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Abstract We investigate experimentally the quantum behavior of laser-cooled atoms in a pulsed standing wave, a system that is an atomic analog of the quantum kicked rotor. In particular, it may display the well-known phenomenon of ‘‘dynamical localization’’, when the standing wave is driven periodically. Furthermore, we study some interesting properties of a quasi-periodically driven kicked rotor, which presents resonances that are shown to be sharper than the inverse of the driven–excitation duration, thus presenting a sub-Fourier character. Ó 2003 Elsevier B.V. All rights reserved. PACS: 05.45.Mt; 32.80.Pj; 42.50.Vk Keywords: Kicked-rotor; Dynamical localization; Quantum chaos; Cold atoms



1. Introduction The kicked rotor is a paradigmatic simple system for studies of classical and quantum chaos. Due to its simplicity––a particle rotating on an circular orbit freely except for instantaneous, position dependent, kicks––it can be easily simulated even with a modest computer. The classical system, whose dynamics is described by the well-known ChirikovÕs standard map, depends on just one parameter, the kick amplitude, and presents a whole set of dynamical behaviors as the kick strength varies. For weak enough kicks, the dynamics is regular, becoming mixed as the onset of *
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chaos is passed up, and tending to an ergodic, completely chaotic behavior as the kick strength increases further. In the latter regime, the diﬀusion process leads to a continuous spread of the momentum in phase space, and the mean kinetic energy of the system roughly increases linearly with time. The dynamical behavior of the quantum counterpart of the kicked rotor is completely diﬀerent. The quantum system follows the classical diﬀusive dynamics only for a short time. After some localization time quantum interference freezes its evolution and there is no further increase of the average energy. This behavior, numerically observed at the end of the 70s [1], is named ‘‘dynamical localization’’ (DL), and has been recognized as a signature of quantum chaos. It is very similar to the so-called Anderson localization which is observed in disordered quantum systems; in both cases, complex destructive quantum interferences are responsible for the localization. Anderson localization takes place in conﬁguration space while dynamical localization happens in momentum space. The connection between the two phenomena is discussed in [2]. In the present paper, we describe how DL can be very clearly observed in a relatively simple experimental system, the ‘‘atomic kicked rotor’’, constituted by a cloud of cold atoms periodically driven by a standing wave [3–5]. We experimentally demonstrate that DL is intimately related to the time-periodic character of the system, and that it is destroyed if the driving becomes quasiperiodic by adding a second driving frequency incommensurable with the ﬁrst one [5]. The system thus presents ‘‘localization resonances’’ for commensurable values of the driving frequencies. We ﬁnally show that these lines have an interesting property: their width is smaller than the inverse of the time during which the driving is applied to the system, thus evidencing a ‘‘sub-Fourier’’ behavior that we discuss and for which we provide a heuristic interpretation.



