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The tensorial equation T Â· E1 at the end of Plasma Talk 8 has the obvious solution E1 = 0. Now, the ... Let's check our assumption from Plasma Talk 7, that for k. 
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Plasma Talk 9 Filamentation instability - Part 2



Dispersion Equation Analysis The tensorial equation T · E1 at the end of Plasma Talk 8 has the obvious solution E1 = 0. Now, the proper modes of our system are precisely the non-trivial solutions T · E1 = 0, with E1 6= 01 . That tells us two things: • If (∃ E1 6= 0 / T · E1 = 0) ⇒ det T = 0. That’s the dispersion equation, yielding ω in terms of k. Assume we pick up one wave vector k. The dispersion equation det T(k, ω) = 0,



(1)



gives one or more ω’s, (ω1,k , . . . , ωN,k ) ∈ CN . Each couple (k, ωj,k ) defines a proper mode of the system. Unstable modes have Im(ω) < 0. The fluid model usually gives a polynomial dispersion equation. Each new ingredient to the model (mobile ions, magnetic field,. . . ), adds waves. Polynomial of degree larger than 10 are common. • The proper modes of the system E1 (k, ω) are in the Kernel of T, which is precisely the set of non-zero E1 ’s fulfilling T · E1 = 0. Assume again we picked up one wave vector k. The dispersion equation gives a series of frequencies (ω1,k , . . . , ωN,k ). We thus have N tensors with vanishing determinants. Each of these N tensors has a Kernel of dimension 1 or 2 (a Kernel of dimension 3 would imply T=0). T(k, ω1,k ) T(k, ωN,k ) 1



⇒ .. . ⇒



{E1,i (k, ω1,k )}i=1



or 2



,



{E1,i (k, ωN,k )}i=1



or 2



,



We could also say we look for the eigen-vectors associated with the eigen-value λ = 0.
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Figure 1: Axis conventions. So, for one couple (k, ωk ), the formalism tells how is the E1 field. It lies either along a d given direction, or in a plane. In particular, the formalism tells us about the k, E angle. 2 We don’t have to assume waves are longitudinal (k k E), or transverse (k ⊥ E). The formalism decides for us. For a flow k z, and k = (kx , 0, kz ) as pictured on Fig. 1, the final form of the tensor T is given by, 2 η εxx − kz2 0 η 2 εxz + kz kx , 0 η 2 εyy − k 2 0 T = (2) 2 2 2 η εxz + kx kz 0 η εzz − kx where η = ω/c and εαβ is given by Eq. (8) of the Review Paper.



Two-stream Check Let’s check our assumption from Plasma Talk 7, that for k k flow, i.e. kx = 0, there are longitudinal modes with k k E. Setting kx = 0 in Eq. (2) gives, 2 η εxx − k 2 0 η 2 εxz 0 η 2 εyy − k 2 0 . T(kz , kx = 0) = (3) 2 2 η εxz 0 η εzz For such wave vectors, the system is perfectly symmetric around the flow axis z. We thus have εxx = εyy ≡ ε⊥ , and3 εxz = 0, so that 2 η ε⊥ − k 2 0 0 2 2 0 η ε⊥ − k 0 . T(kz , kx = 0) = (4) 0 0 η 2 εzz 2 3



Also referred to as “electrostatic”. Less obvious, but true.
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The equation T · E1 = 0 defines two kinds of waves: • Assume (k, ω) fulfills, ε⊥ = k 2 c2 /ω 2 ,



(5)



then, εzz will in general not vanish for the same (k, ω). For these (k, ω), the tensor will thus have the form, 0 0 0 , 0 (6) T= 0 0 2 0 0 η εzz 6= 0 and waves with with E1 ∈ (x, y) satisfy T · E1 = 0. Since k = (0, 0, kz ), these are transverse modes, k ⊥ E1 . In general, they are stable. • If we consider now (k, ω) fulfilling εzz = 0,



(7)



we find non-zero solutions of T · E1 = 0 are waves with E1 ∈ (z), as the tensor now takes the form, 2 η ε⊥ − k 2 6= 0 0 0 0 η 2 ε⊥ − k 2 6= 0 0 . T = (8) 0 0 0 Since k = (0, 0, kz ), these are longitudinal modes, k k E1 , with dispersion equation, which indeed are our two-stream modes. It is thus checked that the modes we investigated in Plasma Talk 7 do exist.



