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Electromagnetic Models of the Electron and the Transition from Classical to Relativistic Mechanics* Michel Janssen and Matthew Mecklenburg



1. Introduction “Special relativity killed the classical dream of using the energy-momentum-velocity relations as a means of probing the dynamical origins of [the mass of the electron]. The relations are purely kinematical” (Pais 1982, 159). This perceptive comment comes from a section on the pre-relativistic notion of electromagnetic mass in ‘Subtle is the Lord …’, Abraham Pais’ highly acclaimed biography of Albert Einstein. By ‘kinematical’ Pais meant something like ‘completely independent of the details of the dynamics’. In this paper we examine the classical dream referred to by Pais from the vantage point of relativistic continuum mechanics. There were actually two such dreams in the years surrounding the advent of special relativity. Like Einstein’s theory, both dreams originated in the electrodynamics of moving bodies developed in the 1890s by the Dutch physicist Hendrik Antoon Lorentz. Both took the form of concrete models of the electron. Even these models were similar. Yet they were part of fundamentally different programs competing with one another in the years around 1905. One model, due to the German theoretician Max Abraham (1902a), was part of a revolutionary effort to substitute the laws of electrodynamics for those of Newtonian mechanics as the fundamental laws of physics. The other model, adapted from Abraham’s by Lorentz (1904b) and fixed up by the French mathematician Henri Poincaré (1906), was part of the attempt to provide a general explanation for the absence of any signs of ether drift, the elusive 19th-century medium thought to carry light waves and electromagnetic fields. A choice had to be made between the objectives of Lorentz and Abraham. One could not eliminate all signs of the earth’s motion through the ether and reduce all physics to electrodynamics at the same time. Special relativity was initially conflated with Lorentz’s theory because it too seemed to focus on the
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To appear in a volume edited by Jesper Lützen based on the proceedings of The Interaction between



Mathematics, Physics and Philosophy from 1850 to 1940, a conference held at the Carlsberg Academy, Copenhagen, September 26–28, 2002.
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undetectability of motion at the expense of electromagnetic purity. The theories of Lorentz and Einstein agreed in all their empirical predictions, including those for the velocity-dependence of electron mass, even though special relativity was not wedded to any particular model of the electron. For a while there was a third electron model, a variant on Lorentz’s proposed independently by Alfred Bucherer (1904, 57–60; 1905) and Paul Langevin (1905). At the time, the acknowledged arbiter between these models and the broader theories (perceived to be) attached to them was a series of experiments by Walter Kaufmann and others on the deflection of high-speed electrons in β-radiation and cathode rays by electric and magnetic fields for the purpose of determining the velocity-dependence of their mass.1 As appropriate for reveries, neither Lorentz’s nor Abraham’s dream about the nature and structure of the electron lasted long. It all started around 1900 and it was pretty much over by 1910. It is true that Lorentz went to his grave clinging to the notion of an ether hidden from view by the Lorentz-invariant laws governing the phenomena and that Abraham’s electromagnetic vision was pursued well into the 1920s by kindred spirits such as Gustav Mie (1912a, b; 1913). But by then the physics mainstream had long moved on.2 The two dreams, however, did not evaporate without a trace. They played a decisive role in the development of relativistic mechanics. It is no coincidence therefore that relativistic continuum mechanics will be central to our analysis in this paper. The development of the new mechanics effectively began with the non-Newtonian transformation laws for force and mass introduced by Lorentz in the 1890s. It continued with the introduction of electromagnetic momentum and electromagnetic mass by Abraham (1902a, b; 1903; 1904; 1905, 1909) in the wake of the proclamation of the electromagnetic view of nature by Willy Wien (1900). Einstein (1907b), Max Planck (1906a, 1908), Hermann Minkowski (1908), Arnold Sommerfeld (1910a, b), and Gustav Herglotz (1910, 1911)—the last three champions of the electromagnetic program3—all



1



See (Kaufmann 1901a, b, c; 1902a, b; 1903; 1905; 1906a, b; 1907). For references to later experiments,



see, e.g., (Pauli 1921, 83). Our paper will not touch on the intricacies of the actual experiments. Those are covered in (Cushing 1981). See also (Hon 1995). 2



