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Abstract The vibrational behaviors of 1D self-similar structures have already been studied and it has been shown that a part of the modes observed are localised. They correspond to a particular expression of the integrated density of state. Self-similarity and pre-fractal order can be deduced from its analysis. We present here a numerical study of the vibrational behavior of a 2D structure based on the Sierpinski carpet (D close to 1,9). We show that under some conditions on the scatterers, there exists a frequency band for which the vibration is trapped within the structure. Here again, cross-overs on the integrated density of state correspond to this behavior. The roles of the mass of the scatterers and their arrangement are discussed. Finally, some experimental results are presented.
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Introduction



The structures presenting self-similar patterns are known, from the vibrational point of view, to behave intermediately between perfect homogeneous systems and totally unorganized ones[1, 2, 3] and from that point of view to constitute an useful model for quasi periodic structures. Two types of modes are usually observed in their spectrum : a first one, constituted by extended modes, for which the whole structure is concerned by the vibration and a second one, constituted by trapped modes, for which the vibration remains confined in a localised part of the structure[4, 5, 6]. We present here a numerical and experimental study on the vibrational behavior of a 2D self-similar dense structure : a square lattice of masses and springs loaded with masses according to the Sierpinski carpet. The loading masses behave as scatterers and we show that for a frequency bandwidth which depends of the mass of the scatterers, a set of localised modes exists. We give a description of the integrated density of state of the structure.



Figure 1: Order 3 of the pre-fractal Sieprinski figure (left) and of the structure The role of the mass of the scatterers is studied and we plot the localisation map to design frequency stopbands filters using these structures. We also give interest in the role of the distribution of the scatterers. Finally, we present experimental results (localised mode shape and integrated DOS) in good agreement with the theory and we present some preliminary results obtained on a numerical experiment of acoustical wave propagation in the same kind of structures.
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The Sierpinki-like vibrating structure : definition of the system



The structures studied are based on lattices of identical masses connected to each others by springs (each mass is linked to its 8 neighbors). Each lattice is defined by its number of elements N × N , its length l, the mass m of each element and the stiffness κ of the springs ; each structure is also defined by its prefractal order n and its loading ratio β. Order n structure is obtained from a lattice by locally loading it with small masses1 positioned at the corners of the black areas appearing on the Sierpinski figure of same order (see Fig. 1 for the order 3 structure). The structure possess p scatterers : p=4



n−1 X



4 23·i = (23n − 1) . 7 i=0



(1)



The particular way to express self-similarity creates in the structure, for 1



behaving as resonant scatterers.
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each n ≥ 2, subparts2 limited by discontinued lines of scatterers. They are called ”real” subparts. The loading ratio β is : β=



p·M sum of the masses M = 2 mass of the lattice N ·m



(2)



If yi,j (t) is the transversal displacement of the mass mi,j located at row i and column j from its equilibrium position, and κ the effective stiffness of the eight neighbor elastic elements, the equation of harmonic motion (yi,j (t) = yˆi,j ejωt ) for that mass is: mi,j yˆi,j



= −8κˆ yi,j + κ(ˆ yi+1,j + yˆi−1,j + yˆi,j−1 + yˆi,j+1 +ˆ yi+1,j+1 + yˆi−1,j−1 + yˆi+1,j−1 + yˆi−1,j+1 )



with mi,j = M + m if i, j corresponds to a loaded position, mi,j = m if not. If we renumber each position (i, j) in (i − 1) × N + j, it is possible to write the whole set of motion equations through a matrix [D].



