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Abstract We incorporate directed search into a model of international trade with heterogeneous firms. We propose a tractable static model that generates a non-degenerate distribution of wages mirroring that of firms’ productivities. Our general equilibrium model is recursive in that, product market conditions affect labor market outcomes but not the other way round. We show that trade liberalization increases the exporter wage premium, together with the wages of all workers, so that no issue of compensation arises. However, wage dispersion and residual wage inequality vary with trade openness.
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Introduction



How does trade liberalization affect the level and distribution of real income? This question has always been central to the economic analysis of international trade. In canonical comparative advantage models, trade liberalization necessarily generates winners and losers, necessitating compensation to make trade liberalization a Pareto improvement. Much of the modern empirical literature builds on these insights, but finds no strong role for trade to affect the income distribution; see the survey of Goldberg and Pavcnik (2003). The comparative advantage theories predict that trade simultaneously triggers intersectoral reallocation effects (Rybczynski theorem) and factor price changes (StolperSamuelson theorem). However, empirically, international trade is predominantly of the intra-industry type, and reallocation effects are within sectors rather than across. Moreover, while the classic theories predict that trade affects different types of workers differently, empirical evidence stresses the role of within-type wage variation in explaining the evolution of the income distribution. In countries such as the USA, Germany, the UK or Italy, residual inequality accounts for about two thirds of the increase in total inequality between 1980 and 2000.1 This paper proposes a simple two-country model of intraindustry trade, where trade has a differentiated effect on firms with heterogenous productivity levels. Due to search frictions, wages are not equalized across workers although they are homogeneous. Among other things, trade affects the distributions of producers’ ex post profits, of firm size and of wages, and it affects the aggregate unemployment rate. We focus on directed search and assume one-shot matching. This makes the analysis particularly simple and allows to derive the distribution of wages in closed form. We nest the labor market description into a Melitz (2003) trade model. A key prediction of this framework is that trade affects different firms in a very different fashion, forcing the least efficient to exit, lowering size and profits of intermediate firms, and boosting the most productive firms, yielding an increase in the dispersion of profits across firms. However, recent literature shows that bringing the Melitz framework together with random search, wage bargaining and linear adjustment costs ¨ı¿½ la Mortensen and Pissarides, does not yield wage dispersion; see Felbermayr, Prat, and Schmerer (2011), and Helpman and Itskhoki (2010). While trade liberalization does make the distribution of ex post rents more unequal, it has no relevance for the distribution of wages. The reason is that the job rent associated to the marginal worker does not depend on the size of the firm. This result depends neither on the assumption of bilateral bargaining,2 nor on the use of a constant elasticity of substitution aggregator function, but hinges on the presence of linear or concave vacancy posting costs. Assuming convex adjustment costs, instead, as in Co¸sar, Guner and Tybout (2011), makes the shadow value of worker dependent on firm size. This allows workers in larger firms to extract higher wages. However, analytical 1
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See, e.g.,Fuchs, Kruger, and Sommer (2011) for Germany, Violante et al. (2011) for the US, Jappelli and Pistaferri (2011) for Italy, Blundell and Etheridge (2011) for the UK. Felbermayr et al. (2011) show that constant wages obtain under efficient collective bargaining; also see Eckel and Egger (2009).
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results are hard to obtain and the model has counterfactual implications on firm dynamics.3 Also, the random search hypothesis is at odds with empirical evidence (Hall and Krueger, 2008) according to which applicants usually have a rather precise idea of how much they might earn. In our setup, following Kaas and Kircher (2011), we replace random search by directed search and on the spot bargaining by wage contracts. In the context of a Melitz (2003) trade model, more productive firms search in submarkets with lower labor market tightness and post higher wages. Convex adjustment costs imply that exporting and domestic sales decisions are not separable, as in the model with linear frictions. This feature implies that modeling trade turns out not to be a fairly straightforward extension of the closed economy as in Melitz. This difficulty notwithstanding, the framework allows a tractable characterization of the trade equilibrium, because it allows studying product market equilibrium without needing to know the distribution of firms and profits. We find that exporters pay a wage premium and that trade liberalization increases residual wage inequality. Besides a gain in tractability, the model has realistic implications relating to the within-firm adjustment process that the standard models do not have. First, it predicts that growing (and large) firms fill vacancies faster; second, it avoids the counterfactual prediction that wages fall when firms close the gap to their desired labor force; third, it provides a role for the tenure profile of wages. Replacing bargaining with wage posting has important implications for the link between the distribution of profits and that of wages. That link is straight-forward in the presence of bargaining, but becomes considerably weaker in our setup where workers make deliberate choices about which labor market they wish to enter. In equilibrium, the wage distribution must be such that workers are indifferent ex ante between employment across all existing firms; this additional constraint on wages breaks the tie between the distribution of wages and profits. One key implication of this is that trade liberalization increases all wages. So, in contrast to the bargaining models, our framework predicts that trade liberalization is Pareto enhancing. Nonetheless, wage dispersion goes up due to higher exporter wage premia. Our research is related to at least three strands of literature. First, there is an impressive body of literature on the trade-inequality nexus that stresses the role of the skill premium; see Acemoglu (2003), Yeaple (2005), Epifani and Gancia (2008) or Burstein and Vogel (2010) to mention only very recent papers. This literature builds on extensions of the Heckscher-Ohlin model and relies on intersectoral reallocation effects. However, as alluded to above, there is strong empirical evidence that trade triggers within-sector reallocations across different firms (Pavcnik, 2002; Bernard and Jensen, 1999). The skillpremium literature also misses the fact that only more productive firms export, and that those firms pay higher wages (the exporter wage premium), see Schank, Schnabel and Wagner (2007), Frias, Kaplan and Verhogen (2009), or Opromolla and Martins (2010). Second, our work is closely related to an emerging theoretical literature on trade, firm heterogeneity and residual inequality. In the standard model with heterogeneous 3



Holzner and Larch (2011) assume convex adjustment costs in a Melitz (2003) type model with on-the-job search. While this assumption yields wage dispersion, the authors cannot derive analytical results.
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firms, bargaining models predict an invariant wage rate despite variation in firms’ ex post profits. To generate wage dispersion, Davis and Harrigan (2011) have assumed that firms differ with respect to their monitoring abilities. If those abilities correlate positively with firm productivity, larger firms (and, hence, exporters) pay higher wages.4 Egger and Kreickemeier (2009) assume that firms need to pay at least the ‘fair’ wage to induce effort. Indexing that fair wage to firms ex post profits, they obtain an exporter wage premium and an effect of trade on residual inequality. Helpman, Itskhoki and Redding (2010) use a model with two-sided heterogeneity, where firms cannot costlessly verify the ability of workers. More productive firms invest more in screening, hire the more able workers, and pay higher wages. International trade levers this mechanism. Co¸sar, Guner and Tybout (2011) use a random search model with bilateral bargaining and convex adjustment costs that also delivers residual wage inequality. Our model differs from the existing literature in that it embeds directed search into a model of internationally active firms. Introducing directed search is an interesting departure from the existing literature on trade, firm heterogeneity and wage dispersion for the following reasons: first, the model is tractable both in steady state and along the transition, as we discuss below. Secondly, there is substantial evidence that firms post wages and that workers direct their search to particular jobs. For instance, in a recent survey on US workers, Hall and Krueger (2012) find that about one third of workers surveyed had precise information about the wage when they interviewed for the job. Third, directed search provides rich insights about the links between firm size, pay, and profits. For instance, as mentioned above, the close ties between firm’s profit and wages featured in existing models of trade, firm heterogeneity and wage dispersion breaks down: while small firms lose market share and profits with trade liberalization, the wage they pay increases. In the random search economy of Helpman et al. (2010), a reduction in market share brought about by trade liberalization leads to lower screening and lower wages. Third, we build on recent breakthroughs in the theory of search and matching with large firms. Kaas and Kircher (2010), Garibaldi and Moen (2010) and Schaal (2010) develop models of directed search where firms can commit to wage contracts. This type of environment has been shown to simplify the analysis of on-the-job search (Shi, 2009) as it displays a block recursivity property (see Shi and Menzio, 2010). It is used to characterize equilibria in which individuals’ decisions and equilibrium contracts do not depend on the distribution of workers across different employment states.5 The independence greatly simplifies the analysis because distributions are infinite-dimensional objects. By rendering them irrelevant to individual decisions, directed search makes it possible to characterize out-of-steady-state dynamics without relying on the simulation techniques described in Krussell and Smith. 4 5



Also see Amiti and Davis (2009). Block recursivity does not hold true in undirected search model with OJS such as the canonical BurdettMortensen model.
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Stylized facts and motivating evidence



We use linked employer–employee data form Germany for the years 1996-2007 to estimate residual wages. Germany is an interesting case, because it is a fairly open economy yet large economy. Moreover, the linked employer-employee data provided by the IAB Institute for Labor Market Research in Nuremberg is one of the best available datasets of this type world wide. It covers all German workers who are subject to social security contributions. The data has been widely used; for a recent and very prominent paper see Dustmann, Ludsteck and Schinberg (2009). The structure of the data set is as follows: a yearly plant-level survey of firms is matched to the universe of workers employed at a specific date at each firm. The plant-level survey covers a representative subsample of plants in Germany. Dustman et al. (2009) document that wage inequality has increased substantially in Western Germany from 1975 to 2004, with a marked acceleration around 1990. About 80% of the rise in overall inequality is due to an increase in the within-group component. This evidence is in line with findings of other papers for other countries; see Violante, Heathcote and Storesletten (2011) for the US, or Helpman, Itskhoki, Mindler and Redding (2012) for Brazil. We run Mincerian wage regressions of the type ln wi,j(i,t),t = βX0i,t + γZ0j(i,t),t + νi + νt + νs(i,t) + νr(i,t) + ωi,j(i),t ,



(1)



where i indexes workers, and j (i, t) the firm at which the worker i is employed at time t. The vector Xi,t contains worker characteristics, the vector Zj(i,t),t collects firm characteristics. The ν terms are dummy variables, capturing worker effects (νi ) , year effects (νt ) , industry effects νs(i,t) , or regional (federal states) effects νr(i,t) . We are interested in the standard deviation of the estimated residual ω ˆ i,j(i),t as our central measure of wage dispersion. We run three different types of Mincerian wage regressions, which differ with respect to the controls included at the right hand side. In the first regression, we set γ = 0 and do not include worker effects. Hence, we explain individual wages by worker characteristics and complete sets of industry, federal state and year dummies. The vector Xi,t contains six dummies for educational attainment, age and age squared, interaction terms between the education dummies and age / age squared, a dummy for white-collar occupations, a dummy for gender, and a dummy for immigrant status. In our model, we assume that workers are ex ante identical, so that the residual to that first regres1 sion, ω ˆ i,j(i),t , corresponds to the theoretical wage inequality to the extent that all relevant worker characteristics are controlled for. For the purpose of our analysis, the parameter estimates obtained in the Mincerian wage regression are not particularly interesting. However, some brief remarks may still be worthwhile.6 Our regressions cover T = 12 years and 2, 557, 868 workers in 16 manufacturing industries. Total employment in manufacturing in Germany averages about 5.5 6



