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From single-scale turbulence models to multiple-scale and subgrid-scale models by Fourier transform Bruno Chaouat∗ ONERA , 92322 Chˆatillon, France Roland Schiestel∗∗ IRPHE, Chˆateau-Gombert, 13384 Marseille, France



Abstract A theoretical method based on mathematical physics formalism that allows transposition of turbulence modeling methods from URANS (Unsteady Reynolds Averaged Navier-Stokes) models, to multiple-scale models and large eddy simulations (LES) is presented. The method is based on the spectral Fourier transform of the dynamic equation of the two-point fluctuating velocity correlations with an extension to the case of nonhomogeneous turbulence. The resulting equation describes the evolution of the spectral velocity correlation tensor in wave vector space. Then, we show that the full wave number integration of the spectral equation allows to recover usual one-point statistical closure whereas the partial integration based on spectrum splitting, gives rise to partial integrated transport models (PITM). This latter approach, depending on the type of spectral partitioning used, can yield either a statistical multiple-scale model or subfilter transport models used in LES or hybrid methods, providing some appropriate approximations are made. Closure hypotheses underlying these models are then discussed by reference to physical considerations with emphasis on identification of tensorial fluxes that represent turbulent energy transfer or dissipation. Some experiments such as the homogeneous axisymmetric contraction, the decay of isotropic turbulence, the pulsed turbulent channel flow and a wall injection induced flow are then considered as typical possible applications for illustrating the potentials of these models.
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Introduction



