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Introduction



In this paper we introduce externalities in preferences in a model with segmented asset markets which is able to encompass both the Woodford (1986) and the overlapping generations Reichlin (1986) frameworks. While many previous works have thoroughly discussed the eﬀects of externalities in production on the dynamic properties of macroeconomic models,1 the role of externalities in preferences has been less studied. However, preference externalities are, in our view, as plausible and relevant as production externalities. Indeed, the existence of leisure externalities, i.e. the fact that individual utility from leisure may depend on whether other people are working more or less, seems plausible and has already been considered by some authors. See Benhabib and Farmer (2000) or Weder (2004). Also the fact that individual utility from consumption is aﬀected by the consumption of others (envy or altruism) has been considered in the literature. See for example Carroll et al. (1997), Ljungqvist and Uhlig (2000), Weder (2000), and Alonso-Carrera et al. (2003). Moreover, the fact that the existence of public goods and infrastructures may influence both the utility of consumption and leisure has also been exploited in some works. See Cazzavillan (1996), Zhang (2000), Utaka (2003) and Seegmuller (2003) for the case of consumption. In this work we show that the existence of preference externalities is able to aﬀect significantly the dynamics of the economy, i.e. the emergence of indeterminacy, and discuss the channels through which they operate. Notably, we show that externalities in preferences distort agents intertemporal arbitrage condition and not capital accumulation. Since taxation may have a similar eﬀect, we show that preference externalities are in dynamic terms equivalent to labour and consumption taxation in the Woodford framework and capital taxation in overlapping generations (OLG) economies. Indeed, the mechanisms operating are the same, even if their economic interpretations are diﬀerent, so that taxes can be seen and analyzed as particular forms of preference externalities. As a consequence, since we prove in this paper that externalities in preferences constitute a powerful channel for indeterminacy, the dynamic implications of fiscal policy rules have to be taken carefully by policy-makers. In section 2 we present the general framework proposed to analyze the 1 See among others Benhabib and Farmer (1994), Farmer and Guo (1994), Cazzavillan, Lloyd-Braga and Pintus (1998), Seegmuller (2004). For a survey, one can refer to Benhabib and Farmer (1999).
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role of preference externalities. We consider very general forms for these externalities, introducing them in the model used by Grandmont et al. (1998) and first developed by Woodford. In fact, we only assume that preference externalities, aﬀecting individual utility from consumption and leisure, depend on average labor and capital in the economy.2 In this way, we will be able to establish general results on the influence of preference externalities on indeterminacy, that will not depend either on the functional forms chosen or on the economic interpretation advanced. Since we want to emphasize the dynamic role of externalities in preferences, we keep the production sector as simple as possible. We consider a one sector model characterized by constant returns to scale in production. Moreover, to ease comparisons with the literature and to be able to nest both the Woodford and OLG specifications within the same framework, we assume that technology is of the Cobb-Douglas type.3 In the end of this section, we present general results concerning local indeterminacy that will be applied first to the Woodford model, and later to the OLG economy, depending on whether one considers low or full depreciation of capital. In section 3, we discuss in detail the possibility of indeterminacy in the Woodford model. Our main findings are the following. Discussing the results in terms of the contributions of labor and capital to the two types of externalities (consumption and leisure), we show that indeterminacy emerges for wide regions in the parameters’ space. The configuration considered in Grandmont et al. (1998) can be recovered in our framework as the case of no externalities. Since in their paper the steady state is never indeterminate in the Cobb-Douglas case, preference externalities constitute the only mechanism responsible for the emergence of indeterminacy in our framework. Furthermore, we find that indeterminacy requires the existence of labour externalities in preferences, whereas it can occur in the absence of capital externalities, as it happens under productive externalities. Also, indeterminacy requires suﬃciently high (absolute) values of labour externalities in consumption, while labour externalities aﬀecting the utility of leisure must be bounded from below and above for indeterminacy to emerge. Finally, the condition of the wrong slopes, sld > sls where sld denotes the slope of the labour demand curve and sls the slope of the labour supply curve, is neither 2



The rationale for this assumption will be discussed in section 2 below. However, it can be shown that our results on the eﬀects of preference externalities on indeterminacy are also valid when the elasticity of substitution between capital and labor is close to one. 3
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suﬃcient nor necessary for indeterminacy, and indeterminacy is possible both with a positively or negatively sloped labour supply. In sections 4 and 5, we show that our framework can be easily used to address the role of some fiscal policy rules on local dynamics, because they can be interpreted as particular specifications of externalities in preferences. Within the Woodford model, we address, respectively, the cases of labor and consumption taxes, which are used to finance public spending. We also compare our results with previous works. In the case of labor taxation we consider the possibility of government spending externalities on preferences. We find that indeterminacy is not possible with a constant tax rate when public spending does not aﬀect utility. On the contrary, as soon as the elasticity of public spending externalities exceeds a minimum bound, the steady state is always indeterminate, when the labor tax rate is constant. Moreover, whether procyclical or countercyclical taxes promote determinacy depends also on the value of this elasticity. Therefore, the ability to evaluate the magnitude of this elasticity is crucial for the correct design of policy rules responsible for (in)determinacy. Of course, when a constant flow of public expenditures is assumed (the case considered in Schmitt-Grohé and Uribe (1997) in a RBC model and Pintus (2003) in a Woodford model, for example), the degree of public spending externality does not play a role on the emergence of indeterminacy. In this case we recover the results obtained in Pintus (2003), where determinacy is ensured for low values of the labor tax rate. In the case of consumption taxes, to simplify the analysis we only consider, as usually done in the literature, the case where public spending does not aﬀect utility. We find that indeterminacy is possible in this case, but only when the elasticity of the tax schedule is negative. With a constant flow of public spending we find that indeterminacy emerges when the tax rate is suﬃciently high, which contrasts with the result obtained by Giannitsarou (2005) in a RBC model. In the last section, we first establish that the OLG economy can be obtained from the Woodford model considered before when there is full capital depreciation. Therefore, we can analyze the role of preference externalities on indeterminacy for OLG economies using the general results presented in section 2. We show that in the OLG model, indeterminacy occurs under arbitrarily small externalities in preferences. Moreover, as in the Woodford interpretation of our framework, the condition of the wrong slope is neither necessary nor suﬃcient to obtain indeterminacy. Noting that in the OLG interpretation of our framework, consumption only depends on capital income, 4



taxes on capital income can be viewed as a particular form of consumption externalities. Proceeding as in the case of labor taxation within the Woodford interpretation of our framework, we establish that without public spending externalities, indeterminacy occurs as soon as the capital tax rate is countercyclical or suﬃciently procyclical. We end this paper providing some concluding remarks.
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The General Framework



