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Exercises

their payoffs, ra = (...,ra,s,...), are denominated in units of the commodity. 1. Develop the first order conditions for individual optimization in the asset market. 2. 
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Exercises



March 13, 2003



Exercise For a preference relation, R, deﬁned over non - negative bundles of two commodities: x = (x1 , x2 ) ≥ 0, the rate of substitution between commodities at the bundles xIx with x1 = x1 is the ratio x2 − x2 . x1 − x1 1. Show that, if the preference relation is continuous, monotonically increasing: x  x ⇒ xPx , and convex: R+ (x) = {x : x Rx} is a convex set, the rate of substitution is a monotonically decreasing function of x1 : x2 Ix Ix and x1 > x1 > x1 ⇒



x2 − x2 x − x2 ≤ 2 .   x1 − x1 x1 − x1



2. Extend the argument to preferences over bundles of more than two commodities. 3. Deﬁne the marginal rate of substitution between commodities and give a diﬀerential form of the decreasing marginal rate of substitution.



Exercise Show that if a utility function, with domain a convex set, is continuous and quasi-concave, and it displays local non-satiation, then the interior of the set x : u(˜ x) ≥ u(x)} U+ (x) = {˜ coincides with the set U++ (x) = {˜ x : u(˜ x) ≥ u(x)}, while the boundary of the set U+ (x) coincides with the set U (x) = {˜ x : u(˜ x) = u(x).}. What if the the utility function is continuous, but it is not quasi - concave or it fails to display local non - satiation? fails



Exercise



1



The preferences of an individual are represented by the utility function over non - negative consumption, x = (x1 , x2 , x3 ) ≥ 0, deﬁned by n u(x1 , x2 , x3 ) = (x1 + k)xm 2 x3 ,



k ≥ 0, m > 0, n > 0.



Derive the demand of the individual as the prices of commodities, p = (p1 , p2 , p3 ) > 0, and his revenue, y > 0, vary.



1 Champsaur,



P. and J. - C. Milleron (1971) Exercises de Micr´ economie, Dunod.



Exercise A individual has preferences represented by the utility function u(x) =



b a σ x + xσ , σ 1 σ 2



a, b > 0, σ < 1, x  0.



1. Verify that the utility function is strictly monotonically increasing and strictly quasi - concave. 2. Derive the demand for commodities as a function of prices, p = (p1 , p2 ) > 0, and income, y > 0. 3. Derive the compensated demand function. 4. Verify the slutsky decomposition. 5. Derive the expenditure as a function of utility, u, and prices. 6. Verify that the derivative of the expenditure function with respect to prices yields the compensated demand for commodities. 7. Derive the indirect utility as a function of prices and expenditure. 8. Verify that the ratio of the derivative of the indirect utility with respect to prices divided by the derivative with respect to expenditure yields the demand for commodities. Pay special attention to σ = 0.



Exercise



2



Commodities are l = 1, . . . , L. Prices of commodities are p = (p1 , . . . , pl , . . . pL )  0. The income of an individual is y > 0. As the prices of commodities and the income of an individual vary, the demand function of an individual is given by     L 1 al,k pk + bl y + cl , l = 1, . . . , L. xl = pl k=1



1. What restrictions does consumer theory impose on the coeﬃcients . . . al,k , . . . , bl , . . . cl . . .? In particular, consider the restrictions that follow from (a) homogeneity of degree 0; (b) the budget constraint; (c) utility maximization and the symmetry and negative semi - deﬁnitieness of the matrix of substitution eﬀects; 2. Can you determine the utility function that generates this demand function with the appropriate restrictions?



2 Champsaur,



P. and J. - C. Milleron (1971) Exercises de Micr´ economie, Dunod.



Exercise



3



Commodities are l = 1, . . . , L. Prices of commodities are p = (p1 , . . . , pl , . . . pL )  0. The income of an individual is y > 0. As the prices of commodities and the income of an individual vary, the demand function of an individual is given xl = fl (pl , . . . , pL , y),



l = 1, . . . , L.



What are necessary conditions for demand to be derived from utility maximization? In particular, show that the slutzky equation ∂xl ∂xl ∂xk ∂xk = , + xk + xl ∂xk ∂y ∂xl ∂y



l = k



is necessary.



3 Champsaur,
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Exercise Individuals are i = 1, . . . , I. Commodities are l = 1, 2. The preferences of individuals are represented by the utility functions deﬁned by ai i bi i ui (x) = − i xσ1 − i xσ2 ai , bi > 0, σ i < 1, x  0, σ σ and their endowments are ei = (ei1 , ei2 )  0. Determine conditions on the parameters of the utility functions, (ai , bi , σ i ), and the endowments, ei , such that the aggregate demand function can be derived from individual optimization. Can you determine a utility function that represents the preference relation of the “aggregate” individual ?



Exercise



4



Commodities are l = 1, . . . , L. An individual has standard preferences. Variations in the prices of commodities k = K, . . . , L are restricted to be co - linear: pk = qpk , k = K, . . . , L; equivalently, the relative prices of these commodities do not vary. Quantities of the composite commodity, c, are deﬁned as xc = pK xK + . . . + pL xL ; the price of the commodity c is q. Show that as the prices of commodities l = 1, . . . , (K − 1), c and the income of the individual vary, his demand satisﬁes the properties of standard demand functions.



4 Champsaur,
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Exercise Individuals are 1, 2. Commodities are 1, 2. The preferences of individual 1 are represented by the utility function deﬁned by u1 (x) = x1 + x2 , x ≥ 0, and his endowment is



e1 = (1, 2),



and the preferences of individual 2 are represented by the utility function deﬁned by u2 (x) = x1 + 2x2 , x ≥ 0, and his endowment is



e2 = (2, 1).



1. Compute the competitive equilibria; is the competitive equilibrium allocation unique ? 2. Compute the pareto optimal allocations.



Exercise Individuals are 1 and 2. Commodities are 1 and 2. The preferences of individual 1 are represented by the utility function deﬁned by u1 (x) = x1 , x ≥ 0, and his endowment is



e1 = (1, k),



k > 0,



and the preferences of individual 2 are represented by the utility function deﬁned by 1 u2 (x) = x1 + xα , α < 1, x1 ≥ 0, x2 > 0, α 2 and his endowment is e2 = (1, 1). 1. Compute the competitive equilibria as the endowment parameter, k, and the preference parameter, α, vary. 2. Show that the utility of individual 1 at equilibrium may decrease with k : the individual may gain by destroying part of his endowment; does this contradict the rationality of the individual when he does not ?



Exercise Individuals are i = 1, 2. Commodities are l = 1, 2. The preferences of individual 1 are represented by the utility function deﬁned by u1 (x) = x21 + x22 , x ≥ 0, and his endowment is



e1 = (1, 2),



and the preferences of individual 2 are represented by the utility function deﬁned by u2 (x) = x1 + ax2 , a > 0, x ≥ 0, and his endowment is



e2 = (2, 1).



1. Compute the competitive equilibrium prices and allocations. 2. Compute the pareto optimal allocations. 3. Verify whether the two welfare theorems hold. 4. Compute the core allocations.



Exercise



5



There are two commodities. There are n, identical individuals; each derives utility from non-negative consumption according to the utility function u(x) = x21 + x22 ; each is endowed with 1 unit of each commodity. 1. Depending on the value of n, determine all competitive equilibria of the economy. 2. For n = 2, use an edgeworth box to determine the set of pareto optima and the core. 3. For n = 3, use the solution of the previous case to show that the core is empty. 4. For n even, show that the core is not empty. Continuing with n even, show that the core converges to the set of competitive equilibria.



5 Champsaur,
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Exercise There are two commodities, l = 1, 2, and their prices are p1 and p2 , respectively. An exchange economy consists of two individuals, i and j. Individual i has utility function ui (x1 , x2 ) = x1 , and endowment



ei1 = 1,



ei2 = 1.



