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Frame invariant and entropic second-order cell-centered ALE schemes



Eccomas - Barcelone | Philippe Hoch, Emmanuel Labourasse CEA, DAM, DIF F-91297, Arpajon France 20-25 juillet 2014



Motivations Objective We want to enforce the entropy increase of our second-order scheme, in order to fulfill the hypothesis of the Lax-Wendroff theorem. Some recent works on related topics: • First positivity-preserving Lagrangian scheme by Cheng and Shu [1], extended to cell-centered schemes by Vilar et al [15]. • A posteriori limiters for advection equation by Hoch [2] and Loub`ere et al [16] and Euler equations in Eulerian framework by Diot et al [3,4], and Berthon and Desveaux [14]. We use the a posteriori limiter technology to enforce the entropy of our ALE algorithm. In this talk, we focus on the Lagrangian step of our Lagrange and remap ALE scheme. Remap step is detailled in [2] and extended to vectors in [5,6]. CEA | PAGE 1/29



Outline



1 Apitali for the Lagrangian step 2 Application to cell-centered scheme 3 Numerical tests 4 Conclusion
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Apitali to enforce the entropy increase • General (basic) concept Select a first-order scheme with fine properties. Extend this scheme to high-order (breaks some of these properties). 3 Check at the end of each time step the first-order properties. 4 If first-order properties are not fulfilled, perform a local and progressive limiter for the extension. 5 Repeat step 4 until 3 is fulfilled. 1 2



• Application to Lagrangian step 1



Our first-order scheme is entropic. Apitali method enforces the entropy of our second-order scheme.



• Remarks Entropy property allows the scheme to select the entropic solution of the Euler equations. 2 For our Godunov-type nodal solver scheme, entropy implies positivity (refer to [10]), at the semi-discrete level. 1
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Estimate of entropy production for real gas We need a precise estimate of the entropy variation to feed the Apitali algorithm. For real gas, for instance gold at high temperature (ICF), no analytic expression of the entropy is available.



To estimate the discrete entropy variation, we perform a third-order Taylor expansion in U = (τ, u, e)t t ∂η  Un+1 c ∂U  2  1 n+1 n t ∂ η − Uc − Uc (Unc ) Un+1 − Unc , c 2 2 ∂U



η(Ucn+1 ) − η(Unc ) ≈ Un+1 − Unc c



where τ is the specific volume, u the velocity, e the total energy, η the entropy, c the cell index, and n the time index. It remains to estimate the derivatives



∂η ∂2η and . ∂U ∂U2
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Estimate of the entropy derivatives From thermodynamical definition of η one gets t ∂η n+1 1 (Uc ) = n+1 pcn+1 , −un+1 ,1 , c ∂U Tc with T the temperature and p the pressure.



Estimate of the second derivative as a function of V = (p, −u, η)t : − Unc Un+1 c



t ∂ 2 η n (U ) ∂U2 c



 Un+1 − Unc ≈ c t ∂ 2 η n  n+1 n Vcn+1 − Vcn (U ) V − V , c c c ∂V2   ∂2η 1 1 t t t = n ( n n 2 , 0, 0) , (0, 1, 0) , (0, 0, 0) . ∂V2 Tc (ρc cc ) CEA | PAGE 5/29



Remarks



• The stability criterion for the time-step of our scheme is also



deduced from this analysis [10]. • Refer also to Y. Zel’dovich and Y. Raizer [11] concerning the



estimate of the entropy variation for weak shocks. • This criterion is not dedicated to a peculiar scheme, but we



apply it to cell-centered Godunov schemes with nodal solver [10,13]. • Positivity of the entropy balance is a necessary condition, but



not sufficient (see numerical results). The amount of entropy deposit inside the shocks, for instance, is not controled. Limiters remain necessary.
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Second-order extension for the Lagrangian hydrodynamics Lagrange step of the Lagrange+Remap algorithm: • Cell-centered schemes (Glace [10] or Eucclhyd [13]). • Second order Runge-Kutta time integration. • Least-squares procedure for the gradients of the spatial



MUSCL reconstruction. • Barth-Jespersen [12] limiter for pressure 2nd-order extension. • VIP [3,4,5] limiter for velocity 2nd-order extension. • Apitali procedure for the reconstructed pressure and velocity to enforce the increase of entropy. Remap step of the Lagrange+Remap algorithm: • Apitali procedure also used for the Remap step to ensure the



LCHP (Local Convex Hull Preservation) [5,6]. It is the generalisation of maximum principle for vectors. CEA | PAGE 7/29



Application of Apitali procedure to the Lagrangian scheme The Lagrangian scheme is based on a nodal Riemann solver It is a generalisation of the 1D acoustic Riemann solver ∗ R ∀c, ∀s, pcs − pcs + ρc cc (u∗s − uR cs ) · ncs = 0,



where s accounts for the vertex X of the cell c, and ncs for a unit ∗ vector, with the constraint lcs ncs pcs = 0, where lcs accounts for c



the surface of a corner (index c is for cell, s for vertex).



