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mation (Hudson & Heritage 1982) for the field u,(ro) produced by a single scattering interaction of the reference field uo(r) with the velocity perturbation 6c(r). 
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SUMMARY The wavelength-smoothing (WS) method was introduced recently (Lomax 1994) as a method for the rapid estimation of the principal features of broad-band wave phenomena in realistic, complicated structures. The WS method is based on the concept that waves at a particular frequency and corresponding wavelength respond to a complicated velocity distribution as if the distribution were smoothed over about a wavelength. This method reproduces several finite-frequency wave phenomena, but has not been given a formal theoretical justification. Here, we use scattering theory and a local, plane-wave approximation to develop a wavelength-averaging ( WA) method for modelling finite-frequency wave propagation. The new WA method is similar to the WS method in concept and implementation, but is valid only in a more limited geometry of velocity heterogeneity. In particular, the new formulation performs well for models with complex, but smoothly varying, velocity variations (‘quasi-random’ models), but does less well in models with extensive regions of slowly varying velocity that are separated by strong gradients in velocity (‘deterministic’ models). This limits application of the current formulation of the WA method to predominantly quasirandom structures, although such models may be useful in many problems, particularly for Monte-Carlo-based inversion methods requiring fast forward calculations.



Key words: body waves, inhomogeneous media, synthetic seismograms, wave propagation.



1



INTRODUCTION



The wavelength-smoothing method was introduced recently (Lomax 1994) as a method for approximating broad-band wave propagation in complicated velocity structures. This method was developed as an alternative to (1) ray-based methods, which are rapid but only valid for a high-frequency wavefield, (2) waveform methods such as generalized-ray, reflectivity and modal summation techniques, which are efficient and accurate but are only applicable to a limited class of relatively simple structures such as plane layer models, and (3) numerical methods such as finite differences and finite elements, which are applicable to broad-band wave propagation in relatively complicated models but require large computation times. Although not as complete as these existing methods, the wavelength-smoothing method is intended for rapid estimation of the principal features of broad-band wave phenomena in realistic, complicated structures. Such a method is useful for inversion using trial and error, Monte Carlo, and directed search methods such as the genetic algorithm and simulated annealing. The wavelength-smoothing ( WS) method is based on 0 1996 RAS



two principal assumptions (Lomax 1994). First, it is assumed that many features of broad-band wave propagation can be modelled by using Huygens’ principle to track the motion of narrow-band waoefronts at a number of centre frequencies. Second, it is assumed that the velocity of propagation of body waves at a particular frequency and location can be approximated by a wavelength-averaged velocity, given by a centrally weighted average of the medium velocity across the narrowband wavefront, where the width of the weighting function varies in proportion to the wavelength (Fig. 1). The motion through time of the narrow-band wavefronts determines wave paths, which are similar to the rays of ray theory, but are frequency-dependent. The wavelength-dependent smoothing of the medium in the WS algorithm leads to increased stability of the wave paths relative to high-frequency, ray-theory rays and it causes the wave paths to be sensitive to velocity variations within about a wavelength of the wave path (Fig. 2). After many sets of wave paths at a range of centre frequencies have been generated, broad-band waveforms are produced by a summation of the contributions of all wave types at all frequencies arriving at a given receiver location. The WS method was shown in Lomax (1994) to reproduce



369



370



A. Lomax and R. Snieder



rh



unvefr-ont Figure 1. Conceptual diagram showing wave path, wavefront and wavelength-dependent weighting function for the wavelength-smoothing method of Lomax (1994). The bell-shaped weighting function is used to smooth the local medium velocity over the wavefront; the smoothed velocity is used to determine the wave path. The propagation is influenced more strongly by velocity variations near the wave path (A) than by those far away (B) relative to the wavelength 1.



many finite-frequency wave phenomena, but was not given a formal theoretical justification. Here, we present a theoretical development that leads to a formulation that is similar to the WS method. We consider an acoustic case with velocity variation in two dimensions. We assume that locally the wave propagation at a single frequency over a small time interval can be represented by plane waves at the beginning and at the end of the interval. Furthermore, we assume that the plane wave at the end of the interval is given by the combination of the first (reference) plane wave and the (Born) scattering of this wave by velocity variations in the (thin) sheet swept out by the reference wave in the (small) time interval. Using this construction, we can track the propagation of many 'wave paths' from the source at distinct frequencies, and construct a broad-band seismogram by combining the results for many frequencies for wave paths passing near the receiver location. Because the estimation of scattering caused by the velocity variation in the thin sheet leads to weighted integrals of velocity perturbation which scale with frequency, we refer to this algorithm as the wavelength-averaging (WA) method. The resulting WA method is applicable only with some limitations on the scale-length and geometry of the velocity heterogeneity. This new formulation, however, rapidly produces useful synthetics for quasi-random models with strong velocity variations with scale-lengths larger that the dominant wavelength of the source.



Figure 2. Conceptual diagrams showing significant differences between the WS and ray methods. (Top) A ray-theory ray is unperturbed in passing near a velocity anomaly (stippled region), while a WS wave path for wavelength R will be deflected by an anomaly which is large and close to the wave path relative to 1. (Bottom) A raytheory ray can be strongly scattered by a small velocity anomaly (stippled region), while a WS wave path for wavelength I will not be deflected by an anomalous region that is small relative to A.



2 THEORY



The equation of motion in an isotropic, acoustic medium is given by



where P is pressure, K is incompressibility and p is density. If the density p is constant and only the incompressibility K varies, then, substituting c(r) = ,,k@&eq. (1) becomes a2



P



= c2(r)VZP.



(2)



Using a Fourier transform P(r, t ) = u(r, o)e-'"' do,we obtain the Helmholtz equation



(3) 2.1 Solution by perturbation Following Snieder & Lomax (1996) and Aki & Richards (1980), we write the velocity field as c(r)= co



+ 6c(r),



(4) 0 1996 RAS, GJI 126, 369-381
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where co is a constant ‘reference’term and 6c(r) a perturbation term. Substituting eq. (4) in eq. (3) we get



H&’)(wr/c0)Sc(r)exp(iw(z - zo)/co)dx Consider a solution of the form



u(r)= uo(r)+ u1(r),



(6)



where uo is a ‘reference’wavefield which is a solution of eq. (3) for the homogeneous medium with constant velocity co,



and u1 is a ‘scattered wavefield related to the interaction of uo with the velocity perturbation 6c(r). Substituting eq. ( 6 ) into eq. ( 5 ) and subtracting eq. ( 7 ) gives



If we assume that the product of the amplitude and the curvature of the ‘scattered’ wavefield is small relative to that of the ‘reference’wavefield, i.e.



and that the velocity variation is small relative to the reference term,



(10)



6c(r) 
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