2. The system One can obtain an atomic kicked rotor by placing a sample of cold atoms created in a standard magneto-optical trap setup in a laser standing wave (SW). Let the SW be oriented along the x axis (a horizontal axis, to be insensitive to the gravitational ﬁeld), with the laser beams having frequency xL and wavenumber kL ¼ xL =c. The atoms can interact with the radiation via two kinds of processes. Firstly, they can absorb a photon from the SW and spontaneously re-emit it, thus accomplishing a ﬂuorescence cycle. The temporal rate of such process is roughly CX2 =D2L (assuming that jDL j  C, X), where X is the resonance Rabi frequency of the beams forming the SW, DL is the detuning between the frequency of the beams and the closest atomic transition frequency, C is the natural width of the transition. Note that X=C2 is equal to the ratio of the intensity of the SW to the saturation intensity of the transition. This process is dissipative, due to the random character of spontaneous emission; as a general consequence, the phase coherence of the atomic wave function is lost in such a process, which implies that purely quantum eﬀects such as interferences are washed out. Spontaneous emission is thus a stray eﬀect in our experiment. Secondly, the atoms and the SW can interact via the so-called ‘‘dipole force’’ [6,7], which is conservative. A simple physical picture of the origin of this force can be drawn by considering the interaction of the light beams with the atoms in the frame of second order perturbation theory. One can then show [8] that the interaction with the SW shifts the energy of the ground state level by an amount proportional to  hX2 sin2 ðkL xÞ=DL (this relation is valid for jDL j  X; C). The atom
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then ‘‘sees’’ the SW as a sinusoidal potential of amplitude hX2 =2DL . If DL > 0, the minima of the potential correspond to the knots of the SW, if DL < 0 the situation is reversed. The force associated to this potential (often called ‘‘optical potential’’) is thus conservative. An equivalent interpretation of the physical origin of the dipole force is to consider the quantum process in which the atom absorbs one photon in one of the beams of the SW and re-emits it, by stimulated emission, in the other beam. In such a process, the radiation ﬁeld and the atom coherently exchange a momentum 2 hkL . There is no coupling to other modes of the radiation ﬁeld; the process is thus conservative. The relative phase of the monochromatic laser beams is of course important. As it depends on the position of the atom in the SW, it is not surprising that the resulting conservative force depends on position. A most interesting feature of the optical potential is that it is proportional to D1 L , whereas 2 spontaneous emission is proportional to DL , which means that, if the SW beam has a large enough intensity, one can arbitrarily reduce the spontaneous emission rate by increasing the laseratom detuning, and perform the experiment in a almost conservative conﬁguration. As an order of magnitude, the experiment described below is performed with a detuning jDL j  2  103 C, producing a spontaneous emission rate of about 103 s1 per atom. This puts a upper limit of the order of few ms for an experiment where pure quantum interferences are to be observed. Another interesting point to mention is that there are many simple techniques for manipulating laser beams, which make the present system highly ﬂexible. For example, if the SW is constituted of two coherent but independent counterpropagating beams, it is easy to vary the phase of one of the beams with respect to the other. By varying this relative phase quadratically in time, one obtains an accelerated standing wave, which is equivalent to a linear potential. This technique has been used to experimentally observe Bloch oscillations [9] with cold atoms. In order to realize an atomic version of the quantum-kicked rotor (QKR), we simply place an acousto-optic shutter in the path of the beams constituting the SW. This allows us to turn the optical potential on and oﬀ at will. If the potential is turned periodically on for a very short time, during which the motion of the atoms can be neglected, we obtain a system whose eﬀective Hamiltonian is: H1 ¼



X P2 ds ðt  nT1 Þ þ Vopt cosð2kL xÞ 2M n



ð1Þ



where Vopt is the amplitude of the optical potential and ds ðtÞ ¼ 1=s if jtj 6 s=2 and zero otherwise, tends to the Dirac d-function when s ! 0. The purpose of the variable s is to model the pulse duration in a real experiment. By introducing standard normalized variables [4], p ! P ¼ ð2kL T1 Þp=M, x ! X ¼ 2kL x, t ! t=T1 , K ¼ X2 T1 shkL2 =ð2MDL Þ, and heff ¼ 8hkL2 T1 =M, the corresponding Schr€ odigner equation can be written: ! X ow P2 ds ðt  nÞ w ð2Þ i heff þ K cos X ¼ 2M ot n which is the standard Schr€ odinger equation for the QKR. A quasi-periodic atomic kicked rotor can be obtained simply by adding to the primary kick sequence a secondary series of kicks at frequency f2 . If the frequency ratio r ¼ f2 =f1 ¼ f2 T1 is an