We consider a perfectly competitive monetary economy with discrete time t = 1, 2, ..., ∞ and heterogeneous infinite lived agents. Indeed, following Woodford, we assume that there are two types of agents, workers and capitalists. While workers and capitalists consume both the final good, only workers supply labour. Moreover, there is a financial market imperfection that prevent workers from borrowing against their wage income and workers are more impatient than capitalists, i.e. they discount the future more than the latter. So, in a neighborhood of a monetary steady state, capitalists hold the whole capital stock and no money, whereas workers save their wage earnings through money balances. Finally, the final good is produced by firms under a Cobb-Douglas technology characterized by constant returns to scale. In this paper, contrary to several existing contributions, we do not introduce production externalities, but rather consider the existence of externalities in preferences. More precisely, we simply postulate the existence of two general functions, labelled consumption and leisure externalities, that aﬀect respectively workers utility from consumption and leisure.4 These functions are only (both) assumed to depend (either positively or negatively) on average capital and labor in the economy. The rationale for this is the following. Consider first the case of leisure externalities. It seems natural to assume that this function depends on average hours worked on the economy. But how? The eﬀect can be positive or negative depending on whether individuals prefer individual leisure more when others are working more or less. Individual utility from leisure can also be aﬀected (positively or negatively) by the existence of public goods.5 Since these goods have to be financed, 4



We do not introduce externalities into capitalists preferences because, since they have a log-linear utility function, such externalities would not aﬀect the dynamics. 5 Indeed if some individuals may enjoy more leisure or vacations when public transportation and roads are good, others may prefer unspoiled and wild locations.
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their amount will ultimately depend on aggregate income and therefore on average capital and labour in the economy. Note that the last argument can also be used to justify the dependence of consumption externalities on average capital and labor in the economy. Moreover, individual utility from consumption may also depend on average consumption that in turn is determined by average labour and capital. In the next sections we will further discuss how such externalities can be interpreted in economic terms, providing some examples. At this stage, we merely precise that we do not use a particular specification of these two types of externalities because we want to establish very general results concerning the role of these externalities on local indeterminacy, which do not depend on particular interpretations or microeconomic foundations of the model. In the rest of this section, we first present the behavior of workers, capitalists and producers. Second, we define an intertemporal equilibrium. Then, after the analysis of the steady state, we study local dynamics.



2.1



Workers



We assume a continuum of identical workers of mass one. The representative worker maximizes the following utility function: ∞ X £ t=1



¤



t λt−1 U (ϕ(k t , lt )cw t ) − λ V (ψ(k t , lt )lt )



(1)



where lt is labor supply, cw t his consumption and λ ∈ (0, 1) is the discount factor. Moreover, we make the following assumptions on the utility functions U and V : ¡ ¢ Assumption 1 The functions U ϕ(k, l)cw and V (ψ(k, l)l) are continuous for all cw ≥ 0 and 0 ≤ l ≤ e l, where the labor endowment e l > 0 may be finite or n infinite. They are C for cw > 0, 0 < l < e l and n large enough, with U 0 (x) > 0, U 00 (x) ≤ 0, V 0 (l) > 0 and V 00 (l) ≥ 0. Moreover, liml→el V 0 (l) = +∞ and consumption and leisure are gross substitutes, i.e. −xU 00 (x)/U 0 (x) < 1. Finally, the two functions ϕ(k, l) and ψ(k, l), which depend on average capital stock k and average labor l, represent respectively consumption externalities and leisure externalities. On these two functions, we further assume:
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Assumption 2 The functions ϕ(k, l) and ψ(k, l) are continuous for (k, l) ∈ R2+ , positively valued and diﬀerentiable as many times as needed for (k, l) ∈ x R2++ . Moreover, if we define εhx (k, l) ≡ ∂h(k,l) , h ∈ {ϕ, ψ}, x ∈ {k, l}, ∂x h(k,l) we assume that εhx (k, l) admits positive or negative values for all h ∈ {ϕ, ψ}, x ∈ {k, l}. w In the following, we denote by mw t+1 the money balances and by kt+1 the capital stock held by the representative worker at the end of period t, δ ∈ (0, 1] is the depreciation rate of capital, rt the nominal interest rate, wt the nominal wage and pt the price of the final good. At each period, a worker faces the two following constraints: ¡ ¢ w w w w pt cw + mw (2) t + kt+1 − (1 − δ)kt t+1 = mt + rt kt + wt lt



¡ ¢ w w w pt cw ≤ mw t + kt+1 − (1 − δ)kt t + rt k t



(3)



Taking as given k and l, the representative worker maximizes his utility function (1) under the constraints (2) and (3), where (2) represents the budget constraint and (3) the liquidity constraint. The equilibria considered here are such that: ϕ(k t , lt )U 0 (ϕ(k t , lt )cw t ) > λϕ(k t+1 , lt+1 )U 0 (ϕ(k t+1 , lt+1 )cw t+1 ) [(1 − δ) + rt+1 /pt+1 ]



(4)



(1 − δ)pt+1 + rt+1 > pt



(5)



mw t+1 = wt lt



(7)



w pt cw t = mt



(8)



Then, workers always choose ktw = 0 and the finance constraint is binding. Therefore, we obtain the following equations: ¡ ¢ u ϕ(k t+1 , lt+1 )cw (6) t+1 = v(ψ(k t , lt )lt )



where u(x) = xU 0 (x) and v(z) = zV 0 (z). We can further notice that under Assumption 1, it exists a function γ ≡ u−1 ◦ v, such that ϕ(k t+1 , lt+1 )cw t+1 = 0 γ(ψ(k t , lt )lt ) and εγ (z) ≡ γ (z)z/γ(z) ≥ 1. 7



2.2



Capitalists



Capitalists behave like a representative agent who maximizes his lifetime utility function: ∞ X β t ln cct (9) t=1



where β ∈ (λ, 1) is his discount factor and cct his aggregate consumption. At period t, the representative agent faces the following budget constraint: ¡ ¢ c − (1 − δ)ktc + mct+1 = mct + rt ktc (10) pt cct + kt+1



c are respectively the money balances and the capital where mct+1 and kt+1 stock held at the end of period t by capitalists. Since we focus on equilibria satisfying (1 − δ)pt+1 + rt+1 > pt , capitalists do not hold money (mct = 0) because it has a lower return than capital. We obtain then, the following optimal solution:



cct = (1 − β)Rt kt kt+1 = βRt kt



(11) (12)



where Rt ≡ 1 − δ + rt /pt is the real gross return on capital.6



2.3



The Production Sector



The final good is produced by a representative firm. The technology is CobbDouglas and is characterized by constant returns to scale. The production of the final good is given by: yt = kts lt1−s



(13)



where s ∈ (0, 1) represents the capital share in total income. Producers maximize their profits. Since all markets are perfectly competitive, we obtain the following expressions for the real wage and the real interest rate: ω t = (1 − s)kts lt−s ≡ ω(kt , lt )



(14)



ρt = skts−1 lt1−s ≡ ρ(kt , lt )



(15)



6



The superscript on ktc is dropped because as we have seen before, workers do not hold capital.
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2.4



Equilibrium



Equilibrium on labor and capital markets requires ω t = wt /pt , ρt = rt /pt , k t = kt and lt = lt . Considering that m > 0 is the constant money supply, equilibrium on the money market means cw t = m/pt = ω t lt (see equations (7) and (8)). Then, the good market clears by Walras law. Using these conditions and substituting (14) and (15) into (6) and (12), we can now define an intertemporal equilibrium: Definition 1 An intertemporal equilibrium with perfect foresight is a sequence (kt , lt ) ∈ δ.
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1. Either 1+εϕk (a∗ l, l)+εϕl (a∗ l, l) > εγ (ψ(a∗ l, l)l)(1+εψk (a∗ l, l)+εψl (a∗ l, l)) 1 for all l and liml→0 H(l) < (1−s)(a ∗ )s < liml→e l H(l)



2. or 1 + εϕk (a∗ l, l) + εϕl (a∗ l, l) < εγ (ψ(a∗ l, l)l)(1 + εψk (a∗ l, l) + εψl (a∗ l, l)) 1 for all l and liml→el H(l) < (1−s)(a ∗ )s < liml→0 H(l) where a∗ = (sβ/θ)1/(1−s) , H(l) ≡



lϕ(a∗ l,l) γ(ψ(a∗ l,l)l)



and θ ≡ 1 − β(1 − δ) ∈ (0, 1].



