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FUNCTIONS



The first goal of this chapter is to provide a review of functions. In our study of algebraic structures in later chapters, functions will provide a way to compare two different structures. In this setting, the functions that are one-to-one correspondences will be particularly important. The second goal of the chapter is to begin studying groups of permutations, which give a very important class of examples. When you begin to study groups in Chapter 3, you will be able draw on your knowledge of permutation groups, as well as on your knowledge of the groups Zn and Z× n.



2.1



Functions



Besides reading Section 2.1, it might help to get out your calculus textbook and review composite functions, one-to-one and onto functions, and inverse functions. The functions f : R → R+ and g : R+ → R defined by f (x) = ex , for all x ∈ R, and g(y) = ln y, for all y ∈ R+ , provide one of the most important examples of a pair of inverse functions. Definition 2.1.1, the definition of function, is stated rather formally in terms of ordered pairs. (Think of this as a definition given in terms of the “graph” of the function.) In terms of actually using this definition, the text almost immediately 7
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2. FUNCTIONS



goes back to what might be a more familiar definition: a function f : S → T is a “rule” that assigns to each element of S a unique element of T . One of the most fundamental ideas of abstract algebra is that algebraic structures should be thought of as essentially the same if the only difference between them is the way elements have been named. To make this precise we will say that structures are the same if we can set up an invertible function from one to the other that preserves the essential algebraic structure. That makes it especially important to understand the concept of an inverse function, as introduced in this section.



SOLVED PROBLEMS: §2.1 20. The “Vertical Line Test” from calculus says that a curve in the xy-plane is the graph of a function of x if and only if no vertical line intersects the curve more than once. Explain why this agrees with Definition 2.1.1. 21. The “Horizontal Line Test” from calculus says that a function is one-to-one if and only if no horizontal line intersects its graph more than once. Explain why this agrees with Definition 2.1.4. more than one 22. In calculus the graph of an inverse function f −1 is obtained by reflecting the graph of f about the line y = x. Explain why this agrees with Definition 2.1.7. 23. Let A be an n × n matrix with entries in R. Define a linear transformation L : Rn → Rn by L(x) = Ax, for all x ∈ Rn . (a) Show that L is an invertible function if and only if det(A) 6= 0. (b) Show that if L is either one-to-one or onto, then it is invertible. 24. Let A be an m × n matrix with entries in R, and assume that m > n. Define a linear transformation L : Rn → Rm by L(x) = Ax, for all x ∈ Rn . Show that L is a one-to-one function if det(AT A) 6= 0, where AT is the transpose of A. 25. Let A be an n × n matrix with entries in R. Define a linear transformation L : Rn → Rn by L(x) = Ax, for all x ∈ Rn . Prove that L is one-to-one if and only if no eigenvalue of A is zero. Note: A vector x is called an eigenvector of A if it is nonzero and there exists a scalar λ such a that Ax = λx. × × 26. Let a be a fixed element of Z× 17 . Define the function θ : Z17 → Z17 by × θ(x) = ax, for all x ∈ Z17 . Is θ one to one? Is θ onto? If possible, find the inverse function θ−1 .



2.2. EQUIVALENCE RELATIONS
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Equivalence Relations



In a variety of situations it is useful to split a set up into subsets in which the elements have some property in common. You are already familiar with one of the important examples: in Chapter 1 we split the set of integers up into subsets, depending on the remainder when the integer is divided by the fixed integer n. This led to the concept of congruence modulo n, which is a model for our general notion of an equivalence relation. In this section you will find three different points of view, looking at the one idea of splitting up a set S from three distinct vantage points. First there is the definition of an equivalence relation on S, which tells you when two different elements of S belong to the same subset. Then there is the notion of a partition of S, which places the emphasis on describing the subsets. Finally, it turns out that every partition (and equivalence relation) really comes from a function f : S → T , where we say that x1 and x2 are equivalent if f (x1 ) = f (x2 ). The reason for considering several different point of view is that in a given situation one point of view may be more useful than another. Your goal should be to learn about each point of view, so that you can easily switch from one to the other, which is a big help in deciding which point of view to take.