Individual j has utility function uj (x1 , x2 ) = x2 , and endowment



ej1 = 0,



ej2 = 1.



1. Determine the set of pareto optimal allocations. 2. Does a competitive equilibrium exist?



Exercise Show that, if the utility functions of individuals display local non-satiation, then a weakly pareto optimal allocation with the consumption plan of every individual in the interior of the consumption set is pareto optimal.



Exercise Show that the set of weakly pareto optimal allocations is closed. Show that the set of pareto optimal allocations need not be closed; what conditions guarantee that it is?



Exercise The exchange of commodities occurs in two countries, A andB. There is no production; exchange occurs at one date under certainty. In each country, there are multiple consumers, each described by his utility function and his endowment, (ui , ei ), in country A, and (uj , ej ), in country B. In autarky, exchange takes place among individuals within each country, but not across countries; alternatively, with free trade, exchange extends across countries. Competitive equilibrium prices and allocations under autarky are (pA , . . . , A,i x , . . .), in country A, and (pB , . . . xB,j , . . .), in country B. With free trade, competitive equilibrium prices and allocations are (p, . . . , xi , . . . , xj , . . .). With reference to the welfare properties of competitive equilibrium allocations, show that: 1. at least one individual prefers free trade two autarky; 2. at least one individual in each country prefers free trade to autarky; 3. there exists a redistribution of revenue, such that every individual prefers free trade to autarky; 4. there exists a redistribution of revenue that balances to 0 within each country, such that every individual prefers free trade to autarky.



Exercise Give an example of an economy with ﬁnitely many individuals and commodities economy and 1. a pareto suboptimal competitive equilibrium allocation; 2. no competitive equilibria, though it is convex; 3. a continuum of distinct competitive equilibrium allocations. Graphic arguments must be precise.



Exercise Give an example of an economy in which every individual has a positive endowment of a commodity with respect to which the utility of some other individual is strictly increasing, yet the economy fails to be resource related and competitive equilibria fail to exist.



Exercise The walras correspondence maps allocations of endowments to competitive equilibrium prices and allocations of commodities: eI



→



(p, xI ).



If the economy is regular, the walras correspondence admits, locally, a continuously diﬀerentiable selection, g. Using the slutzky decomposition of individual excess demand functions, characterize, up to its ﬁrst derivatives, the function g. In particular, is it the case that, if the economy is suﬃciently diverse, the function g is arbitrary?



Exercise



6



A farm encompasses an area of 500 acres of land. The production of wheat, y, is given by y = Atα z β (x + hk)γ ,



A, h, α, β, γ > 0,



α + β + γ = 1,



where t is the area allocated to the cultivation of wheat, z is the weight of fertilizer used, x are the hours of unskilled labor used, and k are the tractor hours used. Land can be used only for the production of wheat and nothing else. 1. Comment on the proposed production function. In particular, how would you interpret the coeﬃcients α, β, γ, and h? 2. Assume that tractors do not exist. Designate by w the hourly wage of unskilled labor and by q the price of a ton of fertilizer. If the land is already seeded with wheat (t = 500), determine the total variable cost curve. Numerical example: x = 2, z = 1000, α = 1/2, β = 1/6, γ = (1/3), K = 6. Under these conditions how much will be produced if the price per hundred bushels of wheat is $30? 3. Retain the assumption that the land has been previously seeded with wheat, but assume that the enterprize can now rent tractors. The rental rate of one tractor for one year represents an additional ﬁxed charge of $15, 000 per year for the enterprize. Each tractor can provide up to 2,500 hours of work during the year. Finally, studies have shown that one tractor does in 8 hours the equivalent of 125 hours of unskilled labor, so that h = 125/8. Designate by r the price of a tractor-hour and set r = $16. Without performing new calculations, construct the total variable cost curve when the enterprize uses only tractors to the exclusion of unskilled labor. 4. Assume that the enterprize has rented k tractors. Construct the total variable cost curve when for each level of output the enterprize combines inputs optimally – that is, chooses the best use of the n rented tractors and labor, for k = 1, 2, 3 or 4. 5. Construct the total variable cost curve when for each level of output the enterprize combines optimally tractors and labor — k is determined optimally for each level of output. In this case what will be the optimum level of output when the sale price of wheat is $30 per hundred bushels ? 6 Champsaur,
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Exercise7 This exercise treats several properties of convex production sets and of their dual cones, and considers the properties of a possible aggregation procedure for production functions. As a tool, we state without proving two properties of convex sets in Rn : a Let Y be a closed, convex set. To each boundary point, y ∗ , of Y, we can associate a nonzero vector, p ∈ Rn , such that py ≤ py ∗ , for all y ∈ Y. This result is known as the supporting hyperplane theorem or Minkowski’s theorem. b Let Y1 , . . . , Ym be convex, closed sets; let Y =



m  j=1



Yj = {y|y =



m 



yj , yj ∈ Yj }.



j=1



If Y ∩ {−Y } = {0}, known in the literature as the assumption of irreversibility, Y is closed. m 1. Let Y1 , . . . , Ym be subsets of Rn , with Y = j=1 Yj , and let yˆ1 , . . . , yˆm m be elements of Y1 , . . . , Ym , respectively, with yˆ = j=1 yˆj , an element of y , for all y ∈ Y, if and Y. Let p be an element of Rn . Show that py ≤ pˆ yj , for all yj ∈ Yj and all j = 1, . . . , m. only if pyj ≤ pˆ 2. Let Y be closed, convex, and diﬀerent from Rn . Let θ(Y ) be the set of p, elements of Rn , such that the linear functional py attains its maximum on Y. Show that θ(Y ) is a nontrivial cone. Under the same assumptions, prove the following property: If, to all p that belongs to θ(Y ), we associate the set A(p) = {y|py ≤ max pˆ y , yˆ ∈ Y }, and if, furthermore, we deﬁne the set Φ(Y ) = ∩p∈θ(Y ) A(p), then Φ = Y. 3. Let Y1 and Y2 be closed and convex. Let θ1 = θ(Y1 ), θ2 = θ(Y2 ),, and Y = Y1 + Y2 , and deﬁne A(p) as above. Show that if Y satisﬁes the irreversibility assumption of property, and if the origin is feasible, then Y = ∩p∈θ1 ∩θ2 A(p). 4. Use the results above to characterize as a function of prices the set of eﬃcient points of the aggregate production set formed from the two production sets deﬁned by y1 ≤ (−y2 )1/2 (−y3 )1/4 , y2 ≤ 0, y3 ≤ 0, and



y1 ≤ (−y2 )1/4 (−y3 )1/2 , y2 ≤ 0, y3 ≤ 0.



Notice that maximizing the unique output for ﬁxed quantities of the inputs may yield not only the eﬃcient points, but, also some non - eﬃcient points. 7 Champsaur,
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Exercise8 Consider an economy in which there are three commodities, 1,2, and 3, with good 3 labor, a primary factor of production. There are two ﬁrms or sectors. Firm 1 produces commodity 1 according to the production function 1



2



y1,1 = 3(−y1,2 ) 3 (−y1,3 ) 3 2/3 . Firm 2 produces commodity 2 according to the production function y2,2 = 2(−y2,1 ) 1/2 (−y2,3 ) 1/2 . The vector (yi,1 , yi,2 , yi,3 ) is the vector of net output of ﬁrm i = 1, 2. Notice that inputs are negative, that is, yi,3 < 0. 1. Show that the vectors of “technical coeﬃcients” of each ﬁrm associated with a production optimum are independent of the characteristics of this optimum and calculate these vectors. This result is known as the substitution theorem. (Remember that the components of the vector of technical coeﬃcients corresponding to the production of good 1 are, for example, a1,1 = 0, a2,1 = −y1,2 /y1,1 , a3,1 = −y1,3 /y1,1 .) 2. By solving the linear system that expresses the price of each good as equal to its cost of production, calculate the prices associated with the technical coeﬃcients deﬁned in (1). (We consider good 3 as the numraire). Taking the quantity of available labor to be ω, determine the set of possible consumption bundles of coomodities 1 and 2. 3. Generalize the substitution theorem to the case where all of the following are satisﬁed: (a) There are l goods, of which one is a primary factor; (b) There are (l − 1) ﬁrms (or sectors) producing each of the (l − 1) produced goods using the other (l − 2) goods and the primary factor; (c) The output of each ﬁrm is subject to a constant return-to-scale production function, which is diﬀerentiable and quasi-concave. Will the substitution theorem continue to hold if there is more than one primary factor ?



