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8 . Expression of the optimization problem 8.1 .



Problem setting



Let us consider a 3D.S.R. whose model is composed of NJ prismatic or rotational joints. These joints are characterized by variables qi (i=1...NJ) which must take values such as the output shaft satisfies the imposed position. This is the problem often carried out in robotics [10] of solving the inverse geometrical model of a manipulating arm. Two main difficulties have been encountered. First, the model is usually redundant : the variable number is higher or equal to the closure equation number for reducers of more than 2 stages. As a consequence, the number of solutions will often be infinite. In order to choose among these solutions, it will be necessary to search for the one which optimizes a certain criterion. Secondly, constraints concerning the overall dimension must be respected : the entire skeleton must lay inside the envelope formerly specified. As the skeleton is a succession of segments connecting points Oi, all these points must be included within the envelope (this is true only for convex envelopes). Consequently, there are 6 inequality constraints for each point Oi because each coordinate must be inside an interval. So an optimizing method has to be found to solve the inverse geometrical problem. The solution will have to minimize a criterion and to respect constraints concerning the overall dimensions.



8.2 .



Choice of the optimization criterion



The criterion must be geometrical because the problem is treated from a geometrical point of view. For instance, the overall dimensions of the whole reducer may be minimized. The following function F is proposed : NJ



F ( q1 ,... q NJ ) =



∑σ ⋅q i



i



(4)



i =1



This function is the sum of the lengths of the prismatic joints. Minimizing F is equivalent to imagining a rubber band that would run along all the prismatic joints and would try to compress them. This prevents the skeleton deviating from a hypothetical axis joining O0 to OS.
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8.3 .
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Equality constraints



Equality constraints are used to ensure that the output shaft respects the required orientation and position. According to the presence of NJ joints in the geometrical model, the closure equation takes the following form :



[T ]0g .[T ]10 .[T ]12 ....[T ]NJNJ −−12 .[T ]NJNJ −1 = [T ]0S



(5)



where [T ]g is the transformation matrix from Rg (global coordinate system) to R0 (input coordinate system) and [T ] 0



S



0



is the transformation matrix from R0 to RS (required output coordinate system). With respect to the geometrical signification of the 3 upper terms of each matrix column, Eq. 5 may be interpreted as follow : 1st column



→



r r X NJ = X S



(6)



2nd column



→



r r YNJ = YS



(7)



3rd column



→



r r Z NJ = Z S



(8)



4th column



→



ONJ = OS



(9)



This leads to 12 scalar relationships which however are not independent from each other. In order to decrease as much as possible the number of equality constraints to be processed, the closure chain expression will be reduced to only six independent scalar relationships by considering the last but one link system instead of the last one. Only the following constraints will be used : • 3 orientation constraints



r r Z NJ − 1 = Z S



→



 Ge1 = x Z − x ZS = 0 NJ − 1  Ge2 = y Z NJ − 1 − y Z S = 0  Ge 3 = z Z − z ZS = 0 NJ − 1 



(10)



→



Ge4 = 1 − xONJ −1 xOS = 0  Ge5 = 1 − yONJ −1 yOS = 0  Ge = 1 − z ONJ −1 z OS = 0  6



(11)



• 3 position constraints



O NJ − 1 = OS



where the different components are considered in the coordinate system Rg.
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The simplification of the closure expression is made possible thanks to the particular properties of the last rotational joint JNJ :



α NJ = d NJ = rNJ = 0



(12)



The associated transformation matrix is :



[T ] NJ −1 NJ



 cos q NJ − sin q NJ  sin q cos q NJ NJ =  0 0  0 0 



0



0



0 1



0 0



0



1



     



