋 The elements s=メ G 筋 / J ・W e s O t h e y g e n e r a t e a c e n t r a l s u b g r o u p J w h irc ha iqsu oZt3i。 e n t . L e t C=筋 will andyze the structllre of G筋 d ttOm that constnlct C筋 . ,祖



sfy relatお In C筋 ns ,X,y,and Z saは i



ズ



yZ=1,ズ



M+1=yM+1二



=z〃 +1=1.



These relatお ns desc五 be the odentatお n―preserving口 И +1,M+1,7+1)td狙 ぷe group, :=2 and on the which acts as a discrete group of isometries on the Euclidean plane if A在 hyperbOlic plane if Aイ >2. We have not checked that these generate arr the relatiOns on



d i a t e l y d e d u c e t h a t t h e s u b g r o u p r o f, yC t t g e n e X , y , a n d Z , b u t w e ie ― and Z is a quotient of this triangle group.But there is of a homomorphismメ the original group CM to the full triangle grOup(including renections),defhed by sending a,b,and renections in the sides Of a T/口 И +1),T/口 is satisned,since ih this group(α



И +1),T/口



b)M=ba SO that(α



豚 +1)triangle.The relationサ



M=1



b)M(Ca)M(bC)y=(ba)(ac)(Cb)=1・



Note that r Sends x to ba,y tO ac and Z to cb,that is,to the standard generators of the口И+1,M+1,M+1)triangle group,and it sends s,せ arld u to O.Thё refore,Ir is isomorphic to the odentable口 И+1,y+1,財 +1)tdangle group. ′ 『 A siHlilar analysis shows that the subgroup ttr generated byあZ′is the , y′and oHentable(れ f,コ 〆,Jttr)triangle grOup.Thお grOup acts on the sphere,the Euclidean plane, F=2,地 f=3,or ttf≧ 4.The ana10gous hom01morphism or the hyperbolic Plane whenゴ r m a p s c M t o t h e f u l l ( M , M , M ) t r i a n g l e g r O u p , m a,pbp,ianngd α c tO the standard generators.



andメ′ The two subgrOups「and r′intersect trivially(aS SCen from the efFects ),ofメ they generate C筋 ,and they commute with each other.Therefore,Gtt iS the product r′ 。 f the two triangle groups. r× 二



Now we nced to determine the kemel y ofthe qllohent a筋 → G筋 ,and the structure ェ AS Of ェ of the central extension. As in the tribone case,we can do this cally,in geomet五 teェ areas enciosed by curves.The graph r oftheИfull口 +1,M+1,M+1)thangle group is formed from copies of threc kinds of 豚 2仰 +1)―gonS,With perimeters labeled(ab)M,(Ca)M イ and(bC)舟 ,witht one of eacl kind meeting at each vertex. Arrange the orientation so ア ck、 ise nating from l are in countercl(〕 is an``even'vertex that is,the,and a,あc edges ema′ encloses positively one cOpy of each type of polygon, order.Then the relationィbtted t舟 at υ b encloses negatively onc copy of each type Of polygon. while the cottugate舟 bサ ィ VersiOn l.5
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r of the fun(財 S i 航1 笹l y , t h e g r a p h 「 ,7,M)tttantte group is made ttOm threc hnds Of 2A/―gons. Starting at the l,which HⅣ e suppose is an even vertex,the relatiOnr tれ enciOSes positivelysone copy of each tyPc Of polygOn,while 舟 bサ ィb enc10ses negatively One cOpy of each. However,in the case n√:=2,there the entire graph is flnite: it is the l_skeletOn Of a cube,and the number of polygons enclosed by a curve is well_deined Only mOdu10 2.