304



P. Szriftgiser et al. / Communications in Nonlinear Science and Numerical Simulation 8 (2003) 301–313



irrational number, the kick sequence is quasi-periodic. We thus obtain the following Hamiltonian, for the case where the sequences have the same kick amplitude: "  # N1 NX 2 ¼rN1 X P2 n þ u=2p ds ðt  nÞ þ ds t  ð3Þ þ K cos X H2 ¼ r 2M n¼1 n¼1 where u is the initial phase diﬀerence between the two series of kicks. An interesting variation of the quasi-periodic QKR is obtained by modulating the strength of a single series of kicks at the frequency f2 with an amplitude A, giving the Hamiltonian: N X P2 þ K cos X ½1 þ A cosð2prtÞ H3 ¼ ds ðt  nÞ: ð4Þ 2M n¼1 Let us note before closing this section that a system of units widely used in the context of laser cooling is the ‘‘recoil units’’. The recoil momentum pr is the momentum acquired by the atom in absorbing or emitting a photon of wavelength kL : pr ¼ hkL . One can accordingly deﬁne a recoil velocity vr ¼ pr =M, a recoil energy Er ¼ pr2 =2M, a recoil frequency xr ¼ Er =h and so on. Typically, in this paper, the subscript r refers to recoil units. It is important to realize the connection between these natural ‘‘quantum’’ units and the units used for getting the standard normalized variables, Eq. (1). Not surprisingly, the elementary ‘‘quantum’’ momentum, 2pr ––which represents the momentum change of the atom in an elementary quantum process, see above––appears to be exactly the eﬀective Planck constant  heff in normalized classical units. 3. Experimental setup Our realization of the kicked rotator (Fig. 1) is similar to that of Ref. [4]. Cold cesium atoms issued from a magneto-optical trap (MOT) are placed in a far-detuned (DL 2  103 C) standing wave. The beam forming the SW passes through an acousto-optical modulator (AOM), allowing the SW to be easily switched on and oﬀ, with a switching time of 50 ns. The modulation is thus an almost perfect square, at the time scale of the atomic motion, and its duration and period are controlled by a microcomputer. The beam is then injected in an optical ﬁber that brings it to the



Fig. 1. Schematic view of the experimental setup. Cesium atoms are ﬁrst laser-cooled in a standard magneto-optical trap. They are then released from the trap and fall freely to the region of interaction with the standing wave. Finally, counterpropagating Raman beams are applied in order to measure the population of a velocity class. The experiment is repeated with a diﬀerent Raman detuning in order to measure another velocity class. In this picture, scales are not respected, the standing wave is in fact less than 1 mm below the trap.
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interaction region, and the SW is simply obtained by back-reﬂection of this beam. The SW has a waist of 1 mm and a typical power of 100 mW in each direction. Typical values of the pulse frequency and duration are f1 ¼ 36 kHz and s ¼ 500 ns, producing a stochasticity parameter heff ¼ 8xr T1 ¼ 2:9. K1  12 and an eﬀective Planck constant  The atomic velocity distribution is measured by velocity-selective Raman stimulated transitions between the Fg ¼ 3 and Fg ¼ 4 hyperﬁne ground-state sublevels [10–13], whose separation is 9.2 GHz (the cesium clock frequency). The two counterpropagating Raman beams have a constant frequency diﬀerence, which is shifted from the hyperﬁne sublevel separation by a controllable Raman detuning dR . An atom can thus absorb one photon in one of the Raman beams, be excited to a virtual intermediate electronic state (the optical frequency of the beams is detuned from the atomic transition frequency by an amount jDR j  C) and then emit a stimulated photon in the other beam, decaying to the other ground state hyperﬁne sublevel. Because of the high value of DR , the natural width of the intermediate state does not play any role in the process, and the width of the observed line is in principle limited only by the duration of the Raman pulses. The counterpropagating beam conﬁguration insures that the process is sensitive to the atomic velocity via the Doppler eﬀect. A Raman pulse of detuning dR brings the atoms in the velocity class v ¼ vr þ dR =ð2kR Þ (kR is the wave number of the Raman beams) to the Fg ¼ 3 hyperﬁne sublevel. A laser pulse resonant with the Fg ¼ 4 hyperﬁne sublevel is then applied to push the atoms of other velocity classes (that is, those not aﬀected by the Raman pulses) out of the experimental region. A frequency modulated probe beam is applied and its absorption signal detected by a lock-in ampliﬁer, yielding a signal proportional to the population in a sharply deﬁned velocity class. Experimentally, the typical velocity distribution of the atoms issued from the magnetooptical setup is a Gaussian of full width at half maximum (FWHM) equal to 8hkL , corresponding to a temperature of 3.3 lK, which is typical of a ‘‘Sisyphus-boosted’’ laser cooling device. The generation of the Raman beams is based on a direct modulation (at 4.6 GHz) of a diode laser, detuned by 200 GHz (4  104 C) with respect to the atomic transition. The two symmetric ﬁrst optical sidebands are used to inject two diode lasers that produce 150 mW beams with a 9.2 GHz beat-note of sub-Hertz spectral width [14]. The Raman beams pass through a combination of AOMs allowing the generation of the Raman pulses. These beams are then injected into optical ﬁbers that carry them to the atomic trap. Stray magnetic ﬁelds are harmful for the Raman velocity measurement, due to the complex structure of Zeeman sublevels of the ground state of cesium. In the present setup, the variations of the local magnetic ﬁeld (essentially low frequency electromagnetic perturbations) are corrected by an active compensation system, giving a residual ﬁeld of about 300 lG and an compensation bandwidth of 500 Hz [13]. The ﬁnal momentum resolution obtained is hkL =2, largely suﬃcient for this experiment, and is much better than that obtained by time of ﬂight methods [4]. The obtained resolution is so good that in the experiment we voluntarily reduced it. The Raman dR detuning is swept around its mean value during the Raman pulse, in order to increase the signal to noise ratio.