Details are available upon request from the authors.
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million over the period 1996-2007, so a fairly large fraction of workers is covered. However, because of panel attrition in the firm survey, the total available number of observations for our analysis is N = 9, 740, 130. Our first regression yields an adjusted R2 of 0.61, which is very reasonable for such a simple Mincer regression. Estimated coefficients on age, tenure, education are statistically significant and bear the expected signs. Interestingly, while the female dummy is estimated at −0.23, immigrant status is statistically not distinguishable from zero. The year dummies reveal that nominal wages have increased by only a cumulative 15.09% over the period; real wage growth was negative.7 Regional dummies reveal the typical wage differences between new and old federal states. The second type of regression adds the vector Z0j(i,t),t of firm characteristics. It collects the log of employment (full time workers), and dummies for five different export intensities (shares of exports in total sales equal to zero or ranging between (0, 0.5] , (0.05, 0.15] , (0.15, 0.5] , or (0.5, 1.0]). In our model, these firm level variables play a key role in the determination of residual wage inequality.8 Moreover, since our theory does not dwell on firm-level differences in the bargaining structure, we include dummies for central collective industry-wide bargaining, collective firm-level bargaining, and the shares of female workers and of parttime workers. If firm-level effects account for some of the residual inequality, we should 2 expect that the residual log wage resulting from this specification ω ˆ i,j(i),t should be less 1 dispersed than ω ˆ i,j(i),t . Adding these firm-level variables to the regression boosts R2 only slightly to 0.64.9 Coefficients on worker characteristics change very little relative to the first regression. Concerning firm-level variables, we find that larger firms pay higher wages: an increase in employment by one percent leads to an increase in the wage rate by about 0.03 percent. This is conditional on exporter status, which also results in a wage premium. However, as documented in Felbermayr, Hauptmann and Schmerer (2012), the exporter wage premium in Germany is non-monotonic, with firms with medium-sized export shares pays the largest premium. Relative to non-collective bargaining, collective bargaining at the firm-level boosts wages by about 7%, while industry-wide bargaining leads to wages being 9% higher. Finally, the third specification adds worker fixed effects νi to the regression. This controls for unobservable but time-invariant worker characteristics such as ability, social competence, networks and so forth. The residual of this most comprehensive regression 3 should then be again less dispersed than the other two measures. ω ˆ i,j(i),t The diagrams displayed in Figure 1 plot the standard deviations of residual wages 1 ω ˆ i,j(i),t as obtained from the first type Mincer regression (1) on the y-axis by industry and year. On the x-axis, we plot an industry-level openness measure obtained from the OECD’s STAN data base. This measure is defined as imports plus exports as a share of sector-level value of output. That share varies over time. The figures show that the standard deviation of residual log wages ranges between 0.17 and 0.33. Its average is highest in the food industry (0.30), Recycling (0.28) and Printing (0.26) industries. 7 8



9



See also Dustmann et al (2009). Additionally controlling for labor productivity or TFP (calculated according to Olley and Pakes) severely reduces the number of observations but does not change our results. The total number of observations falls modestly to N = 9, 408, 361.
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Figure 1: Residual wage inequality (based on worker observables) and openness at the industry level (Germany 1996-2007)
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The average is lowest in Road Vehicles (0.20), Metallic (0.20) and Miscellaneous Vehicles (airplanes, ships, 0.21) industries. A simple correlation of industry averages yields no statistically significant picture between openness and residual inequality: industries with more compressed wage distributions are not more likely to have lower openness measures. However, within industries, the message of Figure 1 is that a higher degree of industry level openness is associated to higher inequality. In ten out of 16 industries the association is positive and statistically different from zero at least at the 1% level. The estimated coefficients range from 0.05 (Chemicals, Textiles) on the lower to 0.23 (steel) and 0.38 (recycling) on the higher end. The associated adjusted R2 statistics can be as high as 0.75 (Plastics) and 0.87 (Electronics). Only one industry features a negative assocation (Printing), but this is not statistically significant. 2 The diagrams in Figure 2 display the standard deviations of residual wages ω ˆ i,j(i),t as obtained from Mincerian wage regressions augmented by firm observables. As evidenced in the pictures, the spread and level of residual inequality falls relative to Figure 1. Also, the number of industries with statistically significant positive relations between inequality
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and openness falls to 8. Figure 2: Residual wage inequality (based on worker and firm observables) and openness at the industry level (Germany 1996-2007) .3
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Finally, the diagrams in Figure 2 depict residuals from regressions with additional worker effects. Now, the range and average of residual inequality measures at the industry level fall quite dramatically. Also, out of 16 industries, only the Metallic and Electronics industries display statistically positive (at the 1% level) associations between openness and inequality. Since the openness measure features a positive year trend in all industries, the regression lines fitted to the observations in the picture can also be interpreted as time trends. For example, in the textiles industry, the openness share went up from 1.6 in 1996 to 2.4 in 2007, as imports strongly increased while domestic sectoral production strongly contracted. This does not mean, however, that time trends would completely undo the observed positive correlation between openness and residual inequality. To show this, we present simple fixed-effects regressions of residual inequality (defined as the standard deviation of the log wage residual) on either openness or the log of openness.10 The 10



The analysis excludes the textiles industry, where the number of firms and employment have collapsed
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Figure 3: Residual wage inequality (based on worker and firm observables, plus worker fixed effects) and openness at the industry level (Germany 1996-2007)



.4



.5



.08 .09 .1 1.5



2



2.5



1.2



1.4



.6



.7



.8



.9



.4



1.2



1.4



.5



.08 .1 .12.14



.8



1



Vehicles, road .08 .09 .1



.7



.8



.9



.7



.75



.8



Furniture .08 .09 .1



.08.09 .1 .11



.1



1



.6



Optic



.12 .14



.12 .14



2



.5



.08 .09 .1 .11 .2



.4



Metallic



.4



Electronic



.1



1.5



.3



Machinery



.07 .08 .09 .1



.3 .2



.8



Vehicles, misc



1



.3



Steel



.1



.7



.5



.07 .08 .09 .5



Recycling



.6



.4



Non−metallic



.07 .08 .09 1



.3



Plastic



.1 .11.12.13



Chemicals



.8



Wood .07 .08 .09



Printing



.06 .3



Std.dev. of residual log wages



Textiles .08



.075 .08 .085



Food



1



1.2



1.4



.7



.8



.9



Openess (X+M)/Y Graphs by sectornew



regressions take industry-level effects out; they also include a comprehensive set of year effects. Table 1 presents the results. The association between openness and inequality is statistically significant across all three specifications of the underlying Mincerian wage regression. However, as already suggested by the graphical analysis, the average slope falls from 0.069 to 0.048 when taking firm characteristics into account. Controlling for unobserved worker effects lowers the coefficient further to 0.039. This pattern remains intact when openness is instrumented. Finally, Table 2 repeats the exercise of Table 1, but replaces the openness measure with the export share or the import penetration rate. Columns (1A) to (1C) refer to the most parsimonious Mincerian regression. Included separately, both the export and the import share are positively correlated with inequality; included jointly, only the export share matters, and the associated coefficient is substantially higher (0.107) than the one obtained on openness in column (1A) in Table 1. The coefficient falls to 0.074 and is from 1996 to 2007. It also excludes the industry “miscellaneous vehicles”, which consists of ship and aircraft builders, the number of which is very low in the data.
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Table 1: Residual inequality and openness at the industry level



Mincer Controls: Method: Openness [(X + M )/Y ] No. of obs. adj. R2 F-stat RMSE Weak ID stat ID stat



(1A) (1B) Worker observables



(2A) (2B) Worker&firm observables



FE 0.069a (0.021) 164 0.458 11.500 0.013



FE 0.048a (0.019) 164 0.332 7.484 0.013



FE-IV 0.079a (0.026) 150 0.425 9.874 0.012 207.259 18.410



FE-IV 0.057b (0.025) 150 0.268 6.014 0.012 207.259 18.410



(3A) (3B) Worker&firm observables plus worker FEs FE FE-IV b 0.039 0.037b (0.018) (0.019) 164 150 0.109 0.171 5.821 5.126 0.015 0.012 207.259 18.410



Robust standard errors in parentheses. a : p < 0.01, b : p < 0.05, c : p < 0.1. All regressions are fixed-effects (within) regressions at the industry-level. All regressions contain complete sets of year dummies. IV estimates use the first lag of openness as the instrument. Worker observables: age, age squared, 6 education dummies, education dummies interacted with age and age squared, white collar dummy, female dummy, immigrant dummy, full arrays of industry, federal state and year dummies. Firm observables: dummies for firm-level and industry-level collective bargaining, female share, parttime share, log employment, five export intensity dummies (based on export revenue shares).



statistically barely significant when we add firm controls; see column (2C). Finally, when we also add worker effects, nothing remains: openness and inequality are not correlated anymore. In other words, firm and worker characteristics, entered without interacting them into the Mincerian wage regressions, are enough to break the openness-inequality nexus. Importantly, one does not need match-specific (spell) effects for this. Our admittedly rough exercise does not claim to identify causal effects. Yet, we view our finding as motivating evidence for our theoretical model. Importantly, StolperSamuelson type explanations of a trade-inequality nexus are silent about the presented correlations as they build on observed skill differences. Moreover, since our analysis is robust to including worker fixed effects into equation 1, the rise of residual inequality is likely not due to assortative matching on unobserved worker characteristics (such as in Helpman et al., 2011).



3 3.1



Static Model Model’s setup



We study a world with two symmetric countries which interact through costly trade with each other. The description of the product market follows Melitz (2003) while the labor market features directed search.



10



11 164 0.458 12.546 0.013



0.132a (0.035) 0.097a (0.034) 164 0.446 10.791 0.013 0.036 (0.039) 164 0.456 11.731 0.013



0.107a (0.038)



(1A) (1B) (1C) Worker observables



164 0.332 8.015 0.013



0.092a (0.032) 0.068b (0.031) 164 0.324 7.209 0.013 0.026 (0.038) 164 0.328 7.540 0.013



0.074c (0.039)



(2A) (2B) (2C) Worker&firm observables



164 0.102 5.368 0.015



0.072b (0.034) 164 0.111 5.965 0.015



0.070 (0.051) 164 0.104 5.900 0.015



(3A) (3B) (3C) Worker&firm observables plus worker FEs 0.052 0.003 (0.034) (0.054)



Robust standard errors in parentheses. a : p < 0.01, b : p < 0.05, c : p < 0.1. All regressions are fixed-effects (within) regressions at the industry-level. All regressions contain complete sets of year dummies. IV estimates use the first lag of openness as the instrument. Worker observables: age, age squared, 6 education dummies, education dummies interacted with age and age squared, white collar dummy, female dummy, immigrant dummy, full arrays of industry, federal state and year dummies. Firm observables: dummies for firm-level and industry-level collective bargaining, female share, part-time share, log employment, five export intensity dummies (based on export revenue shares).