Although the concept of “Poincaré pressure” introduced to stabilize Lorentz’s electron (see below)



resurfaced in a theory of Einstein (1919) that is enjoying renewed interest (Earman 2003) as well as in other places (see, e.g., Grøn 1985, 1988). 3



See (McCormmach 1970, 490) for a discussion of the development of Sommerfeld’s attitude toward the



electromagnetic program and special relativity. On Minkowski and the electromagnetic program, see (Galison 1979), (Pyenson 1985, Ch. 4), and, especially, (Corry 1997).
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contributed to its further development in a proper relativistic setting. These efforts culminated in a seminal paper by Max Laue (1911a) and were enshrined in the first textbook on relativity published later that year (Laue 1911b). There already exists a voluminous literature on the various aspects of this story. We shall freely draw and build on that literature. One of us has written extensively on the development of Lorentz’s research program in the electrodynamics of moving bodies (Janssen 1995, 2002b; Janssen and Stachel 2004).4 The canonical source for the electromagnetic view of nature is still (McCormmach 1970), despite its focus on Lorentz whose attitude toward the electromagnetic program was ambivalent (cf. Lorentz 1900; 1905, 93–101; 1915, secs. 178–186). His work formed its starting point and he was sympathetic to the program, but never a strong advocate of it. (Goldberg 1970) puts the spotlight on the program’s undisputed leader, Max Abraham. (Pauli 1921, Ch. 5) is a good source for the degenerative phase of the electromagnetic program in the 1910s.5 For a concise overview of the rise and fall of the electromagnetic program, see Ch. 8 of (Kragh 1999), aptly titled “A Revolution that Failed.” Another important source for the electromagnetic program is Ch. 5 in (Pyenson 1985), which discusses a seminar on electron theory held in Göttingen in the summer semester of 1905. Minkowski was one of four instructors of this course. The other three were David Hilbert, Emil Wiechert, and Herglotz, who had already published on electron theory (Herglotz 1903). Max Laue audited the seminar as a postdoc. The syllabus for the seminar lists papers by Lorentz (1904a, b), Abraham (1903), Karl Schwarzschild (1903a, b, c), and Sommerfeld (1904a, b; 1905). This seminar gives a good indication of how active and cutting edge this research area was at the time. Further evidence of this vitality is provided by debates in the literature of the day such as those between Bucherer (1907; 1908a, b) and Ebenezer Cunningham (1907, 1908)6 and between Einstein (1907a) and Paul Ehrenfest (1906, 1907) over various points concerning these electron models. The roll call of researchers active in this area also included the Italian mathematician Tullio Levi-Civita (1907, 1909).7 One may even get the impression that in the early 1900s the
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See also (Darrigol 2000). We refer to (Janssen 1995, 2002b) for references to and discussion of earlier



literature on this topic. 5



For more recent commentary, see (Corry 1999).
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For brief discussions, see (Balazs 1972, 29–30) and (Warwick 2003, Ch. 8, especially 413–414). We also



refer to Warwick’s work for British reactions to the predominantly German developments discussed in our paper. See, e.g., (Warwick 2003, 384) for comments by James Jeans on electromagnetic mass. 7



