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Binary Integers as Binary Trees Binary decomposition n = n0 +2n1 has length l ( n ) = ?log 2 (n + 1) ?. Dichotomy decomposition n = n0 +n1 β p in base β p = 2
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p



has depth p( n) = l ( l ( n) +1) = log 2 log 2( n +1) ↵ .  1782=201101111011(0)
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l(1782)=11 2/9/2004
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Two Digits Arithmetic mul (0)(a , b, c, d ) = a ? b + c + d



mul ( n + 1)( a, b, c, d ) = q0 + βn s0 + βn+1 p { q = mul ( n)( a0 , b0 , c0 , d0 ) r = mul ( n)( a0, b1, c1, q1 ) s = mul ( n)( a1, b0, c1, q1) p = mul ( n)( a1, b1, s1 , r1 ) }



Arithmetic operations can all be lifted from Binary to Tree representation: same complexity. 2/9/2004
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Trichotomy 1. Recursively decompose n = n0+ n1βp 1. Share equal nodes 1782 = t(246,3,6), 246 = t(6,2,15), 15 = t(3,1,3), 6=t(2,1,1) 3 =t(1,0,1), 2=t(0,0,1).
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15



6



2 3 1 3 01 11 4



Mersenne/Fermat nodes n = n0 +n1β p βp = 22



p



M p = 2 −1 2p



Fp = 2



2p



+1



4 node types:



n = 0?



n=Mp?



n = m ( p);



n0 = n1 ?



n = f ( n0 , p );



n0 ? n1 ?



1782 = t(246,3,6) 246 = t(6,2,15) 15 = m(2) 6=t(2,1,1) 3=m(1) 2=t(0,0,1) 2/9/2004



22b file!



n = zero;



n = t (n0 , p ,n1 ). 1782 246



6 2 1 01



6 15
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n3 = m(n1) n2 = f(1, n1) n1 = t(0,n0,1) n0 = m(1)



M256 = m(β3) F256 = f(1, β3) β3 = t(0,3,1) 3= m(1) 5



Size of Numbers 0=zero 1=m(0) 2=t(0,0,1) 3=m(1) 4=t(0,1,1) 5=f(1,1) 6=t(2,1,1) 7=t(3,1,1) 8=t(0,1,2) 9=t(1,1,2)
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s ( n) ? l ( n) l (n ) = ?log 2 (n + 1)?



s(1 n ) = n
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10=f(2,1) 11=t(3,1,2) 12=t(0,1,3) 13=t(1,1,3) 14=t(2,1,3) 15=m(2) 16=t(0,2,1) 17=f(1,2) 18=t(2,2,1) 19=t(3,2,1)



3 4 3 3 4 3 3 3 3 4
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Sparse & Dense Numbers l s( n) ; w = k p p −c Worst: 1 ? k p ? 2 p = c + 2c



s( n) = 30 l (n ) = 64 p (n ) = 6



0123



Average: s( n) ; rp w 1−



2/9/2004



1 ? rp ? 1 2e



… 15



c (n ) = 2



Sparse: s( n )



l (n)



…



n is sparse  bin(n) has low entropy.



[email protected]



7



Primitive Operations Depth np=p(n)-1 all in 1 machine operation. Division by βp=22p Equality test n=m  nh= mh d = 0  cons( g , p, 0) ↵ = g; 



Constructor g+dβp



gp  p ↵  cons ( g 0 , p , add (d , g1 )), ( g0 , g1 ) ↵  = div (g , 2 );  2p



2p



dp  p ↵  cons (l , add ( p ,1), d1 ), l ↵  = cons( g , p, d 0 ), ( d 0 , d 1 ) = div (d , 2 );  g = d = M p −1  m ( ↵ p) g = d  f↵( g , p) gd   t (↵g , p , d ) ≠ 2/9/2004



Node constructors: if new!
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Fast Dense Operations In p(n) operations. bit (2k ,n ) = (k = n p ) ? bit (0,n 1 ) : (k < n p ) ? bit (2k ,n 0 ) : 0 comp( n, m ) = (n = m ) ? 0 : (n p ? mp ) ? comp (n p ,m p ) :



bit (0, 0) = 0 bit (0,m (n )) = 1 bit (0,t (l , p , )) = bit (0,l )



Comparison is exponentially faster than classical, in the worst case.



(n1 ? m1 ) ? comp (n1 ,m1 ) : comp( n0 ,m0 )



ν (0) = 0, ν (1) = 1 ν ( m( p)) = t(0, p,1)



Number of 1 in binary representation.



ν ( f ( g , p)) = 2ν ( g) ν ( t ( g , p, d )) = ν ( g ) +ν ( d ) 2/9/2004



Linear time through memo function.
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Sparse Increment add (0, n ) = n add (1, 0) = 1 add (1,1) = 2=t(0,0,1) Increment n=Mp in 2p operations. add (1, t ( g , p, d )) = cons( add (1, g), p, d ) add (1, m ( n)) = t(0,n,1)



Increment in p operations.



add (1, t ( m( p − 1), p, r )) = t(0, p, add (1, r )) add (1, t ( l , p, r )) = t( add (1, l), p, r)



It implies that s(n,n+1) 
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