Proof. Studying the existence and uniqueness of the steady state (k, l) of the dynamic system (16)-(17) is equivalent to analyze the existence and uniqueness of a stationary solution (a, l), with a ≡ k/l, of the two following equations: sas−1 = θ/β (1 − s)as lϕ(al, l) = γ(ψ(al, l)l)



(19) (20)



We can easily see that there is an unique solution a∗ = (sβ/θ)1/(1−s) to equation (19). Taking as given a∗ , there is an unique l∗ solving (20), i.e. 1 solving H(l) = (1−s)(a ∗ )s if one of the two conditions in Proposition (1) above is satisfied.



2.6



Indeterminacy



Assuming that Proposition 1 is verified, we now study the local indeterminacy of the steady state. To do so, we diﬀerentiate the two-dimensional dynamic system (16)-(17) in the neighborhood of the steady state. The trace (T) and the determinant (D) of the associated Jacobian matrix are given by: T = 1+ D =



(1 + ε∗ψl ) − θ(1 − s)(1 + εϕl + εϕk ) εϕl + 1 − s



(1 + ε∗ψl ) − θ(1 − s)(1 + ε∗ψl + ε∗ψk ) εϕl + 1 − s



(21) (22)



where ε∗ψk ≡ εγ εψk , ε∗ψl ≡ (εγ − 1) + εγ εψl and εγ , εϕk , εϕl , εψk , εψl denote respectively the elasticities εγ (ψ(k, l)l), εϕk (k, l), εϕl (k, l), εψk (k, l) and εψl (k, l) evaluated at the steady state. 10



We summarize our results in Proposition 2 below. We chose to discuss our results in function of four important parameters εϕk , εϕl , ε∗ψk and ε∗ψl , which allows us to clearly establish the influence of externalities in preferences and the concavity degree of the utility function on the occurrence of endogenous fluctuations due to self-fulfilling prophecies. Note that while εϕk and εϕl directly represent the degree of consumption externalities the other two parameters, ε∗ψk and ε∗ψl , are not only linked to leisure externalities, reflecting also the curvature of the workers utility function. In particular, we can notice that ε∗ψl represents the slope of the labor supply curve. See (18). However, in the particular case where εγ = 1, ε∗ψk and ε∗ψl become simply the elasticities of leisure externalities. Proposition 2 Indeterminacy with preference externalities: The steady state will be indeterminate if and only if one of the following conditions is satisfied: (i) εϕl > max {s − 1, εϕlT, εϕlH, εϕlF, }; (ii) εϕl < min {s − 1, εϕlT, εϕlH, εϕlF, }; where: εϕlT = (ε∗ψk − εϕk ) + ε∗ψl £ ¤ εϕlH = s − θ(1 − s)(1 + ε∗ψk ) + [1 − θ(1 − s)] ε∗ψl [4−2s−θ(1−s)(2+ε∗ψk +εϕk )] εϕlF = − − ε∗ψl . 2−θ(1−s) Proof. Since we only have one predetermined variable (capital) the steady-state is locally indeterminate when it is a sink (both eigenvalues with modulus lower than one). Therefore indeterminacy requires that D < 1, 1 − T + D > 0 and 1 + T + D > 0. When the denominator of both the trace and the determinant is positive (εϕl > s − 1) these conditions can be written respectively as εϕl > εϕlH , εϕl > εϕlT , and εϕl > εϕlF where εϕlH , εϕlT and εϕlF are given in Proposition 2. When the denominator of both the trace and the determinant is negative (εϕl < s − 1) these conditions can be written respectively as εϕl < εϕlH , εϕl < εϕlT , and εϕl < εϕlF . Combining these results Proposition 2 immediately follows.
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Local Dynamics when θ is Small



In this section we discuss in detail the occurrence of indeterminacy for small values of θ, which corresponds to most commonly used parameterizations for 11



the Woodford model.9 Noticing that εϕlT , εϕlH and εϕlF are linear functions of ε∗ψl, we chose to discuss our results plotting these functions in the (ε∗ψl , εϕl ) plane, for all the possible configurations of ε∗ψk and εϕk . Both the εϕlT and εϕlH lines are positively sloped, with respectively a slope equal to one or slightly smaller than 1, whereas the slope of the εϕlF line is negative and equal to -1. We assume that Assumption 3 below is verified. Assumption 3 We assume that: (a) s − θ(1 − s)(1 + ε∗ψk ) > 0 (b) 2 − θ(1 + ε∗ψk + εϕk ) > 0



and



Condition (a) means that the intercept of the εϕlH line is positive, and condition (b) means that the εϕlF line crosses the vertical axis below -1. Note that, in the absence of externalities, condition (a) requires that s −θ(1 −s) > 0, a condition which is usually assumed to be satisfied within the Woodford model. See for instance Grandmont et al. (1998) and Cazzavillan et al. (1998). Note also that, in the absence of externalities, condition (b) is always verified.10 In figure 1 we consider the case where ε∗ψk − εϕk ≤ 0, and in figures 2, 3 and 4 the cases where ε∗ψk − εϕk > 0 are represented. (Insert figure 1 here) In figure 1 since ε∗ψk −εϕk ≤ 0 the intercept of the line εϕlT is non positive. Moreover, in this case, given assumption (a), we also have that s − θ(1 − s)(s + εϕk ) − (ε∗ψk − εϕk ) > 0, which implies that the εϕlF line crosses the εϕlH above the εϕl = s − 1 line, and that the εϕlT line crosses the εϕlF line below the εϕl = s − 1 line. Without any loss in generality we will also assume that the εϕlT and εϕlH lines do not cross for reasonable values of the parameters.11 It is easy to see that, no matter what the position of the εϕlT 9



Indeed most quarterly parameterizations assume θ close to 0.025. Moreover, since we consider θ suﬃciently small these two assumptions do not impose strange values on the parameters. Indeed assumption (a) requires that ε∗ψk is lower than (s − θ(1 − s))/θ(1 − s) which is high when θ is small. Indeed for θ = 0.025 and s = 0.4 we obtain ε∗ψk < 25.67. A similar comment applies to assumption (b) that for θ = 0.025 requires that ε∗ψk + εϕk < 79. 11 This means that we assume that ε∗ψl < εaψl ≡ nh i o ∗ ∗ a s − θ(1 − s)(1 + εψk ) − (εψk − εϕk ) /θ(1 − s). In this case εψl > 0 and suﬃciently big when θ is suﬃciently small. 10