(13)



from which it can be concluded that :



r r Z NJ − 1 = Z NJ



and



O NJ −1 = O NJ



(14)



r r Therefore, Z NJ −1 and ONJ −1 can replace Z NJ and ONJ in the initial closure equations 8 and 9. Moreover, there is no r r need to impose orientation conditions on vectors X NJ −1 and YNJ −1 because it is certain that a qNJ value (rotation about r r r r r Z NJ − 1 = Z NJ = Z S ) will always be available to transform these vectors into the required X S and YS vectors. The only alteration this simplification introduces is that the last rotational joint variable qNJ does not appear again in the closure formulation and its calculus is skipped. This can be considered as an advantage since it decreases the size of the problem. It remains possible to deduce, if necessary, qNJ value from the other variables after the problem has been solved.



r In practice, Z NJ −1 and ONJ −1 components are calculated for current values of qi (i=1...(NJ-1)) by processing numerically the product of the successive basic change matrices : NJ − 1



[T ]0NJ −1 = ∏ [T ]kk −1



(15)



k =1



8.4 . Inequality constraints Inequality constraints (16) force points Oi to stay within the envelope : 1 − xO / xm ≤ 0 and xO / xM − 1 ≤ 0  x m ≤ xO ≤ x M    y m ≤ yO ≤ y M ⇔ 1 − yO / y m ≤ 0 and yO / y M − 1 ≤ 0  z ≤ z ≤ z O M  m 1 − z O / z m ≤ 0 and zO / z M − 1 ≤ 0 where :



i



i



i



i



i



i



i



i



i



(16)
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•



[xm , xM ] , [ym , yM ] and [zm , zM ] are the intervals which define the envelope in the coordinate system Rg



•



x Oi , y Oi , z Oi are the coordinates of point Oi in Rg. They are located on the 4th column of the intermediate change matrix [T ]g . i



9 . Solving the optimization problem 9.1 Algorithm refinements The problem had to be enhanced in order to obtain valid initial conditions. In fact, since arbitrary initial values are given to variables qi at the outset, equality constraints are false, hence a low convergence. The closure equation of the reducer must be satisfied above all. So, in order to find good initial values, two preliminary optimization steps are achieved. Figure 10 sums up the process.



Starting point Step 1 - Preliminary minimization of a penalty function based on the 3 orientation constraints Success ?



no



End



yes Initial values for angular variables Step 2 - Preliminary minimization of a penalty function based on the 6 closure constraints Success ?



no



End



yes Initial values satisfying the closure constraints Step 3 - Optimization with the whole problem (all equality and inequality constraints)



Fig. 10. The three-step solving process
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r It can be easily shown that Z NJ −1 components are only dependent on the angular variables (not on those of length). For instance, in the example of section 7, the literal development of orientation constraints yields : − sin q sin q = x 1 4 ZS   cos q 1 sin q 4 = y Z S  cos q 4 = z Z S 



(17)



where q1 and q4 are two angular variables. So, a preliminary optimization may be done by making only ( q a 1 ,...q ak ) angular variables vary and minimizing a penalty function which represents the violation of the 3 orientation constraints related to Eq. 10 : 3



Fpa ( qa 1 ,...qak ) =



∑ (Ge ( q ,...q i



1



i =1



NJ −1



)



2



)



(18)



From this improved starting point, the closed position is calculated minimizing the lack of closure. This approach is not far from that presented by Hall, Root and Sandgren [14]. The entire set of variables and all 6 closure constraints are considered now as : 6



Fp ( q1 ,...q NJ −1 ) =



∑ (Ge ( q ,...q i



i =1



1



NJ −1



)



)



2



(19)



Then, optimizing the whole problem can be processed. Starting from a configuration where the skeleton is already closed, this last step progressively alters the dimensions of this skeleton to inscribe it within the envelope and to compact it as much as possible. All the constraints can be initially violated without compromising final convergence.