SOLVED PROBLEMS: §2.2 14. On the set {(a, b)} of all ordered pairs of positive integers, define (x1 , y1 ) ∼ (x2 , y2 ) if x1 y2 = x2 y1 . Show that this defines an equivalence relation. 15. On the set C of complex numbers, define z1 ∼ z2 if ||z1 || = ||z2 ||. Show that ∼ is an equivalence relation. 16. Let u be a fixed vector in R3 , and assume that u has length 1. For vectors v and w, define v ∼ w if v ·u = w ·u, where · denotes the standard dot product. Show that ∼ is an equivalence relation, and give a geometric description of the equivalence classes of ∼. 17. For the function f : R → R defined by f (x) = x2 , for all x ∈ R, describe the equivalence relation on R that is determined by f . 18. For the linear transformation L : R3 → R3 defined by L(x, y, z) = (x + y + z, x + y + z, x + y + z) , for all (x, y, z) ∈ R3 , give a geometric description of the partition of R3 that is determined by L. 19. Define the formula f : Z12 → Z12 by f ([x]12 ) = [x]212 , for all [x]12 ∈ Z12 . Show that the formula f defines a function. Find the image of f and the set Z12 /f of equivalence classes determined by f .
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2. FUNCTIONS



20. On the set of all n × n matrices over R, define A ∼ B if there exists an invertible matrix P such that P AP −1 = B. Check that ∼ defines an equivalence relation.



2.3



Permutations



This section introduces and studies the last major example that we need before we begin studying groups in Chapter 3. You need to do enough computations so that you will feel comfortable in dealing with permutations. If you are reading another book along with Abstract Algebra, you need to be aware that some authors multiply permutations by reading from left to right, instead of the way we have defined multiplication. Our point of view is that permutations are functions, and we write functions on the left, just as in calculus, so we have to do the computations from right to left. In the text we noted that if S is any set, and Sym(S) is the set of all permutations on S, then we have the following properties. (i) If σ, τ ∈ Sym(S), then τ σ ∈ Sym(S); (ii) 1S ∈ Sym(S); (iii) if σ ∈ Sym(S), then σ −1 ∈ Sym(S). In two of the problems, we need the following definition. If G is a nonempty subset of Sym(S), we will say that G is a group of permutations if the following conditions hold. (i) If σ, τ ∈ G, then τ σ ∈ G; (ii) 1S ∈ G; (iii) if σ ∈ G, then σ −1 ∈ G. We will see later that this agrees with Definition 3.6.1 of the text.



SOLVED PROBLEMS: §2.3   1 2 3 4 5 6 7 8 9 13. For the permutation σ = , write σ as a 7 5 6 9 2 4 8 1 3 product of disjoint cycles. What is the order of σ? Is σ an even permutation? Compute σ −1 .   1 2 3 4 5 6 7 8 9 14. For the permutations σ = and 2 5 1 8 3 6 4 7 9   1 2 3 4 5 6 7 8 9 τ= , write each of these permutations as a 1 5 4 7 2 6 8 9 3 product of disjoint cycles: σ, τ , στ , στ σ −1 , σ −1 , τ −1 , τ σ, τ στ −1 . 15. Let σ = (2, 4, 9, 7, )(6, 4, 2, 5, 9)(1, 6)(3, 8, 6) ∈ S9 . Write σ as a product of disjoint cycles. What is the order of σ? Compute σ −1 .
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1 2 3 4 5 7 2 11 4 6 σ = (3, 8, 7), compute the order of στ σ −1 .



16. Compute the order of τ =



6 7 8 9



11 8 9 10 10 1 3



11 5







. For



17. Prove that if τ ∈ Sn is a permutation with order m, then στ σ −1 has order m, for any permutation σ ∈ Sn . 18. Show that S10 has elements of order 10, 12, and 14, but not 11 or 13. 19. Let S be a set, and let X be a subset of S. Let G = {σ ∈ Sym(S) | σ(X) ⊂ X}. Prove that G is a group of permutations. 20. Let G be a group of permutations, with G ⊆ Sym(S), for the set S. Let τ be a fixed permutation in Sym(S). Prove that τ Gτ −1 = {σ ∈ Sym(S) | σ = τ γτ for some γ ∈ G} is a group of permutations.
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Review Problems 1. For the function f : R → R defined by f (x) = x2 , for all x ∈ R, describe the equivalence relation on R that is determined by f . 2. Define f : R → R by f (x) = x3 + 3xz − 5, for all x ∈ R. Show that f is a one-to-one function. Hint: Use the derivative of f to show that f is a strictly increasing function. 3. On the set Q of rational numbers, define x ∼ y if x − y is an integer. Show that ∼ is an equivalence relation. 4. In S10 , let α = (1, 3, 5, 7, 9), β = (1, 2, 6), and γ = (1, 2, 5, 3). For σ = αβγ, write σ as a product of disjoint cycles, and use this to find its order and its inverse. Is σ even or odd? × −1 5. Define the function φ : Z× , for all x ∈ Z× 17 → Z17 by φ(x) = x 17 . Is φ one to one? Is φ onto? If possible, find the inverse function φ−1 .



6. (a) Let α be a fixed element of Sn . Show that φα : Sn → Sn defined by φα (σ) = ασα−1 , for all σ ∈ Sn , is a one-to-one and onto function. (b) In S3 , let α = (1, 2). Compute φα .
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