8 Champsaur,
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Exercise9 Consider a ﬁrm that produces good z by using factors x and y. This ﬁrm has two plants, 1 and 2. Plant 1 produces quantity z1 by using quantities x1 and y1 ; the technical capabilities of plant 1 are limited by the following constraints — we adopt here the convention that inputs are positive: z1 ≤ (x1 + 1)1/2 (y1 + 1)1/2 − 1,



x1 ≥ 0.



Plant 2 displays strict complementarity between the two factors; in other words, z2 ≤ min{2x2 , 2y2 }, x2 ≥ 0, y2 ≥ 0. 1. The ﬁrm is endowed with quantities x ¯ and y¯ of the factors, and it allocates these factors to the two plants in order to maximize output. Determine the optimal allocation between the two plants as a function of total resources. Derive the aggregate production function for the ﬁrm and show that it is continuous. (Because of the symmetry of this problem, it is suﬃcient to restrict attention to the case y¯ ≥ x ¯ > 0.) 2. Assume that the ﬁrm has quantities x ¯ = 1 and y¯ = 2 of the factors of production at its disposal. Moreover, it can buy unlimited quantities of the factors at prices px = 5 and py = (1/10), but it cannot sell any of the factors. Finally, it can sell unlimited quantities of output at the price pz = 1. Characterize the proﬁt maximum for the ﬁrm. What are the consequences of the assumed factor market imperfections?



9 Champsaur,
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Exercise Individuals are 1, 2. Commodities are 1, 2. The preferences of individual 1 are represented by the utility function deﬁned by u1 (x) = x1 + ln x2 , x1 ≥ 0, x2 > 0, and his endowment is



e1 = (3, 0),



and the preferences of individual 2 are represented by the utility function deﬁned by u2 (x) = min{x1 , x2 }, x ≥ 0, and his endowment is



e2 = (0, 3).



1. Compute the competitive equilibrium. 2. The economy is modiﬁed to allow for production. A ﬁrm produces commodity 2 using the commodity 1 as input according to the technology {y : y2 = a(−y1 ), y1 ≤ 0},



a > 0.



Compute the competitive equilibrium. Does the consumption sector play a role in the determination of equilibrium prices ? allocations ? does the answer generalize to other economies with production ?



Exercise There are two commodities, l = 1, 2, and their prices are p1 and p2 , respectively. A consumer, i, has utility function ui (x1 , x2 ) =



1 2 ln x1 + ln x2 . 3 3



1. Derive the demand function of the consumer, as a function of the prices of commodities and τ i , his income. 2. Derive the decomposition of the response of the consumer to a change in prices into an income and a substitution eﬀect. 3. Derive the demand function of the consumer as a function of the prices of commodities if his endowment is ei1 = 3,



ei2 = 9.



An exchange economy consists of individual i, with utility function and endowment as speciﬁed above, and another consumer, j, with utility function 3 1 uj (x1 , x2 ) = ln x1 + ln x2 , 4 4 and endowment ei1 = 8, ei2 = 12. 4. Compute (the) competitive equilibrium prices and allocation(s). 5. Compute the set of pareto optimal allocations; is the competitive equilibrium allocation is pareto optimal? 6. Conﬁrm that the allocation 1 x1 = (x11 , x12 ) = (5 , 18), 2



1 x2 = (x21 , x22 ) = (5 , 3) 2



is Pareto optimal; compute the redistribution of revenue that yields this allocation as a competitive equilibrium allocation; compute the associated competitive equilibrium prices. The economy is modiﬁed by the introduction of a ﬁrm that employs commodity l = 1 as input to produce commodity l = 2 as output according to the production technology y2 = 4y1 , y1 ≥ 0. 7 Compute (the) competitive equilibrium prices and allocation(s) for the economy with production.



Exercise There are two commodities, l = 1, 2, and their prices are p1 and p2 , respectively. A consumer, i, has utility function √ ui (x1 , x2 ) = x1 + 4 x2 ,



αi > 0;



x1 ≥ 0, x2 ≥ 0.



1. Derive the demand function of the consumer, as a function of the prices of commodities and τ i , his income. 2. Derive the decomposition of the response of the consumer to a change in prices into an income and a substitution eﬀect. 3. Derive the demand function of the consumer as a function of the prices of commodities if his endowment is ei1 = 4,



ei2 = 12.



An exchange economy consists of individual i, with utility function and endowment as speciﬁed above, and another consumer, j, with utility function √ uj (x1 , x2 ) = x1 + 2 x2 , αi > 0; x1 ≥ 0, x2 ≥ 0, and endowment



ei1 = 8,



ei2 = 8.



4. Compute (the) competitive equilibrium prices and allocation(s). 5. Compute the set of pareto optimal allocations; is the competitive equilibrium allocation is pareto optimal? 6. Conﬁrm that the allocation x1 = (x11 , x12 ) = (6, 16),



x2 = (x21 , x22 ) = (6, 4)



is Pareto optimal; compute the redistribution of revenue that yields this allocation as a competitive equilibrium allocation; compute the associated competitive equilibrium prices. The economy is modiﬁed by the introduction of a ﬁrm that employs commodity l = 1 as input to produce commodity l = 2 as output according to the production technology y2 = 3y1 , y1 ≥ 0. 7 Compute (the) competitive equilibrium prices and allocation(s) for the economy with production.



Exercise Specify a modiﬁcation or interpretation of the model of general competitive equilibrium which allows for transaction costs. Discuss the implications of the modiﬁcation or interpretation for the existence and optimality of competitive equilibrium allocations.



Exercise Specify a model of general competitive equilibrium that allows for money as a medium of exchange. Discuss the optimality of competitive allocations and draw the conclusions that follow concerning the optimal quantity of money.



Exercise Individuals are 1 and 2. Commodities are a consumption good, its quantities denoted by x, and labor, its quantities denoted by l. The endowment of each individual consists of one unit of labour. The preferences of individual 1 are represented by the utility functions deﬁned by u1 (x, l) = x(1 − l),



x ≥ 0, 0 ≤ l ≤ 1,



and the preferences of individual 2 are represented by the utility functions deﬁned by u2 (x, l) = x, x ≥ 0. The technology of the ﬁrm is {x : x ≤



√ −l, l ≤ 0}.



Individual 2 owns the ﬁrm. 1. Write the proﬁt of the ﬁrm and the budget constraint of each individual. 2. Write the supply and demand or excess demand functions of each individual as well as the ﬁrm. 3. Prove that there exists a unique competitive equilibrium price. Does equilibrium in the market for the consumption good guarantee equilibrium in the labor market as well ?