9.2 Computer implementation From the previously described concepts, a software was implemented in plain ANSI C. The algorithm is based on B.F.G.S. method (Broydon-Fletcher-Goldfarb-Shanno) from the Fortran optimization library D.O.T. [13]. A graphical user interface, implemented in Tcl/Tk, was added for convenience. From a practical point of view, the notion of steps is transparent for the user. He just has to fill the blank fields in the user interface, select other advanced options if necessary and press the “Start” button (Fig.11). Data to be input are the nature of the stages, initial dimensions of the skeleton, optimization method and some other technical parameters.
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Then, results can be obtained in two forms : • an exhaustive file of numerical data (vector of solutions, values of constraints and optimum function, number of iterations...) • a 3D model of the skeleton with an associated 3D animation file showing the skeleton retraction during its optimization. User can replay each of the previously calculated iteration and moreover, can rotate and zoom the model at a given iteration (cf. iteration 1431 in Fig. 11) for best viewing particular configurations.



Button for starting Two windows with more technical options can be accessed



Fig. 11. The provided graphical user interface



10 . First example The example already introduced in section 7 is resumed below with the following complementary specifications : • envelope



xm = ym = z m = 100 mm



xM = yM = z M = 1100 mm



• input shaft



O0 = ( 600 , 600 , 100 )



r X 0 = ( 1, 0 , 0 )



• output shaft



OS = ( 1100 , 1100 , 1100 1 )



r ZS = (1



3 ,1



r Z 0 = ( 0 , 0 ,1 ) 3 ,1



3)
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Coordinates are given in the general coordinate system Rg. Upper and lower bounds have to be set for length variables. The upper boundary is taken as equal to the envelope diagonal length. The lower boundary is arbitrarily set to Lmin = 200mm hereafter. In a more detailed approach, each lower boundary could be chosen separately according to the nature of the variable (shaft length or distance between shafts) and to technological considerations such as minimum tooth number, minimum gearing modulus... The initial position, illustrated in Fig. 12a, is deliberately taken a long away from the optimum in order to illustrate the algorithm efficiency. Initial values of qi are provided in Tab. 1. The first step predetermines new values for angular variables : {q1 , q4 , q7} = {2.36rad , 5.33rad , 1.57rad}



(20)



Note that q7 remains unchanged. This is quite normal since the last cylindrical gearing stage has parallel shafts and so does not introduce any variation of the terminal shaft direction. Eq. 17 confirms this property showing that q7 does



r not appear in Z NJ −1 component expression. The second step is intended to find values that verify the closure equation. Its duration is about 1 second with a Pentium Pro 233Mhz. The penalty objective function is less than 10-13, giving proof that the preliminary closure task is working well. The skeleton has the configuration shown on Fig. 12b. The objective function is then F = 2081mm. The third step can be run now in order to compress the skeleton and to obtain, in less than 1 second, what is represented in Fig. 12c. The objective function has decreased to F = 1930mm. As for any numerical calculation method running from an arbitrary point, the influence of the starting point has to be analyzed. By making the starting point vary, only one other solution can be found for q1 and q4 by the first preliminary step : {q1 , q4 , q7} = {5.50rad , 0.95rad , 1.57rad}



(21)



This second solution represents in fact a dual geometrical disposition of the first one as illustrated in Fig. 13. Note that it can be easily verified that q1 and q4 values given in Eq. 20 and 21 fit the whole solutions of Eq. 22 following from Eq. 17 :
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Initial a) →



q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 F



ZS



OS



O2 →



Z0



O0



O6 O O9 8 O5



O10



→



Zg



→



Z10



O3 →



Xg →



a)



Og



Step1



4.71 400 400 4.71 200 200 1.57 200 200 200



(rad) (mm) (mm) (rad) (mm) (mm) (rad) (mm) (mm) (mm)



Step2 b)



Step3 c)



2.36 541 421 5.33 205 209 1.57 247 205 252 2081



2.36 248 200 5.33 200 200 2.11 420 234 428 1930



2.36



5.33



1.57



(mm)