Second-order is achieve in reconstructing R = p + α ∇p · (x − x ) and uR = u + α ∇u · (x − x ). pcs c c c s c c c c s c cs The coefficient αc is the Apitali coefficient. αc = 0 gives the first-order scheme.



We build a sequence to determine αc as close to 1 as possible, in order to enforce the entropy increase of the scheme. CEA | PAGE 8/29



General description of Apitali Let f be either p or u (i)



R = f + α ∇f (x − x ). fcs c c c c (i)



∀c, the sequence αc , i ∈ Nn ⊂ IN is such that (0)



1



αc = 1.



2



0 ≤ αc



3



Nn is a finite set.



(i+1)



(i)



≤ αc .



If entropy decreases in cell c (i)



(i)



(a) In cell c: αc is multiplied by κ1 < 1. (i)



(i)



(b) In the neighborhood c 0 : αc 0 is multiplied by κ2 ≤ 1. R. (c) i → i + 1 and re-evaluate fcs CEA | PAGE 9/29



Remarks



1



Existence: ∃ at least a sequence enforcing the increase of entropy. (1) For instance αc = 0, ∀c.



2



Aim/Goal: Construct a sequence “as close to 1 as possible” to obtain better accuracy (Apitali sequence contains a distance measure to unlimited gradient) ... Challenging.



3



(∇f)c is preliminarily limited with a VIP procedure.
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Remarks



1



Existence: ∃ at least a sequence enforcing the increase of entropy. (1) For instance αc = 0, ∀c.



2



Aim/Goal: Construct a sequence “as close to 1 as possible” to obtain better accuracy (Apitali sequence contains a distance measure to unlimited gradient) ... Challenging.



3



(∇f)c is preliminarily limited with a VIP procedure.
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Focus on VIP for Cell-Centered schemes: outline The goal is to compute uR cs the reconstruction at the vertex s of the cell c velocity uc , to “feed” the Rieman invariant: ∗ R ∀c, ∀s, pcs − pcs + ρc cc (u∗s − uR cs ) · ncs = 0.



uR cs is computed as



uR cs = uc + wcs ,



where wcs = PCvxH(cs) (∇uc · (xs − xc )) is the reconstructed and limited difference uR cs − uc . PCvxH(cs) (v) operates a “limitation” of v with respect to the convex-Hull CvxH(cs). if PCvxH(cs) (v) = 0, ∀v, ∀c, ∀s, the scheme is first-order in space. CEA | PAGE 11/29



Focus on VIP for Cell-Centered schemes: definition of convex-Hull c20



c10 s



For each zone c and each vertex s, we define CvxH(cs) as follow:



c30



c CvxH(cs) = CvxH({uc 0 − uc ; c 0 ∈ Neighs (c)}).



Stencil for CvxH(cs) uc 0 − uc



This way the convex-Hull is “centered” in uc , and PCvxH(cs) (v) = 0 gives the first-order scheme.



3



uc − uc = 0 uc 0 − uc 1



uc 0 − uc 2



initial-hull convex-hull Example of CvxH(cs) CEA | PAGE 12/29



Focus on VIP for Cell-Centered schemes: limitation procedure



v2 2 ¯ vcs



= Hcs



We call v¯cs the projection  of v on ∂CvxH(cs). v if v ∈ CvxH(cs), Let define: Hcs (v) = v¯cs else. We take



(v2 )



PCvxH(cs) (v) = ϕ(r )Hcs (v), 1 ¯ vcs



v1 = Hcs (v1 )



examples of projection



cs | with r = |¯v|v| . In general we simply use ϕ(r ) = 1, recovering the classical Barth-Jespersen limiter for scalar. Any usual fonction ϕ can also be used to recover the corresponding limiter for scalar quantities.