Mathematical turbulence modeling methods have made significant progress in the past decade for predicting both internal and external turbulent flows. Many different approaches in turbulence modeling have been developed up to now, such as Reynolds-averaged Navier-Stoke (RANS) models of first and second order based on one-point statistical closures ranging from algebraic models ∗
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to transport equation models using various types of formulations [1, 2, 3], multiple-scale models derived from two-point statistical closure [4, 5], and the method of large eddy simulations [6] (LES). LES method based on subgrid modeling techniques has been now extensively developed because of the increase of computer power and speed. All these various approaches have often been developed independently and the connection between them is not always clearly established. Generally, the RANS models appear well suited to handle engineering applications involving strong effects of streamline curvature, system rotation, wall injection or adverse pressure gradient encountered for instance in aeronautics and complex flows in industry and environment [7, 8, 9, 10]. LES models are rather applied for simulating turbulent flows in fundamental studies with a special emphasis focused on tracking turbulent flow structures, two-point velocity distribution and spectra, pressurestrain fluctuating correlations and dissipation that cannot be obtained from experiment, but also for simulating turbulent engineering flows in which a particular difficult phenomenon occurs [11]. Considering the performances and drawbacks of these two different approaches that are RANS and LES, it seems that the decision of applying one model rather the other one depends on several criteria. The choice is not only governed by the intrinsic performances of the model itself but it depends also of the type of the physical phenomena involved and the answers that are expected to the problem. Also, the computational framework, academic or industrial, is influential. It is of interest to remark that recently, new turbulence models that take advantage of RANS and LES approaches based on hybrid zonal methods [12, 13, 14, 15] or on hybrid continuous methods with seamless coupling [16, 17, 18] are now developed for simulating engineering flows on relatively coarse grid when the spectral cutoff is located before the inertial zone of the energy spectrum. This line of thought appeared to gain major interest both on a fundamental and theoretical point of view because it bridges different levels of description as well as on the applied point of view for developing efficient practical methods [19, 20]. Considering these various and numerous turbulence modeling models, developed often independently from each other, it appears that there is a need to throw a bridge between these apparently different approaches, referring to their basic physical foundations. With a particular emphasis upon the connection between RANS and LES, we shall show that useful transpositions are possible if some approximations however are conceded. The two-point approach of non-homogeneous turbulent fields as an expansion about homogeneity is used to develop both multiple scale statistical models and subfilter transport closures. Many important works have been done in the past years on the methods to extend two-point closures and spectral closure to the case of non-homogeneous turbulence. Theses various approaches based on two-point correlations allow to represent all the turbulence scales and the directional properties of structures. After the work of Cambon et al. [21] dealing with the extension of EDQNM (eddydamped quasi-normal Markovian) closures to homogeneous anisotropic turbulence, several efforts have been made to extend the method to non-homogeneous turbulence. Burden [22] was among the first attempts introducing weak inhomogeneity based on developments about homogeneity. Among these contributions also, the work of Besnard et al. [23] provides the exact equations of double correlation spectra in the case of non homogeneous fields, used as a basis for developing nonhomogeneous spectral closures. Laporta and Bertoglio [24, 25] derived the full equations for two-point correlations and spectra in non homogeneous fields. But considering the high complexity of the algebra, the model was reduced to one dimension by shell integration. The variations of mean
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velocity in space was accounted by the use of Taylor series approximations rather than complete Fourier transform. This method is useful for introducing free flow inhomogeneity that extend in all space but the presence of walls bring new considerable complexities. These complexities are indeed reflecting the fact that Fourier transform is not the appropriate operator to apply for fully inhomogeneous fields. It can however still be very useful if some approximations are accepted. A simplified form of spectral model based on the energy spectrum has been developed by Bertoglio and Jeandel [26] and afterwards by Parpais [27] for practical applications. The extension to the one-dimensional spectral tensor of double velocity correlation has been considered by Touil et al. [28, 29]. The works of Clark and Zemach [30] as well as Rubinstein and Clark [31] are also related to spectral dynamic closures based on DIA (Direct interaction approximation) or on Heisenberg model, that are able to exhibit refined properties of the turbulence field. One may cite also the work of Yoshisawa [32] that introduces a two scale expansion in the DIA equations formalism. An interesting overview is also given in reference [33]. Two-point correlation equations in physical and in spectral space have also been used to develop one point statistical multiple scale models. Assuming that turbulent scales vary much faster than the mean flow field, non-local operators can be approximated in Taylor series. So that when the development is limited to a linear term, it can be interpreted has a locally tangent homogeneous space. Assuming these hypotheses, multiple scale models based of transport equations for several spectral slices have been developed by Schiestel [5, 34, 35]. Note that another multiscale approach based on the spectral model of Clark and Zemach [30] has been also developed by Cadiou et al. [36]. These authors have introduced several characteristic length scales that are deduced from the series of moments of the spectral one dimensional tensor. In the present paper, we propose a theoretical method based on mathematical physics formalism that allows transposition of turbulence modeling from RANS to LES. Some efforts have been made these last years by various authors that attempt to bridge the gap between the traditional RANS method and the LES approach, giving further insight into VLES (Very Large Eddy Simulation), as made by Liu and Shih [37], for instance. Several works in the recent literature also show that the use of more advanced model for subgrid closure, including algebraic models or stress transport models inspired from RANS may be beneficial [38, 39]. This can be related also to the hybrid RANS/LES approach with seamless coupling [15, 20]. Spectral turbulence theory provides the main ingredient of this development. The theory deals with the dynamic equation of the two-point velocity fluctuating correlations with extensions to the case of nonhomogeneous flows. This choice is motivated by the fact that the two-point velocity correlation equation enables a detailed description of the turbulence field that also contains the one point information as a special case. Then, using Fourier transform and performing averaging on spherical shells on the dynamic equation, leads formally to the evolution equation of the spectral velocity correlation tensor in one-dimensional spectral space. In this situation, the turbulence quantities are represented by functions of the scalar wave number rather than a wave vector. This spectral equation has been retained for developing one-dimensional non-isotropic spectral models [40, 21, 41]. On the one hand, a full integration over the wave number space of the resulting evolution equation of the spectral velocity correlation tensor allows to recover formally usual one-point
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statistical models. On the other hand, a partial integration over a split spectrum, with a given spectral partitioning, yields partial integrated transport models (PITM) that can be transposed both in statistical multiple-scale models and in subfilter scale modeling for large eddy simulations [16, 17]. Closure of these different transport equations needs modeling of the pressure-strain correlation, inertial and fast transfers, diffusive and dissipative processes. These physical processes are identified and discussed in spectral space. In usual turbulent flows, the spectral energy distribution is evolving in time and space and in the multiple-scale framework, the splitting wave numbers also vary accordingly. This procedure provides a clue for deriving the flux equations in statistical split spectrum models. In the case of large-eddy simulations however, the filter width is imposed and we show how the transfer terms can be directly computed. The dissipative terms are considered equals to the corresponding spectral fluxes issuing from the last slice of the spectrum. Some typical applications are considered for illustrating the capabilities of each turbulence model. The homogeneous axisymmetric contraction flow and the decay of isotropic turbulence with an initial perturbed spectrum are presented in the framework of multiple-scales models. LES simulations using partial integrated models for unsteady turbulent channel flow subjected to a periodic forcing or wall injection including laminar to turbulent transition regimes are then considered and briefly discussed. These concepts give rise to continuous hybrid modeling techniques.