Tab. 1. Numerical values associated with the first example



Yg



→



Z10 →



ZS → Z10 OS O10



q1



Output



O8 O9



O6



O5



q4



Input O2 →



O3



Zg



q4



→



→



Z0



O0



Output



→



Xg →



b)



Z10



q1



Input



Og



Yg Fig. 13. Two dual geometrical configurations



→



ZS → Z10



→



ZS → Z10



OS O10 O9



OS



O8



O10 O9



→



O6 O5 O3



O2



O8



O2



O0



O3



→



Zg



O5



→



Z0



c)



Zg



→



→



Xg



Z0 →



Yg



Og



O0



O6 →



Xg →



Yg Fig. 12. Towards the first example global optimum



Fig. 14. First example local optimum



Og
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− sin q 1 sin q 4 = 1   cos q 1 sin q 4 = 1  cos q 4 = 1 
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3 3



(22)



3



The geometry obtained from this point is shown in Fig. 14, leading to F = 2344mm. This second configuration is a local optimum, when the previous one is the global optimum.



11 . Second example The three stage 3D.S.R. defined below is considered as : • a worm gearing stage with ϕ = 90° • an external/external cylindrical gearing stage with shafts on opposite sides (ϕ = 0°). • a worm gearing stage with ϕ = 90°



Figure 15 illustrates the general architecture of the reducer. Note that it represents a variant of the previous example, the two last stages having been exchanged. The geometrical specifications are taken as identical to those of section 10.



Output Input



Fig. 15. Second example general architecture



Angular variable values satisfying the 3 orientation equality constraints are found without difficulty. When the starting point varies, q1 takes either the value 3π/2 or the value 5π/2, when q4 and q7 always take different values. This typically characterizes the existence of an infinity of solutions.



22



J.C. Fauroux et al.



The second step has now to determine values which have to verify the 6 closure equality constraints. But in this case, the optimization algorithm fails in its search from various starting points. Figure 16 shows an example among the different results which could be obtained : output orientation is correct but not output position. This seems to indicate the impossibility of fulfilling the specifications with the considered structure.



→



Z10



O10 O9



→



ZS



O8



OS



→



O6



Zg



O5



O2 O3



Og



→



→



Xg



Z0 O0



→



Yg



Fig. 16. Example of a closure failure



In order to confirm the validity of this conclusion, literal expressions of the 6 equality constraints associated with the geometrical model in use are developed below.  s1 s4 c7 + s1 c4 s7 = 1  − c1 s 4 c7 − c1 c4 s7 = 1  − c4 c7 + s4 s7 = 1 



(



)



(



3 (23)



3 3



)



 s s c +s c s q + s c c −s s s q 1 4 7 10 1 4 7 1 4 7 9  1 4 7 − − − + c q s c q c q s  1 8 1 4 6 1 5 1 q 3 = 1100  − c1 s4 c7 + c1 c4 s7 q 10 + c1 s4 s7 − c1 c4 c7 q 9  − s1 q 8 + c1 c4 q 6 − s1 q 5 − c1 q 3 = 1100   s4 s7 − c 4 c7 q 10 + c4 s7 + s4 c7 q 9 − s4 q 6 + q 2 = 1100



(



(



)



)



(



(



)



)



where si and ci represents respectively sinqi and cosqi. Eq. 23 may be simplified as follows :



(24)
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− sin q 1 sin( π + q 4 + q7 ) = 1   cos q 1 sin( π + q 4 + q7 ) = 1  cos( π + q 4 + q7 ) = 1 



3 3 3
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(25)



Eq. 25 is similar to Eq. 22. This proves the existence of an infinity of solutions for the angular variables. According to Eq. 20 and 21, they are such that : {q1 , (π+q4+q7)} = {2.36rad , 5.33rad}



(26)



{q1 , (π+q4+q7)} = {5.50rad , 0.95rad}



(27)



Making some substitutions between Eq. 23 and 24, the following relation may be deduced : q8 + q5 = 0



⇔



O3O5 + O6O8 = 0 (Fig. 16)



(28)



This relation cannot be satisfied since both variables q5 and q8 are supposed to be strictly positive. This confirms the impossibility of closing the chain. This example illustrates the interest of the preliminary optimization steps : they achieve a better confinement of the failure location, and then they help the analyst who will have to imagine modifications for his specification data. In that case, if the output orientation must be preserved, the output point position has to be modified. The designer can try to find a more appropriate position for OS before calling the current reducer architecture into question.



