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Graph labeling schemes Antoine Amarilli Abstract We present the problem of finding efficient labeling schemes to encode the reachability relation represented by a DAG. We focus on the wellstudied cases of interval labeling and interval-containment labeling, and spell out the details of an interval-containment labeling algorithm. We then look at existing relaxations of these schemes with non-constant label sizes, and present ideas for a relaxation scheme on interval-containment orders.
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Introduction



General problem. We are given a DAG G on which we will have to answer reachability queries: can we reach node a from node b in G? Which preprocessing can we do on this DAG to answer those queries efficiently? Without preprocessing, the reachability can be tested by a simple graph exploration which is O(E) in the worst case. If we precompute the answer to each reachability query (which is akin to computing the transitive closure), we can answer all queries in O(1), but need O(V 2 ) memory. Can we do better? The well-known scheme of [ABJ89] is efficient in practice but still requires O(V 2 ) memory in the worst case. In particular, can we devise a scheme which requires memory O(V ) while allowing us to answer reachability queries in O(1)? An example. Consider the graph G in figure 1. We will encode the transitive closure of G by representing each node as an interval, so a total representation size of O(1)), and ensuring that for any two nodes x and y, y is reachable from x if and only if the interval representing y is included in the interval representing x. A
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Figure 1: An example graph G and intervals.
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Each interval is represented as two values, so the storage cost per node is O(1) (we consider that the values used fit in a machine word, which is true for graphs of reasonable size). Hence, the total storage cost is O(V ), and testing if one interval is included in the other costs O(1). We will present this scheme (the interval-containment order ) in the rest of this document. Sadly, not all graphs can be represented by intervals in this way. Labeling schemes. The scheme presented above is an example of a labeling scheme: attach an constant-sized label i(x) to each node x, define a constanttime boolean function f on couple of labels, and require that f (i(x), i(y)) iff y is reachable from x in G. More specifically, let us focus on the case where we set a given constant k, require the labels are k-uples of integer values, and require f to be a boolean combination of the predicates i(x)i < i(y)j and i(y)i < i(x)j for (i, j) ∈ {1, ..., k}2 . In other words, the partial order on vertices defined by the labels is some combination of the total orders on the possible couple of label values, and we require this partial order to match the order encoded by the reachability relation in our DAG. The example presented above is a labeling scheme in this sense, for k = 2. How expressive are those labeling schemes, depending on k? If we take k = 1, it is clear that the only orders that can be represented by such a scheme are linear orders (matching the linear order on labels) over groups of pairwise incomparable nodes (which carry the same label). If we take k = 2, we can see the values as the left and right endpoints of intervals: if we set f to be the interval precedence order or the interval containment order, the class of orders that can be represented are the so-called interval orders and intervalcontainment orders that we will describe later. Interestingly, these orders have different expressivity and different recognition and labeling algorithms. I do not know if different choices of f for k = 2 would give rise to different classes. For arbitrary values of k, the behaviour of the product order (boolean Vk “and”), corresponding to f (i(x), i(y)) = j=0 i(x)j < i(y)j , is well-known: the smallest k for which a given partial order admits such a representation is its dimension, and the (i(x)j )j are linear extensions of the order. The intervalcontainment order is actually the product order for k = 2. Other well-studied classes of orders for arbitrary values of k are containment relations of various kinds of geometrical structures [FT99]. A natural question is to know whether the expressivity increases indefinitely with k (ie. for every k one can devise an order which can not be represented using k values), or if some value k0 is sufficient to represent all possible orders (ie. the hierarchy collapses at k0 ). It is known that this hierarchy does not collaspe if we restrict f to be the product order, but I do not know what happens for arbitrary values of k: it seems very likely that it does not collapse but I’m not sure of how to prove it. Relaxations. From the comparison functions which can work on a certain class of graphs, a natural relaxation is to extend the comparison to a sequence of labels, and to devise a labeling scheme which is correct and which minimizes the total number of labels used. This approach is used by [ABJ89] with an quasioptimality proof for their labeling scheme, and a greedy non-optimal approach is used by [Cap94]. Of course, such approaches are less expressive than using larger labels (because their comparison functions are a simple expression of
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comparison functions on smaller labels), but they are more fine-grained because they make it possible to use a different number of values on different nodes. Outline. In the rest of this text, we present the vocabulary of graphs and transitive orders in section 2. We present interval orders and interval-containment orders in section 3. We conclude by studying relaxations of interval orders and interval-containment orders in section 4.



2 2.1



Vocabulary Graphs



Consider a DAG G = (V, E). The transitive closure of G is G∗ = (V, E ∗ ) where E ∗ is the transitive closure of E seen as a binary relation. The transitive reduction of G is the smallest DAG G0 such that G0∗ = G0 ; it is unique. We say that a DAG G = (V, E) is transitive if for all x, y, z ∈ V , (x, y) ∈ E(y, z) ∈ E ⇒ (x, z) ∈ E. Equivalently, G is transitive iff G = G∗ . We identify transitive DAGs with the strict partial order that they define on V : x < y iff (x, y) ∈ E. Hence, we can say that any DAG G defines a strict partial order on V , which is the one represented by its transitive closure G∗ . Given a DAG G = (V, E), we write E − = {(y, x) ∈ V 2 |(x, y) ∈ E} and G− = (V, E − ) the reverse of G. We write G∼ = (V, {{x, y}|(x, y) ∈ E}) the undirected graph obtained by forgetting the orientation of the edges of G. We define the / E}) complement of an undirected graph G as G = (V, {{x, y} ∈ V 2 |{x, y} ∈ and the complement of a DAG G to be the complement of G∼ .
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Orders



A strict partial order < on a set X is an antisymmetric transitive relation on X. A total order is a strict partial order (X, 
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