12



line, indeterminacy will emerge in the region above lines εϕlH and εϕlF , and in the region below the εϕlT and εϕlF lines. When ε∗ψk − εϕk > 0, the εϕlT line crosses the vertical axis for positive values of εϕl . When this happens three diﬀerent configurations are possible, depending on the values taken by ε∗ψk and εϕk . (Insert figure 2 here) If s − θ(1 − s)(s + εϕk ) − (ε∗ψk − εϕk ) > 0 and s − θ(1 − s)(1 + ε∗ψk ) −(ε∗ψk − εϕk ) > 0 the intercept of the εϕlT line is positive but smaller than the intercept of the εϕlH line. As in the previous case, the εϕlH and εϕlF lines cross above the εϕl = s − 1 line, and the εϕlT and εϕlF lines cross below the εϕl = s − 1 line. Then, the steady state is indeterminate above the εϕlF and εϕlH lines and in the region below the εϕlT and εϕlF lines. The only diﬀerence between this case and the one depicted in figure 1 is that now the ϕlT line crosses the vertical axis for positive values φl .12 See figure 2. (Insert figure 3 here) If s − θ(1 − s)(s + εϕk ) − (ε∗ψk − εϕk ) > 0 and s − θ(1 − s)(1 + ε∗ψk ) −(ε∗ψk − εϕk ) < 0 the intercept of the εϕlT line is positive and greater than the intercept of the εϕlH line, the εϕlH and εϕlF lines cross above the εϕl = s − 1 line, and the εϕlT and εϕlF lines cross below the εϕl = s − 1 line. Moreover, with this configuration we have that the εϕlH and εϕlT lines cross, at εψl = εaψl < 0, above the crossing between the εϕlT and εϕlF schedules. This implies that, in this case, (see figure 3), indeterminacy occurs in the region below εϕlT and εϕlF lines and, for εψl < εaψl in the region above the εϕlF and εϕlH lines, whereas for εψl > εaψl indeterminacy appears in the region above the εϕlT line. (Insert figure 4 here) If s − θ(1 − s)(s + εϕk ) − (ε∗ψk − εϕk ) < 0 we have that s − θ(1 − s)(1 + ε∗ψk ) −(ε∗ψk − εϕk ) < 0 so that, in this case, the intercept of the εϕlT line is positive and greater than the intercept of the εϕlH line, the εϕlH and εϕlF lines cross below the εϕl = s−1 line and the εϕlT and εϕlF lines cross above the εϕl = s−1 12



We assume again that the εϕlT and εϕlH lines do not cross for relevant values of ε∗ψl, nh i o i.e. that ε∗ψl < εaψl ≡ s − θ(1 − s)(1 + ε∗ψk ) − (ε∗ψk − εϕk ) /θ(1 − s) > 0.
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line. As represented in figure 4, we can immediately see that indeterminacy appears in the region above the εϕlT and εϕlF lines and in the region below the εϕlH and εϕlF lines.13 Discussion of the Results The first striking result is that when we consider externalities in preferences indeterminacy emerges for wide regions in the parameters’ space. Moreover, we can easily see that in the absence of externalities in preferences, i.e. when εϕk = εψk = εϕl = εψl = 0 so that ε∗ψk = 0 and ε∗ψl = γ − 1 ≥ 0, we recover the case considered in Grandmont et al. (1998) where the steady state is never indeterminate in the Cobb-Douglas case. Indeed, this case is represented in Figure 1, where we will be on the non-negative part of the horizontal axis, where indeterminacy never emerges. Furthermore, using Proposition 2, one can prove that when any three of the preference externalities are set to zero, indeterminacy requires that at least the fourth one takes a value bounded away from zero. We can therefore conclude that preference externalities constitute the only mechanism responsible for the emergence of indeterminacy in our framework. Note also that the contribution of labour to externalities seems to be more relevant than the contribution of capital for the emergence of indeterminacy. Indeed, indeterminacy is possible when εϕk and εψk are both equal to zero, whereas it is impossible in the absence of labour externalities (εϕl = εψl = 0). In the first configuration we will be in the case depicted in figure 1 where indeterminacy is possible, whereas in the absence of labour externalities, we always stay on the nonnegative part of the horizontal axis, where indeterminacy never emerges. See figures 1 to 4. As it is well-known, the contribution of labour to externalities is also more important when externalities enter the production sector.14 In particular in the Woodford framework, Barinci and Chéron (2001) show that indeterminacy can occur in the absence of productive capital externalities and Lloyd-Braga and Modesto (2004) find that indeterminacy requires a lower bound for the contribution of labour to total externalities in production. Moreover, the strength of labour externalities in consumption is more important for the emergence of indeterminacy than the strength of labour 13



Note that in figure 4 wenhalso assume that the εiϕlT and εϕlH lines o do not cross, i.e., in ∗ a ∗ ∗ this case, that εψl > εψl ≡ s − θ(1 − s)(1 + εψk ) − (εψk − εϕk ) /θ(1 − s) < 0. 14 For a survey, see Benhabib and Farmer (1999).
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externalities that aﬀect labour desutility. In fact, by direct inspection of figures 1 to 4, we can see that indeterminacy requires high enough (absolute) values of εϕl whereas high enough (absolute) values of ε∗ψl prevent the occurrence of indeterminacy. Another important result is that in our framework, contrary to what happens with one-sector RBC models,15 the condition sld − sls > 0, where sld denotes the slope of the labour demand curve and sls the slope of the labour supply curve, is neither suﬃcient nor necessary for indeterminacy. In our case, since sld = −s and sls = ε∗ψl , this condition becomes ε∗ψl < −s, which can be very easily plotted in our figures as the area on the left of a vertical line lying on the left of the ordinate axis. One can immediately see, from figures 1 to 4, that indeterminacy is possible when this condition is not met, and there are also cases when indeterminacy does not occur although the slope condition is satisfied. Therefore, we can conclude that, in our case, this condition is neither suﬃcient nor necessary for an indeterminate steady state. This result should not completely surprise us, since it is well known that in Woodford type models indeterminacy is also possible when the condition sld − sls > 0 is not met. See for example Barinci and Chéron (2001). However, to our knowledge, the result that indeterminacy may not emerge when this condition is met, i.e. that this condition is not suﬃcient for indeterminacy, has not yet been reported in the literature. A related result worth mentioning is that, although in our case the labour demand curve slopes downwards, indeterminacy is possible either with a negatively slopped labour supply (ε∗ψl < 0) or with a positively slopped labour supply (ε∗ψl > 0). See figures 1 to 4. This result contrasts with the findings of previous papers where for indeterminacy to emerge with a negatively sloped aggregate labour demand schedule a negatively sloped aggregate labour supply curve was required. See among others Schmitt-Grohé and Uribe (1997) and Benhabib and Farmer (2000). We now compare more precisely our results with the results obtained in other papers that also considered externalities in preferences. Note that Benhabib and Farmer (2000) is one of those. Their preferences are nonstandard since they assume that "the desutility of work is greater when an individual is working more than are other members of society", i.e. they introduce leisure externalities. In our notation this amounts to set ε∗ψl < 0 and 15



See for example Benhabib and Farmer (1994), Guo and Lansing (1998) and SchmittGrohé and Uribe (1997).