4. The quasi-periodic quantum kicked rotor DL is a well-known signature of ‘‘quantum chaos’’ (by which we mean the behavior of a quantum system whose classical counterpart is chaotic). DL is present in periodically driven
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systems [1], and manifests itself by a ‘‘freezing’’ of the quantum evolution under the action of destructive quantum interferences after some ‘‘localization time’’. The mean momentum distribution of the system then takes a characteristic exponential shape expðjP j=LÞ, where L is the ‘‘localization length’’in the momentum space. Although it presents some strong connection with Anderson localization in disordered quantum systems [2], it should be emphasized that localization takes place in momentum space, not in conﬁguration space. This is very convenient for cold atomic gases, as experimental techniques like the velocity-selective Raman technique described above allows for accurate measurements of the momentum distribution, while the spatial distribution is much more diﬃcult to measure at the scale of one laser wavelength. In order to observe DL, the following experimental sequence is realized. The magneto-optical trap is ﬁrst turned oﬀ. This is necessary to make the atomic motion free between kicks and to prevent dissipation eﬀects due to spontaneous emission. At that moment, the momentum distribution of the atoms is a Gaussian of FWHM 8 hkL (see Section 3). The kick series then starts. When the SW excitation ends, the Raman measurement sequence, described in the previous section, is used to measure the population of a velocity class. The whole sequence starts over again to probe a new velocity class. The pulse sequence driving the SW is produced by two synthesizers at frequencies f1 and f2 with a ﬁxed phase relation, thus corresponding to the Hamiltonian modeled by Eq. (3). We show in Fig. 2 the initial momentum distribution (just before the kicks are applied) [trace (a)] and the ﬁnal distribution (after interaction with the standing wave) for f2 =f1 ¼ 1:000 and f2 =f1 ¼ 1:083, with a phase of u ¼ 180°. Both ﬁnal distributions show a clear broadening with respect to the initial one. For the ‘‘resonant’’ case (f2 =f1 ¼ 1) [trace (b)], the distribution presents the characteristic DL exponential shape P ðpÞ ’ expðjpj=LÞ, with a localization length (along the momentum coordinate) L  8:5 hkL , evidencing dynamical localization. This is not surprising as for f1 ¼ f2 , the system is strictly time-periodic. The measured localization length agrees fairly well with theoretical estimates. Trace (c) corresponds to a non-resonant quasi-periodic case, as the ratio f2 =f1 ¼ 1:083 is suﬃciently far from any simple rational number. The momentum distribution presents a broader and more complex shape. The thin solid lines in Fig. 2 correspond, for each trace, to ‘‘exact’’ numerical solutions of the Schr€ odinger equation [15] (which are easy to calculate thanks
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Fig. 2. Measured momentum distributions (vertical scale is logarithmic). Plot (a) corresponds to the initial momentum distribution when the atoms are released from the magneto-optical trap. Plot (b) corresponds to the velocity distribution after a series of 50 kicks with r ¼ f2 =f1 ¼ 1:000. Plot (c) corresponds to the velocity distribution after a series of 50 kicks with r ¼ 1:083. In both cases, the initial relative phase of the kick series is u ¼ 180°.
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to the kicked structure of the Hamiltonian). The resulting momentum distribution is averaged over the measured initial momentum distribution of the atoms and over the transverse proﬁle of the SW beam. Indeed, because of the ﬁnite transverse size of the laser beams, diﬀerent atoms experience slightly diﬀerent K values, leading to some ‘‘inhomogeneous broadening’’ of the DL signal. We have used K1 ¼ K2 ¼ 10 at the center of the laser beam, in accordance with the value deduced from the laser power, detuning and geometrical properties. For f1 ¼ f2 ¼ 36 kHz, we obtain a dynamically localized (exponential) distribution with a localization length which agrees with the experimentally observed one (at the 10% level). For f2 =f1 ¼ 1:083, the result of the simulation––shown in the ﬁgure––agrees very well with the experimental data. The fact that the broad contribution is signiﬁcantly larger than the ‘‘resonant’’ distribution––together with the fact that the classical diﬀusion constant is practically identical in the two cases––shows that diﬀusion has persisted during a longer time in the non-resonant case. Furthermore, the fact that the distribution is not exponential strongly suggests that we did not reach DL and that diﬀusion should persist for longer times. A simple and useful method to detect the presence of DL is to probe only the zero-velocity class: localized (thinner) distribution correspond to a higher zero-velocity signal, while delocalized (broader) distributions give lesser values of the zero-velocity class population. This allows us to sweep the frequency f2 of the secondary kick, keeping all other parameters (f1 , u, K1 and K2 ) ﬁxed and search for the values of the frequency ratio presenting localization. The result is shown in Fig. 3. One clearly sees peaks at the simple rational values of r ¼ f2 =f1 . Each peak is associated with an increased number Nð0Þ of zero-velocity atoms, that is an increased degree of localization. The most prominent peaks are associated with integer values of r, a rather natural result. Smaller peaks are associated with half-integers values of r, even smaller ones with r ¼ p=3 rational numbers, etc. All these features are very well reproduced by the numerical simulation as shown in the inset of Fig. 3. By varying the total duration of the experiment, it is possible to show directly that localization is responsible for the observed curves. Indeed, for an increased duration, it is expected that, for
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Fig. 3. The population of zero-velocity atoms Nð0Þ (probed with the Raman setup) as a function of the frequency ratio r ¼ f2 =f1 (with f1 ¼ 36 kHz) and phase u ¼ 52°. The increase of the zero-velocity signal is a signature of dynamical localization. Dynamical localization for commensurate frequencies––and simple rational r values––is clearly seen. For incommensurate frequencies, like in Fig. 2, no dynamical localization is visible. The inset (a) shows the corresponding curve obtained by numerical simulation (see text), which reproduces almost perfectly the features of the experimental curve.
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Fig. 4. Same as Fig. 3, but for increasing duration of the experiment (from top to bottom: 10, 20 and 40 kicks). At long times, more and more resonance lines are visible. The rational numbers which emerge are those for which dynamical localization has taken place during the duration of the experiment. The increase of the visibility of the resonance peaks with increasing interaction time is a clear proof of localization.