No. of obs. adj. R2 F-stat RMSE



Import share



Export share



Mincer Controls:



Table 2: Residual inequality and export/import shares at the industry level



Final output producers. Consumer preferences are defined over a single final output good that is produced according to an aggregate CES production function Y =M



1 − σ−1



Z y (ω)



σ−1 σ



σ  σ−1



dω



, σ>1,



(2)



ω∈Ω



where the measure of the set Ω is the mass M of available varieties of intermediate inputs, ω denotes such an input, y (ω) is the quantity of the input used, and σ is the elasticity of substitution across varieties. Y is produced under conditions of perfect competition. Premultiplying the square bracket in (2) by M −1/(σ−1) neutralizes the love of variety otherwise present in CES aggregator functions. The price index dual to (2) is given by 



1 P , M



Z



1−σ



p (ω)



1  1−σ



dω



,



(3)



ω∈Ω



and is used as the num¨ı¿½raire, i.e. P = 1. Then aggregate income is simply equal to Y. With these assumptions, demand for an intermediate good ω is given by the isoelastic inverse demand function Y y (ω) = p (ω)−σ . (4) M Intermediate input producers. Producers of intermediate goods operate under monopolistic competition. Output is given by a linear production function y (l; ω) = z (ω) l ,



(5)



where l denotes the labor input and z measures labor productivity. Firms are heterogenous and differ with respect to the parameter z. Due to monopolistic competition, each firm produces a unique variety; the dependence of z and optimal l on ω is understood and suppressed in the present section. Firms need to pay a fixed cost f in order to operate. Entry into export markets involve a fixed entry cost fX , and each unit of production shipped abroad is subject to an iceberg-type variable trade cost τ ≥ 1. Since there is no uncertainty after market entry, fX can be thought as a flow fixed cost. The derivation of the trade equilibrium is very similar to that in Melitz (2003), thus we only focus on the essential parts here. Revenues from exporting are pX yyX /τ and producers face the same demand (4) for domestic and foreign sales. Thus prices and quantities in the domestic and foreign markets satisfy: pX (z) = τ pD (z) and yX (z) = τ 1−σ yD (z). Total revenues are therefore given by 1  σ σ−1 Y 1−σ 1 + Iτ (zl) σ , R(l, I; z) = M 



(6)



where I is an indicator function that takes value 1 when the firms serves the foreign market and 0 otherwise. 12



Directed job search. Labor is the only primitive factor of production. Transactions in the labor market are segmented over a continuum of submarkets, each indexed by its ratio of open vacancies to job seekers θ = V (θ) /S (θ).11 The matching function in each submarket features constant returns to scale. Thus, if we let q (θ) denote the vacancy filling probability, θq (θ) is the probability of finding a job. We use η , −q 0 (θ) θ/q (θ) to denote the constant elasticity of the filling rate with respect to θ. We assume that search is directed: at the beginning of the period, by committing to a wage, firms decide in which submarket they want to recruit and how many vacancies they want to create. Workers have information about each submarket prior to their search and use it to select the submarket in which they search. Hence conditions across different submarkets must be such that workers are indifferent. For tractability, we normalize the income of unemployed workers to zero.12 Then the expected income of a job seeker in market θ is given by W = θq (θ) w .



(7)



Inverting the equation allows us to define wages as a function of the labor market tightness w (θ) =



W , θq (θ)



(8)



which is decreasing in θ: Workers search in submarkets with low wages only if they have a higher probability to land a job. As wages approach the value of leisure, the gains derived from being employed vanish and so the arrival rate of jobs diverges to infinity.



3.2



Firms’ policies



Let v denote the number of vacancies opened by a given firm and C (v) the associated vacancy costs. We assume that C (v) is strictly positive and increasing in v. Firms post a wage schedule and decide upon the optimal number of vacancies. Their optimization problem reads π (z) =



max Π (θ, v, I; z) , R(l, I; z) − wl − C (v) − f − Ifx



{θ,v,I}



s.t. (i) l = q(θ)v , W . (ii) w = θq (θ) The first constraint sets employment l equal to the number of vacancies times the job filling probability q (θ); the second takes into account that wages are associated to submarkets 11



Both V (θ) and S (θ) denote the number of open vacancies and job seekers in the submarket with tightness θ. Aggregate V and S are obtained integrating their values over all submarkets. 12 The model’s algebra becomes intractable when the value of leisure is positive. Since we wish to use the static model as a heuristic tool, we simplify matters by normalizing to zero the workers’ outside option. The restriction will be relaxed in the general dynamic model presented below.
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through (8). We let the firm choose its optimal v and θ which is equivalent to writing the problem in terms of v and w but easier to solve. The objective function can be rewritten as W v − C (v) − f − Ifx . θ Taking derivatives with respect to v and θ yields Π (θ, v, I; z) = R (q(θ)v, I; z) −



∂Π (θ, v; z) W = 0 ⇔ R1 (q(θ)v, I; z) q(θ) = + C 0 (v) , ∂v θ ∂Π (θ, v; z) W = 0 ⇔ R1 (q(θ)v, I; z) q 0 (θ) = − 2 , ∂θ θ



(9)



(10) (11)



where R1 (·) denotes the first derivative of the revenue function with respect to employment l. The first condition shows that firms choose the number of vacancies such that expected marginal revenues are equalized to marginal wage costs and marginal recruitment costs. The second condition reflects the optimal trade-off between a higher likelihood to fill a job, i.e. a lower θ, and the associated increase in wages. Note that this trade-off is completely independent from v. Combining the two first order conditions, one can write θ as a function of v in a compact fashion13 θ=



W 1−η · 0 . η C (v)



(12)



The relationship between θ and v does not depend on the export status I whose endogenous determination we relegate to a later stage of the analysis. The sign of the relationship is determined by the curvature of the recruitment costs function. When vacancy costs are convex, i.e. C 00 (v) > 0, firms recruiting in submarkets with higher θ are necessarily smaller because they post less vacancies. Remembering that wages are decreasing in the job finding rate and thus θ, we can conclude that firm size and wages are negatively correlated when vacancy costs are convex. This result is intuitive: Given that recruitment costs increase over-proportionately, firms prefer to post higher wages in order to raise their job filling rates. In the knife-edge case where adjustment costs are linear, i.e. C 00 (v) = 0, there is no link between the number of vacancies that a firm wishes to post and the labor market it selects. Since different labor markets are characterized by different wages through (8), there would also not be any wage dispersion. Proposition 1. If recruitment costs are strictly convex, larger firms post higher wages. When the cost function has a constant elasticity C 0 (v) v/C (v) = α > 1, it also holds true that more productive firms are larger. Conversely, when α < 1 so that recruitment costs are strictly concave, larger firms post lower wages. 13



Taking the ratio of the two first order conditions yields   W q(θ) 0 C (v) = − 1+ 0 , θ θq (θ) which, using the functional form of the matching function, is equivalent to (12) .
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In order to capture the well documented correlation between firm size and wages, we will hereafter restrict our attention to convex cost functions. This restriction is needed in order to ensure that bigger firms have a stronger incentive than smaller firms to save on recruitment costs by choosing a labor market segment in which the job finding probability is lower. This, in turn, necessitates higher wage offers as workers have to find each submarket equally attractive.



3.3



Distribution of wages and employment across firms



We now explain how to relate variables across submarkets. Imposing the following functional forms greatly simplifies the analysis. [A1] Vacancy costs are isoelastic C (v) = v α with α > 1. [A2] The matching function q(θ) = min {Aθ−η , 1} is Cobb-Douglas with η ∈ (0, 1). The minimum operator in the matching function ensures that the job finding probability cannot exceed one. We need to impose this constraint because time is discrete.14 We will focus on equilibria where θq (θ) < 1 in all submarkets because it is straightforward to extend our results to cases where the minimum constraint binds. Then a subset of firms with low productivity offer jobs that pay the reservation wage and recruit in markets where the probability to find a job is one. In other words, the economy exhibits a dual labor market structure. As in Melitz (2003), our aggregation procedure revolves around the introduction of a representative firm and its associated productivity z˜. We define it as follows: Definition of representative firm.— Let z˜ denote the productivity level such that firms charge a domestic price pD (˜ z ) = 1 when they do not export. Notice that it might actually be optimal to export for a firm with productivity z˜. Hence, the associated variables ˜l, θ˜ and profits π ˜ are just constructs that are not necessarily observed in equilibrium. Instead, we will use l (˜ z ) , θ (˜ z ) and π (˜ z ) to denote the optimal decisions of the representative firm. Equation (6) implies that marginal revenue are proportional to the domestic price which, combined with our normalization, yields R1 (l, I; z˜) =



σ−1 σ−1 pD (˜ z ) z˜ = z˜ . σ σ



(13)



Using this identity and the functional forms discussed above, one can use the equilibrium condition (11) to solve for the tightness associated to z˜ θ˜ = 14







σ W σ − 1 Aη˜ z



1  1−η



.



(14)



We do not set a similar upper bound on the job filling rate for two reasons. First, v does not have to be literally interpreted as the number of posted vacancies. Instead v can be seen as measuring recruitment intensity. Furthermore, firms sometimes end up recruiting more workers than the number of posted vacancies. Hence, the vacancy interpretation is not necessarily inconsistent with a filling rate above 1.
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Similarly, reinserting our functional forms into equation (12), one obtains a closed form solution for v as a function of θ   1 1 − η W α−1 . (15) v (z) = ηα θ (z) We now explain how posted wages can be derived for all productivity levels. First, note that marginal revenues are related in the following fashion  z  σ−1 1/σ R1 (l, I; z) σ   = 1 + I (z) τ 1−σ z˜ R1 ˜l, 0; z˜



˜l l (z)



!1/σ =



θ˜ θ (z)



!1−η .



(16)



The second equality results from the first order condition (11) to the firm’s problem, which–under our parametric assumptions–simplifies to R1 (l, I; z) = W/ (ηAθ1−η ). Since l = q (θ) v, one can solve for the employment levels using equation (15) and substitute them out of equation (16) to obtain  1 z  = 1 + I (z) τ 1−σ 1−σ z˜ where ζ



−1







1 ,− 1−η+ σ











θ (z) θ˜



σ ζ −1 σ−1



1 +η α−1



,



(17)



0. σ α−1 16



 σζ



,



(19)



(20)



The equilibrium tightness is obtained plugging (14) into (17). The exponents15 of both z and z˜ in (19) are negative: Firms with a higher productivity recruit in tighter markets and so post higher wages. Market tightness is log-linearly related to productivity with a slope that solely depends on the parameters of the utility, matching and cost functions but not on product market regulations. By contrast, as we will show later, trade openness affects the productivity z˜ of the representative firm which lowers the intercept of the tightness-productivity locus. We will also show that trade changes the value of search W whose impact is opposite to that of z˜ since it raises θ (z) for all z: greater returns for workers result in higher job finding rates. We now explain how to derive the equilibrium values of z˜ and W .