15



εϕl = εϕk = εψk = 0, so that the labour supply is negatively sloped. Since ε∗ψk − εϕk = 0 this case is represented in figure 1 where, as εϕl = 0, we will be on the horizontal axis. From figure 1 we can easily see that, for these values of the externalities, in our model indeterminacy emerges when < ε∗ψl < − [s−θ(1−s)] , i.e. for −1.60 < ε∗ψl < −0.39, considering − 2[2−s−θ(1−s)] 2−θ(1−s) 1−θ(1−s) that s = 0.4 and θ = 0.025. Although their model is quite diﬀerent from ours, (in their model money enters the production function) in their parameterization they pick ε∗ψl = −1.23 and obtain an indeterminate steady state. Leisure externalities are also considered by Weder (2004) in the case of a one sector non monetary RBC model with capital, and production externalities. Again, in our framework this corresponds to the case where ε∗ψl < 0 and εϕl = εϕk = εψk = 0. He finds that (i) the introduction of leisure externalities reduces the degree of production externalities needed to generate indeterminacy, and (ii) that sunspot equilibria are possible with a downward sloping labour demand schedule provided the aggregate labour supply is negatively sloped and that sld − sls > 0. However, in his case, leisure externalities alone (i.e. without externalities in production) are not able to generate indeterminacy, in contrast with our results. Another interesting and completely diﬀerent result is that, although until now we have looked at our indeterminacy conditions from the point of view of a Woodford type of model with externalities in preferences, they are also applicable to the case of any Woodford model with labour or consumption taxes and where public expenditures may enter the utility function. Indeed, the resulting dynamic equations can be nested within our system (16)-(17), so that the analysis developed before provides a general framework applicable to investigate the emergence of local indeterminacy in all these cases. This means that, from the point of view of local indeterminacy, labour and consumption taxation and externalities in preferences are perfectly equivalent, i.e., the indeterminacy mechanisms operating are the same, even if their economic interpretations are diﬀerent. In the next two sections we further address this issue. We show how our framework can be easily applied to study the role of labour/consumption taxation and public expenditures on the occurrence of indeterminacy, and we compare our results with other previous works that can also be easily nested in our general framework.
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4



Labour Taxation and Public Expenditures



In this section, to illustrate the use of the general framework presented above, we embed public expenditures, that may aﬀect workers utility, and are determined by a balanced-budget labour taxation rule, in an otherwise standard Woodford model. This means that we modify the standard model in the following way. The government chooses the tax policy and balances its budget at each period in time. Therefore, public spending in period t, Gt ≥ 0 is given by: Gt = τ (ω t lt ) ω t lt (23) where as in the previous section ω t is the real wage in period t and lt are hours worked, and 0 < τ (ω t lt ) < 1 is a tax schedule that determines the tax rate as a function of aggregate labour income. We assume that: τ (ω t lt ) = α



µ



ω t lt ωl



¶φ



(24)



where ωl is the steady state value of the wage bill. The parameter 0 < α < 1 determines the level of the tax rate at the steady state. The parameter φ is the elasticity of the tax schedule. When φ < 0 the tax rate decreases when the tax base expands, i.e., we have a countercyclical tax schedule. φ > 0 corresponds to a procyclical tax schedule since the tax rate increases with the tax base, and for φ = 0 the tax rate is constant τ (ω t lt ) = α. The specification considered (see (23) and (24)) is quite general and nests most of the cases considered in the literature. Indeed it is similar to the specification considered by Guo and Lansing (1998). It also nests the case considered in Schmitt-Grohé and Uribe (1997) and Pintus (2003) where a constant amount of public expenditures is financed by taxes, i.e. G = τ t ω t lt . Note that we recover their specification when φ = −1. Preferences of each worker may be aﬀected by public expenditures and are represented by the following utility function: ∞ X t=1



λt−1 [U (cw t F (Gt )) − λV (lt )]



(25)



where we use the same notations than in the previous section and we assume that the functions U and V satisfy Assumption 1. Moreover we also consider that the externality function F (Gt ) is positive and continuous for Gt ≥ 0, 17



and diﬀerentiable as many times as needed for Gt > 0, such that F 0 (Gt ) ≥ 0. We define η(Gt ) ≡ F 0 (Gt )Gt /F (Gt ) ≥ 0. Workers maximize utility subject to the two constraints (2) and (3) where wt lt is replaced by (1−τ (ω t lt ))wt lt . Workers know the policy rule followed by the government. However, since we have a continuum of agents, each worker being atomistic, does not take into account the influence of its actions on aggregate variables. This means that workers take both Gt and τ (ω t lt ) as given when solving their maximization problem.16 As in the previous section, we shall focus on equilibria such that workers do not wish to hold capital and the cash in advance constraint is always binding. In this case workers will choose, in every period, to consume as much as the cash in advance constraint w allows: cw t = mt /pt . Using also the budget constraint, we see that a worker w will always choose cw t+1 = mt+1 /pt+1 = (1 − τ (ω t lt ))wt lt /pt+1 . Then, the optimal condition of the workers’ problem may be written as: F (Gt+1 ) [1 − τ (ω t lt )]



wt lt = γ(lt ). pt+1



(26)



Equilibrium in the money market requires that mw t = (1 − τ (ω t lt ))lt wt = m for all t, where m > 0 is the constant quantity of outside money in the economy. Therefore we have that cw t+1 = (1 − τ (ω t lt ))wt lt /pt+1 = (1 − τ (ω t+1 lt+1 ))ω t+1 lt+1 . Substituting this last equality in (26) we obtain the first dynamic equation as17 F (Gt+1 )(1 − τ (ω t+1 lt+1 ))ω t+1 lt+1 = γ(lt ).



(27)



Comparing now (27) with (16) we can see that this case can be seen as a particular case of (16) where ϕ(kt+1 , lt+1 ) = F (Gt+1 )(1 − τ (ω t+1 lt+1 )) ψ(kt , lt ) = 1.



(28) (29)



where Gt is given by (23) and ω t by (14). Indeterminacy 16



In doing so we follow Schmitt-Grohé and Uribe (1997) and Pintus (2003) and deviate from Guo and Lansing (1998) which make the opposite assumption. 17 Note that since the rest of the model is kept unchanged the second dynamic equation remains of the form: kt+1 = β [ρ(kt , lt ) + 1 − δ] kt
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We now derive the indeterminacy conditions corresponding to the labour taxation case. In order to make the analysis comparable to the existing literature we set γ = 1 which implies that ε∗ψl = εψl and ε∗ψk = εψk . From (28) and (29) we have that:



εϕl = εϕk = εψl = εψk =



· ¸ α η(1 + φ) − φ (1 − s) 1−α · ¸ α η(1 + φ) − φ s 1−α 0 0



(30) (31) (32) (33)



where η represents the elasticity of F (G) evaluated at the steady state. We summarize our results on Proposition 3 below. Proposition 3 Indeterminacy under labour taxation and public expenditures externalities: Assuming that θ(1 − s) < s < 1/2, the steady state will be indeterminate if and only if: (i) for α < η/(1 + η) either φH < φ < φb or φ < φF (ii) for α > η/(1 + η) either φb < φ < φH or φ > φF where: φH =