The whole reconstruction procedure is rotationally invariant. CEA | PAGE 13/29



Numerical test problems



1



2D Kidder test problem



2



2D Sod on polar grid



3



2D Sedov blast wave on a Cartesian grid



4



2D-axysymmetric instability problem
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Cylindrical Kidder isentropic compression We perform a convergence study on the Kidder isentropic compression with cylindrical symmetry (γ = 2). L2 error for the unlimited calculation without Apitali: slices × layers 25 × 10 50 × 20 100 × 40



p 1.57 × 10−2 4.58 × 10−3 1.34 × 10−3



order 1.78 1.77



ρ 4.57 × 10−3 1.38 × 10−3 4.09 × 10−4



order 1.73 1.75



L2 error for the unlimited calculation with Apitali: slices × layers 25 × 10 50 × 20 100 × 40



p 1.07 × 10−2 2.69 × 10−3 6.99 × 10−4



order 1.99 1.95



ρ 3.10 × 10−3 7.93 × 10−4 1.98 × 10−4



Max nb of iterations to ensure ∆s ≥ 0 is ≤ 2, κ1 = κ2 = 0.9.



order 1.97 2.00
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Sod on polar grid: density profiles



Calculation with VIP limiter



Calculation without VIP limiter
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– with Apitali, + without Apitali CEA | PAGE 16/29



0.9



1



Sod on polar grid: symmetry errors Maximum value over all layers of



ρmax (layer ) − ρmin (layer ) ρmean (layer )
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+ with Apitali and with VIP, – with VIP and without Apitali – polar limiter, + cartesian limiter CEA | PAGE 17/29



Sod on polar grid: entropy variation map with limiter and without Apitali



Density map



Relative real entropy (p/ργ ) variation map CEA | PAGE 18/29



Sod on polar grid: entropy variation map with limiter and with Apitali



Density map



Relative real entropy (p/ργ ) variation map



Max number of Apitali iterations ≤ 8, κ1 = κ2 = 0.9.
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Sod on polar grid: Apitali αci map



Density map



(i)



Coefficient αc map CEA | PAGE 20/29



Sedov blast wave on cartesian mesh Apitali with VIP limiter



Apitali without VIP limiter
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× with Apitali, + with VIP and without Apitali, – analytic. Computation without Apitali and without limiter crashes... Apitali parameters: max iterations ≤ 8, κ1 = κ2 = 0.9. CEA | PAGE 21/29
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2D-axisymmetric instability problem: configuration



R1



Initial conditions: - For Ω1 : ρ1 = 1, p1 = 1, u1 = −10, R1 = 0.55. - For Ω2 : ρ2 = 0.125, p2 = 1, u2 = 0, R2 = 0.45. - For Γ (perturbed interface): mode 6 (Legendre), amplitude a0 = 10−3 .



Ω1 (shell)



Boundary Conditions: Symmetry on the axis, p = 1 on the surface of the sphere.



u1 er u1 er R2



Γ (interface) Ω2 (cavity) u1 er



†



a



B. Despr´ es, E. Labourasse, J. Comput. Phys., 2012



Meshing: - For Ω1 : (M1) 30 slices, automatic refinement criteria (ARC) for layers (2.5 × 10−3 ). - For Ω2 : (M1) 15 × 15 square box, then 30 layers. - (M2): (M1) refined by a factor of 2. - (M3): (M2) refined by a factor of 2. - (M4): (M3) refined by a factor of 2. Parameters: - Stopping time tsale = 0.08 (ALE), - Stopping time tslag = 0.04 (Lagrangian). - ARC disabled at t = 0.05 when mixing between Ω1 and Ω2 allowed. - Free ALE (no Lagrangian constraints - no criteria). - Small amount of subzonal entropy† on the external boundary. CEA | PAGE 22/29



2D-axisymmetric instability problem: maps t=0



t = 0.019



t = 0.038



t = 0.057



density pressure



density pressure



density pressure



density pressure



converging shock (until ∼ 0.028)



diverging shock/ interface crossing



expansion phase



initial state



t = tsale density pressure White line ≡ interface



CEA | PAGE 23/29



2D-axisymmetric instability problem: mean flow Radius of the interface versus time: (LAG ≡ Lagrangian with VIP limitation - ALE ≡ this method) 0.45



0.163 M1 - ALE M2 - ALE M3 - ALE M4 - LAG
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The mean flow is almost converged on the coarsest M1 mesh.
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2D-axisymmetric instability problem: convergence study on the 6th mode Normalized power (a2 /a02 ) of the 6th mode versus time:



(w/o Apitali ≡ this method without the maximum principle enforcement) 100000
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Convergence is almost achieved on the (M3) mesh until the interaction of the interface with the diverging shock. The iterative enforcement of the maximum principle has almost no impact on the result, except on the robustness. CEA | PAGE 25/29



2D-axisymmetric instability problem: modal analysis Normalized power (a2 /a02 ) of the modes 2, 4, 6, 8, 10, 12 and 14: (on the (M3) mesh) 1e+06
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All the amplitudes (except for mode 6) remain negligible until tslag . The first harmonic (mode 12) is then by far the most amplified. Until tslag , growth of mode 6 is very similar for LAG and ALE. CEA | PAGE 26/29
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2D-axisymmetric instability problem: effect of the rotational invariance Normalized power (a2 /a02 ) of the 6th mode versus time:



(w/o VIP ≡ component by component limiter) 100000



100 M1 (ALE) M1 (w/o VIP and APITALI) M3 (ALE) M3 (w/o VIP and APITALI) M4 (LAG)
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As expected, component by component limiter fails to predict the correct growth rate on the (M1) coarsest mesh... ...but do converge. CEA | PAGE 27/29
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Conclusion and prospects • Conclusion • Design of an algorithm enforcing the entropy increase for Lagrangian hydrodynamics. • Algorithm is based on an iterative a posteriori procedure (Apitali). • Properly coupled with a rotational invariant Lagrange limiter for Euler equations (using VIP procedure), the whole Lagrangian step is rotational invariant. • Remap step fulfills the Local Convex Hull Preservation and is also rotationally invariant. • The whole limitation procedure (Lagrange + Remap) extends naturally to higher-order fluxes. • Prospects • Find more relevant test problems. • Application to higher-order ALE schemes. • Extension to tensors and 3D. CEA | PAGE 28/29
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Beyond Landauâ€“Pollak and entropic inequalities 

The uncertainty principle establishes in quantum mechanics that one cannot ... only an uncertainty formulation in itself, but also an ingredient for the proof of the.










 








Authenticated Encryption Schemes and Cryptanalysis - 

Adversary can query both chosen plaintexts and ciphertexts. Generic Composition. Encryption: We know some secure schemes (e.g., AES-CBC, AES-CTR).










 








II. Algebraic Varieties and Schemes 

In broad outline the genesis of the concept of variety is as follows. In the ...... that the image of (PD is a smooth quadric in P3, which contains two mutually.










 








Invariant lines and points â€“ Exam questions 
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ALE AND ALE400 EASY WITH MULTIPSK (4 
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ALE AND ALE400 EASY WITH MULTIPSK (4 

This is downloadable at the following WEB address: http://sourceforge.net/projects/com0com/ (information at http://com0com.sourceforge.net/). Don't forget to ...
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Invariant to Translations, Rotations and Scale 

another, we use lower-case notation to refer to instances of one ARS usually built ... is zero; if some lines in one of (a) and (b) are deviated by noise, then the ...










 








ale and ale400 easy with multipsk (4 

(called Â« 141A Â» in Multipsk) and ALE400 modes, ARQ FAE sub-mode. ... described in : ARQ_FAE_in_141A_and_ALE400_easy_with_Multipsk.pdf ... Page 6 ...










 








New Signature Schemes with Coupons and Tight 

(more precisely qH and qG queries to H and G, respectively). We prove that an ... after qH queries to H, qG queries to G and qs queries to the signing oracle.










 








New Signature Schemes with Coupons and Tight 

(more precisely qH and qG queries to H and G, respectively). We prove that an ... after qH queries to H, qG queries to G and qs queries to the signing oracle.










 








IMPROVED ENTROPIC GAIN FOR SPEECH 

basis search by reducing the entropy of the base and which is still compatible ... The results are shown on experimental ... The results strongly depend on the coding strategy re- ..... Table 1: Entropic gain (in0u) comparison for both methods.










 








HAPPY FRAME 

7 aoÃ»t 2014 - Lda - Rua Pedro Dias, 25 - 4480-614 Rio Mau - Vila do conde. Dorel juvenile group U.K. - Hertfordshire wd6 1te. Â© 2011 Dorel Juvenile Group.










 








FRAME COVERS 

attaching the met-in box. Remove the met-in box. Remove the hand rail right ... Remove the six screws on the back of the front cover. Disconnect the right/left turn ...










 








Instruction Bulletin PowerPactâ„¢ R-Frame and NS1600b 

Zone-selective Interlocking (ZSI) ... Connect neutral CT to circuit breaker according ... of the neutral CT and a neutral connection must exist from the supply.










 








'GE N ER ALE 

au sujet de l'ile Maurice, des îles des Cocos (Keeling) et des Seychelles (territoire de l'océan Indien).![ Ces résumés complètent les résumés qui ont été soumis ...
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Entropic Quantization of Scalar Fields 

was purely pragmatic â€” they worked; they led to the right answers. For example ... We wish to study the quantum dynamics of a single scalar field. A field configu- ... The prior. We start from a prior for the transition probability distribution Q[Ï










 








Fabric Flower Frame 

With wrong sides together, fuse the two matching pieces together. 3. Fused Fabric C, cut: 3 â€“ 1" x 4" pieces. 2 â€“ 2" x 5" pieces. Fused Fabric D, cut: 3 â€“ 1 1/2" x 4 ...
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