2 Transport equation of the two-point velocity fluctuation We consider the turbulent flow of a viscous fluid. In the present case, each flow variable is decomposed into a statistical mean value and a fluctuating turbulent part which is developed into several ranks of fluctuating parts using an extension of the Reynolds decomposition. For the velocity component, we write then N X ′ (m) ui , (1) ui = hui i + m=1



where the partial fluctuating velocities are defined by partial integration of their generalized Fourier transform Z ′ (m) ub′ i (κ) exp (jκξ)dκ, (2) ui (ξ) = κm−1 i = u2 , whereas for the other part of the spectrum containing large eddies is resolved by the simulation. In this case, it is of interest to note that the velocity computed as u ¯i =
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hui i + u< i represents in fact the filtered velocity which contains both statistical mean and large eddies fluctuations whereas u> i is the subgrid-scale fluctuation of the small eddies. This definition can be viewed in fact as a special particular case of the Yoshizawa statistical filter [42, 43] + *Z Z u ˆi (κ) exp (jκξ)dκ



u ˆi (κ) exp (jκξ)dκ +



u ¯i (ξ) =



(3)



|κ| < > fluctuating u< i and the small scale fluctuating ui such that ui = hui i + ui + ui . In the same way, the filtered velocity u ¯i can be computed into its statistical part and its large scale fluctuating < such that u ¯i = hui i + ui . The velocity fluctuation u′i used in the decomposition ui = hui i + u′i > contains the large-scale and small-scale fluctuating velocities, u′i = u< i + ui . This particular filter, as a spectral truncation, presents some interesting properties that are not possible with continuous filters. In particular, it can be shown [34, 35] that large scale and small scale fluctuations are uncorrelated hϕ> ψ < i = 0 implying for instance the relations E D E 



 D < > > Rij = hui uj i − hui i huj i = u′i u′j = u< u + u u (89) i j i j



and



D E < h¯ ui u ¯j i = hui i huj i + u< i uj



(90)



In the aim to transpose the statistical models to subgrid-scale models, it is useful to obtain first some interesting relations between the subgrid and statistical stresses that can be deduced from their transport equations in the physical space. Then, we show how the present formalism developed in the spectral space and particularly equation (35) is compatible with the usual transport
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equations of the subgrid-scale tensor in the physical space. The transport equation of the mean statistical velocity is  ∂ hui i ∂  ∂ 2 hui i ∂Rij 1 ∂ hpi + +ν − hui i huj i = − ∂t ∂xj ρ ∂xi ∂xj ∂xj ∂xj



(91)



whereas the transport equation for the filtered Navier-Stokes equations takes the form ∂τ( ui , uj ) ∂u ¯i ∂ 1 ∂ p¯ ∂2u ¯i + (¯ ui u ¯j ) = − +ν − ∂t ∂xj ρ ∂xi ∂xj ∂xj ∂xj



(92)



in which, following Germano’s derivation [51], the subgrid scale tensor which is a function of the velocities ui and uj is defined by the relation ¯i u ¯j τ (ui , uj ) = ui uj − u



(93)



The transport equations for the large scale fluctuation can also be derived easily and we obtain  ∂ 2 u< ∂u< 1 ∂p< ∂  ∂ i i u ¯i u ¯j − hui i huj i = − + +ν − [τ (ui , uj ) − Rij ] ∂t ∂xj ρ ∂xi ∂xj ∂xj ∂xj



(94)



whereas the transport of the small-scale fluctuation is :  ∂u> ∂ 2 u> ∂τ (ui , uj ) ∂  1 ∂p> i i + +ν + ui uj − u ¯i u ¯j = − ∂t ∂xj ρ ∂xi ∂xj ∂xj ∂xj



(95)



Obviously, they sum up to give the transport equation of the statistical fluctuating velocity  ∂u′i ∂  ∂ 2 u′i ∂Rij 1 ∂p′ + +ν + ui uj − hui i huj i = − ∂t ∂xj ρ ∂xi ∂xj ∂xj ∂xj