(1 − α) [s − θ(1 − s) − η(1 − s)] (1 − s) [η − α(1 + η)]



φF =



−(1 − α) {2 [2 − s − θ(1 − s)] + η(1 − s)(2 − θ)} (1 − s)(2 − θ) [η − α(1 + η)]



φb =



(1 − α) [2 − θ(1 + ηs)] θs [η − α(1 + η)]



Proof. Under Assumption 3 figures 1 to 4 apply. Using them we can see that since εψl = 0 we will be on the vertical axis. We will first consider α the case where η(1 + φ) − φ 1−α ≥ 0, so that εϕk ≥ εψk = 0, implying that figure 1 is the relevant one. Since εϕl ≥ 0 this means that indeterminacy will α emerge for εϕl > εϕlH . On the other hand when η(1 + φ) − φ 1−α < 0 we have that εϕk < εψk , so that the relevant cases are the ones depicted in figures 2 19



to 4, so that indeterminacy emerges when εϕl < εϕlF since εϕl < 0. We have, however, to ensure that conditions (a) and (b) of Assumption 3 are verified. Since εψk = 0, condition (a) in this case requires that s > θ(1 − s), while condition (b) requires that (2 − θ)/θ > εϕk . Substituting expressions (30) to (33) and the definitions of εϕlH and εϕlF (see Proposition 2) in all the above conditions, we immediately obtain Proposition 3. Note that we must have s < 1/2 to garantee that the intervals φH < φ < φb , for α < η/(1 + η), and φb < φ < φH , for α > η/(1 + η), are not empty. To ease the discussion of these results we have plotted, in figure 5, φb , φH and φF as functions of 0 < α < 1 for diﬀerent values of η ≥ 0, assuming that s = 0.4 and θ = 0.025. The case of η = 0, where public spending does not aﬀect workers’ utility, falls into case (ii) of Proposition 3 and is depicted in figure 5a. We can see that, in this case, indeterminacy is not possible with a constant tax rate (φ = 0).18 Moreover, for a given level of φ 6= 0, a suﬃciently low level of α ensures local determinacy. These results are in accordance with previous works considering labor taxation and no public expenditures externalities. See, for instance, Guo and Harrison (2004), Guo and Lansing (1998), Schmitt-Grohé and Uribe (1997) and Pintus (2003). In particular, Pintus (2003) considers a Woodford model with a constant level of G, which is recovered in our case assuming φ = −1. In this case, local determinacy is ensured when α < [s − θ(1 − s)] / [1 − θ(1 − s)] = 0.39, which, as expected, is the value obtained in Pintus (2003) for the case of a Cobb-Douglas technology in production.19 However, with φ = −1, indeterminacy may arise for α > 0.39. Pintus (2003) sugests that a constant flow of public expenditures, imposing a fixed cost on the economy, plays a role similar to externalities in production, which, when high enough, leads to the occurrence of indeterminacy. Here we find, alternatively, that a constant level of governement expenditures imposes, via endogenous taxation, an externality in consumption and thereby can be seen as a particular form of externalities in preferences and not necessarily as an externality in production. From figure 5a we can also see that 18



Note that, when η = 0, the case of a constant tax rate (i.e., φ = 0) is equivalent to the absence of externalities in preferences (εϕl = εϕk = 0, see (30) and (31)), leading to the result found in Grandmont et. al (1998). Clearly, indeterminacy with a constant tax rate requires the existence of externalities in public expenditures, i.e., η > 0. 19 Note that determinacy also emerges in this case when that α > 0.995. Note also that, when φ = −1, we obtain this same indeterminacy condition for any value of η ≥ 0, because the eﬀect of the externality function F (G) disappears when G is constant.
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for any given level of α a suﬃciently procyclical tax rule implies the existence of indeterminacy.20 In this respect our results are in contrast with those obtained in Guo and Lansing (1998) or Dromel and Pintus (2004). Indeed, in the Benhabib and Farmer (1994) framework, Guo and Lansing (1998) find that saddle path stability is more likely when the tax schedule becomes more progressive. More recently, Dromel and Pintus (2004), in a Woodford model without governement spending externalities, also find that a suﬃciently progressive tax rate on labor income promotes determinacy.21 Finally, we can also see, from figure 5a, that indeterminacy is possible with a suﬃciently countercyclical tax rule, provided countercyclicality is not too strong. This result, together with those mentioned above, means that, when there are no public spending externalities, determinacy can be obtained either with an almost constant tax rate or with a suﬃciently countercyclical tax rule.22 Indeed our results on local (in)determinacy are similar to the results on global (in)determinacy obtained in Aloi et. al (2003), where there are no public expenditures externalities, although they considered a Woodford model (or OLG) without capital.23 (insert figure 5 here) When η > 0 two diﬀerent configurations are possible depending on whether η ≷ [s − θ(1 − s)] /(1 − s). In figure 5b we represent the case where η < [s − θ(1 − s)] /(1 − s) by seting η = 0.5. We can see that, in this case, again indeterminacy is not possible with a constant tax rate (φ = 0). However, we cannot anymore ensure that, for any given value of α, determinacy can be obtained with a suﬃciently countercyclical tax rule. Indeed this is true for α > η/ (1 + η) = 1/3, but for lower values of α < 1/3, on the contrary, with 20



For example with α = 0.25 indeterminacy occurs for φ > 8.03. Note that Dromel and Pintus (2004) restrict their analysis to the case of weak progressivity. In fact, since in their case agents take into account how the tax rate aﬀects their earnings, they have to exclude parameter configurations where after tax labor income decreases with labor income, i.e., where φ > (1 − α)/α(< φF ) in our notation. On the contrary, in our case of atomistic agents, these parameter configurations are possible. 22 Of course, since φb is a very steep function of α, converging to -∞ as α tends to zero, the values of φ < φb ensuring determinacy are extremely high in absolute value when α is small. For example when α = 0.25 determinacy emerges for φ < −395. 23 Indeed in Aloi et al. (2003) it is shown that a suﬃciently procyclical policy rule destabilizes the economy whereas a suﬃciently countercyclical policy rule is able to stabilize the economy even for an arbitrarily small level of governement distortion (here represented by α). 21



21



a suﬃciently countercyclical tax rule we always obtain local indeterminacy. The case of η > [s − θ(1 − s)] /(1 − s) is represented in figure 5c where we considered η = 1. We can see that, in this case, contrary to what happened in the other two, with a constant tax rate (φ = 0) the steady state is always indeterminate.24 This result suggests that public expenditures externalities on preferences constitute an important channel for the emergence of indeterminacy. Cazzavillan (1996), in a optimal growth model with public spending externalities on preferences (and production) and a constant tax rate, also found that a minimum bound for the elasticity of the public spending externalities was required for indeterminacy to emerge25 . Moreover Seegmuller (2003) introduced public services externalities in an OLG model with constant returns to scale in production, capital accumulation, endogenous labour supply and also a constant tax rate on labor income, and found that local indeterminacy required a negatively sloped aggregate labour supply, which in his model implies precisely a suﬃciently high value for the elasticity of the public spending externalities.26 The results here obtained show that policy rules maybe responsible for indeterminacy, and thereby their design should take into account their possible destabilizing eﬀects through this channel. Even though this is an issue already emphasised in several other works, our results further show that in order to design the ’correct’ policy rule we should also evaluate the possible degrees of public spending externalities in preferences.



