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phosphorescence. Fluorescence lifetimes are usually short (0.1 to 10 ns), so that the luminescence photon is promptly emitted after excitation. This is in contrast ... 
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Photons interact with matter because matter contains electric charges. The electric field of light exerts forces on the electric charges and dipoles in atoms, molecules, and solids, causing them to vibrate or accelerate. Conversely, vibrating electric charges emit light. Atoms, molecules, and solids have specific allowed energy levels determined by the rules of quantum mechanics. Light interacts with an atom through changes in the potential energy arising from forces on the electric charges induced by the time-varying electric field of the light. A photon may interact with an atom if its energy matches the difference between two energy levels. The photon may impart its energy to the atom, raising it to a higher energy level. The photon is then said to be absorbed (or annihilated). An alternative process can also occur. The atom can undergo a transition to a lower energy level, resulting in the emission (or creation) of a photon of energy equal to the difference between the energy levels. Matter constantly undergoes upward and downward transitions among its allowed energy levels. Some of these transitions are caused by thermal excitations and lead to photon emission and absorption. The result is the generation of electromagnetic radiation from all objects with temperatures above absolute zero. As the temperature of the object increases, higher energy levels become increasingly accessible, resulting in a radiation spectrum that moves toward higher frequencies (shorter wavelengths). Thermal equilibrium between a collection of photons and atoms is reached as a result of these random processes of photon emission and absorption, together with thermal transitions among the allowed energy levels. The radiation emitted has a spectrum that is ultimately determined by this equilibrium condition. Light emitted from atoms, molecules, and solids, under conditions of thermal equilibrium and in the absence of other external energy sources, is known as thermal light. Photon emission may also be induced by the presence of other external sources of energy, such as an external source of light, an electron current or a chemical reaction. The excited atoms can then emit nonthermal light called luminescence light. The purpose of this chapter is to introduce the laws that govern the interaction of light with matter and lead to the emission of thermal and luminescence light. The chapter begins with a brief review (Sec. 12.1) of the energy levels of different types of atoms, molecules, and solids. In Sec. 12.2 the laws governing the interaction of a photon with an atom, i.e., photon emission and absorption, are introduced. The interaction of many photons with many atoms, under conditions of thermal equilibrium, is then discussed in Sec. 12.3. A brief description of luminescence light is provided in Sec. 12.4.
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ATOMS,



MOLECULES,



AND SOLIDS



Matter consists of atoms. These may exist in relative isolation, as in the case of a dilute atomic gas, or they may interact with neighboring atoms to form molecules and matter in the liquid or solid state. The motion of the constituents of matter follow the laws of quantum mechanics. 424
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The behavior of a single nonrelativistic particle of mass m (e.g., an electron), with a potential energy V(r, t), is governed by a complex wavefunction !I!(r, t) satisfying the Schrtidinger equation



%12



- 2m V2*(r,



t) + V(r, t)*(r,



t) =jh



dq(r, t) at



-



(12.1-1)



The potential energy is determined by the environment surrounding the particle and is responsible for the great variety of solutions to the equation. Systems with multiple particles, such as atoms, molecules, liquids, and solids, obey a more complex but similar equation; the potential energy then contains terms permitting interactions among the particles and with externally applied fields. Equation (12.1-l) is not unlike the paraxial Helmholtz equation [see (2.2-22) and (5.6-M)]. The Born postulate of quantum mechanics specifies that the probability of finding the particle within an incremental volume dV surrounding the position r, within the time interval between t and t + dt, is p(r, t) dVdt



= I*(r,



t) I2 dVdt.



(12.1-2)



Equation (12.1-2) is similar to (ll.l-lo), which gives the photon position and time. If we wish simply to determine the allowed energy levels E of the particle in the absence of time-varying interactions, the technique of separation of variables may be used in (12.1-l) to obtain Wr, t) = $(r) exp[ j(E/h)t], where $(r) satisfies the timeindependent Schriidinger equation
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(12.1-3)



Systems of multiple particles obey a generalized form of (12.1-3). The solutions provide the allowed values of the energy of the system E. These values are sometimes discrete (as for an atom), sometimes continuous (as for a free particle), and sometimes take the form of densely packed discrete levels called bands (as for a semiconductor). The presence of thermal excitation or an external field, such as light shining on the material, can induce the system to move from one of its energy levels to another. It is by these means that the system exchanges energy with the outside world.



