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Functional approach to stochastic processes and random walks F. Spineanu, M. Vlad Institute of Atomic Physics, IFTAR P.O.Box MG-7 Magurele, Bucharest, Romania January 20, 2014 Abstract The functional integral approach is used in the study of several stochastic processes. The starting point is the Langevin equation with speci ed statistics of the noise and it is shown that the functional formalism provides an e cient method to calculate probabilities for various processes with important applications. An example of fractional statistics related to Levy-type distribution is also treated by this method. This opens the perspective of a new technical method in this type of problems.
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Introduction



Stochastic processes are the key part of a large number of physical models. In many cases the behavior of a system can be described in terms of a dynamical variable x(t) whose equation consists in a deterministic part and a stochastic uctuation. In the simplest form, the equation is: x = v + (t)



(1)



This can be seen as the equation of motion of a particle under the action of a deterministic drift v, while (t) is the stochastic perturbation whose statistical properties are speci ed by the particular model. A large class of such 1



processes has been reviewed by Montroll and West [1]. The lattice version of this motion (Lattice Random Walk) has received considerable attention, in view of its numerous applications [2]. Particular subsets of the very rich class of applications refer to: rst passage problems [7]; stochastic equations for internal degrees of freedom [8]; constrained motion on lattices [11]; suband supra di usive motions (Levy ights,etc.) [2][15],etc. The analytical approach which has been developed for these problems consists in establishing relations between the probability densities of some appropriately de ned states and the probability of the elementary jump. This leads to di erential equations which in many cases can be solved using the Laplace and Fourier transformations. Alternatively, direct averaging can be used in some cases [10]. In this work we propose a general approach, based on functional methods, which uni es the treatment of a wide class of particular problems and provides the frame of a systematic examination. The key point is the construction of a probability density functional de ned on the statistical ensemble of realizations of the stochastic function x(t). Virtually all information about the process is contained in this functional. Speci c quantities, like averages, can be derived using the powerful functional technics already available from eld theory and statistical physics. The method presented here is actually a form of the Martin-Siggia-Rose functional treatment of classical dynamical systems [13], which in turn is developed on the basis of the Schwinger eld theoretical formalism. We use the formulation of Jensen [14], starting with a generating functional instead of using functional equations. In Section II we list the stochastic processes (arising in various applications) which will be treated in this work. We also brie y describe, for exempli cation, the conventional approach to a simple case. The functional formalism is introduced in Section III, with reference to previous, more detailed papers. Four applications are presented in Section V: a process with two-states white Poisson noise and respectively with time-periodic jumps; the next-nearest neighbor random walk; the two-states jump Markov process with nite correlation. In Section IV the Levy-type distribution of the jump sizes is considered, with Poisson distribution of the times of the jumps. A discussion of the merits of the functional approach is given in Section VI.
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Stochastic processes arising from shot noise



Since our aim is primarily methodological, i. e. to introduce and illustrate by applications the functional approach, we shall consider the Eq.(1) for the particular case v = 0. The diversity of the situations which can be described in this case arises from the diversity of the statistical properties which can be considered for (t). This is a stochastic process taking values in a set f k g. The process x(t) is constructed from a sequence of jumps taking place at the times f n g. The labels k and n are integers but in general the sets f k g and f n g can also be continuous. Since we are mainly concerned with shot noise, we write:



x=



1 X



n



(t



n)



(2)



n=1



Several possibilities arise. The times n can be distributed at equally spaced positions on the time-axis, n = n 0 ; where n is an integer and 0 is the constant time interval. In many applications the n 's form an in nite sequence of independent identically distributed random variables. It has been proved that, if the average number of pulses occuring during a time interval is nite, the distribution of the pulses obeys the Poisson law [17]. It is sometimes useful to consider the set of random pulses characterized by the probability density for the "waiting time" (or "time of residence") n+1 n , given by a function ( ). This case corresponds to "continuous time random walk" [2]. Further, the function ( ) can be de ned such that its moments (average waiting time and dispersion of the values) are nite , or not. The later case represents waiting time distributions with long tails [2][3]. At each moment n , a new value n is chosed at random. One can consider independent choices with a probability density '( ), the same at each step [8]. Alternatively, we shall consider a nite correlation h (t) (t0 )i between the amplitudes of the jumps. As before, '( ) can have nite or in nite moments. A wide range of applications is related to the rst case ("white shot noise"- WSN), where no correlation between the choices is assumed. In particular, the case with in nite integer moments corresponds to Levy ights, which recentely received considerable attention in relation with non-di usive motion. 3



The usual method for the determination of the statistical properties of x(t) and of the quantities which depend on it is decribed by Montroll and Shlesinger [2]. We illustrate this approach for the simplest case of random jumps xn+1 xn at equally spaced time moments n = n 0 . One starts by de ning Nn (x), the probability that the particle initially at the origin can be found at the time step n in the position x. The elementary step is described by the probability density of the jump size, '(xn+1 xn ). There is an obvious recursive relation: Nn+1 (x) =



Z 1



'(x



1



x0 )Nn (x0 )dx0



(3)



The Fourier transformation of the equation together with the initial condition N0 (x) = (x) yield: n f (k) = ['(k)] e N n



(4)



(Here and in the following a tilda is used for the Fourier transformed functions). One only has to invert the Fourier transform to obtain Nn (x). Instead, it is more useful to introduce the random walk generating function:



G(x; z)



1 X



n



z Nn (x) = (2 )



n=0



1



Z 1



1



dk



e 1



ikx



e z '(k)



(5)



from which one can determine Nn (x) by di erentiation with respect to z. We remark that relations like Eq.(3) represent the essential element in this treatment and that in general they can be obtained from an heuristic examination of the relations between appropriately de ned probabilities.
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The functional formalism



In all the cases described by the Eq.(1) the sequence of positions x(t) can be considered a stochastic trajectory, i. e. a stochastic function. The set of realizations of the stochastic quantity (t) leads to the statistical ensemble of realizations of the trajectory, i. e. to a space of functions. These functions are usually subjected to constraints, as, for example, the condition to pass 4



through x = 0 at t = 0, or to go from x = xa (at t = ta ) to x = xb (at t = tb ). Various quantities depending on x(t) can be de ned as functionals over the space of functions representing the statistical ensemble of stochastic paths x(t). The functional formalism is described in more detail elsewhere [4],[5]. A product of Dirac functions provides the identi cation of the discretized version of the trajectory which ful lls the Langevin equation, for a particular realization of the noise. The probability of a trajectory is introduced as P [x(t)]



lim



N !1



D



x1



(t1 )



xN



(tN )



E



:



(6)



The average is taken over the statistical ensemble of realizations of the random function (t). We insert the integral representation of the Dirac functions:



P [x(t)] = lim



N !1
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