rational values of r where localization has already taken place, no further evolution will take place while, at irrational values of r, chaotic diﬀusion will continue and the signal will thus drop, improving the visibility of the resonances. This is indeed what is experimentally observed in Fig. 4 where the population in the zero-velocity class is shown as a function of r, for increasing durations. While, for 10 kicks, only the r ¼ 1 resonance is clearly visible, a number of rational values emerge for 20 and 40 kicks. For irrational numbers with large denominators, the localization time is expected to be rather long. At 40 kicks, only simple rational numbers (with denominator smaller than 3 or 4) lead to localization. For a larger number of kicks, more complicated rational numbers should be visible. In any case, the increase of the visibility of peaks with increasing interaction time is a clear proof of localization. 5. Sub-Fourier resonances A point of immediate interest, both for experimentalists and theoreticians, is the width of the lines observed with the quasi-periodic quantum kicked rotor, as described in the previous section [16]. In particular, it is interesting to identify the physical process responsible for their width. Here we shall concentrate in the study of the most intense line, corresponding to kick series of frequency ratio r ¼ 1. A zoom of that line is shown in Fig. 5 (this curve was obtained for a diﬀerent set of parameters than in Figs. 3 and 4). A more detailed analysis shows that it presents a rather remarkable feature: its width Dr is extremely narrow, that is Drexp ¼ 0:0026, (FWHM) and thus Df2 ¼ f1 Drexp  47 Hz. Relating that width to the duration of the pulse excitation T ¼ N1 T1 , we ﬁnd:
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Fig. 5. Below the Fourier limit. (a) Experimental measurement of the zero-velocity atom number, Nð0Þ, as a function of the ratio r ¼ f2 =f1 of the two excitation frequencies. Parameters: f1 ¼ 18 kHz, K ¼ 42, N1 ¼ 10, s ¼ 3 ls and in order to avoid pulses overlap we set u ¼ p. Averaging: 100 times. (b) F1=2 ðrÞ, for comparison with the Fourier transform of the kick sequence (amplitude and oﬀset are arbitrary for F1=2 ).