[D]



     



yˆ1 yˆ2 .. .



     yˆ N ×N



          



=



   0         0      



.. . 0



,



    



with Di,i = 8κ−mi ω 2 , and Di−1,i = Di,i−1 = Di,i−N = Di−N,i = Di,i−N +1 = Di−N +1,i = Di,i−N −1 = Di−N −1,i = −κ ; Di,j = 0 in all the other cases. [D] is a sparse and symmetrical matrix. The numerical solution of the characteristic equation det(M ) = 0, with [M ] = [D] + ω 2 · [I], leads to the eigenfrequencies ωn0 , and the eigenmodes are the eigenvectors of [M ].
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Vibrational density of state and eigenmodes shape : crossovers and localisation



We analyze the solution of this modal problem with a description of the vibrational integrated density of state (integrated DOS). For self similar structures, characteristics behaviors are expected in the spectrum[7, 8]. Figure 2 represents the integrated DOS3 of a highly loaded (β = 8, 9) order 3 structure. Three ranges of frequencies are characteristic of its behavior. • For low frequencies (ω < ωp ), we will first observe modes for which masses m appear negligible in front of masses M + m ; the structure behaves as a discrete system of p elements of masses M + m under tension (see Fig. 3-a ; as p is important, the shape is close to a membrane shape). 2 3



different from the black areas in the Sierpinski carpet, see dashed lines on Fig. 1-right This curve is in fact discrete, see markers.
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Figure 2: Integrated DOS of an order 3 structure (N 2 = 6561, 600 first modes, β = 8, 9) • When ω increase, M + m move less and less ; they behave as scatterers and they confine the wave in a localized zone of the structure (a ”real” subpart, see Fig. 3-b for localisation in the central subpart and Fig. 3-c for localisation in lateral subparts). The modes observed correspond to classical membrane modes in the subpart. The participation ratio[2, 9] P Rω is used to evaluate the localisation : it corresponds to the volume of the structure concerned by the vibration at a given frequency ω. P Rω = R



1 4 V yN,ω dV



,



with yN,ω , normalized transverse displacement of the structure and V, volume of the structure. For square non loaded membranes, this parameter is a constant at any frequency equal to 4/9. The vibration of the modes localised in the central part appears as classical modes of a 11/27 · l membrane, if l is the length of the whole structure. Consequently, it is not surprising to find for these modes a ratio close to P Rloc = 4/9 × 11/27 ≈ 0, 074. 4



a - Mode 8 - ω/ω0 = 0, 76



b - Mode 293 - ω/ω0 = 2, 48



c - Mode 300 - ω/ω0 = 5, 59



d - Mode 499 - ω/ω0 = 13, 15



Figure 3: Some mode shapes of an order 3 structure (see Fig. 2 and the corresponding letters) • For higher frequency (ω > ωt ), the wavelength is shorter than the scatterers inter-distance and most of the wave is not modified by them (see Fig. 3-d). The transition between low frequency extended modes and localised ones correspond on the integrated DOS to a crossover (see Fig. 2 at value ωp ). This one does not correspond to any spectral dimension[7]. Considering that √ the two family of modes obey to a classical dispersion law ∆ω ∝ 1/(ls ρs ), ∆ω is always greater for a localised mode than for an extended one because the structure appears in this case shorter (vibration is limited to a part of the initial structure) and slighter (the mode exclude all the scatterers from its motion, ρs is weaker).
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Role of the mass of the scatterers



The evolution of the participation ratio with ω and β shows that the localisation phenomenon move with the mass of the scatterers. The localisation phenomenon is linked to the capacity of the scatterers to mainly back-scatter 5



PR



0.5 0.4 0.3 0.2



β=4,2



ω



ωp



t



0.074



PR



1



2



3



4



5



0.5 0.4 0.3 0.2



6



ω/ω



7



8



9



0



10 β=0,82



ωt



ω



p



0.074 1



2



3



4



5



ω/ω



6



7



8



9



10



0



β=0,44



PR



0.4 0.3



ω



ω



p



0.2



t



0.074



PR



1



2



3



4



5



6 ω/ω



0.5 0.4 0.3 0.2 0.074 0



7



8



9



10



0



β=0,29



ω



p



2



4



6



ω/ω



11



8



ω



t



10



12



0



Figure 4: Participation ratio versus frequency for different values of β the wave and to confine it in a subpart. It actually depends on the variation of the mass of the scatterers as their resonance frequency (when they are submitted to the tension of the springs), that modify their scattering behavior, depends on it. Decreasing β from 8, 9, localised modes are found until β = 0, 29. Figure 4 represents the participation ratio versus frequency for different values of β. The dotted horizontal lines correspond to the value P Rloc . They are the asymptote of the participation ratio of the structure in the bandwidth [ωp ; ωt ] where the localisation is observed. One observes that both ωp and ωt increase and that ωt − ωp decrease as β decrease. s



