













Menu





	 maison
	 Ajouter le document
	 Signe
	 Créer un compte







































EXERCISES FOR THE SHORT COURSE IN ALGEBRAIC TOPOLOGY

Jun 26, 2006 - EXERCISES FOR THE SHORT COURSE IN ALGEBRAIC TOPOLOGY ON ... (b) Show that every strongly (co)cartesian cube admits a weak ... 

















 Télécharger le PDF 






 93KB taille
 1 téléchargements
 282 vues






 commentaire





 Report
























EXERCISES FOR THE SHORT COURSE IN ALGEBRAIC TOPOLOGY ON CALCULUS OF FUNCTORS AND APPLICATIONS LENS, FRANCE, JUNE 26-28, 2006



This were the exercises accompanying Pascal Lambrechts’ and Greg Arone’s lectures. More exercises were given in Pascal Lambrechts’ handout on homotopy limits, as well as during the lectures..



1. Homotopy (co)limits Exercise 1. (a) Show that the homotopy limit of the subcubical diagram X0 F FF xx FF x x FF x x F# x |x o / X012 X02 aD =X01 O DD zz DD z z DD z z D z z o / X1 X12 X2 is equivalent to the homotopy limit of the diagram X0
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/ X0 o



id



X0



XO01







 / X012 o O



XO02







X1



/ X12 o



X2



(b) Show that the homotopy limit of the second diagram in part (a) can be written as a homotopy pullback of homotopy pullbacks. Generalize to show that the homotopy limit of any subcubical diagram can be written as an iterated homotopy pullback. Exercise 2. Given diagram X



f



/Y



g



/ Z , show



(a) If f and g are k-connected, then g ◦ f is k-connected. (b) If f and g ◦ f are k-connected, then g is k-connected. (c) If g is (k + 1)-connected and g ◦ f is k-connected, then f is k-connected. 1
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Exercise 3. Show that the square ΩX



/?







 /X



?



is not cartesian, even though ΩX ' holim(? −→ X ←− ?). Exercise 4. (Note: Parts of this exercise are the content of Exercises 1.28 and 1.29 in Pascal Lambrechts’ handout on homotopy limits.) Recall that an n-cubical diagram X is k-cartesian if the map X∅ → holim(X \ X∅ ) is k-connected. Suppose now that X is a cube of based spaces, and define the total homotopy fiber of X , denoted by tfiber X , to be the space obtained by first taking the homotopy fibers of all the maps in X going in one direction, thus obtaining an (n − 1)cubical diagram, then taking the homotopy fibers of all the maps going in one direction of this (n − 1)-cube, etc. (a) Show that tfiber X is independent of the direction in which the homotopy fibers are taken at each stage. (b) Show that tfiber X is the homotopy fiber of the map X∅ → holim(X \ X∅ ) (it is also the fiber of the fibration holim X → holim(X \ X∅ )). Deduce that a cubical diagram is k-cartesian iff its total fiber is (k − 1)-connected. (b) Show that, if X is k-cartesian, then each cubical diagram obtained during the construction of tfiber X is k-cartesian as well. (d) If two n-cubes X and Y are k and (k + 1)-cartesian, respectively, show that the (n + 1)-cube f



X → Y is k-cartesian for any map of cubes f . (This looks a lot like one of the parts in Exercise 2. However, one of the other parts in that problem does not generalize to cubical diagrams. Why?) Exercise 5. (a) Show that if every 2-dimensional face of a cube is (co)cartesian, then so is the cube. (Such a cube is said to be strongly (co)cartesian.) (b) Show that every strongly (co)cartesian cube admits a weak equivalence (from) to a (pushout) pullback cube. Exercise 6. (a) (Blakers-Massey Theorem) Suppose that the commutative square X f2







X2



f1



/ X1  / X12



is a pushout and that the maps f1 and f2 are k1 and k2 -connected, respectively. Show that the square is (k1 + k2 − 1)-cartesian. (b) (Freudenthal Suspension Theorem) Deduce that if X is k-connected, there exists a (2k + 1)connected map X −→ ΩΣX.
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Exercise 7. Consider the diagram of ordered configuration spaces in Rd , C(2, Rd ) p2







C(1, Rd )



p1



/ C(1, Rd )  / C(0, Rd )



where p1 and p2 are projections onto the first and second point, respectively. How cartesian is this diagram? Generalize to the n-cubical diagram of configuration spaces where the initial space is C(n, Rd ), the final space is C(0, Rd ), and all the maps are different projections on all but one configuration points. 2. Immersions, embeddings, and general position Exercise 8. Imm(M, W ) and Emb(M, W ) are open subsets of C ∞ (M, W ) and Emb(M, W ) is an open subset of Imm(M, W ). Are they dense? Exercise 9. Show that the functor Imm(−, Rd ) takes pushout squares to pullback squares, i.e. that it is linear. Deduce from Exercise 5 that Imm(−, Rd ) takes strongly cocartesian cubes to cartesian cubes. Also observe that the same is true for Map(−, Rd ). ` Exercise 10. Show that Imm(M1 M2 , W ) ∼ = Imm(M1 , W ) × Imm(M2 , W ). Exercise 11. (a) What are Imm({1, 2, ..., k}, W ) and Emb({1, 2, ..., k}, W )? (b) Show that the space Imm(Dn , Rd ) is homotopy equivalent to Vn (Rd ), the Stiefel manifold of n-frames in Rd . ` (c) Use part (b) to give a description of the space Emb( ki=1 Dn , Rd ). Exercise 12. (a) Show that the space of immersions of S 2 in R3 is connected. (b) Show that the space of immersions of the torus in R3 has four components. Exercise 13. Show that the space of codimension 3 knots, Emb(S 1 , R4 ), is connected. Is it contractible? Exercise 14. By general position arguments, find constants a ∈ N and b ∈ Z such that if dimW ≥ a dimM + b then Emb(M, W ) is connected, or more generally k-connected if W is highly connected. 3. Homotopy calculus Exercise 15. Given a continuous functor F : Top∗ −→ Top∗ , show that there exists an assembly map F (X) ∧ Y −→ F (X ∧ Y ). Exercise 16. Given a connective spectrum C, show that the functor F : Top∗ −→ Top∗ given by X 7−→ Ω∞ (C ∧ X) is linear. Exercise 17. (a) Show that a (continuous) reduced linear functor from Top∗ to Top∗ takes cofibration sequences to fibration sequences. (b) Show that such a functor takes cocartesian cubes to cartesian cubes.
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(c) Show that the functor X −→ X ∧X takes strongly cocartesian 3-cubes to cocartesian 3-cubes. (d) Use Exercise 16 to show that the functor X 7−→ Ω∞ (C ∧ (X ∧ X)) is quadratic. (e) Show that the functor X 7−→ Ω∞ (C ∧ (X ∧ X)) is homogeneous (i.e. the linearization of this functor is contractible). (f) Show that the functor X 7−→ Ω∞ (C ∧ X ∧n ), where X ∧n means X smashed with itself n times, is polynomial of degree n. Exercise 18. Show that if L1 and L2 are two linear functors from Top∗ to Top∗ which preserve connectivity and satisfy L1 (S 0 ) ' L2 (S 0 ), then L1 (X) ' L2 (X) for all CW complexes X.
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