A.



Energy



Levels



The energy levels of a molecular system arise from the potential energy of the electrons in the presence of the atomic nuclei and other electrons, as well as from molecular vibrations and rotations. In this section we illustrate various kinds of energy levels for a number of specific atoms, molecules, and solids. Vibrational



and Rotational



Energy



Levels of Molecules



Vibrations of a Diatomic Molecule. The vibrations of a diatomic molecule, such as N,, CO, and HCl, may be modeled by two masses m, and m2 connected by a spring. The intermolecular attraction provides a restoring force that is approximately proportional to the change x in the distance separating the atoms. A molecular spring constant K can be defined so that the potential energy is V(x) = $1(x2. The molecular vibrations then take on the set of allowed energy levels appropriate for the quantum-mechanical
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Figure 12.1-1 Lowest vibrational energy levels of the N, and CO, molecules (the zero of energy is chosen at q = 0). The transitions marked by arrows represent energy exchanges corresponding to photons of wavelengths 10.6 pm and 9.6 pm, as indicated. These transitions are used in CO, lasers, as discussed in Chaps. 13 and 14.



harmonic oscillator.
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(12.1-4)



where o = (~/m,.>‘/~ is the oscillation frequency and m, = mlm2/h, + m,> is the reduced mass of the system. The energy levels are equally spaced. Typical values of %zo lie between 0.05 and 0.5 eV, which corresponds to the energy of a photon in the infrared spectral region (the relations between the different units of energy are provided in Fig. 11.1-2 and inside the back cover of the book). The two lowest-lying vibrational energy levels of N, are shown in Fig. 12.1-1. Equation (12.1-4) is identical to the expression for the allowed energies of a mode of the electromagnetic field [see (ll.l-411. Vibrations of the CO, Molecule. A CO, molecule may undergo independent vibrations of three kinds: asymmetric stretching (AS), symmetric stretching (SS), and bending (B). Each of these vibrational modes behaves like a harmonic oscillator, with its own spring constant and therefore its own value of Rw. The allowed energy levels are specified by (12.1-4) in ter ms of the three modal quantum numbers (ql, q2, q3) corresponding to the SS, B, and AS modes, as illustrated in Fig. 12.1-1. Rotations of a Diatomic Molecule. The rotations of a diatomic molecule about its axes are similar to those of a rigid rotor with moment of inertia 3. The rotational energy is quantized to the values
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(12.1-5)



These levels are not evenly spaced. Typical rotational energy levels are separated by values in the range 0.001 to 0.01 eV, so that the energy differences correspond to photons in the far infrared region of the spectrum. Each of the vibrational levels shown
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Figure 12.1-2 Energy levels of H (Z = 1) and C6+ (an H-like atom with Z = 6). The q = 3 to q = 2 transition marked by an arrow corresponds to the C6+ x-ray laser transition at 18.2 nm, as discussed in Chap. 14. The arbitrary zero of energy is taken at q = 1.



in Fig. 12.1-1 is actually split into many closely spaced rotational given approximately by (12.1-5). Electron



Energy



levels, with energies



Levels of Atoms and Molecules



Isolated Atoms. An isolated hydrogen atom has a potential energy that derives from the Coulomb law of attraction between the proton and the electron. The solution of the Schrodinger equation leads to an infinite number of discrete levels with energies



Eq=



m Z2e4 --!-e-s 2A2q2 ’



q = 1,2,3 , --a,



(12.1-6)



where m, is the reduced mass of the atom, e is the electron charge, and Z is the number of protons in the nucleus (Z = 1 for hydrogen). These levels are shown in Fig. 12.1-2 for Z = 1 and Z = 6. The computation of the energy levels of more complex atoms is difficult, however, because of the interactions among the electrons and the effects of electron spin. All atoms have discrete energy levels with energy differences that typically lie in the optical region (up to several eV). Some of the energy levels of He and Ne atoms are illustrated in Fig. 12.1-3. Dye Molecules. Organic dye molecules are large and complex. They may undergo electronic, vibrational, and rotational transitions so that they typically have many energy levels. Levels exist in both singlet (S) and triplet (T) states. Singlet states have an excited electron whose spin is antiparallel to the spin of the remainder of the dye molecule; triplet states have parallel spins. The energy differences correspond to photons covering broad regions of the optical spectrum, as illustrated schematically in Fig. 12.1-4.
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Figure 12.1-3 Some energy levels of He and Ne atoms. The Ne transitions marked by arrows correspond to photons of wavelengths 3.39 pm and 632.8 nm, as indicated. These transitions are used in He-Ne lasers, as discussed in Chaps. 13 and 14.