√ ωp ≈ 2 2



T0 3(M + m)



(3)



The value of ωp is approached (with a maximal error of 10% with the values of β considered) with equation 3 as we consider that until this frequency, the structure behaves as a discrete system of p masses M . It effectivelly increase as M (and consequently β) decrease. The analytical expression of ωt has not be determined ; it is linked to the wavelength, the scatterer spacings and the mass of the scatterers. We represent a localisation map (see Fig. 5) 6



Figure 5: Map of the localisation for an order 3 structure (evolution of ωp (lower curve) and ωt ) that gives the frequencies between which the phenomenon is observed for a given β. The gray zone is the localisation zone. We see that this bandwidth corresponds to a path that gets narrower and narrower as β decrease. It is worth to notice that the maximum value of ωp is greater than the minimum value of ωt : with heavy scatterers, the localisation bandwidth is wide, but to get localisation in high frequencies, lighter scatterers are required.
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Role of the distribution of the scatterers



The self-similarity usually observed in nature is statistical : schemes, randomly distributed, present simple scale relations. From a deterministic scheme such as the one leading the construction of the structures studied here, it is possible to obtain statistical self-similar structures by simple permutation of subparts. We wonder here if the way the scatterers are distributed plays a role in the vibrational behavior. Figure 6 represents two possible subpart permutations4 of an order 3 structure ; the number p of scatterers and of ”Sierpinski” subparts is the same as in the deterministic structure. In these distributions, the shorter subparts 4



Permutations of the black areas in the Sierpinski figure.
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Figure 6: Two possible subpart permutations (”a”, left, and ”b”) of an order 3 structure are gathered in a corner and the initial ”real” subpart are destroyed. In the low frequency range, deterministic and permuted structures present the same behavior. As observed on figure 7, the 3 curves are nearly confounded and the crossover frequency ωp is the same for the 3 structures ; on figure 9, it is clear that the 3 participation ratio curves are close. For ω ∈ [ωp ; ωt ], where the modes are localised for the deterministic structures, the behavior is different. On figure 7, one sees that the integrated DOS globally increase in the same way for the three structures, with close values ; but a zoom processed on the quasi-horizontal part (Fig. 8) shows that the permuted structures leave this step ”earlier” than the deterministic one : ωt /ω0 is close to 4 in the permuted cases while it is close to 6, 5 for the deterministic case. Figure 9 confirms these results. The localised modes observed in the permuted structure do not necessary correspond to the classical value P Rloc ≈ 0, 074 as the ”real” subparts are different than in the deterministic case. Anyway, one sees on the curve that for permuted cases and for ω/ω0 > 4, the participation ratio rapidly increase up to value that correspond to extended modes. The permutation of the subparts modify the ”real” subparts but also the distances between the scatterers and therefore the limit frequency (ωt ) beyond which wave is no longer confined. In this frequency range, localisation is observed for permuted modes but the nature of the distribution plays a role5 . This result is strongly linked to the way the self-similarity is expressed : as the limits of the subparts are not continue, 5



It is nevertheless important to notice that the distributions chosen here are very far from the deterministic distribution. Any other kind of distribution would create ”real” subpart quite close to the one of deterministic structure and the differences of behavior would be weaker.
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Figure 7: Integrated DOS on the 400 first eigenmodes of three order 3 structures (deterministic, permutation ”a” and ”b” ; whole view
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Figure 8: Integrated DOS on the 400 first eigenmodes of three order 3 structures (deterministic, permutation ”a” and ”b” ; zoom on the frame
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Figure 9: Participation ratio versus frequency on the 400 first eigenmodes of three order 3 structures (deterministic, permutation ”a” and ”b”
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Experimental observation of a localised mode