Exercise10 There are three commodities: consumption, 1, with price p1 ; labor, 2, with price (wage) p2 ; and land, 3 with price (rent) p3 . The total amount of land, T, is owned by one group, the capitalists,c. A second group, all of whom are equally skilled (so as not to complicate the analysis), makes up a proletariat, p, whose only resource is labor power. For each group, there exists a minimum subsistence level of consumption, that we choose equal to 1: the consumption of commodity 1 by the capitalists and workers satisﬁes xc1 ≥ 1 and xp1 ≥ 1, respectively. Finally, there exists, for each group, a ceiling on labor that cannot be exceeded; we set this at 3 such that labor supplied by the capitalists and workers satisﬁes xc2 ≤ 3 and xp2 ≤ 3, respectively. 1. (a) The preferences of workers preferences are representable by a utility function v(x1 , x2 ) = 2 ln x1 + ln(3 − x2 ). What must the real wage be to assure a minimum subsistence level? Show that two cases can be distinguished depending on whether xp1 = 1 or xp1 > 1. Why is this single distinction suﬃcient? In each of these cases, write the functions expressing the demand for good 1 and the supply of labor, good 2 — it is convenient to express these as functions of (p1 /p2 ), the labor value price. (b) The mentality of the capitalists is diﬀerent from that of the workers. Their utility function is u(x1 , x2 ) = ln x1 + ln(3 − x2 ). We shall adopt the following notation: p3 p1 = π1 , = π3 , p2 p2



T



p3 = ρ. p2



i. What condition must be satisﬁed by π1 , π2 and ρ so that the capitalists are assured of a minimum subsistence level? ii. Show that we must distinguish four cases depending on whether or not the capitalists work and on whether or not they are at the minimum subsistence level. Are all these cases equally realistic? iii. In each of the above cases write the functions for the supply of labor, good 2, and the demand for good 1 by the capitalists. (c) For each basic case determine aggregate demand and aggregate supply each as a function of π1 and ρ. Show that we need retain only seven cases and that to each of these cases corresponds an area in the space π1 , ρ. Represent these various regions graphically. 10 Champsaur,
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2. Two production techniques are known: both exhibit constant returns and both require strict complementarity between manpower and land. The intensive technique yields one unit of good 1 using two units of labor, good 2, and one unit of land, good 3. The extensive technique allows us to obtain one unit of good 1 using one unit of good 2 and two units of good 3. (a) Depending on the value of π3 , discuss the technique to be chosen. (b) Is the given system of prices suﬃcient to allow a ﬁrm to determine a production program? (c) Show that, if an equilibrium exists, it requires that the corresponding proﬁt be zero. (d) Deduce from this the position of the points corresponding to potential equilibrium choices of ﬁrms in the space π1 , ρ. 3. (a) By combining the results above, show that the intensive technique alone cannot lead to an equilibrium. (b) Solve for an discuss the various equilibria that arise as T varies; what happens when T is small? √ (c) What if 1 + 13 ≤ T < 6?



Exercise11 There are two individuals, i = 1, 2, and two commodities. The ﬁrst commodity is a ﬁnal consumption good, while the second commodity can be either consumed directly or used as an input in the production of the ﬁrst. Quantities of commodities 1 and 2 are x and y, respectively, and their prices, p and q. The economy under consideration is a centralized economy, by which we mean that the “state” formed by the two individuals attempts to allocate optimally the available amount of commodity 2 between ﬁnal consumption and use as an input in the production of commodity 1. Production is carried out by a “public” ﬁrm, subject to diminishing (decreasing) returns: the production technology is described by x ≤ ky n ,



k > 0, n < 1,



x, y ≥ 0.



The preferences of the individuals are represented by utility functions 1



1



1 > m1 > 0,



2



2



1 > m2 > 0,



ui = x(1−m ) y m , and



u2 = x(1−m ) y m ,



respectively. We plan to study two methods of allocating available resources and to compare these methods for a particular example. 1. First, we require that the public enterprize have a balanced budget. Distribution within the economy is subject to the rules of private ownership. If y¯ is the quantity of the second commodity available in the economy, we assume that individual 1 is endowed with λ1 y¯, and individual 2 is endowed with λ2 y¯, with λ1 > 0, λ2 > 0, λ1 + λ2 = 1. For each individual, we set the simple behavioral rule of maximizing his utility function for given prices, subject to the budget constraint that relate his expenditure to his income. (a) Construct an ”accounting table” for such an economy. Write the set of equations that determines the general equilibrium and verify that the number of independent equations is equal to the number of unknowns. (b) For the equilibrium values of these variables, express the levels u ˆ1 2 and u ˆ attained by the utility functions of each of the agents. Show ˆ2 when that there exists a functional dependence between u ˆ1 and u the distribution of resources within the economy changes. What is the form of this functional dependence when the individuals have 11 Champsaur,
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the same utility functions and we set k = 2 and n = (1/2)? For this u2 ). Determine particular case construct the “contract curve” u ˆ1 = g(ˆ 1 2 2 1 ˆ = 0, and u ˆ if u ˆ = 0. the extreme levels u ˆ if u (c) A priori, what is your opinion of such a method of allocation? 2. Second, we now allow the budget of the public ﬁrm to be unbalanced. From the operation of the ﬁrm, either a proﬁt or a loss, R, occurs. This amount R is distributed between the agents (R > 0) or is ﬁnanced by them (R < 0), and the ﬁrm is assigned the behavioral rule of maximizing R, taking the prices as given. Here the proﬁt of the ﬁrm shall determine the distribution of income. In other words, in this entire second problem we consider individual i as disposing of a ﬁxed quantity y¯i of the second commodity, with y¯1 + y¯2 = y¯, while R is distributed between individuals in the proposition α1 and α2 , with α1 + α2 = 1; in particular, α1 and α2 , can take negative values, so that any distribution of primary resources can always be altered by the distribution of proﬁt. The behavioral rule assigned to individuals 1 and 2 is the same as in the ﬁrst set up. (a) Construct the aggregate economic table of such an economy. Show the equality between the number of independent equations and the number of unknowns. Determine the system of equilibrium prices. (b) Express the levels u1∗ and u2∗ achieved in equilibrium by the utility function of the agents for the values m1 = m2 = m, k = 2, n = (1/2). Construct the contract curve U1∗ = h(U2∗ ) when α1 and α2 vary; specify the extreme values. 3. (a) For the particular example studied show that the set of possible utility values of the second set up includes the set of possible utility values of the ﬁrst. Should we have anticipated this result? What is its economic signiﬁcance and what can one conclude about the management of public ﬁrms under diminishing returns? Compare the two methods for the case n = 1. (b) Suppose that there are increasing returns to scale in production: n > 1. Is it possible, then, to retain the behavioral rules deﬁned above? How must we modify the objective assigned to the ﬁrm if we want to attain an equilibrium that is Pareto optimal? (c) The preceding questions lead us to the determination of an optimal behavioral rule for the ﬁrm. What happens if there are two ﬁrms, with identical production functions each with n > 1, and if these two ﬁrms conform to the behavioral rules deﬁned above? Speciﬁcally, is



the equilibrium attained a Pareto optimum? What can we conclude from this?



Exercise12 Exercise # 16
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Exercise There are externalities in production: the production possibilities of one ﬁrm may depend on the production plan of another. The economy satisﬁes otherwise standard assumptions. 1. Deﬁne a competitive equilibrium. 2. Do competitive equilibria exist? 3. Are competitive equilibrium allocations pareto optimal? in particular, is proﬁt maximization appropriate?



Exercise Commodities are 1, 2. Commodity 2 is a public good: it can be consumed jointly by many individuals. Individuals derive utility from the consumption of the private as well as of the public good. The private good is in positive quantities in the endowments of individuals. The public good is not in the endowment of any individual. Instead, it is produced by a ﬁrm, employing the private good as input. The economy satisﬁes otherwise standard assumptions. 1. Deﬁne a competitive equilibrium. 2. Do competitive equilibria exist? 3. Are competitive equilibrium allocations pareto optimal? 4. Are the informational requirements for the determination of a competitive equilibrium diﬀerent and possibly more demanding than in the case of an economy without public goods?



Exercise13 Exercise # 17
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Exercise14 Exercise # 18
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Exercise Individuals are i = 1, 2. Commodities are l = 1, 2. Money, m, serves as a medium of exchange. Individuals have preferences represented by the utility function deﬁned by ui (x) = ln x1 + ln x2 and endowments and



e1 = (1, 0) e2 = (0, 1).



Balances are issued by a bank which distributes its proﬁts equally between the two individuals. Individuals exchange commodities subject to the cash - in - advance constraint pz+ ≤ m, where z+ = (. . . , max{zl , 0}, . . .). Compute the family of competitive equilibria for the economy. Are competitive equilibrium allocations pareto comparable ?