1  1: ð5Þ 38 The line is thus, ‘‘sub-Fourier’’ in the sense that, from the Fourier inequality, one would expect to have Df2 T  1 The Fourier inequality implies that a narrow frequency spectrum corresponds to a long temporal signal, as it links the width Df of the frequency spectrum and the temporal width Dt of the signal: Df Dt P 1=2. Strictly speaking, Df is the square root of the variance of the frequency distribution, Dt is the square root of the variance of the temporal distribution of the signal. For most signal shapes, they can be associated resp. with the width of the frequency distribution and its time duration. A rule usually deduced from the above one states that two frequencies cannot be distinguished before a time proportional to the inverse of their diﬀerence. Of course, if the signal/noise ratio is inﬁnite, two unresolved frequencies can still be distinguished using a good ﬁt. This is not the problem we are interested in. We shall consider the raw width of a resonance signal, before any analysis. Physically, the Fourier inequality limits the minimum width of a resonance line to the inverse of the time duration of the experiment. However, these conclusions rely on the linear response of the system to the excitation, and this limit can in principle be overcome if a suitable non-linearity is introduced. The simplest example is to use a multiphoton resonance: the frequency width of a n-photon excitation line is divided by a factor up to n compared to a one photon excitation, as recently observed with multiphoton Raman transitions [17]. The sub-Fourier character then originates from the fact that it is the nth harmonic of the external driving frequency that has to be compared to the atomic frequency, and not the driving frequency itself. Let us ﬁrst quantify more precisely the ‘‘sub-Fourier’’ character of the lines. When two sequences with slightly diﬀerent frequencies are combined, the resulting Fourier spectrum has two series of peaks that may overlap. This is visible in Fig. 6, which shows, for diﬀerent values of r, the squared modulus of the Fourier transform of the double kick sequence (with u ¼ 0), in the neighborhood of the fundamental frequency f1 . Consider the function F1=2 ðrÞ, deﬁned as the squared modulus of the Fourier transform at frequency f1=2 ¼ ðf1 þ f2 Þ=2. This function is large Df2 T 
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Fig. 6. First harmonic of the Fourier transform of the kick sequence. The parameters are: s ¼ 0:5 ls, and f1 ¼ 18 kHz. (a) For r ¼ 0:98 the two frequencies are not resolved; (b) r ¼ 0:93 the two frequencies are barely resolved; (c) r ¼ 0:80, the two frequencies are clearly resolved.