Dye -T = s2



-



-



Sl



3



T2



T



-



-T -



1



Laser



Singlet states



Triplet states



Figure 12.1-4 Schematic illustration of rotational (thinner lines), vibrational (thicker lines), and electronic energy bands of a typical dye molecule. A representative dye laser transition is indicated; the organic dye laser is discussed in Chaps. 13 and 14.
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of the discrete energy levels of an isolated atom into bands for



EIecfron Energy Levels in Solids Isolated atoms and molecules exhibit discrete energy levels, as shown in Figs. 12.1-1 to 12.1-4. For solids, however, the atoms, ions, or molecules lie in close proximity to each other and cannot therefore be considered as simple collections of isolated atoms; rather, they must be treated as a many-body system. The energy levels of an isolated atom, and three generic solids with different electrical properties (metal, semiconductor, insulator) are illustrated in Fig. 12.1-5. The lower energy levels in the solids (denoted Is, 2s, and 2p levels in this example) are similar to those of the isolated atom. They are not broadened because they are filled by core atomic electrons that are well shielded from the external fields produced by neighboring atoms. In contrast, the energies of the higher-lying discrete atomic levels split into closely spaced discrete levels and form bands. The highest partially occupied band is called the conduction band; the valence band lies below it. They are separated by an energy Eg called the energy bandgap. The lowest-energy bands are filled first. Conducting solids such as metals have a partially filled conduction band at all temperatures. The availability of many unoccupied states in this band (lightly shaded region in Fig. 12.1-5) means that the electrons can move about easily; this gives rise to the large conductivity in these materials. Intrinsic semiconductors (at T = 0 K) have a filled valence band (solid region) and an empty conduction band. Since there are no available free states in the valence band and no electrons in the conduction band, the conductivity is theoretically zero. As the temperature is raised above absolute zero, however, the increasing numbers of electrons from the valence band that are thermally excited into the conduction band contribute to the conductivity. Insulators, which also have a filled valence band, have a larger energy gap (typically > 3 eV) than do semiconductors, so that fewer electrons can attain sufficient thermal energy to contribute to the conductivity. Typical values of the conductivity for metals, semiconductors, and insulators at room temperature are lo6 (R-cm)-l, 10m6 to lo3 (a-cm)-], and lo- l2 (&cm)-‘, respectively. The energy levels of some representative solid-state materials are considered below. Ruby Crystul. Ruby is an insulator. It is alumina (also known as sapphire, with the chemical formula Al2O3) in which a small fraction of the A13+ ions are replaced by
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Figure 12.1-6 Discrete energy levels and bands in ruby (Cr3+:Al,03) crystal. The transition indicated by an arrow corresponds to the ruby-laser wavelength of 694.3 nm, as described in Chaps. 13 and 14.
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Figure 12.1-7 Energy bands of Si and GaAs semiconductor crystals. The zero of energy is (arbitrarily) defined at the top of the valence band. The GaAs semiconductor injection laser operates on the electron transition between the conduction and valence bands, in the nearinfrared region of the spectrum (see Chap. 16).
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Figure 12.1-8 Quantized energies in a single-crystal AlGaAs/GaAs ture. The well widths can be arbitrary (as shown) or periodic.