For brief discussion, see (Balazs 1972, 30)
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journals were flooded with papers on electron models. We wonder, for instance, whether the book on electron theory by Bucherer (1904) was not originally written as a long journal article, which was rejected, given its similarity to earlier articles by Abraham, Lorentz, Schwarzschild, and Sommerfeld. The saga of the Abraham, Lorentz, and Bucherer-Langevin electron models and their changing fortunes in the laboratories of Kaufmann, Bucherer, and others has been told admirably by Arthur I. Miller (1981, secs. 1.8–1.14, 7.4, and 12.4). Miller (1973) is also responsible for a detailed analysis of the classic paper by Poincaré (1906) that introduced what came to be known as “Poincaré pressure” to stabilize Lorentz’s purely electromagnetic electron.8 Fritz Rohrlich (1960, 1965, 1973) has given a particularly insightful analysis of the electron model of Lorentz and Poincaré.9 The model is also covered concisely and elegantly in volume two of the Feynman lectures (Feynman 1964, Ch. 28). Given how extensively this episode has been discussed in the literature, the number of sources covering its denouement with the formulation of Laue’s relativistic continuum mechanics is surprisingly low. Max Jammer does not discuss relativistic continuum mechanics at all in his classic monograph on the development of the concept of mass (cf. Jammer 1997, Chs. 11–13). And although Miller prominently discusses Laue’s work, both in (Miller 1973, sec. 7.5) and in the concluding section of his book (Miller 1981, sec. 12.5.8), he does not give it the central place that in our opinion it deserves. To bring out the importance of Laue’s work, we show right from the start how the kind of spatially extended systems studied by Abraham, Lorentz, and Poincaré can be dealt with in special relativity. We shall use modern notation and modern units throughout and give selfcontained derivations of all results. Our treatment of these electron models follows the analysis of the experiments of Trouton and Noble in (Janssen 1995, 2002b, 2003), which was inspired in part by the discussion in (Norton 1992) of the importance of Laue’s relativistic mechanics for the development of Gunnar Nordström’s special-relativistic theory of gravity. The focus on the conceptual changes in mechanics that accompanied the transition from classical to relativistic kinematics was inspired in part by the work of Jürgen Renn and his collaborators on pre-classical mechanics (Damerow et al. 2004).
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We have benefited from (annotated) translations of Poincaré’s paper by Schwartz (1971, 1972) and



Kilmister (1970), as well as from the translation of passages from (Poincaré 1905), the short version of (Poincaré 1906), in (Keswani and Kilmister 1983). 9



See also (Yaghjian 1992). (Pais 1972) is another useful source.
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2. Energy-momentum-mass-velocity relations. 2.1. Special relativity. In special relativity, the relations between energy, momentum, mass, and velocity of a system are encoded in the transformation properties of its fourmomentum. This quantity combines the energy U and the three components of the ordinary momentum P:10 U  P µ =  , P (2.1) c  (where c is the velocity of light). In the system’s rest frame, with coordinates x0µ = (ct0 , x0 , y0 , z0 ) , the four-momentum reduces to: U P0µ =  0 , 0, 0, 0 ,  c 



(2.2)



i.e., P0 = 0 . The system’s rest mass is defined as m0 ≡ U 0 / c 2 . We transform P0µ from the x0µ -frame to some new x µ -frame, assuming that P0µ transforms as a four-vector under Lorentz transformations. Let the two frames be related by the Lorentz transformation x µ = Λµν x0ν .11 Since, in general, the four-momentum does



not transform as a four-vector, the Lorentz transform of P0µ will, in general, not be the four-momentum in the x µ -frame. We therefore cautiously write the result of the transformation with a tilde: (2.3) Pƒµ = Λµν P0ν .



Without loss of generality we can focus on the special case in which the motion of the x µ -frame with respect to the x0µ -frame is with velocity v in the x-direction. The matrix for this transformation is:



 γ γβ  γβ γ Λµν =  0 0  0 0



10



0 0 0 0 , 1 0  0 1



The letter U rather than E is used for energy to avoid confusion with the electric field. We shall be using



SI units throughout. For conversion to other units, see, e.g., (Jackson 1975, 817–819). µ



The transformation matrices Λ ν satisfy Λµ ρ Λν σ η ρσ =η µν , the defining equation for Lorentz transformations, where η µν ≡ diag(1, −1, −1, −1) is the standard diagonal Minkowski metric.
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(2.4)
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with γ ≡ 1 / 1 − β 2 and β ≡ v / c . In that case, U U Pƒµ =  γ 0 , γ β 0 , 0, 0 = (γ m0 c, γ m0 v) .  c  c



(2.5)



If the four-momentum of the system does transform as a four-vector, Pƒµ in eq. (2.5) is equal to P µ in eq. (2.1) and we can read off the following relations between energy, momentum, mass, and velocity from these two equations: U = γ U0 = γ m0 c 2 ,



P = γ m0 v .