3.4



The equilibrium



Our description of product markets is borrowed from Melitz (2003). After paying an entry fee fE , firms draw their productivity from a sampling distribution with CDF G (z) . Once firms know their productivity levels, they may initiate production. Due to the presence of fixed market access costs f and fX , only firms with sufficiently high productivity levels find it profitable to operate and only the most productive from this set will also pay the exporting fixed costs fX ≥ f. In a symmetric two country setup, equilibrium on product markets is characterized by two free entry conditions, one for each country; as well as two zero cutoff profit conditions for each country’s domestic entry, and two indifference conditions that pin down the marginal exporters. Operating and exporting decisions. We start with domestic entry. In order to pin ∗ for domestic firms, we have to derive the expression for equilibdown the entry cutoff zD rium profits and z˜. We show in the Appendix that they satisfy the following conditions. ∗ )] denote the ex post distribution of firm proRemark 3. Let µ (z) , g (z) / [1 − G (zD ∗ ∗ ductivities and % , (1 − G(zX ))/(1 − G(zD )) < 1 the ex-ante probability of becoming an exporter. The productivity z˜ of the representative firm reads # β1 " Z ∞ β   1 z β 1 + I(z)τ 1−σ σ−1 µ (z) dz . (21) z˜ = 1 + % zD∗



For a given value of z˜, operating profits are log-linear in z as   β η α π (z; W ) = KW − 1−η ( α−1 ) z˜γ z β 1 + I (z) τ 1−σ σ−1 − f − I (z) fX ,



(22)



where the expressions for K > 0 and γ > 0 are derived in the appendix. 15



To derive the exponent of z˜, one replaces (14) into (17) . This yields the expression in (19) but with the following exponent for z˜       1 σ−1 1 σ−1 1 1 α − +ζ =− 1+ζ (1 − η) = − −ζ . 1−η σ 1−η σ 1−η σα−1 Replacing the definitions (18) of ζ and (20) of β into the expression above leads to (19) .
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Given that profits net of fixed costs are proportional to productivity, taking their ratio yields  β  z β π (z) + f + I (z) fX = 1 + I (z) τ 1−σ σ−1 [˜ π + f] . (23) z˜ ∗ The marginal productivity zD is such that the firm breaks even. Remembering that ∗ I (zD ) = 0 since only a subset of firms export, condition (23) yields a zero cutoff profit condition (ZCP) that is isomorphic to the one derived in Melitz (2003) # "  β z˜ −1 . (24) (ZCP ) : π ˜=f ∗ zD By contrast, the analysis differs from Melitz’s for the exporting cutoff: In our model there is no ZCP for exporters because the convexity of recruitment costs implies that total profits are not given by a linear sum of profits on the domestic and foreign markets. Instead, we have to use an indifference condition between the two possibilities, i.e. ∗ ∗ ∗ π (zX , I = 0) = π (zX , I = 1) . Setting the expression in (23) equals when I (zX ) = 1 and ∗ I (zX ) = 0 yields i h  β ∗ (25) (π (zX ) + f ) 1 + τ 1−σ σ−1 − 1 = fX . ∗ as serving the domesWithout loss of generality, one can view the indifferent firm zX tic market only. Then condition (23) leads to the following proportionality relationship ∗ ∗ ∗ β ∗ π (zX ) + f = (zX /zD ) [π (zD ) + f ] , which enables us to rewrite (25) as ∗ zX = ∗ zD







fX f



 β1 h



1+τ



1−σ



β  σ−1



i− β1 −1 ≥1.



(26)



∗ ∗ . The two cutoffs are in order to determine zX In other words, we only need to know zD positively related in equilibrium and, as one might expect, the productivity premium of ∗ ∗ the marginal exporter zX /zD is increasing in export fixed costs fX relative to domestic fixed costs f and in the iceberg trade factor τ.16



Free entry condition. Whereas market entry decisions are made ex post, the free entry condition ensures that entry occurs until expected profits are exactly identical to the entry costs fE , hence fE . (27) E [π (z)] = ∗ 1 − G (zD ) The expectation operator E [·] is taken over z that are high enough for profits to be positive, i.e., R∞ Z ∞ ∗ π (z) dG(z) zD E [π (z)] = = π (z) µ(z)dz . (28) ∗ ∗ 1 − G(zD ) zD 16



In the absence of labor market frictions or convex adjustment costs ( i.e., η = 1 or α = 1, which both −1/(σ−1) ∗ ∗ imply β = σ − 1), the relationship collapses to zX /zD = (f /fX ) τ , that is exactly the relationship in Melitz (2003).
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In order to use condition (27), we need to relate expected profits E [π (z)] to the profits π ˜ of the representative firm. The definition in (28) and the proportionality of profits established in Remark 3 ensure that Z ∞  β  β z  1 + I(z)τ 1−σ σ−1 µ(z)dz . E [π (z)] + f + %fX = [˜ π + f] ∗ z˜ zD But we know from the definition of z˜ in (21) that the integral on the right hand side is equal to 1 + %, which implies in turn E [π (z)] + f + %fX = [˜ π + f ] (1 + %) .



(29)



Equation (29) provides us with the desired mapping between expected profits E [π (z)] and π ˜ . Accordingly, we can substitute π ˜ out of (27) to obtain the free entry condition   1 fE (F E) : π ˜= + % (fX − f ) . (30) ∗ 1 + % 1 − G (zD ) Equilibrium in the good markets. To sum up we have the following sets of conditions: the zero-cutoff productivity condition (24), the free entry condition (30), the ∗ (21) and the expression relating the domestic and the export expression linking z˜ to zD ∗ ∗ }. , zX cutoffs (26). This gives us four equations for the four endogenous variables {˜ π , z˜, zD ∗ ∗ Since, by (26), zX is monotonically related to zD , and, by (21) z˜ is a strictly increasing ∗ ∗ ) −space. , the four conditions can be reduced to two equations in the (˜ π , zD function of zD ∗ Proposition 4. (Existence.) In the (˜ π , zD ) −space, equilibrium is determined by the intersection of a non-increasing zero cutoff productivity (ZCP ) condition and, under the mild restriction fX < fE , a strictly increasing free entry condition (F E) : ( ) β ∗ z˜ (zD ) −1 , (31) (ZCP ) : π ˜=f ∗ zD



(F E) : π ˜=



∗ ∗ fE + {1 − G [zX (zD )]} (fX − f ) . ∗ ∗ ∗ 2 − G (zD ) − G [zX (zD )]



(32)



The equilibrium is unique. Figure 4 illustrates the ZCP and the FE conditions. It depicts the equilibrium cutoff ∗ ∗ ∗ productivity zˆD at the intersection of the two loci. Knowing zˆD , one can infer zˆX through b (26) and z˜ through (21). Note that the FE differs from the one in Melitz (2003) in that ∗ ∗ it depends on zD as well as on zX through not only % but also fX − f. ∗ ∗ Corollary 5. (Separability.) The equilibrium cutoff-productivities zD , zX , and the productivity of the representative firm z˜ are independent from the equilibrium tightness θ (z) and the value of search W .
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Figure 4: Equilibrium
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Separability directly follows from the log-linearity of operating profits established in Remark 3, a property that has already been used in a related context by, e.g., Felbermayr et al. (2001). It greatly simplifies the analysis since cutoff and representative productivities can be derived in a similar fashion than in the standard Melitz model, that is by ∗ ∗ solely considering product market parameters. Once zD , zX and z˜ have been obtained, one can focus on the labor market variables θ (z) and W . In this sense, the model is block recursive. This does not mean, however, that firms’ characteristics are independent from labor market outcomes. First, the equilibrium locus for θ (z) will determine the relationship between productivity and firm size. Second, the mass of operating firms is pinned down by the labor market clearing condition to which we turn next. Equilibrium in the labor markets. In order to close the model we need to derive the equilibrium mass of firms and the aggregate level of unemployment. Given that a firm with productivity z recruits his workers from a pool of unemployed workers with mass s (z) = l (z) / [θ (z) q (θ (z))], integrating over all levels of productivity yields  Z ∞ l (z) µ (z) dz , S = MD ∗ θ (z) q (θ (z)) zD where MD is the mass of domestic firms. We show in the Appendix that assuming an inelastic labor supply S = 1, and using the equilibrium expressions for l (z) and θ (z) derived in proposition 2, yields  MD =



1−η W cαη 20



1  1−α α θ˜α−1 . 1+%



(33)



The only remaining endogenous variables are the value of search W and the aggregate level of unemployment. Let us focus first on W . Its value follows from the ZCP condition. Reinserting the expression for profits derived in the proof of Lemma 3 into the condition ∗ π (zD ) = 0, and using (24), we obtain 



K γ ∗β z˜ zD W = f



α−1  1−η η α



.



(34)



K is a constant whose definition is relegated to equation (58) in the Appendix. Given that γ and β are positive,17 an increase in the productivity of the marginal domestic producer and/or of the representative firm shifts the value of search up. Quite intuitively, as firms become more efficient, the zero profit and free entry conditions are reestablished through an increase in labor costs. In order to close the model we only have to determine the aggregate level of employment. As for the mass of firms MD , its equilibrium value ensures that the labor market clears. Proposition 6. The equilibrium level of unemployment L is given by σ    z¯ β σ−1 −1 ˜ ˜ , L = θq θ z˜



(35)



where " z¯ ,



1 1+%



Z



∞



  1 (β σ −1) σ z β σ−1 −1 1 + I(z)τ 1−σ σ−1 σ−1 µ (z) dz



#



1 σ −1 β σ−1



.



∗ zD



  ˜ The expression for L is made of two components. The first one, θq θ˜ , is the job finding rate in the submarket chosen by the representative firm. It would be equal to the aggregate level of employment if all workers were applying to jobs with posted wages w. ˜ There is, however, an additional component due to the allocation of workers across submarkets with different tightness. Equation (35) shows that this composition effect is captured by the ratio of two different weighted means for z.
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The effect of trade liberalization



We are now ready to investigate the effect of trade liberalization in the form of lower iceberg costs, i.e. ∆τ < 0. For concreteness, we assume that firms draw their productivity from a Pareto distribution so that  z κ min , with zmin > 0 and κ > 0. G (z) = 1 − z 17



The inequality γ > 0 is established in the proof of Remark 3.
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The hypothesis can be justified noticing that, as in the data, firm sizes are Pareto distributed because they are given by power functions of productivity. The recursive structure of the model allows us to conduce our analysis sequentially, focusing first on product market variables and then turning our attention to labor market outcomes.