5



Consumption Taxes and Public Expenditures



In this section we replicate the exercise of the previous section, considering now that the government only uses consumption taxes. We keep the same notation, so that public spending in period t is now given by: Gt = τ (ct ) ct 24



(34)



Indeed, when φ = 0, indeterminacy requires a minimum degree for public spending externalities in preferences, precisely η > [s − θ(1 − s)] /(1 − s). Note that when φ = 0 we have: εϕl = η(1 − s) and εϕk = ηs. Since εϕl > 0 in this case, indeterminacy requires that εϕl > εϕlH , as shown in the proof of 3, which is equivalent to η > [s − θ(1 − s)] /(1 − s). 25 In his case this required minimum bound is higher than ours. Note, however, that the two models are considerably diﬀerent. 26 For related results in an OLG model, see also Utaka (2003).
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c where ct = cw t + ct , and τ (ct ) > 0 is a tax schedule that determines the tax rate as a function of aggregate consumption. We also assume that ³ c ´φ t τ (ct ) = α (35) c where c is the steady state level of total consumption. As before α > 0 determines the level of the tax rate at the steady state and the parameter φ denotes the elasticity of the tax schedule.27 To simplify the analysis we assume that workers’ preferences are not affected by publicP expenditures and are therefore represented by the following t−1 utility function ∞ [U (c) − λV (lt )]. Workers face now the budget cont=1 λ straint (2) and are subject to the cash in advance constraint (3), where we w substitute cw t by ct (1 + τ (ct )). Solving the workers problem as before (see section 4) we obtain in this case the following first order condition:



wt lt = γ(lt ). pt+1 (1 + τ (ct+1 ))



(36)



Capitalists maximize ¡ c(9) subject now ¢ to the following budget constraint pt (1 + τ (ct ))cct + pt kt+1 − (1 − δ)ktc + mct = mct−1 + rt ktc . Since we focus on equilibria satisfying (1 − δ)pt+1 + rt+1 > pt , capitalists do not hold money (mct = 0) because it has a lower return than capital. Therefore the optimal solution in this case is given by (12) and: cct =



(1 − β)Rt kt . 1 + τ (ct )



(37)



Money market clearing means that (1 + τ (ct+1 ))cw t+1 = mt+1 /pt+1 = ω t+1 lt+1 . It is therefore easy to see that in this case the equilibrium is defined by (17) and 1 ω t+1 lt+1 = γ(lt ). (38) 1 + τ (ct+1 ) Comparing now (38) with (16) we can see that this case can be seen as a particular case of (16) where 1 1 + τ (ct+1 ) ψ(kt , lt ) = 1



ϕ(kt+1 , lt+1 ) =



27



(39) (40)



As in the case of labor income taxation, we consider that workers and capitalists take as given τ (ct ) when they make their individual choices.
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where, using (14) and (15), ct is implicitly defined by: (1 + τ (ct ))ct = ω t lt + (1 − β)Rt kt = kt [(1 − β)(1 − δ) + (1 − sβ)kts−1 lt1−s ]



(41)



Indeterminacy We now derive the indeterminacy conditions corresponding to the consumption taxation case. Again, in order to make the analysis comparable to the existing literature, we set γ = 1 which implies that ε∗ψl = εψl and ε∗ψk = εψk . In this case from (39) and (40) we have that:



εϕl = εϕk = εψl = εψk =



¸ (1 − s)(1 − βs)θ −αφ 1 + α(1 + φ) (1 − s)θ + (1 − β)s · ¸· ¸ −αφ (1 − s)(1 − βs)θ 1− 1 + α(1 + φ) (1 − s)θ + (1 − β)s 0 0 ·



(42) (43) (44) (45)



Having obtained the relevant externalities elasticities we can now, using the general framework of section 3, obtain very easily the indeterminacy conditions corresponding to this case, that we summarize in Proposition 4 below.28 Proposition 4 Indeterminacy under consumption taxation: Assuming that θ(1 − s) < s < 1/2, the steady state is indeterminate if and only if φF < φ < −(1 + α)/α or φb < φ < φH , whith φF < −(1 + α)/α < 28



Note that for φ = −(1 + α)/α consumption is not well defined (see (41)).
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φb < φH and where: φH = −



v (1 + α) 0 (2 − θ) [(1 − s)θ + (1 − β)s]



Proof. Under Assumption 3 figures 1 to 4 apply. Using them we can see that since εψl = 0 we are on the vertical axis. Moreover, when −αφ/[1+α(1+ φ)] > 0 we have that εϕl > 0 and εϕk > 0 so that εϕk > εψk = 0. This means that we are in case depicted in Figure 1. Therefore in this case indeterminacy will be obtained for εϕl > εϕlH . Also, when −αφ/[1 + α(1 + φ)] < 0 we have that εϕl < 0 (and εϕk < 0) so that indeterminacy requires that εϕl < εϕlF . We have also to ensure that conditions (a) and (b) of Assumption 3 are satisfied. In this case, since εψk = 0, condition (a) requires that s > θ(1 − s), and condition (b) implies that (2 − θ)/θ > εϕk , which can be rewriten as φ > φb . Combining these conditions it is straightforward to obtain Proposition 4. Note that s < 1/2 ensures that φb < φH . As before, to ease the discussion of the results we have represented in figure 6 the indeterminacy region (shaded area) in the plane (α, φ), by plot, φF , φb and φH as functions of α considering, as ting the functions − 1+α α before, the following values for the other parameters: s = 0.4, β = 0.987 and δ = 0.012, so that θ = 0.025, µ = 3.587, f = 0.007 and ν = 0.857. We can see that indeterminacy may arise in the case of consumption taxes, but this is only possible for φ < 0. Hence, when the tax rate is constant (φ = 0) the steady state is locally determinate, as in the case of labor taxation when, 25



as here assumed, governement spending does not enter as an externality in preferences.29 Giannitsarou (2005) also found that, in the context of a RBC model, indeterminacy is not possible when a fixed stream of governement spendig is financed by consumption taxes. On the contrary, in our set up, indeterminacy is possible when governement spending is constant. Indeed, this case is here recovered assuming that φ = −1, and, from figure 6, we can see that in this case indeterminacy occurs for α ∈ (0.857, 143).
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Indeterminacy and Capital Taxation in OLG Economies



In this section, we apply the general results concerning indeterminacy established in Proposition 2 to the particular case where θ=1. Such a configuration is not a simple curiosity but, as we will see later, corresponds to the overlapping generations model developed by Reichlin and more recently used by Cazzavillan (2001) among others. Using the general approach of externalities in preferences, we notably prove that in this case the steady state can be locally indeterminate for arbitrarily small externalities. Moreover, we enlighten that the general approach of externalities in the overlapping generations model admits as a particular case capital taxation.