(2.6)



Eqs. (2.6) hold for a relativistic point particle with rest mass m0 . Its four-momentum is given by P µ = m0u µ = m0



dx µ dx µ . = γ m0 dτ dt



(2.7)



Since u µ ≡ dx µ / dτ is the four-velocity, this is clearly a four-vector. The relation between proper time τ , arc length s, and coordinate time t is given by dτ = ds / c = dt / γ .12 If the particle is moving with velocity v, dx µ / dt = (c, v) and eq. (2.7) becomes: P µ = (γ m0 c, γ m0 v) .



(2.8)



Eqs. (2.6) also hold for spatially extended closed systems, i.e., systems described by an energy-momentum tensor T µν with a vanishing four-divergence, i.e., ∂ν T µν = 0 .13 The energy-momentum tensor brings together the following quantities. The component T 00 gives the energy density; T i0 / c the components of the momentum density; cT 0i the components of the energy flow density;14 and T ij the components of the momentum flow density, or, equivalently, the stresses.15 The standard definition of the four-momentum of



µ



2



ν



(



)



2



12



From ds = ηµν dx dx = c 2 − v 2 dt it follows that ds = c 1− v 2 / c 2 dt = cdt / γ .
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Here and in the rest of the paper summation over repeated indices is implied; ∂ µ stands for ∂ / ∂x .
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The energy-momentum tensor is typically symmetric. In that case, T



i0



µ



= T 0 i , which means that the 2



momentum density ( T i0 / c ) equals the energy flow density ( cT 0 i ) divided by c . As was first noted by 2



Planck, this is one way of expressing the inertia of energy, E = mc . 15



Which is why T



µν



is also known as the stress-energy tensor or the stress-energy-momentum tensor
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a spatially extended (not necessarily closed) system described by the (not necessarily divergence-free) energy-momentum tensor T µν is:



Pµ ≡



1 T µ 0d 3x . c



∫



(2.9)



Before the advent of relativity, this equation was written as a pair of separate equations:



∫



U = u d 3x ,



∫



P = p d3x ,



(2.10)



where u and p are the energy density and the momentum density, respectively. Definition (2.9) is clearly not manifestly Lorentz invariant. The space integrals of T µ 0 in the x µ frame are integrals in space-time over a three-dimensional hyperplane of simultaneity in that frame. A Lorentz transformation does not change the hyperplane over which the integration is to be carried out. A hyperplane of simultaneity in the x µ -frame is not a hyperplane of simultaneity in any frame moving with respect to it. From these last two observations, it follows that the Lorentz transforms of the space integrals in eq. (2.9) will not be space integrals in the new frame. But then how can these Lorentz transforms ever be the four-momentum in the new frame? The answer to this question is that if the system is closed (i.e., if ∂ν T µν = 0 ), it does not matter over which hyperplane the integration is done. The integrals of the relevant components of T µν over any hyperplane extending to infinity will all give the same values. So for closed systems a Lorentz transformation does map the four-momentum in one frame to a quantity that is equal to the fourmomentum in the new frame even though these two quantities are defined as integrals over different hyperplanes.16 The standard definition of four-momentum can be replaced by a manifestly Lorentzinvariant one. First note that the space integrals of T µ 0 in the x µ -frame can be written in a manifestly covariant form as17



Pµ =



16



1 c



∫ δ(ηρσ x ρ nσ )T µv nν d 4 x ,



(2.11)



See (Rohrlich 1965, 89–90, 279–281) or (Janssen 1995, sec. 2.1.3) for the details of the proof, which is