multiquantum-well



struc-



Cr3+ ions. The interaction of the constituent ions in this crystal is such that some energy levels are discrete, whereas others form bands, as shown in Fig. 12.1-6. The green and violet absorption bands (indicated by the group-theory notations 4F2 and 4F1, respectively) give the material its characteristic pink color. Semiconductors. Semiconductors have closely spaced allowed electron energy levels that take the form of bands as shown in Fig. 12.1-7. The bandgap energy E,, which separates the valence and conduction bands, is 1.11 eV for Si and 1.42 eV for GaAs at room temperature. The Ga and As (3d) core levels, and the Si (2~) core level are quite narrow, as seen in Fig. 12.1-7. The valence band of Si is formed from the 3s and 3p levels (as illustrated schematically in Fig. 12.1-5), whereas in GaAs it is formed from the 4s and 4p levels. The properties of semiconductors are examined in more detail in Chap. 15. Quantum Wells and Superlattices. Crystal-growth techniques, such as molecular-beam epitaxy and vapor-phase epitaxy, can be used to grow materials with specially designed band structures. In semiconductor quantum-well structures, the energy bandgap is engineered to vary with position in a specified manner, leading to materials with unique electronic and optical properties. An example is the multiquantum-well structure illustrated in Fig. 12.1-8. It consists of ultrathin (2 to 15 nm) layers of GaAs alternating with thin (20 nm) layers of AlGaAs. The bandgap of the GaAs is smaller than that of the AlGaAs. For motion perpendicular to the layer, the allowed energy levels for electrons in the conduction band, and for holes in the valence band, are discrete and well separated, like those of the square-well potential in quantum mechanics; the lowest energies are shown schematically in each of the quantum wells. When the AlGaAs barrier regions are also made ultrathin, so that electrons in adjacent wells can readily couple to each other via quantum-mechanical tunneling, these discrete energy levels broaden into miniature bands. The material is then called a superlattice structure because these minibands arise from a lattice that is super to (i.e., greater than) the spacing of the natural atomic lattice structure.



EXERCISE



12.1- I



Energy Levels of an Infinite Quantum Well. Solve the Schrijdinger equation (12.1-3) to show that the allowed energies of an electron of mass m, in an infinitely deep one-dimensional rectangular potential well [V(x) = 0 for 0 < x < d and = 03 otherwise], are E, =
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Figure 12.1-9 Energy levels of (a) a one-dimensional infinite rectangular potential well and (b) a finite square quantum well with an energy depth V, = 32~5*/rnd~. Quantum wells may be made by using modern semiconductor-material growth techniques.



h2(qr/d>2/2m, q = 1,2,3, . . ., as shown in Fig. 12.1-9(a). Compare these energies with those for the particular finite square quantum well shown in Fig. 12.1-9(b).



B.
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Levels
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Equilibrium



As indicated earlier, each atom or molecule in a collection continuously undergoes random transitions among its different energy levels. Such random transitions are described by the rules of statistical physics, in which temperature plays the key role in determining both the average behavior and the fluctuations. Boltzmann Distribution Consider a collection of identical atoms (or molecules) in a medium such as a dilute gas. Each atom is in one of its allowed energy levels E,, E,, . . . . If the system is in thermal equilibrium at temperature T (i.e., the atoms are kept in contact with a large heat bath maintained at temperature T and their motion reaches a steady state in which the fluctuations are, on the average, invariant to time), the probability P(E,) that an arbitrary atom is in energy level E, is given by the Boltzmann distribution



P(E,,,) a exd-E,/kJ),



m = I,2 , ***,



where k, is the Boltzmann constant and the coefficient of proportionality C, P(E,) = 1. Th e occupation probability P(E,) is an exponentially function of E, (see Fig. 12.1-10).



(12.1-7)
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Occupation



Figure 12.1-10 The Boltzmann distribution gives the probability that energy level E, of an arbitrary atom is occupied; it is an exponentially decreasing function of E,.



Thus, for a large number N of atoms, if N, is the number of atoms occupying energy level E,, the fraction N,/N = P(E,). If N, atoms occupy level 1 and N2 atoms occupy a higher level 2, the population ratio is, on the average, $=exp(--T). This is the same probability distribution that governs the occupation of energy levels of an electromagnetic mode by photons in thermal equilibrium, as discussed in Sec. 11.2C (see Fig. 11.2-6). In this case, however, the electronic energy levels E,,, are not generally equally spaced. The Boltzmann distribution depends on the temperature T. At T = 0 K, all atoms are in the lowest energy level (ground state). As the temperature increases the populations of the higher energy levels increase. Under equilibrium conditions, the population of a given energy level is always greater than that of a higher-lying level. This does not necessarily hold under nonequilibrium conditions, however. A higher energy level can have a greater population than a lower energy level. This condition, which is called a population inversion, provides the basis for laser action (see Chaps. 13 and 14). It was assumed above that there is a unique way in which an atom can find itself in one of its energy levels. It is often the case, however, that several different quantum states can correspond to the same energy (e.g., different states of angular momentum). To account for these degeneracies, (12.1-8) should be written in the more general form (12.1-9)