6.1



The OLG Model as a Particular Case of the Woodford Model



We consider now an OLG model with two-periods lived consumers that supply labor at the first period, save through capital, and consume only at the second period of their life. Their preferences are represented by the following utility function: U (ϕ(k t+1 , lt+1 )ct+1 ) − V (ψ(k t , lt )lt ) (46) ¡ ¢ ¡ ¢ where the functions U ϕ(k, l)c , V ψ(k, l)l , ϕ(k, l) and ψ(k, l) satisfy Assumptions 1 and 2. Assuming that capital totally depreciates after one period of use (δ = 1), each consumer maximizes his utility under the two budget 29



Indeed when φ = 0 we have that εϕl = εϕk = εφl = εφk = 0, so that we recover the result of Grandmont et. al (1998), where there are no externalities in preferences and indeterminacy does not emerge for a Cobb Douglas technology.



26



constraints: kt+1 = ω t lt



(47)



ct+1 = ρt+1 kt+1



(48)



The optimal conditions of the consumer problem are given by equations (6) and (47). Since the technology is Cobb-Douglas, and using the same notation as before, see (13) to (15), the intertemporal equilibrium is defined in the overlapping generations economy by a sequence (kt , lt ) ∈ γ − 1 and εϕk = εψl = εψk = 0; γ −1) and εϕl = εψl = εψk = 0, and γ < (1−s)/s; ii) γ −1 < εϕk < 2+(1+s)( (1−s) iii) −



γ −1 γ



−



2



γ (1+s)



< εψl < −



γ −1) < εψk < − iv) −(1−2s)+s( (1−s) γ 2(1 − s).



γ −1 γ



γ −1 γ



and εϕl = εϕl = εψk = 0;



and εϕl = εψl = εϕk = 0, and



γ




 0 is neither necessary nor suﬃcient for the emergence of indeterminacy. Indeed consider case i) of Proposition 5 for γ = 1. In this case indeterminacy emerges for εψl = 0, while the slope condition requires εψl < −s, i.e. the slope condition is not a necessary condition for indeterminacy. Consider now case iii) of Proposition 5 for γ = 1. In this case indeterminacy is not possible for εψl < −2/(1 + s) while the condition on the slopes (εψl < −s) is verified, i.e. the slope condition is not suﬃcient.



6.3



Capital Taxes and Public Expenditures



In this section, we show that, in the overlapping generations model, the approach of externalities in preferences developed above allows to understand 32 Note that in our framework, this last condition corresponds to the case where to 1.
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γ



tends



the influence of capital taxes on indeterminacy. As before we introduce variable public expenditures financed by capital income taxation according to the following rule:. Gt = τ (ρt kt )ρt kt



τ (ρt kt ) = α



µ



ρt kt ρk



¶φ



(51) (52) (53)



where ρk represents capital income at the steady state, α ∈ (0, 1) ensuring that the tax rate is positive and smaller than one at the steady state and nearby, φ > 0 (< 0) means that the tax schedule is pro-cyclical (countercyclical), whereas φ = 0 corresponds to a constant tax rate. Taking as given this policy rule, consumers maximize their utility U(ct+1 ) − V (lt ) subject to the constraint (47) and: ct+1 = (1 − τ (ρt+1 kt+1 ))ρt+1 kt+1



(54)



The solution to this problem is given by: (1 − τ (ρt+1 kt+1 ))ρt+1 kt+1 = γ(lt )



(55)



and equation (47). Since the technology is Cobb-Douglas, these two dynamic equations are equivalent to: · µ ¶¸ s s ω t+1 lt+1 ω t+1 lt+1 = γ(lt ) 1−τ (56) 1−s 1−s and (50). Comparing (56) to expression (49) we obtain the two externality functions: µ ¶ s ϕ (kt+1 , lt+1 ) = 1 − τ ω t+1 lt+1 (57) 1−s ψ (kt , lt ) = 1



(58)



where ω t+1 is given by (14). Taken into account the results of section 4, we have that the elasticities of ϕ and ψ with respect to capital and labor are given by (30)-(33) with η = 0. Using these expressions and Proposition 2, the conditions for local indeterminacy in the overlapping generations model with capital income taxation and a balanced-budget rule can be summarized as follows: 29



Proposition 6 Indeterminacy under capital taxation: Assuming γ = 1 and s < 1/2, the steady state will be locally indetermi2 1−α . nate if and only if φ < 0 or φ > 1−s α Proof. Applying the results established in Proposition 2 for θ = 1 and γ = 1, and using expressions (30)-(33) for η = 0, we immediately have that the steady state is locally indeterminate if one of the two following conditions is satisfied: 1−α 2 1−α 1. φ < min{ 1−α , 0, 1−2s , 1−s } α 1−s α α 2 1−α 1−α 2. φ > max{ 1−α , 0, 1−2s , 1−s }. α 1−s α α 1−α 2 1−α Since we have that 0 = min{ 1−α , 0, 1−2s , 1−s } and α 1−s α α 2 1−α 1−α 1−2s 1−α 2 1−α = max{ α , 0, 1−s α , 1−s α }, 1−s α Proposition (6) immediately follows.



Again, to ease the discussion of the results we have represented in figure 7 2 1−α the indeterminacy region in the plane (α, φ), by plotting the function 1−s α as a function of α, considering as before s = 0.4. We can see that indeterminacy emerges for any degree of countercyclical capital taxation (φ < 0). Indeed, whatever the level of the tax rate, indeterminacy is possible for an almost constant capital tax rate, i.e. for an arbitrarily small degree of countercyclical capital taxation. In fact this last case constitutes a direct application of the results stated in Proposition (5). Indeed when φ tends to zero externalities in preferences become arbitrarily small. See (30)-(33). Notice also that indeterminacy emerges when capital taxes are procyclical but, in this case, a minimum level of procyclicality is required. This is in accordance with what we have obtained for labor taxation in the Woodford framework. See figure 5a. This conclusion can be related to Dromel and Pintus (2004) who also show that capital taxation in OLG models and labor taxation in the Woodford framework play similar roles for the occurrence of indeterminacy. In fact, their result is not so surprising since, as we have shown, both cases can be seen as externalities in preferences.33 33



Note that similarly to the case of labor taxation, we can have configurations for the parameter φ that Dromel and Pintus (2004) are forced to rule out. See footnote 17 for more details.



30



7



Concluding Remarks



In this paper, we have shown that preference externalities constitute a powerful engine for indeterminacy. Moreover, we have seen that externalities in preferences only modify the intertemporal choice of agents but not capital accumulation. Since some forms of taxation also operate in the same way, we have shown, using a segmented asset market unified framework, that taxes can be seen as particular specifications of preference externalities. Indeed, we studied the role of labor and consumption taxes in the Woodford model and capital taxation in the Reichlin OLG specification using our indeterminacy results with preference externalities. One of the main result that we apply to taxation concerns the occurrence of indeterminacy for arbitrarily small levels of externalities. Indeed, we have shown that in the OLG model, indeterminacy can occur with arbitrarily small preference externalities, whereas a minimum level of these externalities is required for indeterminacy in the Woodford model. Finally, let us remark that not only taxation, but all other distortions aﬀecting only the intertemporal arbitrage condition, could also be analyzed within our preference externalities general framework.
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