Exercise Specify a modiﬁcation or interpretation of the model of general competitive equilibrium that allows for altruism. Discuss the implications of the modiﬁcation or interpretation for the existence and optimality of competitive equilibrium allocations.



Exercise Commodities are 1, 2, 3. The preferences and endowments of individuals satisfy standard assumptions. Commodities 2 and 3 cannot be exchanged directly; either can be exchanged with commodity 1. In order to purchase (sell) a unit of commodity 1, an individual must sell (purchase) one unit of commodity 2 at a price p2 , and one unit of commodity 3 at a price p3 . 1. Write the budget constraint of an individual. 2. Prove that competitive equilibria exist. 3. Are competitive equilibrium allocations ﬁnitely many ? 4. Are competitive equilibrium allocations pareto optimal ? 5. What phenomena or exchange scenarios does this formulation capture ?



Question 3



[20 points]



There are two individuals, i = j, k, First, there two commodities, l = 1, 2, and exchange takes place at a single date. The preferences of individual j are described by the utility function uj = x1 − δ and his endowment is



1 , x2



0 < δ < 1,



(xj1 , xj2 ) = (1, 0);



for individual k, uk = x2 − δ and



1 , x1



0 < δ < 1,



(xk1 , xk2 ) = (0, 1).



1 Compute competitive equilibrium prices and allocations. Alternatively, exchange takes place at two dates. Commodity l = 0 is consumed at date 0, while commodities l = 1, 2 are consumed at date 1; a fortiori, there is no storage. There is a perfect capital market. The preferences of individual j are described by the utility function ui = − and his endowment is



1 1 + x1 − δ , x0 x2



0 < δ < 1,



(xj0 , xj1 , xj2 ) = (1, 1, 0);



for individual k, uk = − and



1 1 + x2 − δ , x0 x1



0 < δ < 1,



(xk0 , xk1 , xk2 ) = (1, 0, 1).



2 Compute competitive equilibrium prices and allocations. 3 Consider the equilibria in [1] and [2]; do you observe something surprising?



Exercise15 This exercise demonstrates how it is possible to formalize storage. There is a single consumer, two commodities and two dates. Amounts consumed at date 1 are x1 and y1 ; at date 2, they are x2 and y2 . To intertemporal utility function of the consumer is β γ δ u = xα 1 y 1 X2 y 2 ,



α + β + γ + δ = 1 all > 0.



The income of the consumer at each date, t1 and t2 is known and positive. Prices p1 , q1 , at date 1, and p2 , q2 , at date 2, are also known; relative prices in period 1 and period 2 may be diﬀerent. The consumer can buy either commodity (or both), consume only a fraction of it (or them) at date 1, and put back on the market at date 2 the amount not consumed. We denote by m the amount of commodity ”x” stored, and by n the amount of the commodity ”y”stored. No capital market exists: the only intertemporal activity allowed is the storage of commodities. Discuss the consumer’s behavior as a function of the ratios (p1 /p2 ) and (q1 /q2 ); specify the amounts consumed and the amounts demanded (or supplied). In particular, show that, when relative prices are equal in period 1 and period 2, the demand functions can be multivalued. In what sense can we, nonetheless, say that demand is continuous?
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Exercise The economy is one of overlapping generations with one, perishable commodity at each date and no production. Dates are t = 1, . . . . The economy is stationary. Generations consist of one, representative individual with a life span of two dates,1 and 2; his preferences for consumption over his life span are represented by the utility function deﬁned by u(x1 , x2 ) = x1 +



δ α x , α 2



δ > 0, α < 1, x1 ≥ 0, x2 > 0,



and his endowment is (e1 , e2 ) = (1, 0). At date 1, an additional individual, “0,” is present who is active then and only then; his preferences for consumption over his life span are represented by the utility function deﬁned by u0 (x1 ) = x1 , and his endowment is



x1 ≥ 0,



e01 ≥ 0.



1. Compute the competitive equilibria. 2. Compute the competitive equilibria under the hypothesis that, in addition to his endowment of the consumption commodity, individual 0 is endowed with m > 0 units of costlessly storable money. 3. Are there stationary, time independent or cyclical competitive allocations ? 4. Are competitive equilibrium allocations pareto optimal ?



Exercise Give an example of an economy of overlapping generations 1. in which money cannot have a positive price at a competitive equilibrium; 2. with a pareto suboptimal, stationary monetary competitive equilibrium allocation; 3. with a ﬁnite starting date and a continuum of distinct, non - monetary, competitive equilibria. Graphic arguments must be precise.



Exercise “ Economies of overlapping generations are economies with an incomplete asset market; this accounts for the failure of optimality and determinacy of competitive equilibrium allocations.” Discuss.



Exercise “ The absence of altruism accounts for the failure of optimality of competitive equilibrium allocations in economies of overlapping generations.” Discuss.



Exercise16 In this exercise we intend to generalize the traditional presentation of golden rule growth theory for the case in which there is strict complementarity between the factors of production. The economy we consider here consists of the following four goods: two factors of production (manpower, n, and capital, k) and two consumption goods (a and b). The production technology exhibits constant returns to scale. Three and only three techniques are assumed to be known: the ﬁrst one produces good a, the second produces good b, and the third corresponds to the production of capital. The last technique restores the capital that is partially used up in the operations relating to the production of consumption goods. The table below characterizes the technical conditions of production.



Input:



Output:



Technique: nt kt



1 3 2



2 2 5



3 4 3



at bt kt+1



1 0 1



0 2 2



0 0 5



This table should be read in the following way. For example, for technique 1, if x1 (≥ 0) is the activity level, with 3x1 units of manpower used at date t and 2x1 units of capital used in period t, it is possible to produce x1 units of commodity a at date t; furthermore x1 units of capital are reproduced by this process. These x1 units of capital will be available for use in period t + 1 (so that only x1 units of capital are used up by this process of production). Furthermore, we assume that the capital good is storable without cost – that is, if some capital is not used at date t, this capital is intact and available to be used at date t + 1. Because we are working with stationary states, we make the following assumptions: The technical conditions of production are independent of time (in other words, they correspond to those given above). ¯ > 0. Manpower is constant: nt = n Consumers’ tastes are invariant. We specify simply a collective utility function, which allows us to choose between the output of a and that of b and is 16 Champsaur,
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given by u(a, b) = α ln a + β ln b



α > 0, β > 0.



The capital stock must be maintained at a constant level: kt = k¯ > 0. 1. For n ¯ and k¯ given, ﬁnd the optimal outputs. Will the factors of production always be fully employed ? 2. For n ¯ given, show that there exists an inﬁnite number of optimal stationary states. By interpreting the dual variables as prices, show that the rate of interest is then zero. In what way does the argument change if we eliminate the assumption that capital can be stored without cost? 3. Consider now balanced growth paths under the following assumptions: (a) The technical conditions of production remain the same as before and they ar identical over time. (b) Manpower grows at an exogenous, constant rate: nt = n0 (1 + g)t . (c) The stock of capital is constrained to grow at the same rate kt = k0 (1 + g)t . (d) A collective utility function for each period, which allows us to choose between the output of a and that of b, is ut (at , bt ) = u(



at bt at bt , ) = α ln + β ln . nt nt nt nt



For n0 ﬁxed, show that over the set of balanced growth paths there exists one that is optimal. Characterize the level of capital that corresponds to this optimal growth path and show that the interest rate is then equal to the rate of growth g.