Representative firm. As in Melitz (2003), iceberg costs affects the ZCP locus but leaves the FE condition unaffected. More precisely, τ is a parameter in the mapping ∗ ∗ z˜ (zD ) such that lower τ implies higher z˜ for given zD . So the ZCP shifts upwards and the ∗ equilibrium cutoff productivity zD increases. Figure ?? provides an illustration. The intuition for this result is familiar from Melitz (2003). Trade liberalization gives additional leverage to productive firms who can take advantage from easier access to the foreign market. It also hurts less productive firms, whose revenues may fall due to increased competition by efficient foreign competitors. As a consequence, less efficient firms shut down, while more efficient firms expand. This drives up the productivity z˜ of the representative firm as long as the additional output share lost in iceberg costs does not outweigh the productivity gains at the factory gate. The following proposition shows that this is always the case when productivities are Pareto distributed and fixed costs in the export market are higher than those on the domestic market. Proposition 7. Trade liberalization in the form of lower iceberg trade costs, ∆τ < 0, leaves the free entry condition put but moves the zero cutoff profit condition outwards. If ∗ β > 1, the entry cutoff zD goes up and so does the productivity z˜ of the representative firm whenever z is Pareto distributed and fx > f. Value of search and profits. The reallocation of labor towards more efficient firms increases the value of search. This is easily established considering the ZCP condition ∗ ∗ ) is strictly decreasing in W and ; z˜, W ) = 0. Equation (22) implies that π (zD π (zD ∗ strictly increasing in both z˜ and zD . But we have seen that, following a reduction in τ , the productivity of the representative and marginal firms go up. Hence, the value of search W has to increase until the ZCP is satisfied again. In other words, trade liberalization mandates an increase in workers’ average welfare.18 Substituting W from (34) into the profit function (22), we find  π (z) =



z ∗ zD



β







1 + I (z) τ 1−σ



β  σ−1



f − f − I (z) fX .



(36)



Profits of non-exporters decline relative to the situation before liberalization; more pre∗ cisely, the slope of the profit schedule in z becomes flatter as zD increases. This is due to increased wage costs. Exporters are also hurt by higher W, but they benefit directly from lower trade costs, which works towards making the slope of π steeper for them. As 18



W being average labor income, together with the normalization P = 1, it is a measure of welfare for the average worker.
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∗ in Melitz (2003), the latter effect is strong enough to ensure that zX decreases. Figure 5 provides an illustration. Clearly, trade liberalization makes the distribution of profits more unequal.



Figure 5: Effect on profits of trade liberalization.
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Note that in our model the distribution of wages does not follow the distribution of profits. While some continuing firms see their profits fall, they pay higher wages. In models, such as Egger and Kreickemeier (2009a,b), where wages are indexed to profits, workers in firms with low productivity would see their wages fall. In their setup, workers are not indifferent between seeking employment at firms occupying different submarkets. By contrast, our indifference condition ensures that all employees benefit from an increase in average profits. Employment. It is useful to start our discussion of changes in employment by con∗ ∗ sidering first the extreme case where all firms export.19 Then zD = zX and the Pareto assumption yields σ      z¯ β σ−1 −1 ˜ θ˜ Λ , ˜ ˜ = θq (37) L = θq θ z˜ 19



The results discussed below also holds in the symmetric scenario where the economy is closed and no firm export.
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where Λ depends solely on the exogenous parameters of the model.20 The composition effect being captured by a constant, one only needs to know how θ˜ adjusts to predict the effect of trade liberalization on employment. But it is easy to prove that θ˜ is an increasing function of z˜.21 The positive relationship is driven by two opposite forces: A negative partial equilibrium effect whereby a higher z˜ raises optimal size and leads firms to lower θ (z) in order to save on hiring costs; and a positive general equilibrium effect due to the increase in the value of search W. For our chosen functional forms, the second channel dominates and unemployment is decreasing in z˜ and thus trade openness. In practice, only a subset of firms export and the ratio z¯/˜ z is not anymore constant. This is because a decrease in τ raises the share of exporters. The firms that switch status now recruit in markets with a lower tightness in order to reach a higher size. This reallocation affect modifies the mapping between θ˜ and L. The sum of the mechanisms described above leads to an ambiguous relationship between trade liberalization and employment, as can be seen from Figure 6. For the particular set of parameter values reported in the Figure and a relatively low convexity of the cost function, e.g. α = 1.5, employment is decreasing in τ . However, this is not true for all parameters values as raising α eventually flips the sign of the relationship from negative to positive. Wage distribution. Knowing the impact of trade liberalization on the representative firm allows us to characterize its effect on the wage distribution. Workers are indifferent between submarkets when condition (8) holds, so that w (z) = (W/A) θ (z)η−1 . Reinserting the expression for θ (z) from Proposition 2 and taking a logarithmic transformation yields22      β β σ−1 + 1− ln z + ln z˜ + (σ − 1 − β) ln 1 + I(z)τ 1−σ , ln w (z) = ln η σ σ−1 1 } | {z } |σ −{z Export premium Reallocation



(38) Since β < σ − 1, log-wages are increasing in log-productivity at the firm-level. The elasticity of wages with respect to z is constant and equal to 1−β/ (σ − 1) . That elasticity 20



More precisely 1 1   β  β − σ−1 σ −1 1 + τ 1−σ σ−1 [κ − β] σ−1 β   κ Λ= . σ 2 κ − β σ−1 +1
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Combining the expressions of θ˜ in (19) and of W in (34), we obtain   ˜ θ˜ = θ˜1−η = θq



σ W σ = σ − 1 Aη˜ z (σ − 1) Aη



K f







∗ zD z˜



α−1 β ! 1−η η α



1



z˜ η −1 .



∗ When G (z) is Pareto and all firms export, the ratio (zD /˜ z ) is constant. Hence the elasticity of θ˜ with respect to z˜ is also constant and equal to 1/η > 0. 22 We have again made use of 1 + ζ [(σ − 1) /σ] (1 − η) = β/ (σ − 1) .
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Figure 6: Aggregate Employment as a Function of τ and α. Parameters: σ = 4, α = 1.4, A = 2, f = fX = fE = 1, η = 1/2, κ = 3, zmin = 2/3.



is declining in α, the degree of convexity of the adjustment cost function. In the absence of search frictions (η = 1) or with linear adjustment costs (α = 1) , we have β = σ − 1. Then the wage schedule collapses to ln w (z) = ln ([σ − 1] /σ) + ln z˜. As in Felbermayr et al. (2011), there is no wage dispersion. Trade liberalization affects wages through two channels. First, the reallocation effect increases the productivity of the representative firm which shifts the intercept of (38). In other words, z˜ raises all wages proportionally. As firms become more productive on average, they wish to reach a higher size and so find it more attractive to save on recruitment costs by raising wages. This increase in the competition to attract workers benefits to all of them, even those that are employed by firms with lower profits. The second effect operates through the exporter wage premium (σ − 1 − β) ln (1 + I(z)τ 1−σ ). By raising sales in the foreign market, lower variable trade costs τ shifts the premium that exporters are willing to pay in order to reach their optimal size. Figure 7 illustrates the wage schedule and how it is affected by trade liberalization ∗ ∗ (∆τ < 0) . Trade liberalization increases zD , lowers zX and boosts z˜. Moreover, the exporter wage premium increases. Importantly, all wages go up. This is crucial, since despite increased inequality between workers employed by exporters and domestic producers, trade liberalization is still a Pareto improvement. Thus there is no need for compensation to redistribute the gains from trade among employed workers. The following proposition summarizes the impact of τ on wages. Proposition 8. (Wages.) Trade liberalization in the form of lower iceberg trade costs, ∆τ < 0, increases real wages for all workers and raises the exporter wage premium. Equation (38) characterizes the mapping between wages and firm productivity. In order to obtain the distribution of wages, one has to weight each firm productivity by their respective size so as to obtain the following distributions. 25



Figure 7: Effect of trade liberalization on the equilibrium wage schedule. ln 𝑤(𝑧)
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Proposition 9. When z is drawn from a Pareto distribution with shape parameter κ, w the distribution gX (w) of wages among exporters is also Pareto with shape parameter ∗ κw = [(σ − 1) (κ + 1) − β] / (σ − 1 − β) and location parameter w(zX ), while the wage w distribution gD (w) among domestic producers is truncated Pareto with the same shape ∗ ∗ ). ) and w(zX parameter κw and location parameters w(zD w w (w). (w) and gD The aggregate wage distribution g w (w) is a piecewise function of gX 23 Let φ , LD /LX denote the share of workers employed by domestic producers, the aggregate wage distribution reads ( 1 ∗ ∗ g w (w) if w ∈ [w(zD ), w(zX )) 1+φ D g w (w) = . φ w ∗ g (w) if w > w(zX ) 1+φ X



As for employment, it is insightful to consider first the extreme cases where all or no firm export. Then the wage distribution is Pareto. But it is well known that the most commonly used measures for inequality, such as the Theil index or Gini coefficient, solely depends on the shape parameter κ of the Pareto distribution.24 This implies that, as in Helpman et al. (2010), an open economy where all firms export has the same level of inequality as the closed economy. The export premium introduces further inequality across workers when not all of them are employed by exporters. Inequality is therefore hump-shaped in trade openness, as illustrated in Figure 8. 23



The ratio φ has a closed form solution φ= 1+τ



1−σ



1  σζ (η+ α−1 )



"



 1−



26



∗ zD ∗ zX



σ # κ+1−β σ−1



.



Figure 8: Gini Coefficient as a Function of Iceberg Costs τ. Same Baseline Parameters as in Figure 6.
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Dynamic model



This section explains how to devise the model within a dynamic environment. We use a continuous time setting but keep the structure of the problem as close as possible to that of the static model. The only additional assumption worth mentioning is that firms have the ability to commit: They post contracts which stipulate wages in every future period where the firm operates. Given that workers are risk neutral, the sequences of payments are indeterminate as long as they yield the same discounted sum. Thus we simplify matters by considering that workers are offered a constant income stream. This choice of wage profile is also without loss of generality form the firm’s standpoint: It does not affect its optimization problem because promised wages are sunk and, as such, do not affect future decisions.



5.1



Optimality conditions



Reservation wage. It is convenient to derive first the reservation wage as well as the indifference condition relating wages across submarkets. We assume that workers earn an income equal to b > 0 when searching for a job. Firms are destroyed at the time-invariant Poisson rate δ whereas workers also leave their job at the rate χ. Both firm destruction and natural attrition rates are exogenously given. Workers’ asset values satisfy the following 24



For example, the Gini coefficient is equal to (2κ − 1)−1 .