basically an application of the obvious generalization of Gauss’ theorem (which says that for any vector field A, ∫ A⋅dS = ∫ div A d 3 x ) from three to four dimensions. µ 17 This way of writing P was suggested to me by Serge Rudaz. See (Janssen 2002b, 440–441, note; 2003, 47) for a more geometrical way of stating the argument below.
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where n µ is a unit vector in the time direction in the x µ -frame. In that frame n µ has components (1, 0, 0, 0) . The delta function picks out hyperplanes of simultaneity in the x µ -frame. The standard definition (2.9) of four-momentum can, of course, be written in the form of eq. (2.11) in any frame, but that requires a different choice of n µ in each one. This is just a different way of saying what we said before: under the standard definition (2.9), the result of transforming P µ in the x µ -frame to some new frame will not be the four-momentum in the new frame unless the system happens to be closed. If, however, we take the unit vector n µ in eq. (2.11) to be some fixed timelike vector—typically the unit vector in the time direction in the system’s rest frame18— and take eq. (2.11) with that fixed vector n µ as our new definition of four-momentum, the problem disappears. Eq. (2.11) with a fixed timelike unit vector n µ provides an alternative manifestly Lorentz-invariant definition of four-momentum. Under this new definition—which was proposed by, among others, Enrico Fermi (1922)19 and Fritz Rohrlich (1960, 1965)—the four-momentum of a spatially extended system transforms as a four-vector under Lorentz transformations no matter whether the system is open or closed. The definitions (2.9) and (2.11) are equivalent to one another for closed systems, but only coincide for open systems in the frame of reference in which n µ has components (1, 0, 0, 0) . In this paper, we shall use the admittedly less elegant definition (2.9), simply because either it or its decomposition into eqs. (2.10) were the definitions used in the period of interest. Part of the problem encountered by our protagonists simply disappears by switching to the alternative definition (2.10). With this definition energy and momentum always obey the familiar relativistic transformation rules, regardless of whether we are dealing with closed systems or with their open components. As one would expect, however, a mere change of definition does not take care of the main problem that troubled the likes of Lorentz, Poincaré, and Abraham. That is the problem of the stability of a spatially extended electromagnetic electron.



18



As Gordon Fleming (private communication) has emphasized, the rest frame cannot always be uniquely



defined. For the systems that will concern us here, this is not a problem. Following Fleming, one can avoid µ



the arbitrary choice of n altogether by accepting that the four-momentum of spatially extended systems is a hyperplane-dependent quantity. 19



Some of Fermi’s earliest papers are on this issue (Miller 1973, 317). We have not been able to determine



what sparked Fermi’s interest in this problem. His biographer only devotes one short paragraph to it: “In January 1921, Fermi published his first paper, “On the Dynamics of a Rigid System of Electrical Charges in Translational Motion” [Fermi 1921]. This subject is of continuing interest; Fermi pursued it for a number of years and even now it occasionally appears in the literature” (Segrè 1970, 21).
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2.2 Pre-relativistic theory. The analogues of relations (2.6) between energy, mass, momentum, and velocity in Newtonian mechanics are the basic formulae for kinetic energy and momentum:



1 U kin = mv 2 , 2



p = mv .



(2.12)



In the years before the advent of special relativity, physicists worked with a hybrid theory in which Galilean-invariant Newtonian mechanics was supposed to govern matter while the inherently Lorentz-invariant electrodynamics of Maxwell and Lorentz governed the electromagnetic fields. In this hybrid theory they had already come across what are essentially the relativistic energy-momentum-velocity relations. Initially, their starting point had still unquestionably been Newton’s second law, F = ma . Electrodynamics merely supplied the Lorentz force for the left-hand side of this equation. Eventually, however, physicists were leaning toward the view that matter does not have any Newtonian mass at all and that its inertia is just a manifestation of the interaction of electric charge distributions with their self-fields. Lorentz was reluctantly driven to this conclusion because it would help explain the absence of any signs of ether drift. Abraham enthusiastically embraced it because it opened up the prospect of a purely electromagnetic basis for all of physics. With F = ma reduced to F = 0 Newton’s second law only nominally retained its lofty position of the fundamental equation of motion. All real work was done by electrodynamics. Writing F = 0 as dPtot / dt = 0 , one can read it as expressing momentum conservation. Momentum does not need to be mechanical. Abraham introduced the concept of electromagnetic momentum.20 Lorentz was happy to leave Newtonian royalty its ceremonial role. Abraham, of a more regicidal temperament, sought to replace F = ma by a new purely electrodynamic equation that would explain why Newton’s law had appeared to be the rule of the land for so long. Despite their different motivations, Lorentz and Abraham agreed that the effective equation of motion for an electron in some external field is21 Fext + Fself = 0 ,



20



(2.13)