The Filamentation Instability About the Dispersion Equation Let’s now consider kz = 0 in Eq. (2). We find, 2 η εxx 0 η 2 εxz 2 2 η εyy − k 0 T = 0 η 2 εxz 0 η 2 εzz − k 2



, 



(9)



where T · E1 = 0 again defines two kinds of modes: • Modes with E1 ∈ (y), therefore transverse since k k x, with dispersion equation, εyy = k 2 c2 /ω 2 .



(10)



• The Filamentation modes (at last), with E1 ∈ (x, z) and dispersion equation, εxx (εzz − k 2 c2 /ω 2 ) = εxz . 3



(11)



Of course, we would like to have εxz = 0, which would ease our life and give a simpler, two branches dispersion equation, εxx = 0, εzz = k 2 c2 /ω 2 .



(12)



Eq. (12) has been frequently used in the literature to study the Filamentation instability4 . It defines purely transverse waves with E1 ∈ (z), that is, k to the flow. The problem is that these papers never say they assume εxz = 0. In general, they are wrong. I wrote “in general”, because on rare occasions, they study settings for which truly, εxz = 0. Which are they? Remember that even if we now focus on k = (kx , 0, 0), this tensor element still depends on the beam and plasma distribution functions. A detailed study5 shows εxz strictly vanishes only if our counter streaming species are perfectly symmetric. So, unless our density ratio is 1, and we have the same temperatures on the beam and the plasma, the same Lorentz factors, the same. . . everything, the correct dispersion equation is Eq. (11), not (12). Cold Analysis - Relativistic effects What we’ve said is so far non-relativistic. Still in the fluid model, the main relativistic effect is displayed when linearizing the Euler equation. The relativistic Euler equation reads,   ∂p v×B + (v · ∇)p = q E + , p = γmv. (13) ∂t c Its two linearized versions are, 



 v0 × B1 , im(k · v0 − ω)v1 = q E1 + c     v0 × B1 3 v1 · v0 v0 = q E1 + im(k · v0 − ω) γ0 v1 + γ0 , c2 c



non − relativistic, relativistic.



(14)



Everything is in the anisotropic linearization of γ0 v around v0 . We see above that for a small motion along the flow, the relativistic mass increase goes like γ03 . But for small motion normal to the flow, v1 · v0 = 0 and the mass increase only goes with γ. This of course, adds a level of complexity to the general calculation, as Eq. (10) from Plasma Talk 8 for v1 is even more involved. For the filamentation instability, we have v1 · v0 = 0, and we find we can just formally replace m → γm. Assuming a cold beam with density nb , Lorentz factor γb , and cold plasma 4 5



See Bret et al., Phys. Plasmas, 14, 032103 (2007). Ibid.
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Figure 2: Filamentation instability growth-rate for density ratios α = 1, 0.5 and 0.1, from higher to lower curves respectively. The beam Lorentz factor is γb = 10. electrons with density np and Lorentz factor γp , the tensor elements are6 , εxx = 1 −



α x2 γb



−



1 x2 γp



,



α 1 − , x2 γb x2 γp α αZ 2 1 α2 Z 2 = 1− 2 − 4 − 2 − 4 , x γb x γb x γp x γp   1 1 αZ − , = 3 x γp γp γb



εyy = 1 − εzz εxz



(15)



with again, x=



ω , ωpp



Z=



kvb , ωpp



α=



nb . np



(16)



The numerical resolution of Eq. (11), when plugging the tensor elements above, yields the growth-rate curves pictured on Fig. 2. As evidenced, the growth-rate just saturates for large Z. A trick to recover the large Z growth-rate, consists in extracting the coefficient an of Z n in the polynomial dispersion equation, as an = 0 is the asymptotic dispersion equation for 6



Ibid.
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Z → ∞. Doing so, one finds a zero real frequency and r δ vb α lim = , α  1, Z→∞ ωpp c γb r vb 2 = , α = 1, c γb



(17) (18)



where the agreement with Eq. (6) of Plasma Talk 8 can be checked. Note that for α = 1, the tensor elements (15) simplify substantially. Equation (12) for unstable modes is valid and reads, 2Z 2 Z2 2 (19) x2 − 3 − 2 x = x2 , γb x γb β which can be solved exactly. We can follow the same line of reasoning for the “wrong” transverse dispersion equation (12), in order to check its inaccuracy. The exact result is for any α, s s δT α(αγb + γp ) α(αγb + 1) lim =β = β , α  1, (20) Z→∞ ωpp γb γp γb r 2 = β , α = 1. (21) γb As expected, the result for the symmetric case α = 1 is the same. But for the diluted beam regime α  1, the “transverse” growth-rate δT differs from the exact one by, p δT = δ 1 + αγb , (22) so that the transverse calculation overestimates the growth-rate by a factor which can be arbitrarily large.
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