27



Bellman equations rE (w) = w + (δ + χ) [U − E (w)] , rU = b + θq(θ) [E (w) − U ] , where, as before, θ denotes the vacancy-unemployment ratio. By definition, the reservation wage wr is such that rU = wr . Replacing this definition into the asset equation for U , we obtain   w(θ) − wr wr = b + θq(θ) . r+δ+χ | {z } ,ρ



The variable ρ denotes the premium commended by workers over the flow value b of being unemployed. The expression can be rearranged so as to define the indifference condition for workers across submarkets25 w (θ) = wr +



1 (r + δ + χ) ρ . θq(θ)



(39)



Firm’s objective. Condition (39) enables us to define the objective of the firm. Consider a firm of vintages τ . Its value Π depends on three R t state variables: The current level of employment lt , the cumulated wage bill Wt , τ e−χ(t−s) q(θs )vs w (θs ) ds and the idiosyncratic productivity z. Writing the firm’s problem in recursive form yields ∞



Z



e−(r+δ)(s−t) [R (ls , I; z) − Ws − C(vs ) − f − Ifx ] ds



Π (lt , Wt ; z) , max



{vs ,θs ,I}



t



s.t. l˙s = q(θs )vs − χls ; ˙ s = q(θs )vs w (θs ) − χWs ; W ρ (r + δ + χ) . w (θs ) = wr + θs q(θs )



(40) (41) (42)



As explained before, the cumulated wage bill W does not affect future decisions because it is sunk. Expected profits can therefore be decomposed as follows Π (lt , Wt ; z) = G (lt ; z) −



f Wt − , r+δ+χ r+δ



which allows us to rewrite the objective in the following recursive form ( ) ˙t W ∂G (lt ; z) ˙ (r + δ) Π (lt , Wt ; z) = max R (lt , I; z) − Wt − C(vt ) − f − Ifx + lt − . {vt ,θt ,I} ∂lt r+δ+χ 25



The identity follows from  wr − b = ρ = θq(θ)
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w − wr r+δ+χ



 .



Eliminating the terms including W and replacing the law of motions (40) and (41) yields   R (lt , I; z) − C(vt ) − Ifx (r + δ) G (lt ; z) = max . (43) w(θt ) t ;z) + ∂G(l [q(θt )vt − χlt ] − r+δ+χ q(θt )vt {vt ,θt ,I} ∂lt Recruitment policy. The policy functions are derived maximizing the simplified Bellman equation (43). Remember that, at each point in time, a firm chooses the tightness of the submarket in which it recruits along with the number of vacancies. The FOC with respect to v reads C 0 (vt ) ∂G (lt ; z) w (θt ) = − . (44) q(θt ) ∂lt r+δ+χ Quite intuitively, the marginal cost of hiring an additional worker, C 0 (vt ) /q(θt ), is equal to its shadow value, G0 (lt ), minus the discounted wage bill wt / (r + δ + χ) . Maximizing the objective with respect to θ yields w (θt ) q 0 (θt ) ∂G (lt ; z) w0 (θt ) − · = . r + δ + χ q(θt ) ∂lt r+δ+χ



(45)



Combining (44) and (45),26 we obtain 1 C (vt ) = θt 0







 1 −1 ρ , η



(47)



where, as before, η denotes the elasticity of the matching function. Equation (47) defines an equilibrium locus v (θ) with a negative slope since the RHS of (47) is decreasing in θ whereas the LHS is increasing in v when recruitment costs are convex. As in the static model, firms that choose to recruit in tighter markets (low θ) by offering higher wages also post more vacancies. Dynamic conditions. We now derive the law of motion satisfied by the control variables. The dynamics conditions are derived in the Appendix. Although rather intricate, they drastically simplify when the parametric restrictions A1 and A2 defined in Section 2 are imposed. Proposition 10. When C (v) = v α and q(θ) = Aθ−η , with α > 1 and η ∈ (0, 1), the optimal employment schedule of any given firm satisfies 1−η ! η+1/(α−1) "  # ¨ l˙t + χlt 1−η lt + χl˙t η − + r + δ + χ = [R1 (lt , I; z) − wr ] , P η + 1/ (α − 1) l˙t + χlt ρ (48) 26



More precisely, we know from (39) that q(θ) + θq 0 (θ) w0 (θ) 1−η =− ρ=− ρ. 2 r+δ+χ q(θ)θ2 (q(θ)θ)



(46)



Reinserting the expression on the RHS into (45) and combining the resulting solution with (44) yields (47) .
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with the constant ξ being equal to 1+



ξ,A



η+1/(α−1) 1−η







1   α−1 ρ 1 −1 . η α



Equation (48) is a highly non linear second Order Differential Equation (ODE hereafter). Thus the employment profile of any given firm can be pinned down using a starting and terminal conditions. First, given that startups have no labor force, we can set lτ = 0 for any firm of vintage τ. The second condition ensures that employment converges smoothly to its optimal value in the long run, so that both l˙t and ¨lt approach zero as time goes to infinity. Eliminating l˙t and ¨lt from (48), we find that the asymptotic level of employment ¯l (z) , limt→∞ lt (z) is given by the unique solution to the following equality27 " # 1−η   ¯  η+1/(α−1) η R1 ¯l (z) , I; z − wr χl (z) = . ξ ρ r+δ+χ Marginal revenues R1 (·) converge to a limit that is higher than the reservation wage wr . This is because workers have a positive turnover rate and so need to be replaced through costly recruitments. Taking into account this additional cost drives a wedge between the opportunity cost of employment and the productivity of the marginal worker. As expected, the gap disappears when the attrition rate χ = 0. Then firms converge to their optimal level of employment in a frictionless world. We will numerically solve for the employment schedule of each firm by imposing (i) lτ = 0, and (ii) limt→∞ lt (z) = ¯l (z) , on (48) . Before describing the simulation procedure, we briefly discuss a specific example which admits a closed form solution. This will convey some intuition and show that the wage and employment dynamics generated by the ODE above are indeed in line with the data.



5.2



A closed form solution when marginal revenues are linear



In order to find a solution to (48) that can be analytically characterized, we assume that marginal revenues are linear in employment. Notice that this does not hold true when the technology is isoelastic, as in Melitz’s model. However, there are models where marginal revenues are indeed linear. Proposition 11. Assume that the marginal revenues function is linear, i.e. R1 (l; z) = z − σl, while C (v) = v 2 , q(θ) = Aθ1−η and χ = 0. Let ϑ , 1/ [θq(θ)] denote the inverse of the job finding rate, or the average unemployment duration of a worker searching in a submarket with tightness θ. Its optimal value for any given firm evolves according to s η+1 σ (1 − η)2 (49) (Aϑt ) 1−η +1 . ϑ˙ t = (r + δ) ϑt − [(r + δ) ϑt ]2 + η+1 27



A solution always exists and is unique since the LHS is increasing in ¯l and goes from 0 to infinity, while the RHS is decreasing and goes from a positive value to −wr η/ρ (r + δ + χ) < 0.
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We observe that the ODE (49) is now of the first order type and, most interestingly, that it does not depend on z anymore. This means that if two firms with different productivity are offering a similar wage, they will recruit in identical submarkets and hire the same number of workers at any future dates. Their difference in z can only be reflected by their current labor size whose value is determined by the starting condition ϑτ . It is chosen so that firm size converges to its optimal long run value ¯l (z).  Given that we have set the attrition rate χ equal to zero, ¯l (z) is such that R1 ¯l (z) ; z = wr which implies in turn that for a firm of vintage τ Z t η+1 z − wr ¯l (z) = lim ξ . ϑs (z) 1−η ds = t→∞ σ τ The RHS is increasing in z and so is the integral on the LHS. To see what this imply for the the starting value ϑτ (z) look at the solution to (49) plotted in Figure ??. It highlights that ϑt decreases over time. This implies that firms recruit in labor markets which are less and less tight, that is post lower wages, as time elapses. It follows that, as documented in the data, firms grow at a decreasing rate. When productivity z goes Rt η+1 up, the required increase in τ ϑs (z) 1−η is achieved through a raise in the starting value ϑt (z). More efficient firms post higher wages and recruit more workers at every point in time. Figure 9: Convergence Path 0
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Calibration to German data



TO BE COMPLETED



6



Conclusion
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A A.1



Appendix Proof of Proposition 1



The first part of the proposition is proved in the main text. Let us now focus on CES cost function with α , C 0 (v) v/C (v) denoting the elasticity of recruitment costs with respect to vacancies. The elasticity of θ with respect to v is given by ∂θ v =1−α . ∂v θ



(50)



Since employment satisfies l = q(θ)v, it follows that the elasticity of employment with respect to v is given by ∂l v = 1 − η (1 − α) . (51) ∂v l The cost function is convex when α > 1. Then (50) is negative and (51) positive as stated in the proposition. If the cost function is linear, i.e. α = 1, the first elasticity is zero so that wages are constant across firms. Finally when α < 1 the cost function is concave and (50) is positive. Since both η and α are inferior to one, the product η (1 − α) < 1 which implies in turn that (51) is positive. Thus bigger firms recruits in market with higher θ and so post lower wages. In order to characterize the mapping between firm productivity z and v, one may substitute (6) into the first order condition (11). This yields    1/σ − 1 W σ − 1 σ−1 Y 1−σ l ση = z σ 1 + Iτ . σ M θq(θ)



(52)



Recognizing that θ is a function of ν given by (12) and l = q(θ)v, totally differentiating this equilibrium condition with respect to z and v yields ∂v z = ∂z v



σ−1 σ−1 ηz σ R1 σ



η z σ



σ−1 σ



(l, I; z)



R1 (l, I; z) [1 + η (α − 1)] + w (l, I; z) (1 − η) (α − 1)



> 0.



(53)



A sufficient condition for a strictly positive sign is that α > 1, i.e., that recruitment costs are convex as stated in the proposition.



A.2



Proof of Remark 3



The expression for z˜ follows from the normalization of the aggregate price index P = 1. Recognizing that pX (z) = τ 1−σ pD (z) and that the mass of domestically available varieties M is related to the mass of domestically produced varieties MD by M = MD + %MD , since %MD measures the mass of imported varieties, we obtain
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 P = " =



1 M



Z



1  1−σ



1−σ



p (ω)



dω



ω∈Ω



1 1+%



Z



"



MD = M



Z



1 # 1−σ



∞



pD (z)



1−σ



  1 + I(z)τ 1−σ µ (z) dz



∗ zD 1 # 1−σ



∞ 1−σ



pD (z)



  1 + I(z)τ 1−σ µ (z) dz



.