The degeneracy parameters g2 and g, represent the number of states corresponding to the energy levels E, and E,, respectively. Fermi-Dirac Distribution Electrons in a semiconductor obey a different occupation law. Since the atoms are located in close proximity to each other, the material must be treated as a single system within which the electrons are shared. A very large number of energy levels exist, forming bands. Because of the Pauli exclusion principle, each state can be occupied by at most one electron. A state is therefore either occupied or empty, so that the number of electrons Nm in state m is either 0 or 1.
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12.1-l 1 The Fermi-Dirac distribution f(E) is well approximated by the Boltzmann distribution P(E,J when E X+ Ef. Figure



The probability distribution



that energy level
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E is occupied



exp[(E
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is given by the Fermi-Dirac



(12.140)



+ 1’



where Ef is a constant known as the Fermi energy. This distribution has a maximum value of unity, which indicates that the energy level E is definitely occupied. f(E) decreases monotonically as E increases, assuming the value $ at E = Ef. Although f(E) is a distribution (sequence) of probabilities rather than a probability density function, when E Z+ Ef it behaves like the Boltzmann distribution



as is evident from (12.1-10). The Fermi-Dirac and Boltzmann distributions are compared in Fig. 12.1-11. The Fermi-Dirac distribution is discussed in further detail in Chap. 15.



12.2 A.



Interaction



INTERACTIONS of Single-Mode



OF PHOTONS Light



WITH



ATOMS



with an Atom



As is known from atomic theory, an atom may emit (create) or absorb (annihilate) a photon by undergoing downward or upward transitions between its energy levels, conserving energy in the process. The laws that govern these processes are described in this section, Interaction Between an Atom and an Electromagnetic Mode Consider the energy levels E, and E, of an atom placed in an optical resonator of volume I/ that can sustain a number of electromagnetic modes. We are particularly interested in the interaction between the atom and the photons of a prescribed radiation mode of frequency u = vo, where hue = E, - E,, since photons of this energy match the atomic energy-level difference. Such interactions are formally studied by the use of quantum electrodynamics. The key results are presented below, without proof. Three forms of interaction are possible-spontaneous emission, absorption, and stimulated emission.
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Figure 12.2-1 Spontaneous emission of a photon into the mode of frequency v by an atomic transition from energy level 2 to energy level 1. The photon energyhv=E2-El.



I!-



Spontaneous Emission If the atom is initially in the upper energy level, it may drop spontaneously to the lower energy level and release its energy in the form of a photon (Fig. 12.2-1). The photon energy hv is added to the energy of the electromagnetic mode. The process is called spontaneous emission because the transition is independent of the number of photons that may already be in the mode. In a cavity of volume V, the probability density (per second), or rate, of this spontaneous transition depends on v in a way that characterizes the atomic transition.



of Spontaneous Emission into a Single Prescribed Mode



The function (T(V) is a narrow function of I/ centered about the atomic resonance frequency v o; it is known as the transition cross section. The significance of this name will become apparent subsequently, but it is clear that its dimensions are area (since psp has dimensions of second-‘). In principle, U(V) can be calculated from the Schriidinger equation; the calculations are usually so complex, however, that a(v) is usually determined experimentally rather than calculated. Equation (12.2-l) applies separately to every mode. Because they can have different directions or polarizations, more than one mode can have the same frequency v. The term “probability density” signifies that the probability of an emission taking place in an incremental time interval between and + At is simply psp At. Because it is a probability density, psp can be greater than 1 (s- ‘), although of course psp At must always be smaller than 1. Thus, if there are a large number N of such atoms, a fraction of approximately AN = (p,, At)N atoms will undergo the transition within the time interval At. We can therefore write dN/dt = -pspN, so that the number of atoms N(t) = N(O)exp( -p,,t) decays exponentially with time constant l/p,,, as illustrated in Fig. 12.2-2.
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Figure 12.2-2 Spontaneous emission into a single mode causes the number of excited atoms to decrease exponentially with time constant l/p,,.
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Figure 12.2-3 Absorption of a photon hv leads to an upward transition of the atom from energy level 1 to energy level 2.



