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Stanley’s P-partitions Linear extension



In his thesis, Stanley introduced a quasi-symmetric function attached to any special poset, the generating series of P-partitions. These quasi-symmetric functions can be decomposed according to linear extensions of the considered special poset. Hopf algebraic version of these results, and generalizations?
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Stanley’s P-partitions Linear extension



Special poset A special poset (or (P, ω)-poset) is a partial order ≤P defined on a set [n] = {1, . . . , n}, for n ≥ 0. We represent special posets by their Hasse graph. q q 1 = ∅ ; q 1 ; q 1 q 2 , q 21 , q 12 ; q 1 q 2 q 3 , qq 21 q 3 , qq 31 q 2 , qq 12 q 3 , qq 32 q 1 , qq 13 q 2 , q3 q2 q3 q1 q2 q1 q q3 1 q q3 1 q q2 q q q qq 2 q 2 ∨ q1 , ∨q2 , ∨q3 , 2 ∧ q 1q 3 , 1 ∧ q 2q 3 , 1 ∧ q 3q 2 , qq 21 , qq 31 , qq 12 , qq 32 , qq 13 , qq 23 . . . 3 1,
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Number of special posets of degree n: n 1 2 3 4 5 6 7 8 1 3 19 219 4 231 130 023 6 129 859 431 723 379 Sequence A001035 in the OEIS.
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P-partitions Let P be a special poset of degree n. A P-partition of P is a sequence of nonnegative integers f = (f (1), . . . , f (n)) such that: 1



If i ≤P j, then f (i) ≤ f (j).



2



If i ≤P j and i > j, then f (i) < f (j).



The set of P-partitions of P is denoted by Part(P). qq 3



If P = q 21 , a P-partition of P is an increasing sequence (f (1), f (2), f (3)), that is to say a partition of length 3. qq 1



If P = q 23 , a P-partition of P is an strictly decreasing sequence (f (1), f (2), f (3)), that is to say a strict partition of length 3. Loïc Foissy and Claudia Malvenuto
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qq 1



If P = q 32 , a P-partition of P is a sequence (f (1), f (2), f (3)) such that f (2) ≤ f (3) < f (1). If a < b < c: (baa), (cab). qq



1 2 If P = ∨q3 , a P-partition of P is a sequence (f (1), f (2), f (3)) such that f (3) < f (1), f (2). If a < b < c:



(bba), (bca), (cba). qq



2 3 If P = ∨q1 , a P-partition of P is a sequence (f (1), f (2), f (3)) such that f (1) ≤ f (2), f (3). If a < b < c:



(aaa), (aab), (aba), (abb), (abc), (acb).
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Quasi-symmetric functions Let F ∈ K [[X1 , X2 , . . .]]. The series f is quasi-symmetric if for any increasing map f : N>0 −→ N>0 , the coefficients in F of 1 n X1a1 . . . Xnan and of Xfa(1) . . . Xfa(n) are the same. The algebra of quasi-symmetric functions is denoted by QSym. Basis of QSym: if a1 , . . . , an are nonnegative integers, X M(a1 ,...,an ) = Xia1 1 . . . Xian n . i1 
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