F i r s t l ed te も t t w i t h t h e c a>s2e.〃 We can dettc an cxtenSon rf of ctt as an equivalence relation On elements Of Fe,益 An clement g of FC de,errlllnes paths f。 1lowso



′ if P(0)ends at the same point P(g)in r and P′ (g)in「 .We dettc g to be cquivalent toん as P(ん ),P′ ( g ) P n d S a t t h e s a m e p o i n t a s( ん P)′ , a n d i f t h e c 1 0 s e d i O O p P ( g ) P) e1n(cん iOSes 1(ん ― t h e s t t n e n u m b e r s o f paobl― y g O n s , b c P―O l y g o n s , a n d c α p o l y g o n s a s (P g′) P ′ ) . In particular,an element of the kernel of the lnap of】 f to「 ×r′ maps to c10sed loops in both pictures,and is determned by the triple Of difFerences of the number Of POlygons e n c l o s e d . T h e c i c m e n t s s , t m d u m a p t o ( 1 , 0 , 0 ) , ( 0 , 1 , 0 ) , a n d ( 0 , 0 ,I1t) ・ f0110ws that て =C筋 ,and J=Z3(prOVided〃 >2.) The boundary of the size Ar triangic rN can be deschbed by the ゃ



lerrlent せ 戸 = T h e p a t h P ( 怖 C 1 0 S e s O n l y w h e n F i s 0 0 r l m o d 〃 +1,while (ab)N(Ca)N(bC)N・ )in「 t h e p a t h ダ ( t ド) C 1 0 S e s o n l y w h e n N お O O r - l m o d 財 .酎 nce M and〃 +l are relahveけ p 五 m e , t h e r e a r e f o u r s o l u はO n s m O d d O れ ,M2_1,_1.For vttucs of N 気M+1):0,〃



saは sfying one of these cOngrucnce condtお n,the invariant in Ctt iS O,SO the invahant為 in J;it is a positive multiPle Of(1,1,1)in ani but the trivial case N=M. THEOREM(CONWAY).When N>財 be tiFed by rM七



>2,the tHttguFar array tt oF hexavgons cannot



.



This analysis has an interesting vanatiOn case :=2. n√ Civen two elements g andん of Fe,we cm defhe them to be equivalentifP(g)and P(ん )haVe the same endpoints,P′ (g)and P'(ん )have the salnc endpoints,and if the numbers Of polygons Of the three types enciosed of(1,1,1)WhiCh has the same pa五 by the path P(g)P(ん ty as the number )Tl iS a multipleた o f p o l y g o n s e n c l o s e d b y P (' ん ()g )1P・ ′T h i s d e t t e s a c e n t r a l e x t e n s i O n O「f′br y× Z 3



2u2=1.To justify that this grOup is in fact Cら 「10ddo the subgroup generated by s2サ ,We 2 u 2 = ( a b ) 1 2 ( c a ) 12(bc)12=l in this grOup,or even better,that it is must prove that s2サ 一 POssible tO tile貿12・SuCh a tiling can be found fairly casily― see flgllre 5.1,the 12-stack by 2‐stacks. じ 's can be rather annoying The computation of the mod 2 invanant for tilings by覺 when done dircctly. 〕However,there is a ncat trick,which enables one to sce this invariant gcometrically: most regions which have a multiple of 3 hexagons can be tiled casily by 's a10ng with tribones. The boundary abα bαbcαbαbabc of a tribOne lnaps to ciosed Paths め 。In F,it encioses a net of O of each type Of hexagon,as we saw before. in both r and「 ′ ′ In「 ,this curve winds counterclockwise l.5 revolutiOns about arl ab― facc Of the cube,goeド down a cacdge to thc opposite face,winds l,5 revolutions counterciockwise(with respccも thereおre eqdv』 ent、in tO the odentatおn of the square),and gOes up agttn to close.Itお s of which kinds of stuares it enciOscs,to abcabc,which is an Odd multiple Of(1,1,1)。 teェ ェ ェ ェ Therefore,if a region can be tiled with a collectiOn of2L's together with an odd number of For O々くNO such that fOr any E cメ distmcc Of rf of r,arld



at icast One path ends within a



( b ) : f O r a n y あ> O t h e r e i s a nfれ s u c h t h a t w h e n e v e r t w O p a t h s e n d w i t h i n a d i s t a n c e O f 五,then they are within distance tt fOr all time. A combing,in Other wOrds,is apprOxilnately a unifOr正 還 y continuOus right inverse to the map which takes a path tO its endPOint,using the unifbrm metric On pathso HOwever,the inverse need be deined Only sketdlily,and it need nOt be cOntinous: its discOntinuities are bOunded(by【 ),hoWevero lf we didn't al10w discOntinuities,cOmbings cOuld exist Only f c o n t r a c t i b l e s P a c( cW se 。c o u l d t h e n t r y t O w O r k w i t h c l a s s i f y i n g s p a c e s f O r g r O u p s , r a t h e r than graphs Of grOups,but we have no guarantee that the groups、 「 e、ア ill deal鞘 / ith have compact classifying spaces.)