See (Abraham 1902a, 25–26; 1903, 110). In both places, he cites (Poincaré 1900) for the basic idea of



ascribing momentum to the electromagnetic field. For discussion, see (Miller 1981, sec. 1.10), (Darrigol 1995), and (Janssen 2003, sec. 3) 21 In fact, another force, Fstab , needs to be added to keep the charges from flying apart under the influence of their Coulomb repulsion.
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with Fext the Lorentz force coming from the external field and Fself the Lorentz force coming from the self-field of the electron. The key experiments to which eq. (2.13) was applied were the experiments of Kaufmann and others on the deflection of fast electrons by electric and magnetic fields. Both Lorentz and Abraham conceived of the electron as a spatially extended spherical surface charge distribution. They disagreed about whether the electron’s shape would depend on its velocity with respect to the ether, more specifically about whether it would be subject to a microscopic version of the LorentzFitzGerald contraction. Lorentz believed it would, Abraham believed it would not. The Lorentz force the electron experiences from its self-field can be written as minus the time derivative of the quantity that Abraham proposed to call the electromagnetic momentum:



∫



Fself = ρ(E + v × B) d 3 x = −



dPEM . dt



(2.14)



In this expression ρ is density of the electron’s charge distribution, and E and B are the electric and magnetic field produced by this charge distribution. The electromagnetic momentum of these fields is defined as



PEM ≡



∫ ε0 E × B d 3 x .



(2.15)



and doubles as the electromagnetic momentum of the electron itself. Eq. (2.14) can be derived as follows (Abraham 1905, sec. 5; Lorentz 1904a, sec. 7; Janssen 1995, 56–58). Using the inhomogeneous Maxwell equations, divE = ρ /ε0 ,



1 ∂E curlB = µ0 ρv + 2 , c ∂t



(2.16)



we can eliminate charge and current density from the Lorentz force density, the integrand in eq. (2.14):



µ−0 1 ∂E −1 ρ(E + v × B) = ε0E divE + µ0 curlB × B − 2 × B. c



∂t



(2.17)



The last term can be written as:



−



∂ ∂B (ε0 E × B) + ε0 E × , ∂t ∂t



10



(2.18)



where we used that c 2 = 1 / ε 0 µ0 . The first of these two terms is minus the time derivative of the electromagnetic momentum density (cf. eq. (2.15)). The integral over this term gives the right-hand side of eq. (2.14). A few lines of calculation show that the remaining terms in eqs. (2.17)–(2.18) combine to form the divergence of the Maxwell stress tensor. The integral over this divergence vanishes on account of Gauss’ theorem. Since we shall encounter the same calculation again in sec. 6 (see eq. (6.5)), we shall go through it here in some detail. Using the homogeneous Maxwell equations, divB = 0 ,



curlE = −



∂B , ∂t



(2.19)



we can write the remaining terms in eqs. (2.17)–(2.18) in a form symmetric in E and B:



ε0 (E div E + curl E × E) + µ−0 1 (B div B + curl B × B) .



(2.20)



The further manipulation of this expression is best done in terms of its components. We introduce E i and Bi for Ex , Ey , Ez and Bx , By , Bz , respectively.



{ }i =1,2,3



{ }i =1,2,3 {



}



{



}



The part of expression (2.20) depending on E has components:



(



) )



(



ε 0 E i∂ k E k + ε ijk ε jlm∂l E m E k ,



(2.21)



where εijk is the fully anti-symmetric Levi-Civita tensor.22 Inserting



εijkε jlm = −ε jikε jlm = −δilδkm + δimδkl ,



(2.22)



where δij is the Kronecker delta,23 into this expression, we find



(



)



(



1



)



ε 0 E i∂ k E k − ∂i E k E k + ∂ k E i E k = ε 0∂ k E i E k − δ ik E 2 . 2



(2.23)



The part of eq. (2.20) depending on B can likewise be written as



(



)



µ0−1∂ k Bi Bk − δ ik B2 . 1 2



(2.24)



22



Its definition is: ε ijk = 1 for even permutations of 123, –1 for odd permutations, and 0 otherwise.