Exercise An individual is endowed with e units of a commodity. He can invest his wealth in assets 1 and 2 with payoﬀs r1 and r2 , respectively. The individual’s cardinal utility index over consumption or terminal wealth, v, is concave and monotonically increasing. 1. If asset 1 is riskless: r1 is constant, while asset 2 is not, under what conditions will the individual invest all of his wealth in the riskless asset ? Alternatively, in the risky asset ? 2. Under what conditions will the individual invest an increasing amount in the risky asset if his wealth increases ? Alternatively, an increasing share of his wealth ? 3. Under what conditions will the individual invest an increasing amount in the risky asset if the expected return of the risky asset increases ? 4. What is the exact amount invested in each asset if both assets are risky while the cardinal utility index is quadratic: u = x − αx2 , α > 0, 0 ≤ x ≤ (1/2)α?



Exercise Dates are 1, 2, 3. Date - events are . . . , (2, s2 ), . . . , (3, s3 ), . . . . There is one commodity. Investment extends over three periods. At date 1, an investor is endowed with e1 units which he invests in assets (1, 1) and (1, 2) with payoﬀs . . . , r(1,1),(2,s2 ) , . . . and . . . , r(1,2),(2,s2 ) , . . . , at date 2. The investor, then, invests his wealth e2 , the return of his investment in period 1, in assets (2, 1) and (2, 2) with payoﬀs . . . , r(2,1),(3,s3 ) , . . . and . . . , r(2,2),(3,s3 ) , . . . , at date 3. The individual’s cardinal utility index over terminal consumption, the payoﬀ of his investment in period 2, is u = xs − αx2s ,



α > 0, 0 ≤ x ≤



1 . 2α



Derive explicitly the investment plan of the individual.



Exercise Individuals are i = 1, 2. Commodities are l = 1, 2. States of the world are s = 1, 2, 3, and occur according to the probability measure π = (1/2, 1/6, 1/3). Individual 1 has preferences represented by the utility function u1 (x) = E =



2 1 ln x1,s + ln x2,s , 3 3



and endowment e1 = (. . . , e2s , . . .) = ((1, 1), (2, 1), (3, 1)), and individual 2 has preferences represented by the utility function u2 (x) = E =



1 1 ln x1,s + ln x2,s , 2 2



and endowment e2 = (. . . , e2s , . . .) = ((2, 1), (2, 2), (2, 3)). 1. Compute the competitive equilibria under the assumption that there is a complete market in elementary securities for the transfer of revenue across states of the world. 2. Compute the competitive equilibria under the assumption that no assets are available for the transfer of revenue across states of the world. 3. Show that competitive equilibrium allocations with a complete market in elementary securities are pareto optimal, while, with no asset, they are not. 4. Compute or, at least, characterize the competitive equilibria under the assumption that two assets are available, one with nominal payoﬀs (1, 0, 0) and the other with nominal payoﬀs (0, 1, 1); discuss the results.



Exercise Commodities are exchanged and consumed over two dates, t = 1, 2. Uncertainty over date 2 is described by states of the world A and B that occur with probability πA > 0 and πB = 1 − πA > 0, respectively. There is a single, perishable consumption good; quantities of the good are denoted by x1 , at date 1, and xA , at state of the world A, and xB , at state of the world B, at date 2. There are two individuals, i = 1, 2. The utility function of an individual is ui (x1 , xA , xB ) = ln x1 + δ i (πA ln xA + πB ln xB , ) where 0 < δ i < 1 is the rate of time preference. Individual 1 is endowed with 1 unit of the consumption good at date 1 and eA > 0 units at state of the world A at date 2; he has no endowment at state of the world B at date 2. Individual 2 is endowed with 1 unit of the consumption good at date 1 and eA > 0 units at state of the world B at date 2; he has no endowment at state of the world A at date 2. In addition to the consumption good, assets are exchanged at date 1; they permit individuals to transfer revenue to date 2 conditional on the realization of uncertainty. Asset A yields one unit of revenue if state of the world A realizes, and nothing otherwise; asset B yields one unit of revenue if state of the world A realizes, and nothing otherwise. Holdings of assets are yA and yB , respectively. 1. State the optimization problem of an individual. 2. Compute the demand for commodities and assets by an individual. 3. Compute equilibrium prices for commodities and assets and the allocation of resources and portfolio holdings at equilbrium. 4. How do the prices of assets relate to the probabilities of states of the world? The economy is modiﬁed to allow for production. Production is simply storage: a ﬁrm uses as input a units of the commodity at date 1 to produce as output a units of the commodity at date 2; uncertainty does not aﬀect the production process. 5 State the proﬁt maximization problem of the ﬁrm; discuss whether shareholders will agree with proﬁt maximization as the appropriate investment criterion for the ﬁrm. 6 What are the proﬁts of the ﬁrm at equilibrium? is it an omission not to specify the ownership shares of individuals? 7 Compute the competitive equilibrium for the economy with production.



Exercise Dates are t = 1, 2; one commodity is available at each date. Individuals are i = j, k. The interetemporal utility function of an individual is ui = ln x1 + δ i ln x2 ,



δ i > 0;



the endowment of individual j is ej = (1, 0), while the endowment of individual k is ek = (0, f ),



f > 0.



1 Deﬁne the rate of time preference and compute the rate of time preference of individual i. The commodity is perishable and there is no production. There is a perfect capital market: individuals can save or borrow against future income at the same rate of interest. 2 Compute competitive equilibrium prices and allocations. 3 Is the competitive allocation Pareto optimal, and if so (or not), why? 4 What is the (real) rate of interest at equilibrium? 5 Does the rate of interest coincide with the rate of time preference of individuals — always? in special cases? Alternatively, there is no capital market: individuals cannot save or borrow against future income at the same rate of interest. 6 Compute competitive equilibrium prices and allocations. 7 Is the competitive allocation Pareto optimal? If so, why? If not, are there values of the preference and endowment parameters for which competitive equilibrium allocation is Pareto optimal in spite of the absence of a capital market? Explain



The economy is modiﬁed to allow for storage. A ﬁrm can store the commodity at date 1 until date 2, subject to a constant (marginal) loss or technological depreciation rate, γ; equivalently, the storage technology is y2 = (1 − γ)y1 ,



0 < γ < 1,



y1 > 0.



The capital market is perfect. 8 Compute competitive equilibrium prices and allocations. 9 Is the storage technology used at equilibrium? 10 What is the (real) rate of interest at an equilibrium where the storage technology is used? What if not? Explain? The economy is modiﬁed to allow for uncertainty. One of ﬁnitely many states of the world, s = 1, . . . , S realizes at date 2 with “objective” probability πs . The interetemporal, von Neumann-Morgenstern utility function of an individual is ui = ln x1 + δ i Eπ ln x2 , δ i > 0; the endowment of individual j is ej = (1, . . . , 0, . . .), while the endowment of individual k is ek = (0, . . . , fs , . . .),



fs > 0.



There is a complete market in elementary securities. There is no production. 11 State the optimization problem of an individual and derive the ﬁrst-order conditions for an optimum 12 Deﬁne a competitive equilibrium and compute (to the extent possible) competitive equilibrium prices and allocations. 13 Is the competitive allocation Pareto optimal, and if so (or not), why? 14 Do prices of elementary securities coincide with objective probabilitites — always? in special cases?



The economy with uncertainty is modiﬁed to allow for storage. A ﬁrm can store the commodity at date 1 until date 2, subject to a constant (marginal) stochastic loss or technological depreciation rate γs ; equivalently, the storage technology is y2 = (1 − γ)s y1 , 0 < γs < 1, y1 > 0. The capital market is perfect. 15 State the optimization problem of the ﬁrm and the ﬁrst-order conditions for an optimum. 16 Deﬁne a competitive equilibrium and compute (to the extent possible) competitive equilibrium prices and allocations.



Exercise Dates are t = 1, 2; one commodity is available at each date. Individuals are i = j, k. The interetemporal utility function of an individual is ui = x1 + δ i ln x2 ,



δ i > 0;



the endowment of individual j is (xj1 , xj2 ) = (1, 0), while the endowment of individual k is (xk1 , xk2 ) = (0, f ),



f > 0.