塩 孔 話 被 播む 髭 統撚 播 締鑑 録ゴ 貫け岳灘段 粧 よ 津f断号 指 懇 雷器錯 就 ombれ どοf r(C). PROOF: SuppOse,arst,that the sct Of paths derttled by tt is a cOmbing of「



(C).Let千



7A bea



flnite state automaton which accepts wOrds in jR,with padding by$at the end perrmtted.



名 縦sttth鞘 温た,塩 縦淵ゴ 革 i盤針 紺鑑播盤孟 総 e栃 警品:艦



D e f l n c a i n i t e s t a t e m a c h i nメ e W iD tげh t t p h a b e t g ' x g ′ ,whose set Of states is the set of group elements within a distance Of A√from the identity tOgether with a宝 蕊l state. On reading a pttr of wOrds(“ ,υ)(COmbined,as in thc PreviOus discussiOn,tO make a single



word in g'xgり the state ofメメ Dど at any time is Failif either Of the cOmponent wOrds is 〆 not accepted by千 れ A Or if the wOrds at sOme tilne have been at a distance greater than ルf from each otheri Otherwise,the state ofメDど r after readingたsymbOls is the difFerence, u戸



lυ た Where切



た denotes the lengthた



preax Of a word切



on input(α ,b)gO frOm state g to state α19b・



.The nOn―



Fail transitiOns Of Dぢ



メメ



‐



Co】mparatOr machines can be obtained from Dぢ メメjust by chOice Of the which states are acceptedi the only accept state for Cro is g. This shOws that if jR deines a cOmbing of r(c),then tt gives an automatic structure. SuppOse,cOnversely,that itt determnes an automatic structllre fOr C. TO shOw that」 R deines a cOmbing,it will s面 ce tO prove that any twO accepted wOrds ending within a distancc Of l from each Other remadn a bOunded distance apart,since wOrds whOse ends



are EIOre distant than l can be jOined by a chttn Of wOrds ending l apart.Thus, to show that fOr each cOmparatOr【 ら,the pairs Of words accepted by cg remain a b01lnd distance apart. If there are states in tσ クwhich never can lead tO an accept state,no matter what thc input,we may collapsc all such states tO a single fail state,without changing the sct Of VersiOn l.5
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words accepted by〔σ。. Once this is dOne,we cl:狙



ユ υた d e p e n d s O n l y o n t h e s t a t e O f



m that the wOrd difTerence u戸



σ。ポter reading(uた ,υた),provided this state is nOt a f嵐 l state.Indeed,suppose that the s t a t e o f gσa F t e r r e a d n g a n O t h e r p t t r o f w O r d s ( 切 er readng 1 , 可為 t h e S a m e a s t h e s t a t etポ d that this state is nOt a fail state.Then therc is sOme stttix(切 (uた,υた),狐 ヵ Eす)such that σo accepts(uた りヵ υた。ゴ)and therefOre aaso(伍 υ By de&高 tiOn Of a g―cOmparator, 1切ヵ l″ゴ)・ (“たリゴ) 1(υた。す)=g=(ulり ,and therefOre



す) 1(υlαゴ)



切「lυ 。 υ た=あFIす す=ul ユ l,



that is,the wOrd difFerences are equal. SiPCe Cg has only anitely many states,the set Of pOssible wOrd Of accepted pぶ



rs Of



words is anite,hence thttr diStance is bOunded. TherefOre,the set Of paths defhed by tt gives a combing Of r(G). 11.4,automatic cOmbing



Figure ll.5.Abelian acceptOre A ttθ



r冴



何宅a t c れ すれす せんe r e ョ“r a r e a P T c 3 3 1 θ れ (a*IAホ Z・



zr".り



?cccPサ



θr a u サθt t a t θれ r o T z 2 , a C C C P せ



れ β t t θT ど3



) ( b ■ I B ホ) . P r θ せc t れc r e 3 C 拓 れb r a t t c c t θ セんc a c c c P せ θT r b T