23



Its definition is: δ ij = δ



ij



= 1 for i = j and 0 otherwise.
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The sum of these two parts is the divergence of the Maxwell stress tensor, 1 1     ij TMaxwell ≡ ε0  E i E j − δ ij E 2  + µ−0 1 Bi B j − δ ij B 2  .     2 2



(2.25)



Gauss’ theorem tells us that



∫ ∂ j TMaxwell d x = 0 ij



3



(2.26)



ij as long as TMaxwell drops off faster than 1 /r 2 as x goes to infinity. This concludes the



proof that the only term that contributes to the Lorentz force density in eq. (2.17) is the first term in eq. (2.18) with the electromagnetic momentum density. With the help of eq. (2.14) the electromagnetic equation of motion (2.13) can be written in the form of the Newtonian equation F = dp / dt with Abraham’s electromagnetic momentum replacing ordinary momentum:



Fext =



dPEM dt



(2.27)



Like Newton’s second law, which can be written either as F = ma or as F = dp/dt , this new law can, under special circumstances, be written as the product of mass and acceleration. Assume that the momentum is in the direction of motion,24 i.e., that PEM = ( PEM / v ) v . We then have



24



This assumption may sound innocuous, but under the standard definition (2.9) of the four-momentum of



spatially extended systems, the (ordinary three-)momentum of open systems will in general not be in the direction of motion. Because both Lorentz’s and Abraham’s electrons are symmetric around an axis in the direction of motion, the momentum of their self-fields is always in the direction of motion, even though these fields by themselves do not constitute closed systems. If a system has momentum that is not in the direction of motion, it will be subject to a turning couple trying to align its momentum with its velocity. Trouton and Noble (1903) tried in vain to detect this effect on a charged capaticor hanging from the ceiling of their laboratory on a torsion wire (Janssen 2002b, 440–441, note; Janssen 1995, especially secs. 1.4.2 and 2.2.5). Ehrenfest (1907) raised the question whether the electron would be subject to a turning couple if it were not symmetric around the axis in the direction of motion. Einstein (1907a) countered that the behavior of the electron would be independent of its shape (see Miller 1981, sec. 7.4.4, for discussion of this exchange between Einstein and Ehrenfest). Laue (1911a) showed how this could be (see also Pauli 1921, 186–187). As with the capacitor in the Trouton-Noble experiment, the electromagnetic momentum of the electron is not the only momentum of the system. The non-electromagnetic part of the system also contributes to its momentum. Laue showed that the total momentum of a closed static system is always in the direction of motion. From a modern point of view this is a direct consequence of the fact that four-
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dPEM dPEM v d v = + PEM   . dt dt v dt  v 



(2.28)



The first term on the right-hand side can be written as



dPEM v dPEM dv v dPEM = = a // , dt v dv dt v dv



(2.29)



where a // is the longitudinal acceleration, i.e., the acceleration in the direction of motion. The second term can be written as PEM



d  v  PEM a⊥ , = dt  v  v



(2.30)



where a ⊥ is the transverse acceleration, i.e., the acceleration perpendicular to the direction of motion. The factors multiplying these two components of the acceleration are called the longitudinal mass, m// , and the transverse mass, m⊥ , respectively. Eq. (2.28) can thus be written as



dPEM = m// a // + m⊥ a ⊥ , dt



(2.31)



with25



m// =



dPEM , dv



P m⊥ = EM . v



(2.32)



The effective equation of motion (2.27) becomes:



Fext = m// a // + m⊥ a ⊥ ,



(2.33)



momentum of a closed system (static or not) transforms as a four-vector under Lorentz transformations. The momenta of open systems, such as the subsystems of a closed static system, need not be in the direction of motion, in which case the system is subject to equal and opposite turning couples. A closed system never experiences a net turning couple. The turning couples on open systems, it turns out, are artifacts of the standard definition (2.9) of the four-momentum of spatially extended systems. Under the alternative Fermi-Rohrlich definition (see the discussion following eq. (2.11)), there are no turning couples whatsoever (Butler 1968, Janssen 1995, Teukolsky 1996). 25 Substituting the momentum, p = mv , of Newtonian mechanics for PEM in eq. (2.32), we find m// = m⊥ = m .
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We shall see that for v = 0 (in which case the electron models of Abraham and Lorentz coincide) m// = m⊥ = m0 , and that for v ≠ 0 m// and m⊥ differ from m0 only by terms of order v 2 / c 2 . For velocities v 
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