(96)



The work of Germano shows that the form of the transport equations for the subgrid scale tensor remain the same if they are written in terms of central moments, thus showing their generic character. As shown in reference [51], the resulting equation is  ∂τ (ui , uj ) ∂τ (ui , uj , uk ) ∂ 2 τ (ui , uj ) ∂  + +ν τ (ui , uj )¯ uk = − ∂t ∂xk ∂xk ∂xk ∂xk     ∂ui ∂uj ∂ui ∂uj 1 ∂τ (p, ui ) 1 ∂τ (p, uj ) − + τ p, + , − 2ν τ − ρ ∂xj ρ ∂xi ∂xj ∂xi ∂xk ∂xk ∂u ¯j ∂u ¯i −τ (ui , uk ) − τ (uj , uk ) ∂xk ∂xk with the general definition and



(97)



τ (f, g) = f g − f¯g¯



(98)



¯ (f, g) − f¯g¯h ¯ τ (f, g, h) = f gh − f¯τ (g, h) − g¯τ (h, f ) − hτ



(99)
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for any turbulent quantities f , g, h. As a result of interest, it can be shown that the function τ verifies the useful following properties 



 hτ (f, g)i = f > g> (100)



and 



 hτ (f, g, h)i = f > g> h>



(101)



The transport equation for τ (ui , uj ) can also be written in order to single out the role of the statistical mean velocity i ∂τ (ui , uj ) ∂ 2 τ (ui , uj ) ∂τ (ui , uj ) ∂ h τ (ui , uj , uk ) + τ (ui , uj )u< + huk i =− k +ν ∂t ∂xk ∂x ∂xk ∂xk  k    ∂uj 1 ∂τ (p, ui ) 1 ∂τ (p, uj ) ∂ui ∂uj ∂ui − − + τ p, + , − 2ν τ ρ ∂xj ρ ∂xi ∂xj ∂xi ∂xk ∂xk ∂u< ∂u< ∂ huj i ∂ hui i j −τ (ui , uk ) − τ (uj , uk ) − τ (ui , uk ) − τ (uj , uk ) i (102) ∂xk ∂xk ∂xk ∂xk The mean equations (58) and (59) pertaining to the wave number ranges [0, κ1 ],D [κ1 ,Eκ2 ] can be (2) (s) recovered by statistical averaging of the equation (102) taking into account that τij = Rij = E D > and using the property (100). This equation reads u> u i j



where



∂ D (s) E ∂ D (s) E (2) (2) (2) (1) (2) = Pij + Fij − Fij + Ψij + Jij τij + huk i τ ∂t ∂xk ij D E D E (2) (s) ∂ huj i (s) ∂ hui i Pij = − τik − τjk , ∂xk ∂xk * +  < ∂u ∂u> j (2) i ≈ ǫij , Fij = 2ν ∂xk ∂xk !+ * > ∂u ∂u> j (2) > i + , Ψij = p ∂xj ∂xi i ∂ h D > > >E 



ui uj uk + τ (ui , uj )u< k ∂xk D E ∂ 2 D (s) E 1 ∂ > > 1 ∂ τ p ui − p > u> + ν − j ρ ∂xj ρ ∂xi ∂xk ∂xk ij



(103)



(104) (105)



(106)



(107)



(2)



Jij = −



(108)



Similarly, the resolved scale tensor can be defined by the relation τ (r) (ui , uj ) = u ¯i u ¯j − hui i huj i
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(109)



E D 



 < with the property τ (r) (ui , uj ) = u< u i j . So that, one can remark that the Reynolds stress tensor Rij can be computed by the 



 sum of the statistical average of subgrid and resolved stresses Rij = τ (s) (ui , uj ) + τ (r) (u , u ) then to determine the transport equation of E D possible D i E j . It is also (1)



(r)



< and we obtain = Rij = u< i uj



averaged resolved stress τij



∂ D (r) E ∂ D (r) E (1) (1) (1) (1) (1) = Pij − Fij + Ψij + Jij − ǫij τij + huk i τ ∂t ∂xk ij



where



E D E D (r) ∂ hui i (1) (r) ∂ huj i − τjk , Pij = − τik ∂xk ∂xk +  * < 
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