.



z2と 鵜域F枕品培 縛縦錯名 】 l器号 獄。 f統 &骨 岩 培 鑑獲粘猛精 吊



the pattern



(aホIA岩 ) ( b ホI B * ) . VersiOn l.5
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Figure ll.6.Abelian tree. Tん



c ttθ T』 aCCCPを θT?メ



ゴゴ.5 acccPせ



3 TC』 竹Cc冴 切 θT冴3切 んtcれ !jc



c grθ tれtれ んc graPれ “ ratctt υ abθ c trec せ tれ c. げ tれ PZxZ:rr憾 サ These are accepted by the silnple nnite state matthine of flgllre ll.5. The words in足 correspond to paths along the sottd lines(hOriZOntal,then vertical)Of ngure ll.6.Clearly these words form a combing,so拓 `deflnes an automatic structure for Z2.



Often a majOr difnculty in handling initely presented groupsis to come up with c which are independent of the generating seto We are in rcasonably good shapc here: PROPOSTION ll.7.AUTOMATIC INDEPENDENT OF CENERATORS. r a group has ttn auto― mat:c structure wばth usmg one set oFgenerators,then ft Flas an automatic structure using any other。 PROOF: ThiS is quite casy, Suppose we have an automatic structllre using generators g, 。se a wOrd ttg in gl and that gl is an anternate set of generatOrs. For each g c g, ch。 representing【7・If tt is the regular set of words for the Original automatic structure,lct iRュ be the set Of words obtaaned by replacing each generator g by lり。. Cicarly jRl is recognized 〆 A by subdividing each edge by a anite state lnachine〃 Al: it can be constructed from手 ん labeled g by inserting new states so that it can be labeled by the elements of切 。. Since tt defhed a combing,clearly ttl alsO defhes a combing(even thOugh the graph 「(C)has charlged,and the metric has changed,the metric induced bn C has chttged only by a bounded factor.)



To think about the geometry of a grOup in a way that is independent of chOice of Version l.5
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generators(or other additional structure),one should try to understand the?竹aじj‐ ゴCθttetTy ア of the grouPo A choice of generators for C deines a lnetric on tT,the wOrd lnetric,鴻 here the distance between two group elements g andん is the minimum length of a path in「 (G) ,or equivalently,the lninimum length Of a word representing gれ。 ユWhen the joining g toれ set of generators is changed,this lnetric changes by a map satisfying some giobal Lipschitz conditioni the metric changes(up or dOWn)by a bOunded factor. 。 どc 3 f C i n a m e t r i c s p a c e X i s a p a t h ズ7 :(AW→ A tta3す gcθ here A an intervan)which in the largc has a percentage cttciency bounded away frorn O: that is,there is a constant rf such that for any two real numbersを 1くくを 2,



ど 1),7(サ 2))>1/rf(サ 2 サI) ズ・ (を (γ The paths in any combing of_Xi are quasi― geodesics. The sct of quasi― geOdesics of X depends only on the quasi― て。 geolnetry ofゴ



If 9 iS any cOmpact,connected space with fundamental group C and if 9 has a metric,that is,a metric in which the distance between points is equtt to the rlllinilnum length of a path joining thenl,then the universal cOver t9 haS an induced path metric. The set of preimages of the bascPoint in c iS Canonically isomorphic to C,so an induced metric is deaned on co This induced lnetric is clearly in the class same quasi― as anyord Mア metrics on C. One casc Of particular interest is thatゴ てis a manifOld of negative curvature:for instancc, a hyperbolic rnanifbld. Then the quasi― geOdesics in rf are particularly nice:



PROPOSITION ll.8. H Y P E R B O L I C Q U A S I ―G E O D E S I C S N E A R G E O D E S I C S . L e t W b e a c o m p a c t m a n f f o Fο ど r o r b f f ooFFど s t t c t r y n e g a t f v e c u t t a t u r e , P o s s i b F y t t h c o n v e x. b o u n d 叩 There Fs a」2五 SuCh that any点 減te F―quasf― geoどesfc γFn五 イ Fres h the五 _ndghborhooど



oF the geodesic g Jofコ 血g fts endPoints. r the domadn oF γfs inttLfte Fn efther or both どfrectFons,there fs a ique uI■ rfmting geOど eSc g in Aイ鴨なthin a bounど eどどistance oF γ anど c n 』n g a t a n y f I L i t e ie n td P oοF. γ This is a widely useful fact,whidh was used,for instance,inヽ狂 OstoMメs rigidity theorem



a n d m a n y o t h e r p l a c e s . h / e w i l l n o t g o O v e r t h e p r o o f h。 efr,e i s e e t T h It is in striking contrast to the situatiOn in Euclide劉 ュspaces For instance,in the plane, a loganthmc spiral is a quasi_geodesici the distance fron■ the geodesic betwcen points along it is unbounded,Intuitively,in hyperbolic space,as you rnove away frorn a geodesic, distances increase exponentially. If you wander very far away frOm a geodesic and then come back,then you are forced to retrace your route closely enough that some segment of your path has a very low ettciency. An orbifold is a generalizatiOn Of a manifold. It contittns the appropriate structure to describe the quOtient space of the action of a discrete group action where some elements of anite order may have nxed pOints.This is really independent of the thrust of the discussion here,30 We WOn't explaan further: if you are not already faHliliar with it,it is inessentialャ Negatively curved with convex boundary have the property that fOr any two points in the lnanifold,any homotopy class of arcs between then■ contains a unique geodesic. In 2 and 3 dimensions,most closed manifolds(or orbifOlds)haVe metrics of negative curvature with convex boundary. Hcre is a key cxistence theorerrl,which yicids many automatic structures: VersfOIlュ.5
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THEOREM ll.9.HYPERBOLIC AUTOMATIC(CANNON).r■ S any cOmpaclコegativery イゴ r ο curycど marlffoFど θ r bFFoFど ssfbFy■ 石th convex boulaど ary,anど fFg Fs anyset ofgenerators ,pο for the fundamentar grouP of h Aイ en trlc set五 of shortest wOrど sin g「epresenting a , む 。 Ven』ement イ)iS a reg』 of Tl(舟 ar set,and ftど efhes an automatic structure For Tュ 」 (Aイ )・



acceptor. コ7所 3"砲lte staサ ca“せ ぁ o所 aサ θ ,acccPt3 3ん oTte3サ 切θ 記3 rOr etれ “ rヴcCサ or a r竹 grθ 1 0,3 れ t‐ aれ ctt PCれ tagθ "れ 抗cれ c Praれ Pザ ダ yPcrbO:す c,



Figure ll.lo. Pentagon word



α ど cムど C,cacの C』 ,Clα ,bb,CC,ど ,cc,abab,bcbtt cど (a,b,C,ど んCど0“bre cfrcre fれ rhC 3をart state 13せ れe mliど サ どre. jDacれ arTθ tt reaど れすど ど れを θせ れe3サαせ C rabcre2 切 litれ a31■



9re retせ



cr″



f3 an″



‐a何 ・ θ切 . ArrO切



3 rea】



すれg iato states rabcre芝



切 iitれ tttθ retters



t tJす are clサ れer a arro切 3 θ r y arrθ れtcれby tれ c cθ れ芝tt,0,セ れat an arTθ t t rca芝 抗呼 yo■caれterr切 , ca砲 αttα 切 砲 α3せ α te rabercど 角 θ せ bc raberc芝 ″. y力 Rernark This is closely related ing. Version l.5



to 9.8,solitaire FSA,and also t0 11.4,automatic cOmb―
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PROOF: Lct 6:be the fundamental group of a negatively curved compact Orbifold with convex boundattr,and let g be any set of generators. If lp and υare any two shortest words in g FepreSenting elements of C within distance l of each Other,then the paths they dettle in「(C)are quasi―geodesics.Therefore there is some constantあ such that for any Iυ such pttr,the word difFerencesもり 「 たhave minimum word length less thatr1 25。 ダwhich will recogttze shortest geodesics,let the To construct a flnite state automatan舟 set of states SM be the set of subsets Of the ball of radiusん ,コ と,in「 (C),tOgether with レr upon reading切たis cither the lf嵐state,or it will be the sct af嵐l state. The state s ofゴ



f C w h e r e t t ha an vd e υr e m a i n d d w i t h i n dOifs teaancche あ other o f a l l e l e m e「n1 tり sOり た