There is a perfect capital market: individuals can save or borrow against future income at the same rate of interest. 1 Compute competitive equilibrium prices and allocations. The economy is modiﬁed to allow for storage. A ﬁrm can store the commodity at date 1 until date 2, subject to a constant (marginal) loss or technological depreciation rate, γ; equivalently, the storage technology is y2 = (1 − γ)y1 ,



0 < γ < 1,



y1 > 0.



2 Compute competitive equilibrium prices and allocations. 3 Is the storage technology used at equilibrium? The economy is modiﬁed to allow for uncertainty. One of ﬁnitely many states of the world, s = 1, . . . , S realizes at date 2 with “objective” probability πs . The interetemporal, von Neumann-Morgenstern utility function of an individual is ui = x1 + δ i Eπ ln x2 , δ i > 0; the endowment of individual j is (xj1 , . . . , xj2,s , . . .) = (1, . . . , 0, . . .), while the endowment of individual k is (xk1 , . . . , xk2,s , . . .) = (0, . . . , fs , . . .),



fs > 0.



There is a complete market in elementary securities. There is no production.



4 Deﬁne a competitive equilibrium and compute (to the extent possible) competitive equilibrium prices and allocations. The economy with uncertainty is modiﬁed to allow for storage. A ﬁrm can store the commodity at date 1 until date 2, subject to a constant (marginal) stochastic loss or technological depreciation rate γs ; equivalently, the storage technology is y2 = (1 − γs )y1 , 0 < γs < 1, y1 > 0.



5 State the optimization problem of the ﬁrm and the ﬁrst-order conditions for an optimum. 6 Deﬁne a competitive equilibrium and compute (to the extent possible) competitive equilibrium prices and allocations.



Exercise Two production economies, I and II, with uncertainty and one ﬁrm diﬀer only in the production set of the ﬁrm: Y I = Y II ; the preferences and endowments of individuals and the structure of payoﬀs of assets in the two economies are the same. 1. Deﬁne what it means for the technology Y II to be more risky than the technology Y I . 2. If, indeed, the technology Y II is more risky than the technology Y I , do competitive equilibrium allocations in economy I pareto dominate competitive equilibrium allocations in economy II? Is it possible for a competitive equilibrium allocation in economy II to pareto dominate a competitive equilibrium allocations in economy I? 3. Does the answer depend on the structure of payoﬀs of assets? in particular, on whether the asset market is incomplete?



Exercise Individuals are 1 and 2. Dates are 1 and 2. States of the world are 1 and 2; the state of the world realizes at date 2. Date - events are 1, 2, 1, 2, 2. There is one commodity. The preferences of individual 1 are represented by the utility function deﬁned by u1 (x) = ln x1 + E ln x2 , x  0, and his endowment is



e1 = (1, 0, 0),



and the preferences of individual 2 are represented by the utility function deﬁned by 1 u2 (x) = ln x1 + E ln x2 , x  0, 2 and his endowment is e2 = (0, 2, 1), where expectations are with respect to the probability measure π = (1/4, 3/4), over date - events at date 2. Individual 1 is, also, owner of a ﬁrm which uses the commodity at date 1 as input to produce the good in the second period as output according to the technology √ {y : y2,1 = y2,2 ≤ −y1 , y1 ≤ 0}. There is a complete market in contingent commodities or, equivalently, in elementary securities and spot commodity markets. 1. State and solve the optimization problem of the ﬁrm and each individual. 2. Find a competitive equilibrium for the economy. 3. Interpret the objective of the ﬁrm as expected proﬁt maximization; what is the probability measure which yields this interpretation ? In particular, does it coincide with the probability measure π, the unanimous beliefs of individuals, including the share holders of the ﬁrm and, if not, why ?



Exercise Individuals are 1, 2. There is one commodity. Dates are 1, 2. States of the world are s = 1, . . . , S and realize at date 2. Date - events are {1}, {2, 1}, . . . , {2, s}, . . . , {2, S}. Elementary securities for the transfer of revenue across date - events are traded at date 1. A ﬁrm, owned by individual 1, employs the commodity at date 1 to produce the commodity at date 2. The technology of the ﬁrm is √ Y = {(y1 , . . . , y2,s , . . .) : y2,s = −y1 , s = 1, . . . , S, y1 ≤ 0}; uncertainty does not aﬀect production possibilities. An individual has preferences represented by the utility function ui = ln x1 + δ i Eπi ln x2,s



δ i > 0, (x1 , . . . x2,s ), . . .)  0,



where expectations are according to the individual’s, subjective probability measure, π i , over states of the world, and endowment ei = (ei1 , . . . , ei2,s , . . .)  0. Individuals may diﬀer in their probability beliefs as well as in their endowments. 1. Set up the optimization problems of individuals and of the ﬁrm. 2. Characterize, to the extent possible, competitive equilibrium prices and allocations. 3. Argue that, in an appropriate sense, the ﬁrm is “risk neutral.” 4. Characterize conditions under the consumption of individuals is independent of the state of the world and / or the prices of elementary coincide with “the” probability measure over states of the world.



Exercise Individuals are 1, 2. There is one commodity. Dates are 1, 2. States of the world are s = 1, . . . , S and realize at date 1; date - events, thus, are {(1, s)}, . . . , {(2, s)}, . . . . Elementary securities for the transfer of revenue across date - events are traded at date 1, following the realization of the state of the world. An individual has preferences represented by the utility function deﬁned by ui (x) = E ln x1,s + δ i ln x2,s ,



δ i > 0, x > 0,



where expectations are according to the “objective” probability measure, π, over the set of states of world, and endowment ei = (. . . , ei1,s , . . . , ei2,s , . . .)  0. Individuals diﬀer in the information available to them at each date. Individual 1 learns the state of the world at date 1, while individual 2 only at date 2. In light of the lack of information available to individual 2 at date 1, it may be reasonable, but not necessary, to assume that his endowment, then, does not diﬀer across states of the world: e21,s = e21 , for s = 1, . . . , S. 1. Set up the optimization problem of each individual. 2. Deﬁne a competitive equilibrium and characterize, to the extent possible, competitive equilibrium prices and allocations. 3. Set up the optimization problem for each individual under the hypothesis that he reﬁnes his information with the information revealed by prices. 4. Deﬁne and characterize, to the extent possible, a competitive equilibrium with rational expectations.



Exercise Individuals are 1, 2. Commodities are 1, 2. States of the world are s ∈ [0, 1]. Individual 1 has a state dependent, cardinal utility function u1 (xs , s) =



1+s 2−s ln x1,s + ln x2,s 3 3



xs  0,



and individual 2 has a state dependent cardinal utility function u2s (xs ) =



2 − s2 1 + s2 ln x1,s + ln x2,s , 3 3



x > 0;



both individuals have state - independent endowments e1 = e2 = (1, 1). After the state of nature is realized, and before exchange and consumption, individual 1 receives the signal σ 1 = s, while individual 2 receives the signal σ 2 = constant. Individual 1 is thus fully informed, while individual 2 is uninformed. 1. Deﬁne a price system, a rational expectations equilibrium and a fully revealing rational expectations equilibrium. Contrast these deﬁnitions with their analogues when individuals do not extract information from prices. 2. Show that if s takes on only ﬁnitely many values with positive probability, generically, a rational expectations equilibrium exists and is fully revealing. 3. Show that the generic existence of a rational expectations equilibrium may fail if s is distributed according to a continuous density function.



Exercise Show that, under standard assumptions, if individuals can observe and extract information from not only prices but also the net trades of other individuals, rational expectations equilibria always exist and are essentially (in a sense you should make precise) fully revealing.