∗ zD



The normalization implies that Z ∞   pD (z)1−σ 1 + I(z)τ 1−σ µ (z) dz . 1+%=



(54)



∗ zD



We use (16) to substitute domestic prices out as R1 (l, I (z) ; z) p (z) z   = D = z˜ R1 ˜l, 0; z˜



θ˜ θ



!1−η ,



from which one can make use of equation (17) to express the distribution of producer prices as a function of z !1−η   σ−1 1+ζ σ (1−η)  − ζ (1−η) z˜ z˜ θ˜ = pD (z) = 1 + I (z) τ 1−σ σ . (55) z θ z Let λ = ζ [(σ − 1) /σ] (1 − η) + 1, we now show that λ = β/ (σ − 1) . Using the definition of ζ, note that λ=



(α − 1) σ



1 σ



ζ α β α   =− = σα−1 σ−1 + η + σ (1 − η)



1 α−1



Replacing the exponent of z˜/z in (55) with λ = β/ (σ − 1) and plugging the price equation into (54), we obtain (21). In order to establish the proportionality of profits, we exploit the fact that demand  (σ−1)/σ 1−σ ˜ functions are such that R (z; W ) = [1 + I (z) τ ] RD (z) as well as RD (z) = zl/˜ zl RD (˜ z) . Replacing theses two equalities into (9) we obtain  σ−1    zlD (z) σ v (z) 1−σ z˜lD (˜ z) − W − v (z)α − f − I (z) fX , (56) π (z; W ) = 1 + I (z) τ z˜lD (˜ z) θ (z) where we have suppressed the dependence of I, lD , v and θ on W and z˜ to avoid notational clutter. Using results presented in Proposition 2, it is possible to simplify each components of π (z; W ). Starting with revenues, we observe that 1       1−α −η zlD (z) z 1 l (z) z 1 θ = = z˜lD (˜ z) z˜ 1 + I(z)τ 1−σ l (˜ z) z˜ 1 + I(z)τ 1−σ θ˜ 1 1   1−ζ σ [ 1−α −η ] 1  z 1+ζ σ−1 −η ] 1 σ [ 1−α . = z˜ 1 + I(z)τ 1−σ 34



while z˜lD (˜ z ) = z˜Aθ˜ where



1 −η 1−α







1−η W cαη



1  α−1



1



η



1



α



= z˜1+ η−1 ( 1−α −η) W − 1−η α−1 K1 ,



η α  1 1   − 1−η  1−η  1 −η ) ( 1−α α−1 σ 1 − η α−1 1 A . K1 , η A (σ − 1) α



We can therefore rewrite revenues as   σ−1  zlD (z) σ   β η α 1−σ 1 + I(z)τ z˜lD (˜ z ) = K1 W − 1−η α−1 z˜γ z β 1 + I(z)τ 1−σ σ−1 , z˜lD (˜ z) where  β,



σ−1 σ



2  ζ



 1 σ−1 σ−1 α −η + = ζ >0. 1−α σ σ 1−α



(57)



The sign of β follows from ζ < 0 and α > 1. The exponent of z˜ is "  2 #  1 σ−1 α 1 1 1 +η + −β >0 . ζ + = γ, α−1 1−η σ σ α−11−η The last equality holds because ((σ − 1) /σ) ζ (1/ (1 − α) − η) + 1 = (σ/ (σ − 1)) β. To see that γ is positive, observe that this holds true if (σ/ (σ − 1)) (1/ (1 − η)) + ζ > 0. Replacing the definition of ζ given in (18) and imposing α > 1 shows that the last inequality is indeed satisfied. Focusing now on the wage bill, we obtain v (z) = θ (z)



 



=



1−η W αη 1−η W αη



1  α−1



θ (z) 1  α−1



α 1−α



 =



1−η W αη



z˜γ z β 1 + I(z)τ 1−σ



α 1  α−1  1−α  ζ σ−1 1  z σ 1 + I(z)τ 1−σ σ−1 θ˜ z˜



β  σ−1



.



Finally, turning our attention to the expression for recruitment costs, we find that α



v (z) =







1−η W cαη



α  α−1



θ (z)



α 1−α



 =



1−η W cαη



α  α−1



α



1−α θ˜



α  z ζ σ−1 σ 1−α



z˜



1 + I(z)τ 1−σ



α ζ σ1 1−α



Hence, adding all the terms above yields   β η α π (z; z˜, W ) = KW − 1−η ( α−1 ) z˜γ z β 1 + I (z; W, z˜) τ 1−σ σ−1 − f − I (z; W, z˜) fX , with



" K , K1 −



1−η αη



1  α−1



 +



1−η αη
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# α  α−1



σ−1 Aη σ



1 α − 1−η 1−α



.



(58)



.



A.3



Proof of Proposition 4



∗ ∗ ∗ Derivative of z˜ with respect to zD Denote ∂zX /∂zD ≡ k, where we know k > 1 from (26). We rewrite expression (21) as Z ∞  β/(σ−1) 1 β z β 1 + I(z)τ 1−σ g (z) dz z˜ = ∗ ∗ 2 − G (zD ) − G (zX ) zD∗ Z ∞ ∗ ∗   g (zD ) + g (zX )k ∂ z˜β β 1−σ β/(σ−1) z 1 + I(z)τ = g (z) dz ∗ ∗ ∗ 2 ∂zD [2 − G (zD ) − G (zX )] zD∗ 1 ∗ − z ∗β g (zD ) ∗ ∗ 2 − G (zD ) − G (zX ) D "  ∗ β # ∗ ∗ ∗ ∗ ∂ z˜β zD g (zX ) zD g (zD ) zD 1 + k − = ∗ ∗ ∗ ∗ ∂zD z˜β 2 − G (zD ) − G (zX ) g (zD ) z˜ "  ∗ β # ∗ ∗ zD G (zD ) g (zX ) k− ' 1+ ∗ ∗ ∗ 2 − G (zD ) − G (zX ) g (zD ) z˜    β ∗ ∗ ∂ z˜β zD g (zX ) z˜ >1 > 0 ⇐⇒ 1 + k ∗ ∗ ∗ β ∂zD z˜ g (zD ) zD



which is always true since ∗the representative firm has higher productivity than the marginal ∂z ∗ ∗ ∗ producer, z˜ > zD , and ∂zX∗ > 1. For the same initial zD , an increase of zD has a stronger D effect on z˜ in our model than in the Melitz model (where β is replaced by σ − 1). Also note that τ 1−σ ∂ z˜ τ τ 1−σ ∂ z˜β τ = −β ⇐⇒ = − ∂τ z˜β 1 + τ 1−σ ∂τ z˜ 1 + τ 1−σ ∗ Slope of free entry condition. Let derivative of expected profit with respect to zD ∗ ∗ ≡k>1 /∂zD be π ¯ 0 and ∂zX



π ¯0 =



∗ ∗ ∗ ∗ ∗ ∗ −g (zX ) (fX − f ) k [2 − G (zD ) − G (zX )] + [fE + [1 − G (zX )] (fX − f )] [g (zD ) + g (zX ) k] . ∗ ∗ 2 [2 − G (zD ) − G (zX )]



Then, π ¯ 0 > 0 is equivalent to ∗ ∗ ∗ ∗ ∗ ∗ )] (fX − f )] [g (zD ) + g (zX ) k] > g (zX ) (fX − f ) k [2 − G (zD ) − G (zX )] [fE + [1 − G (zX ∗ ∗ ∗ ¯ g (zX ) k > g (zX ) k (fX − f ) π ¯ g (zD ) + π ∗ π ¯ g (zX ) > k. ∗ [(fX − f ) − π ¯] g (zD )
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Using the expression for π ¯ from (32), one can show that, under the sufficient condition fX < fE , ∗ fE + [1 − G (zX )] (fX − f ) 1 since 1 − (zD /˜ z )β > 0.



A.4



Proof of equation (33)



Given that a firm with productivity z recruits his workers from a pool of unemployed workers with mass s (z) = l (z) / [θ (z) q (θ (z))], integrating over all levels of productivity yields Z



∞



S = MD ∗ zD







1    α−1 Z ∞ α l (z) 1−η µ (z) dz = MD W θ (z) 1−α µ (z) dz , (59) ∗ θ (z) q (θ (z)) αη zD
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where MD is the mass of domestic firms. Proposition (2) allows us to simplify the integral  α Z ∞ Z ∞   ζ σ−1  ζ 1−α α z σ  1−σ σ ˜ 1−α θ (z) θ 1 + I (z) τ µ (z) dz dµ (z) = ∗ ∗ z˜ zD zD Z ∞  β  β α z  1 + I (z) τ 1−σ σ−1 µ (z) dz . = θ˜1−α ∗ z˜ zD But we know from (21) that the integral on the right hand side equals 1 + %, which implies in turn that Z ∞ α α θ (z) 1−α µ (z) dz = θ˜1−α (1 + %) . ∗ zD



Equation (33) follows reinserting this equality into (59) and setting S = 1.



A.5



Proof of Proposition 6



The aggregate level of employment is by definition equal to 1  α−1  Z ∞ Z ∞ 1 1−η W θ (z)−(η+ α−1 ) µ (z) dz L = MD l (z) µ (z) dz = MD A ∗ ∗ αη zD zD Z ∞ 1 α A ˜α−1 θ (z)−(η+ α−1 ) µ (z) dz , = θ ∗ 1+% zD where the last equality follows from (33). We use (2) to substitute out the vacancyunemployment ratios θ (z) R ∞ −(η+ 1 )ζ σ−1 1 − ζ (η+ α−1 ) µ (z) dz α−1 σ [1 + I (z) τ 1−σ ] σ z ∗ zD 1−η . L = Aθ˜ σ−1 1 (1 + %) z˜−(η+ α−1 )ζ σ The exponents can be simplified using the definition of β in (57) to obtain (35) .