.If theたぃ up to the current tilneた +lSt generator g of tt is in s,then the new state is the f a i l s t a t e . O t h e r w i s e , t h e n e w s t a t e i s JgL .1 3 g ∩ a combing,by, This shows that the set of shortest words is a rettnar set.They form hencび they dennc an automatic structure. m― COROLLARY ll。 11. HYPERBOLIC AUTOMATIC TREE. TFle Funど amentaF group oF a co】 ′ aどmts an automatic PaCt,negatfveFy curycど manffOFど or orbiforど胡 th convex bound叩 structure such that the set R oFaccepted wordsis Prettx― osed and represents eacFl crement c】 rn ο t h e r wrθ 血g o F t h e g r o u p e x a c tnFcye .ο ど s , 兄 どまh e s t h e s e t o F s m p r e p a t h as sf Pコa n コ F the group. tree rbr the graph θ all words Iong PROOF: Lct tt be the set of shOrtest wOrds which is lexicographicanly icast a「 bed in the proof representing the given elementt A slight rnodiflcatiOn of the lnachine desc五 above wili select elements of R.



Gromov has developed a lnore abstract notion of a`hyperbolic grOup'. There are many equivalent characterizations,but one characterization is that a hyperbolic group is a group satisfying the cOnclusion of Proposition ll.8,hyperbolic quasi― geodesics near geodesics. Such groups are therefore automatic. The proof of ll。 9 is constttictive,but an dgottth」m which literを出y f01lows the proof would be extremely imprtttical. In the nrst pltte,it is not easy to get good constants for proposition ll.8,hyperbolic quasi―geodesics nett geodesics. From it, one gets some constant五 . In a hyperbolic group,the number of elements of ttrord length less thanあ



とenerally grows exponentially with工 ,so the size of βL may be quite large.(There are om O and l dimendonsi forinstance,Zお a hyperbOhc group.)Finally, trivitt exceptions,館 ￨,probably a rea工 r. the set SM has cardinality 21B工 y reatty big numbゃ Nonetheless,reasonable―size machines exist for many hyperbolic groups, See, for in― word acceptor fOr the stance,ngllre ll.10,Pentagon word acceptOr,for a diagram of the″ angled pentagon in the hyperbolic group generated by reflections in the sides of a right‐ plane. ciosed, It is not hard,in generad,to nx up an automatic structure so that it is prenx― What is hard is to or to nx up the structure so that it represents each element uniquely. flnd a gencral procedure which will do both simultaneously,although l do not know any exmple of a group which admits an automatic structure but does nOt adIIllt one which is



prenx_closed and unique. Version l.5
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There is a strong connection between automatic structures on the fundamentan groups s ilnilar tilings of the plane. In fact, of compact hyperbolic lnanifolds and Orbifolds and self― the geometry of silnilarities of the Euclidean plane is closely linked to hyperbolic geometry:



if C is the group of similarities,then C/F iS hOmeomorphic to R3,where X compact subgroup,namely the group SO(2)of rotations about a point.C/1 can be a lnetric which is invanant by the action of G. lrhe best such metric lnakes it isometric 3. ThuS C is a subgroup of the group ofisolnetries of H3: the Subgrbup which nxes to i日 【 もupper half space model. Geometri∝ 出y,if one pttnts the point at inanity in the Poinc抵 a Dattem On the bounding plane,and looks`down'at this plane while moving around in ―the H3,。 ne Sees the pattern shrinking as one goes higher,cxpanding as One goes iower― view transforms by silnilarities.