The observation of a localised mode on an order 2 structure is possible with a simple experimental set-up. The structure (now continue) is built with a Mylar membrane tightened on a drum frame and loaded according to the order 2 prefractal Sierpinski figure with half spherical lead weights of 3 mm diameter (See Fig. 10). In this case, β = 0, 27. The square shape of the structure is obtained with a rigid heavy mask sticked on the membrane. The system is banged with an exciter excited by three periods of a square signal centered on the 900 Hz frequency (a quasi-Dirac6 ). The vertical displacement of the membrane is measured on the measurement zone by a condenser captor (the surface of the membrane is conductive) ; the zone is mapped in 41 × 41 points for each which a 4, 5 s signal on 10000 time points is recored. Using a FFT algorithm and symmetry considerations, the resonances are found and the half modes shape are reconstructed. Figure 11 represents 6



The analysis of the results are made up to 300 Hz.
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Figure 10: Experimental order 2 structure scheme



Figure 11: Comparison between experimental (upper curve) and theoretical Integrated DOS
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Figure 12: Comparison between experimental (left) and theoretical localised mode both experimental and theoretical integrated DOS of the structure studied on the frequency range [50 Hz; 300 Hz]. The determination of the experimental integrated DOS is in fact complex. First of all, despite its heavy weigh, the rigid mask is coupling with the membrane and some low resonance frequency are consequently observable. The experimental set-up used is quite noisy and the differentiation between noise and resonance peeks is sometimes delicate. Moreover, we know the integrated DOS to quickly increase before the crossover meaning that in this bandwidth, resonance picks are closer and closer. These considerations can explain the important differences of behavior observable between the two curves up to approximatively 120 Hz. From this frequency, the two curves increase in a perfect parallel way. The crossover appears to nearly the same frequency for the two curves. For these order 2 structures, only one localised mode can be observed ; it theoretically √ corresponds to a 1, 2 membrane mode in the central subpart (of length 2l/3, turned of π/4 from the whole structure). They are represented (half-shape) at figure 12. The experimental mode is clearly localised as the vibration is limited by a geometrical line (see the white line on the figure that correspond to three scatterers) and the shape differences between the two figures are due to the damping of the real membrane and to the mismatch existing in this one between geometrical and physical symmetry.



7



To a study of acoustical scattering by a fractal



As the system that is modelised by our network of masses and spring is very near of a discretised membrane and as the experimental verification has be conducted on a real membrane, it has appeared important to verify on such a system if the same behaviors can be identified. The propagation of an impulsionnal wave has been studied through a finite difference scheme on a continuous medium both for longitudinal and transversal waves, with the 12
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Figure 13: Some shapes observed on the numerical simulation of an order 3 structure same behaviors, through a Sierpinski network made of perfectly reflecting scatterers. We are in the case of the infinite masses described sooner. For a source placed at the center of the Sierpinski network, after a propagation through the scatterers, the multidiffusion process lets a low frequency wave localised in the center part of the figure for an order 3 prefractal structure. The Sierpinski set let the high frequencies propagate through the medium but trapped the lower ones. For order 2 the whole energy propagates outside the structure when for order four no localisation has been found for the frequency range studied. Figure 13 shows the first behavior observed during the propagation (Fig. 13-a) and the apparition of the trapped mode in the center of the figure (Fig. 13-b).
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Conclusion



The 2D structures loaded with masses according to a self-similar pattern present singular vibrational phenomena. Localised modes, for which the vibration remains trapped in some parts of the structures are observed in a well defined frequency bandwidth [ωp ; ωt ]. For a localised mode, the transmission of the vibration is null and the structure behaves as a stop-band filter. The evolution of the localisation bandwidth with the loading ratio β enable us to draw a localisation map, useful tool for a filter designing. These interesting theoretical results are experimentally confirmed : we have been able to observe a localised mode that was predicted by numerical calculation. Two elements need to be studied from now to complete this work. First of all, in order to get filter able to support heavy vibration sources such as engines, membranes have to be replaced with thin plates, which possess 13



horizontal and vertical stiffness. Consequently, one observes bending modes, that can be different of membrane modes. Then, the calculation model must take in account damping. Damping and localisation both cause attenuation, but in order to design real self-similar structures for frequency filtering, we have to understand the action of the two phenomena (see for example [10]).
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