A.6



Proof of Proposition 7



∗ We have already shown in the proof of Proposition 4 that zD is decreasing in τ when β > 1. Totally differentiating the equilibrium condition ( ) β ∗ ∗ ∗ z˜ (zD ) fE + {1 − G [zX (zD )]} (fX − f ) π (˜ z )ZP C = f − 1 = = π (˜ z )F E ∗ ∗ ∗ ∗ zD 2 − G (zD ) − G [zX (zD )]



we obtain ∗ ∗ ∗ β β τ 1−σ [g (zD ) + g (kzD ) k] zD ∗ z ˆ − − τ ˆ = zˆ∗ D ∗ ∗ ∗ ∗ 2 − G (zD ) − G (zX ) D 1 − (zD /˜ z )β 1 − (zD /˜ z )β 1 + τ 1−σ " # ∗ ∗ ∗ β τ 1−σ [g (zD ) + g (kzD ) k] zD β ∗ − + z ˆ = τˆ D ∗ ∗ ∗ ∗ 2 − G (zD ) − G (zX ) 1 − (zD /˜ z )β 1 − (zD /˜ z )β 1 + τ 1−σ
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∗ So, if the sufficient condition β > 1 holds, zˆD /ˆ τ < 0 and trade liberalization (lower τ ) ∗ ∗ indeed increases zD . We still have to prove that z˜ is increasing in zD . Reinserting the Pareto distribution into the definition of z˜, we obtain Z ∞  β  1 ∗κ −κ−1 β z dz z β 1 + I (z) τ 1−σ σ−1 κzD z˜ = 1 + % zD∗  i ∗κ  β zD κ h ∗β−κ  ∗β−κ = zX 1 + τ 1−σ σ−1 − 1 + zD . 1+%κ−β



But we know from equation (26) that   β fX 1 + τ 1−σ σ−1 − 1 = f







∗ zD ∗ zX



β ,



∗ κ ∗ ) . We can therefore rewrite the equality above /zX while the share of exporters % = (zD as    fX 1 + % f κ ∗β  β  . z˜ = zD κ−β 1+% ∗ ∗ whenever fX > f . , we indeed have z˜ increasing in zD Given that % is increasing in zD



A.7



Proof of Proposition 9



Let µX (z) and µD (z) denote the distribution of productivity among exporters and domestic producers, respectively. When G (z) is Pareto we have by definition µX (z) =



g (z) κz ∗κ z −κ−1 g (z) ∗κ −κ−1 = κzX = D  ∗ κ . z , and µD (z) = z 1 − G (zX ) G (zX ) − G (zD ) 1 − zD∗ X



The distribution of wages follows weighting the density above by firm sizes. Starting with exporters, one obtains R z(w) ΨX (w) =



z∗ RX∞ ∗ zX



l (x) µX (x) dx



l (x) µX (x) dx



R z(w) =



z∗ RX∞ ∗ zX



σ



xβ σ−1 −1−κ−1 dx σ



xβ σ−1 −1−κ−1 dx



 =1−



z(w) ∗ zX



σ β σ−1 −κ−1



,



where, with some slight abuse of notation, z(w) is the inverse function for w(z). To write the previous expression in terms of wages, we use the proportionality relationship w(z) = ∗ w(zX )







z ∗ zX



β 1− σ−1



z(w) ⇒ ∗ = zX
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w ∗ w(zX )



σ−1  σ−1−β



.



Reinserting this identity in the previous equation yields a Pareto distribution with shape parameter κw = [(σ − 1) (κ + 1) − β] / (σ − 1 − β). The wage distribution among domestic producers can be derived in a similar fashion. Skipping intermeditate steps, one gets σ  β σ−1 −κ−1 Rz z 1 − l (x) µ (x) dx ∗ ∗ D zD z . ΨD (z) = R zD∗ = σ  ∗ β σ−1 −κ−1 X z ∗ l (x) µD (x) dx zD 1 − zX∗ D



Once productivities z have been replaced by wages, ΨD (w) becomes equivalent to a truncated Pareto distribution with shape parameter κw .



A.8



Proof of Proposition 10



The only dynamic component of the optimality conditions is the shadow value of labor G0 (lt ). Directly differentiating its expression in (43) yields (r + δ + χ)



∂G (lt ; z) ∂ 2 G (lt ; z) = R1 (lt , I; z) + [q(θt )vt − χlt ] . ∂lt ∂lt2



This expression makes clear that G0 (lt ) is the shadow value of labor since it is equal to the discounted sum of marginal output. The term on the right hand side can be expressed as28     ∂ 2 G (lt ; z) ∂ 2 G (lt ; z) ˙ d ∂G (lt ; z) w (θt ) d C 0 (vt ) [q(θt )vt − χlt ] = lt = + = ∂lt2 ∂lt2 dt ∂lt dt q(θt ) r+δ+χ w0 (θt ) θ˙t C 00 (vt ) v˙ t q(θt ) − C 0 (vt ) q 0 (θt )θ˙t + . = q(θt )2 r+δ+χ Reinserting this equality into the previous equation, we obtain  0  C (vt ) w (θt ) C 00 (vt ) v˙ t q(θt ) − C 0 (vt ) q 0 (θt )θ˙t w0 (θt ) θ˙t (r + δ + χ) + − = R1 (lt , I; z) . − q(θt ) r+δ+χ q(θt )2 r+δ+χ (60) The dynamics condition is too intricate to be analyzed at this level of generality. This is why we impose the additional Assumptions A1 and A2. When recruitment costs are isoelastic, i.e. C (v) = v α , (47) is equivalent to vtα−1 = (1 − η) ρ/ (ηαθt ) and the dynamic equation (60) reads (r + δ + χ)



28



αvtα−1 α(α − 1)vtα−2 v˙ t q(θt ) − αvtα−1 q 0 (θt )θ˙t w0 (θt ) θ˙t − +w (θt )− = R1 (lt , I; z) . q(θt ) q(θt )2 r+δ+χ (61)



The third equality follows from (44) .
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Assumption A2 allows us to simplify this equation further by expressing analytically the slope v˙ t of the vacancy schedule with respect to time. When the matching function is Cobb-Douglas, i.e. q(θ) = Aθ−η , 1   α−1 − α  θ˙t θt α−1 1 ρ −1 , v˙ t = − α−1 η α



and so " #  " #  αvtα−1 v˙ t q 0 (θt )θ˙t 1 ρ θ˙t r + δ + χ − (α − 1) + = −1 r + δ + χ + (1 − η) . q(θt ) vt q(θt ) η θt q(θt ) θt (62) 0 Reinserting (62) into (61) and using (46) to substitute w (θt ), we finally obtain " # 1 θ˙t η (63) r + δ + χ + (1 − η) = [R1 (lt , I; z) − wr ] . θt q(θt ) θt ρ In order to solve this equation, we use the following change of variable ϑt , [θt q(θt )]−1 = A−1 θtη−1 so that 1 θ˙t (η − 1) . ϑ˙ t = (η − 1) A−1 θtη−2 θ˙t = θt q(θt ) θt Thus (63) is equivalent to ϑt (r + δ + χ) − ϑ˙ t =



η [R1 (lt , I; z) − wr ] . ρ



(64)



We wish to express (64) as an ODE in lt only. Thus we need to express ϑt as a function of lt . Simple accounting yields 1 1     α−1   α−1  η+1/(α−1) η+1/(α−1) ρ 1 1+ 1−η ˙lt + χlt = q(θt )vt = q(θt ) 1 1 − 1 ρ 1−η = ϑt A −1 . θt η α η α | {z }



,ξ



In order to obtain ϑ˙ t , we differentiate this expression with respect to time 1−η ϑ˙ t = η + 1/ (α − 1)



l˙t + χlt ξ



1−η ! η+1/(α−1)



¨lt + χl˙t , l˙t + χlt



and replace it into (64) to finally derive the law of motion (48) for employment.
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A.9



Proof of Proposition 11.



When marginal revenues are linear dR1 (lt ; z) = R11 (lt ; z) l˙t = −σq(θt )vt = −σ dt







   η+1 η+1 1 ρ −1−η 1 ρ 1+ 1−η ϑt1−η . −1 Aθt = −σ −1 A η 2 η 2



Hence, differentiating (64) with respect to time yields η+1 η+1 σ (1 − η) 1+ 1−η A −ϑ¨t + (r + δ) ϑ˙ t + ϑt1−η = 0 . 2



The ODE implies that, with a slight abuse of notation, (r + δ) ϑ˙ + dϑ˙ = dϑ



η+1 η+1 σ(1−η) 1+ 1−η A ϑ 1−η 2



ϑ˙



.



Integrating this equation yields 2 η+1 ϑ˙ 2 ˙ + σ (1 − η) (Aϑ) 1−η +1 + C0 , = (r + δ) ϑϑ 2 2 (η + 1)



(65)



where C0 is the constant of integration. The size of the firm must converge to its optimal long run value. This occurs when the following boundary conditions are satisfied: (i) limt→∞ ϑt = 0; and (ii) limt→∞ ϑ˙ t = 0. The second requirement holds when the constant C0 is equal to zero. The solution reported in (49) is the negative root of the resulting quadratic equation. We can exclude the positive root since it would generate a diverging path and thus violate the requirement according to which limt→∞ ϑt = 0.



A.10



Technical Appendix



Proof of equation (53).— Use (52) to define the function  1  σ −1 σ−1 Y W 1−σ 1 + Iτ l ση − =0 F (z, v) , z σ M θq (θ)   1 1 σ−1 2 Y ∂F 1−σ σ − σ1 (1 + Iτ ) l ηz − σ ∂v σ M ∂z = − ∂F = − Y 1 1 σ−1 ∂z 1−σ ) σ l − σ −1 ∂l η + W θ −2 q (θ)−1 (1 − η) ∂θ − σ1 z σ σ−1 (1 + Iτ ∂v σ M ∂v ∂v 2  Y  σ1 − 1 σ−1 σ−1 1−σ z σ (1 + Iτ ) l σ η ∂v z σ M = − 1   σ−1 1 ∂l v Y ∂θ v ∂z v − σ1 z σ σ−1 (1 + Iτ 1−σ ) σ l− σ ∂v η + W θ−1 q (θ)−1 (1 − η) ∂v σ M l θ σ−1 σ



∂v ϕ = ∂ϕ v



σ−1 ηR0 σ



η 0 R σ



(l; z) >0 (l; z) [1 + η (α − 1)] + w (l) (1 − η) (α − 1) 42



where we have used the implicit function theorem W θ−1 q (θ)−1 = w−b, ∂θ/∂v·v/v = 1−α, ∂l/∂v · v/l = 1 − η (1 − α) , and where the sign follows from α > 1. Description of the algorithm.— From equation (48) we have f (¨l, l,˙ l; z) = 0 • Step 1: set grid for l: lgrid = (lmin , l2 , l30 , ............, lmax ). Guess ¨l = g(l) for all l ∈ lgrid . ˙ = f (l, g(l); z) for all l ∈ lgrid . • Step 2: sub into f and find l(l) • Step 3: differentiate, ˙ ˙ dl dl(l) dl(l) df (l, g(l); z) ˙ ¨ = = l=l dt dl dt dl for all l ∈ lgrid . • Step 4. Use ¨l obtained as the new guess ¨l = df (l, g(l); z) l,˙ dl compute metric M = g(l) − ¨l and iterate till M is zero or small. ˙ grid ), • Step 5. Upon convergence use expressions for ¨l in f (¨l, l,˙ l; z) = 0, to find l(l this is the policy function over the grid. Simulation. ˙ grid ) on the grid lgrid , now we want to • Step 6. So far we have found a set of pints l(l ˙ which yields the firm size path along the transition l(t). By interpolation find l(t) ˙ we construct a continuous function for l(t) evaluated for every continuous value ˙ = l(t) which t ∈ (lmin , lmax ). Use ODE solver to solve the differential equation l(t) gives us the time path of the firm size l(t). The scope of the simulation is to use the concept of time as a fairly continuos measure all along the grid space for l. • Step 7. Convergence can be checked comparing the stationary values of l(t) to their steady state values.
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