R e l a t e d t o t h i s , i f o n e h a S a s c h e sm ie m if lo ar r s te il lf i‐n g s o f t h e p l a n e , o n e c a n m t t e three― dimεnsional hyperbolic blocks which encode the ruleso Choose a horosphereん 1(in sPace model,a good choice is a hodzontal plane at height l.)Make a copy the upper hanf― the horosphere which has hyperbolic distance of each tile type on this plane. 2bや Letれ space 10g(十 人￨)outWard fromれ h where tt is the expansion constant.In the upper h述 ―



・For each 1/人 tile,form a soLd block model,this would be zontal the ho拭plane at height by sweeping the tile down,each point on the tile fbllowing a geodesic Pcrpendicular to the two horospheres,untilit meets the second horosphere.The outer face(Onれ 2)iS eXpanded by a factor of十人￨.On the lower horosphere,paint the pattern of the subdivision of the tile. silnilar tiling'of the plane itt this way generates a tiling A scif‐ silnilar tiling or`almost self― of hyperbolic 3-space,which incorporates at once the tiling at all scales. The tiling of H3 has a natural spanning trec or forest,which connects each parent tile to its children through their mutual horospherican faceso This trec is recognized by a nnite state automaton,just as the tree of Proposition ll.11,hyperbolic automatic tree. In fact,in some cases,the the two constructions give combinatOria■ y identical trees beyond a certttn point. Silnilarly,the automatic structures on hyperbolic groups give tilings of the sphere at ininity in hyperbolic spacei the sphere can be divided up into a flnite number of pieces 一 silnilar一 according to which depthた branch of the tree feed it, These tilings are not self― Moebius'. indeed,the sphere has no silnilarities一 but they are eventually tser― There are some further results on existence: PROPOSITION ll.12. FINITE INDEX AUTOMATIC.A group 7hiCh Contadlls an automatic up of fnite fコ どex fn arl automatic group group οffnfte Fndex Fs ftserfautomatfc. iノsubgrο Fs automatFc. PROPOSITION ll.13. nuttber ο



F auむ omatFc groups fs auむ



THEOREM ll.14。



uct ο r frec PrOど



PRODUCT AUTOMATIC. A proど



ucと oF a nrLite



οmatFc. ゴ s a hyperbο



CENTRAL EXTENSIONS AUTOMATIC.rj百



rFc grο uP,A Fs



1ど an abeFfan grouP,賞 九 → C→



「



is a centrar extensfon, therl C Fs hyperbθric. Version l.5
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Here a hyperbolic group can be taken to be the fundamental group of a cOmpact,neg― ,,Or(poSSibly mOre generttly),a hyperbOlic



atively curved,orbifOld with cOnvex bOund明



group in the sensc of Gromov. COROLLARY ll.15. AuToMATIC NOT NON― POSITIVE.TFlere are cFoseど 3-manfFoFds IPhich cro n。 ↓aど.IMむmetrFcs οF non―positive negatfve curvature whose Funどamentar groups are automa↓ ic.



Any nber bttdle(Or Seifert nber space)over a closed suface has an automatic funda tal groupi lnost of these do not admt lnetrics of non‐positive curvature. The construction is related to the fact that the metrics on their universan cOvers tre quasi― equivalent to metrics Of non―positive curvature. The condition that r be not only automatic but hyperbolic is essential on accOunt of the following exmples: THEOREM ll.16. NILPOTENT GROUPS NOT AUTOMATIC(HOLT).A nfFpο



tent grouP is



onry fFft contadns an abeFfan subgroup予



automatFc fF anど



ばtFl ttrLite fコ ずex.



THEOREM ll.17. BRAID CROUPS AUTOMATIC. rhe bradど tures



THEOREM ll.18. SL(N,Z)NOT AUTOMATIC,TFle grOups S五 For角



≧ 3. Ih Facら



the graphs oF↓



hese groupsど



(れ,Z)角 o not aど



re not auむ o」 matic



mt cOmbFngs.



CONJECTURE ll.19, NONPOSITIVE NONAUTOMATICP A cocompact group ο



H2×



matic struc―



groups have auto」



、



fFsomctEies oF



u ct Of suface grouPs is not automatic. H2w!ボ ch is not an armost proど



This cottecture,if verined,would show that the conditiOn for a grOup to be autOma depends not just on the quasi― geometric of the group,but on cOmbinatOrial propertics as



well―一 since the graph of any such grOup is quasi‐ cquivalent tO the graph of the product of two sttace groups,which is automatic. REFERENCES
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