12 . Third example A five stage 3D.S.R. example is presented now to show the algorithm behaviour with a larger number of variables. This example has deliberately been chosen so that the optimum can be verified from direct human reasoning. The 3D.S.R. is made of : • an external/external cylindrical gearing stage with shafts on opposite sides (ϕ = 0°) • a bevel gearing stage with ϕ = 45° • an external/external cylindrical gearing stage with shafts on opposite sides (ϕ = 0°) • two external/external cylindrical gearing stages with shafts on the same side (ϕ = 180°)
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Output



Input



Fig. 17. Third example general architecture



Figure 17 gives a rough sketch of the reducer under study. Other specifications are (in the general coordinate system Rg) : • envelope



xm = ym = z m = 100 mm



xM = 600 mm



y M = z M = 1100 mm



• input shaft



O0 = ( 350 , 300 , 100 )



r X 0 = ( 1, 0 , 0 ) )



r Z0 = ( 0 ,0 ,1 )



• output shaft



OS = ( 350 , 1100 , 1100 )



r Z S = ( 0 ,1



2 ,1



2)



The starting point is shown in Fig. 18a. Figures 18b and 18c present the configuration obtained after a few seconds (about 5 sec). The objective function is F = 2448.5mm. Shafts of the 3 last stages are perfectly arranged in an equilateral triangle with sides of Lmin (Fig. 18c). This disposition, which seems fairly obvious when proposed by the algorithm, was not so easy to imagine by direct thinking. A designer would be naturally inclined to dispose all shafts in a single planar surface. Note that for this example, there is an infinity of optimal solutions :



r • points O7 to O14 can be translated along Z S direction r • points O8 to O13 can be rotated about the axis ( OS Z S ) without changing the optimum value of function F. This only appears from the numerical results when the analyst varies the starting point. The next design phase has to be able to model and exploit this vagueness.



Using the Skeleton Method to Define a Preliminary Geometrical Model for 3D.S.R.



O10 →



Z15



O11



O7



O15



O8



→



ZS



O13 O14



O5



OS O3 O2 →



Z0



a)



O0



→



→



Xg Og



→



→



Yg



Z15



ZS



→



Zg



OS O15 O10



O11



O13



O8



O14 O7 O5 →



O2



O3



Zg



→



Z0



O0 →



b)



Yg



Og



→



Xg



→



Projection from ZS



→



Xg



→



O0



Z0



O10



→ OS



ZS



O11



c)



→



Yg



Og



→



Zg



Fig. 18. Third example initial and final configurations
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13 . Conclusion The principles for a specific CAD tool useful for helping a designer to position in space the main geometrical elements of three-dimensional speed reducer structures have been presented. Association of skeleton concepts with matrix loop formulation has provided the possibility of building automatically the geometrical model of any 3D power transmission line. This approach is quite general; it may be extended either to tree-structured power transmission lines, such as drilling machines with multiple spins, or to any device whose architecture can be represented by filar structure at the early stage of design. Some particular dispositions have been taken to improve the performance of the solving process and the help offered to the designer : • Expression of the closure chain equation has been reduced to only 6 relationships, reducing the number of equality constraints to be processed and thus facilitating the work of the optimizer • Two preliminary optimization phases have been added at the beginning to obtain progressively consistent initial values and, should the occasion arise, to enlighten the analyst about the causes of failure when the structure under study appears to be inappropriate for the specification data.
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