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Geometry of moduli spaces of curves of genus 0 and multiple zeta

glued together (it have to stay simply connected) the marked points being spread on the sphere. The gluing points together with the marked one are called. 
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Gemoetry of M0,n



Geometry of moduli spaces of curves of genus 0 and multiple zeta values



Motivations Geometry Denition: dierents point of view Interior and boundary ζ(2) Description Boundary of M0,5 Singularities Back to the geometry Coordonées Points réels M0,n +3 and n (P1 )



Gemoetry of M0,n Why are the moduli spaces of curves interesting ?



Geometry of moduli spaces of curves Denition: dierents point of view Interior and boundary



The rst non trivial example:



ζ(2)



Description Boundary of



M0,5



Singularities



Back to the geometry Coordinates, functions, dierential forms



M0,n+3 n (P1 )



Points réels de



M0,n+3



and
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Motivations.



Gemoetry of M0,n



I claim that the moduli space of curves of genus 0 with points



M0,n



n



marked



is isomorphic to



M0,n = {(z0 , ...zn+2 ) ∈ P1 (C)



tel que



zi 6= zj }/ PSL2 (C)



Example (n = 5) As PSL2 (C) is three transitive we can chose as representatives the



(0, t1 , t2 , 1, ∞) setting (modulo the action of PSL2 (C)) −z0 z3 −z4 z1 −z0 z3 −z4 z0 = 0, zz11 − z4 Z3 −z0 = t1 , z1 −z4 Z3 −z0 = t2 , z3 = 1 and z4 = ∞.



tuple



Then we have



M0,5 ' (P1 (C) \ {0, 1})2 \ {t1 = t2 }. and some familiar picture:



Picture



1 0 0



1
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Motivations



Gemoetry of M0,n



The integral representation of



Z ζ(2) =



0



Thinking of



1



ζ(2)



is given by the formula



Z t2  Z Z 1 dt1 dt2 dt1 ∧ dt2 = t 2 0 1 − t1 t 1 − t1 0 1).



by



X



ane as
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Blow-up



Gemoetry of M0,n



[U1 : . . . : Uk ] are the projectives coordiantes b is the subvariety of X × Pk −1 up X If



Xb ⊂ X × Pk −1



dened by



on



Pk −1 ,



the blow



∀i , j ∈ {1, . . . , k } ui Uj = uj Ui



Pk −1 dened by Uk = 1, then local U1 , . . . , Uk −1 , uk , uk +1 , . . . un .and



If we are on the ane subset of coordinates on



Xb



are given by



π : (U1 , . . . , Uk −1 , uk , uk +1 , . . . un ) 7−→ (uk U1 , . . . , uk Uk −1 , uk , uk +1 , . . . un )
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The projection M0,n+3 → (P1 )n The projection projection



p : M0,n+3 → (P1 )n



M0,n+3 → (P1 )n



(z1 , ..., zn ).



Gemoetry of M0,n



is an extesnion of the natural



which send



Thinkink of erasing the symbol 0, 1 and



(0, z1 , ..., zn , 1∞)



∞



on



:



(0, z1 , ..., zn , 1∞) 7→ (z1 , ..., zn ) is simple but useless to describe what happen on the boundary



question In the Case



zz z



n = 3 what is the image of the component given by



0 1 3 | 2 1∞ ?



z



A geodesic surounding 0, 1 and



z3



have a lengh that tend to



0 when it tends to the boundary. Symbolically we have 0 line in



(P1 )3 .



= z1 = z3



which is the equation of a



zz z



The component 0 1 3 | 2 1 maps to that line ...
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Description



Gemoetry of M0,n



In order to obtain a descrition of the image of the boundary component, we say that the points in the same subset of the partition are equal. More preciesely Components of types hyperplane



xi = xj



si sj |..., si ε|... with ε ∈ {0, 1, ∞}, give xi = 0, 1, ∞ ;



and



Partition of 3 points|... (with at most one being 0, 1, ∞) give codimension 2 ane space ; ...



εz1 . . . zn |ab (with ε = 0, 1, ∞)give (0, ..., 0) (1, ..., 1) and (∞, ..., ∞).



Partitions of types points



the
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Forgetful maps n > 3 and S a nte set we write M0,n S M0,n |S |. Let S 0 be a 0 subset of S with |S | > 3. Then we have a canonical morphism 0 (forgetfull map) ΦT : M0,S → M0,S 0 (with T = S \ S ) which delete the point indexed by elements of T and smooth the Let



unstable component.



Example with M0,5 The point



zz



0 1 2 |1∞



(0, 0). 7→ 0z1 |1∞ × 0z2 |1∞ | {z } | {z } t1 = 0 t2 = 0
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Some pictures In



Gemoetry of M0,n



M0,6 , S = {0, z1 , z2 , z3 , 1, ∞}, T = {z2 } z2 ∞|0z1 z3 1:



lets have a look to



the component dened by



0



0 1



1 delete



Stable curve.



z2



unstable curve



Figure:



0 1



Figure:



The smooththing or contracting is done in putting the last label at the node place
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Crash down divisor for M0,5 and M0,6 M0,5 01|z1 z2 ∞ 1∞|0z1 z2 0∞|z1 z2 1



example in M0,6 z z z 7→ point z z z 7→ point 0∞|z1 z2 z3 1 7→ point 01z3 |z1 z2 ∞ 7→ line z1 z2 z3 |01∞ 7→ line 01| 1 2 3 ∞



1∞|0 1 2 3



...
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