when the two peaks overlap and goes to zero when the two frequencies are completely resolved, giving a quantitative measure of the Fourier resolution. In order to make a comparison with the experimental data, F1=2 ðrÞ is also plotted in Fig. 5. Its width DF1=2 ðrÞ is 0.091, and DF1=2 ðrÞ= Drexp  35, clearly showing that Fourier limit has been overcome. What is the origin of the process giving such a resolution? It could be argued that the atoms are excited by the harmonics of f1 and f2 . The jth harmonic of each fundamental frequency has the same width 1=T , but their frequency separation jðf1  f2 Þ is increased by a factor j. One would thus attribute the high resolution of the system to the presence of the high harmonics in the excitation spectrum itself. This interpretation is invalid for several reasons. Firstly, the experimental kicks are not real d-peaks, but have a ﬁnite duration s. Wide pulses imply that the overall excitation spectrum is multiplied by a sinðxÞ=x-type curve, which becomes sharper as s increases. This means that the weights of the high harmonics are small and cannot be responsible for the observed behavior. This is illustrated in Fig. 7 which shows the Fourier spectrum of the excitation. The harmonics above the 35th are so small that they cannot be responsible for the sub-Fourier
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Fig. 7. Fourier transform of the excitation spectrum (Eq. (3)) f1 ¼ f2 ¼ 18 kHz, s ¼ 3 ls. Because of the ﬁnite duration of the pulses, the intensities of the high harmonics are rapidly decreasing. The harmonics above the 35th are so small that they cannot be responsible for the sub-Fourier character of the resonance line.
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Fig. 8. Temporal evolution of the width of the resonance. The numerically calculated width is multiplied by the number of kicks N1 and plotted as a function of N1 , the total excitation time in normalized units. The Fourier limit thus corresponds to the horizontal line of ordinate 1. The solid lines (b), (c) and (d) correspond to three diﬀerent values of the parameter K. The displayed experimental points correspond to three diﬀerent values of the pulse duration s ¼ 1, 2 and 3 ls. The dotted line (a) corresponds to the numerical simulation using the modulated series described by Eq. (4).



character of the resonance line. Secondly, when s is increased, with a constant pulse height (which implies that K is increased, as it is proportional to s), the relative weight of the high harmonics decreases. But we veriﬁed both experimentally and numerically that the systemÕs resolution increases: the resonance lines becomes narrower (see Fig. 8). We also performed numerical simulations using the slightly diﬀerent Hamiltonian, Eq. (4). The spectrum of this excitation is composed of series of peaks at frequencies x=2p ¼ j (j is an integer) with related sidebands at x=2p ¼ j  ðr  1Þ. The frequency separation between the two series of peaks in the spectrum is r  1, independent of j: the high harmonics do not provide higher resolution. Despite that, the numerical simulation shown in Fig. 8 is clearly below the Fourier limit. The above arguments thus neatly rule out the eﬀect of high harmonics as a dominant process at work in our experiment. The observed ultra-narrow resonance line is due to the highly sensitive response of the quantum chaotic system itself to the excitation, as we will now explain with semiheuristic elements. In the experiment, the atomic wave packet undergoes a series of kicks separated by a free evolution. In momentum representation, a free evolution during a time t amounts in multiplying the wave function by a phase factor expðiUÞ with U ¼ P 2 t=ð2heff Þ. For simplicity, consider the particular case u ¼ 0. In this case, the time interval between the last kick (N th kick) of the ﬁrst series and the corresponding kick of the second the series is Nðr  1Þ=r. The system can resolve the two frequencies if the phase evolution U during this interval is of the order of one: UðN Þ ¼