Exercise Individuals are i = 1, . . . , I. There is one commodity. Dates are 1, 2. States of the world are s = 1, . . . , S; the state of the world realizes at date 2. Date - events are {1}, {2, 1}, . . . , {2, s}, . . . , {2, S}. The preferences of an individual are represented by the utility function deﬁned by 1 ui (x) = v i (x1 ) + Ex2,s − k i x22,s , x ≥ 0, x2,s ≤ h , k where v i satisﬁes standard assumtions, and expectations are with respect to an “objective” the probability measure over states of the world, common to all individuals; his endowments is positive; the aggregate endowment is such that ea2,s < (1/2k i ), for all individuals and all states of the world. Two assets, a = 1, 2, are traded at the ﬁrst date and pay oﬀ at the second; their payoﬀs, ra = (. . . , ra,s , . . .), are denominated in units of the commodity. 1. Develop the ﬁrst order conditions for individual optimization in the asset market. 2. Characterize as fully as possible the competitive equilibrium prices and allocations. 3. Are competitive allocations pareto optimal ? 4. Could another asset, if introduced, be priced ? If so, explain in what sense and derive an explicit formula. Pay particular attention to the span of the matrix of payoﬀs of assets relative to the payoﬀ of a riskless asset, the vector of units 1S = (1, . . . , 1), and the endowments of individuals at date 2, ei2 = (. . . , ei2,s , . . .).



Exercise17 Consider an economy with two goods: a factor of production, x, available in quantity x ¯, and a consumption good, y. There are two ﬁrms, 1 and 2. 1. The production function of each is 1



yj = x 2 ,



j = 1, 2.



Determine the production optimum corresponding to full employment of the available quantity, x ¯. What should be the allocation of the factor of production between the ﬁrms ? 2. In reality, ﬁrm 1 is subject to production uncertainty, which is described by two equiprobable states of nature, e and f. Denote the output of ﬁrm 1 by y1e if the state of nature e arises, and by y1f if f arises. Assume that 1 1 x2 , 2 Whatever state of nature arises, ye1 =



yf1 =



3 1 x2 . 2



1



y2 = x 2 . Aggregate preferences are represented by the expected utility function Eu(y) =



1 1 ln(ye ) + ln(yf ). 2 2



Determine the optimal allocation of the available quantity x ¯ between the two ﬁrms and compare if with the allocation found in (1). Was this result predictable ? Taking the determinate price of good x as 1, calculate the contingent prices of good y associated with this optimum and then calculate the determinate price for y. What if ﬁrm 1 takes into account only the determinate prices in calculating the expected value of its output ? How can this be remedied ? 3. In addition to the goods x and y, we introduce a second consumption good, z. Firm 1 produces good y, and ﬁrm 2 produces good z. (a) The production function of ﬁrm 1 is y = x1 , and the production function of ﬁrm 2 is z = x2 . Determine the optimum corresponding to the full employment of quantity x ¯, knowing that aggregate preferences can be represented by the utility function u(y, z) = ln(y − 17 Champsaur,



x ¯ ) + ln z. 4



P. and J. - C. Milleron (1971) Exercises de Micr´ economie, Dunod.



(b) In reality, ﬁrm 1 is subject to production uncertainty, described by two equiprobable states of nature, e and f. Denote the output of the ﬁrm by y e if state of nature e arises, and by y f if state f arises. Assume that 1 3 ye = , yf = . 2x1 2x1 The output of ﬁrm 2 is independent of the states of nature. Suppose that aggregate preferences can be represented by the expected utility function Eu(y, z) =



1 1 u(y e , z e ) + u(y f , z f ). 2 2



Determine the optimal allocation of the available quantity x ¯ between the two ﬁrms and compare this with the allocation found in (a). How do you interpret the apparently contradictory results in these two questions ?



Exercise Individuals are i = 1, 2. There is one commodity. States of the world s = 1, . . . , 4. Assets are a = 1, 2, and their payoﬀs are denominated in units of the commodity. An individual has preferences represented by the utility function ui = Eπi ln xs ,



xs > 0, s = 1, . . . , 4,



where expectations are with respect to the subjective probability measure π i , over states of the world, and endowment ei = (ei1 , . . . , ei4 )  0. The asset structure is described by the matrix of payoﬀs of assets   1 1  1 0   R = {ra,s }s=1,...,S = a=1,2  1 −1  . 1 0 1. Deﬁne and characterize the set of non - arbitrage asset prices. 2. Set up the optimization problem of each individual and characterize, to the extent possible, his demand for assets and commodities. 3. Deﬁne a competitive equilibrium and characterize, to the extent possible, competitive equilibrium prices and allocations. 4. Characterize the non-marketed assets which can be “priced” — in particular, deﬁne the term. Does the characterization depend on the subjective probability measures and endowments of individuals? 5. Alternatively, the matrix of payoﬀs of assets is   1 0  −1 0  . R=  0 1  0 −1 Characterize the set of non - arbitrage prices and discuss problem that may arise for the existence of competitive equilibria.



Exercise Individuals are 1, 2. Firms are j = 1, 2. There is one commodity. Dates are 1, 2. States of the world are s = 1, 2, 3. and realize at date 2. At date 1, assets are exchanged, but there is no consumption; at date 2, assets pay oﬀ and individuals consume. Assets are shares in ﬁrms. An individual has preferences represented by the utility function ui = Eπ ln xs ,



xs > 0, s = 1, . . . , S,



where expectations are with respect to the “objective” probability measure π = (1/3, 1/3, 1/3), over the set of states of the world, and endowment ei = (ei1 , . . . , ei4 )  0. Individual 1 owns ﬁrm 1 and investor 2 owns ﬁrm 2. The output of ﬁrm 1, the payoﬀ of its shares at date 2, is y1 = (6, 2, 0), and the output of ﬁrm 2 is y2 = (1, 1, 1). At date 1, individuals exchange shares of ﬁrms. The prices of shares are p = (p1 , p2 ). 1. Compute the competitive equilibrium prices of ﬁrms and the competitive equilibrium allocation of shares. Suppose that ﬁrm 1 is ﬁnancially restructured. In particular, it issues debt of 2 units of output, on which it defaults in state 3. This debt is, eﬀectively, a third asset with payoﬀs d = (2, 2, 0). Shares in this debt are also treated in a competitive market; the price of debt is p3 . After restructuring, the payoﬀ to the shares of ﬁrm 1 is y˜2 = (4, 0, 0). 2. Compute the new competitive rquilibrium prices of shares of ﬁrms and of debt and the allocation of shares and debt. 3. Compare the utility levels at the competitive equilibrium with and without the ﬁnancial restructuring of ﬁrm 1. 4. Does the Modigliani - Miller theorem hold in this example?



Exercise The asset market is incomplete: there are fewer assets than states of nature. The economy satisﬁes otherwise standard assumptions. 1. Show that competitive equilbrium allocations are generically suboptimal. 2. Give a deﬁnition and an example of an economy in which the asset market is eﬀectively complete. 3. Give a deﬁnition of constrained suboptimality and outline an argument for the generic constrained suboptimality of competitive equilibrium allocations. 4. Give an example of an economy in which competitive equilibrium allocations are suboptimal but not constrained suboptimal.



Exercise Show that, if the payoﬀs of assets can be appropriately designed, a number of assets equal to the number of individuals minus 1 suﬃces for an eﬀectively complete asset market independently of the number of states of the world.



Exercise Discuss the behavior of ﬁrms in a competitive economy with an incomplete asset market.



Exercise Dates are 1, 2. States of the world are s = 1, 2; they realize at date 2. Date - events are {1}, {2, 1}, {2, 2}. Commodities are a perishable commodity traded in spot markets at each date - event, and a durable commodity traded at date 1. No assets are available for the transfer of revenue across date - events. The preferences and endowments of individuals satisfy standard assumptions. At each date - event, the perishable commodity is numeraire; the rental price of the durable commodity is p1 , p2,1 and p2,2 . Consider separately the case in which there is and the case in which there is no resale market for the durable commodity at date 2. 1. Write the optimization problem of an individual. 2. Prove that competitive equilibria exist. 3. Are competitive equilibrium allocations ﬁnitely many ? 4. Are competitive equilibrium allocations pareto optimal ?



Exercise “ Competitive equilibrium allocations are optimal and optimal allocations are competitive.” Discuss this claim and its implications.
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