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In this paper we study the existence of periodic solutions of a delay differential equation with delay depending indirectly on the state. A fixed point problem related to a Poincare operator is constructed and solved using an ejective fixed point theorem.  1998 Academic Press



1. INTRODUCTION Intraspecific competition for food is considered to be a possible cause for the lengthening of the duration of some of the developmental stages in animal populations. Such is the case notably in a model of population dynamics for some marine mammals, introduced by Aiello, Freedman and Wu [1], who derive a system of equations with a delay which is an increasing function of the total population. Recently, Arino, Hbid and Bravo de la Parra [2] proposed a model describing the evolution of a population of fish whose larvae share a limited resource. The model is made of two equations: a state equation governing the evolution of the total number, which is a delay differential equation with variable delay, and an ordinary differential * This work was partially supported by the Med-campus Program 237 and the Exchange Program 950850 between Morocco and France.
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equation satisfied by the delay with coefficients expressed in terms of the state variable. A simplified version of the model which however, in our opinion, captures its main traits, is the following



{



dx =&f (x(t&{(t))) dt d{ =h(x(t), {(t)) dt



(1)



Our goal in this paper is to explore some of the properties of such equations and, more particularly, to extend to this class of state-dependent delay differential equations results about oscillatory behavior, slow oscillations and periodic slow oscillations which are well known in the case of delay differential equations with constant delay and in some classes of statedependent delay differential equations. Before we detail the assumptions and the main result, a brief comparison with earlier models is in order. In all the examples we know of, the delay when it is state-dependent depends on the value of the state variable at time t. This is true in the model derived by Aiello et al. [1], also in the equations considered notably by Mallet-Paret and Nussbaum [12], or Kuang and Smith [10]. Recently, Mallet-Paret, Nussbaum and Paraskevopulos [13] have obtained results for more general state-dependent equations which do not, however, include Eq. (1). Typically, the equations dealt with in [12] and [10] are of the form dx =& f (x(t), x(t&{(x(t)))). dt



(2)



For a quick comparison which may illustrate the differences between Eqs. (1) and (2), suppose { is bounded below by a positive number { 1 . Then, for t # [0, { 1 ], (2) reads just as a scalar ordinary differential equation in x, while (1) reads as a two dimensional system of ordinary differential equations in x and {. Coming back to our problem, we will express our main result in terms of a parameter, a sort of averaged value of the delay. For this purpose, it is convenient to introduce a new function, besides the function h which will be used when describing results not dependent upon the parameter. So, the system under study for the discussion of periodic solutions is



{



dx =& f (x(t&{(t))) dt d{ =h 0(x(t), {(t)&{*) dt
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while (1) will be reserved for the discussion of general properties such as existence, positivity and oscillations. Accordingly, some conditions will be expressed in terms of h, but the conditions related to the existence of periodic solutions will be expressed in terms of h 0 . Throughout the paper, the following assumptions are made on f and h: f: R  R, h: R_R  R are two suitably smooth functions (at least, continuously differentiable), satisfying part or all of the following



{ {



(1) f (x) x>0, \x # R, x{0 and f is nondecreasing. (2) There exist { 1 , { 2 , { 2 >{ 1 >0 such that ({ 2 &{ 1 ) | f (x)| < |x|, for x{0 There exist M>0, R 0 >0, M({ 2 &{ 1 )R 0 , such that | f (x) | M, for x # R; There exists M$0,



(1) There exists L>0, such that h(x, {)
0 and h(x, { 2 )0, G0, such that h h (0, {)&m and (x, {) G, { x



}



}



(9)



for { # [{ 1 , { 2 ], x # R



A short discussion about the assumptions is in order. Assumption (4) (1) is the usual negative feedback condition; the additional monotonicity assumption is mainly for simplification. An immediate consequence of this assumption is that x=0 is invariant with respect to Eq. (1). Assumption (4) (2) states that the variation of the delay cannot be too large. The boundedness assumption made in (5) is rather technical: it can be weakened by assuming only one-sided boundedness. Assumption (6) can be dropped if we work in a set of solutions which are uniformly bounded (See also Remark 4 for more on this). Assumption (7) (1) yields the fact that (t&{(t)) is increasing, a very natural restriction in the context of population dynamics, where it expresses the fact that no overlapping between generations arises from overcrowding. The expression of the condition in terms of L is just for computational convenience. Assumptions (8) and (9) are rather technical,
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although the boundedness of (hx) follows from the regularity assumption made on h if we work in a set of solutions which are uniformly bounded. Finally, assumption (7) (2) ensures existence of values {* # [{ 1 , { 2 ], such that h(0, {*)=0. So, for such a {*, the function (0, {*) is a solution of Eq. (1). Such solutions will be referred to as trivial solutions of Eq. (1). The aim of this paper is to prove the existence of non trivial periodic solutions of (3) of the same type as in [12], that is, slowly oscillating periodic solutions. For a fixed delay, the notion of slow oscillation refers to the property that the distance between two consecutive zeros is larger than the delay. The situation is slightly more involved in the case of state-dependent delay. (The reader can find in ([9], 11.7) a recent account of some of the literature on the subject.) Our first task in the paper will be to define a notion of slow oscillation and prove the existence of a sufficiently large set of initial values which are transformed into slowly oscillating solutions by the flow. This is done in Section 3. Theorem 3.9 states that solutions with initial values . in the cone 1 defined by 1=



. # C([&{ 2 , 0]), such that _% # [&{ 2 , &{ 1 ], .(%)=0



{and .(s) 
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