hP 2 i r  1 N  1: 2 heff r



ð6Þ



It is important to distinguish two diﬀerent regimes: (a) before the localization time, N < NL (where NL ¼ tL =T1 and tL is the localization time), the dynamics is a classical diﬀusion, and hP 2 i / N ; (b) for N > NL the momentum distribution is localized and hP 2 i is roughly constant.
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Thus, according to Eq. (6), the resolution ðr  1Þ has a fast, unusual, decrease as N 2 as long as N < NL , and a slower decrease as N 1 for N > NL . Otherwise stated, for times t < tL the system takes an advance over the Fourier limit that it preserves when t > tL . Eﬀectively, the numerical simulations in Fig. 8 indicate that the linewidth decreases faster than the standard Fourier limit. The higher resolution results, on the one hand, of the sensitivity of the quantum interference process to frequency diﬀerences, and, on the other hand, from the ampliﬁcation of such sensitivity by a chaotic diﬀusion. The underlying physical process relies on long-range correlations in the momentum space. Breaking exact time periodicity of the excitation destroys those correlations and, as a consequence, the localization. This also suggests that the frequency resolution improves as the dynamics becomes more chaotic, as K increases. Numerically, no lower limit has been found to the resolution, which can reach several orders of magnitude below the Fourier limit. A few additional remarks might be done. Firstly, the sub-Fourier behavior is allowed because the resonance lines are not the direct Fourier transform of a temporal signal. Secondly, the observation of sub-Fourier lines is not limited to a speciﬁc choice of parameters. The curve displayed in Fig. 5 is the most sub-Fourier one that we have observed, but sub-Fourier widths are a standard behavior. Thirdly, since the process involves two frequencies, it is quite analogous to a frequency measurement by the heterodyning technique. This might be exploited for realizing ultra-fast frequency locking to a standard frequency, using Nð0Þ as an error signal, that would thus respond in a sub-Fourier time. Overcoming the Fourier limit has been studied in many areas, noticeably in optics and signal processing. In the latter case, there are well known algorithms, for example the maximum entropy algorithm or the optimal ﬁltering technique [18] which allows to resolve two diﬀerent frequencies in a signal. In optics, ‘‘super-resolution’’ methods can be used, which usually rely on a a priori knowledge of the spectral properties of the system, that are used to enlarge the measured bandwidth of the system, thus creating a higher eﬀective bandwidth [19,20]. Similarly, in near-ﬁeld optical microscopy, details of size below the diﬀraction limit can be resolved. In all cases, the resolution is obtained at the price of a signal loss. Our method is diﬀerent, as it does not require any processing of the observed signal, which is intrinsically sub-Fourier. This is because the nonlinearity of the quantum chaotic device itself is responsible for the sub-Fourier character.



6. Conclusion In conclusion, we have shown that, in the presence of a quasi-periodic driving with two base frequencies, the kicked rotator does not show any ‘‘short time’’ dynamical localization except when the ratio of the frequencies is close to a rational number. In the latter case, the system is time periodic and displays clear evidence of dynamical localization. This conclusion is drawn from experiments performed with both 50 and 100 primary kicks, whereas the localization time is of the order of 15 kicks. Longer kick sequences are impossible because of the free fall of the atoms under gravity, but numerical simulations show the same behavior up to few thousands kicks. Although it is currently impossible, experimentally or numerically, to decide if the DL is eﬀectively suppressed by the secondary kicks or if it corresponds to a much longer localization time, the results presented here clearly evidence a dramatic change in the behavior of the system due to a secondary irrational frequency.
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Additionally, the destruction of the localization by periodicity breaking is highly sensitive and it displays a sub-Fourier behavior. We have experimentally demonstrated the possibility of using a quantum-chaotic device to discriminate two frequencies, far below the Fourier limit. The eﬀect relies on the sensitivity of quantum interferences to periodicity breaking, ampliﬁed by a chaotic diﬀusive process. No physical law has been broken, but the very widely used ‘‘rule of thumb’’ stating that the minimum width of a resonance should be limited by the excitation time is here not valid, opening the way to a new ﬁeld of quantum-chaotic signal processing.
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