Absorption If the atom is initially in the lower energy level and the radiation photon, the photon may be absorbed, thereby raising the atom to level (Fig. 12.2-3). The process is called absorption. Absorption is a by the photon. It can occur only when the mode contains a photon. The probability density for the absorption of a photon from frequency v in a cavity of volume V is governed by the same spontaneous emission into that mode,



P& = +(v)However, absorbs



is n times greater



a given mode of law that governs



(12.2-2)



if there are n photons in the mode, the probability one photon



mode contains a the upper energy transition induced



density that the atom



(since the events are mutually



exclusive),



i.e.,



1Pab=n+(v). 1



(12.2-3) Probability Density of Absorbing One Photon from a Mode Containing n Photons



Stimulated Emission Finally, if the atom is in the upper energy level and the mode contains a photon, the atom may be stimulated to emit another photon into the same mode. The process is known as stimulated emission. It is the inverse of absorption. The presence of a photon in a mode of specified frequency, direction of propagation, and polarization stimulates the emission of a duplicate (“clone”) photon with precisely the same characteristics as the original photon (Fig. 12.2-4). This photon amplification process is the phenomenon underlying the operation of laser amplifiers and lasers, as will be shown in later chapters. Again, the probability density pst that this process occurs in a cavity of volume I/ is governed by the same transition cross section,



(12.2-4)



Figure 12.2-4 Stimulated emission is a process whereby a photon hv stimulates the atom to emit a clone photon as it undergoes a downward transition.
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As in the case of absorption, if the mode originally carries n photons, probability density that the atom is stimulated to emit an additional photon is



the



(12.2-5) Probability Density of Stimulated Emission of One Photon into a Mode in Which n Photons Are Present



After the emission, the radiation mode carries n + 1 photons. Since Pst = Pab, we use the notation LVi for the probability density of both stimulated emission and absorption. Since spontaneous emission occurs in addition to the stimulated emission, the total probability density of the atom emitting a photon into the mode is psP + Pst = (n + l)(c/V)o(v). In fact, from a quantum electrodynamic point of view, spontaneous emission may be regarded as stimulated emission induced by the zero-point fluctuations of the mode. Because the zero-point energy is inaccessible for absorption, Pab is proportional to n rather than to (n + 1). The three possible interactions between an atom and a cavity radiation mode (spontaneous emission, absorption, and stimulated emission) obey the fundamental relations provided above. These should be regarded as the laws governing photon-atom interactions, supplementing the rules of photon optics provided in Chap. 11. We now proceed to discuss the character and consequences of these rather simple relations in some detail. The Lineshape Function The transition cross section a(v) specifies the character of the interaction with the radiation. Its area, S = kwcr(v)



of the atom



dv,



which has units of cm2-Hz, is called the transition strength or oscillator strength, and represents the strength of the interaction. Its shape governs the relative magnitude of the interaction with photons of different frequencies. The shape (profile) of (T(V) is readily separated from its overall strength by defining a normalized function with units of Hz-’ and unity area, g(v) = &v)/S, known as the lineshape function, so that 10” g(v) dv = 1. Th e t ransition cross section can therefore be written in terms of its strength and its profile as CT(v) = Sg(v).



(12.2-6)



The lineshape function g(v) is centered about the frequency where U(V) is largest (viz., the transition resonance frequency vO) and drops sharply for v different from vo. Transitions are therefore most likely for photons of frequency v = vo. The width of the function g(v) is known as the transition linewidth. The linewidth Av is defined as the full width of the function g(v) at half its maximum value (FWHM). In general, the width of g(v) is inversely proportional to its central value (since its area is unity), (12.2-7)
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It is also useful to define the peak transition cross section, which occurs at the resonance frequency, go = (T(v~). The function (T(Y) is therefore characterized by its height co, width Av, area S, and profile g(v), as Fig. 12.2-5 illustrates.



B.



Spontaneous



Emission



Total Spontaneous Emission into All Modes Equation (12.2-l) provides the probability density psP for spontaneous emission into a specific mode of frequency v (regardless of whether the mode contains photons). As shown in Sec. 9.1C, the density of modes for a three-dimensional cavity is M(v) = &v2/c3. This quantity approximates the number of modes (per unit volume of the cavity per unit bandwidth) that have the frequency v; it increases in quadratic fashion. An atom may spontaneously emit one photon of frequency v into any of these modes, as shown schematically in Fig. 12.2-6. The probability density of spontaneous emission into a single prescribed mode must therefore be weighted by the modal density. The overall spontaneous emission probability density is thus



Psp =c[ +T(v)][VM(v)] dv=c~wcT(v)M(v) dv, For simplicity, same frequency Because the function M(v).



this expression assumes that spontaneous emission into modes of the v, but with different directions or polarizations, is equally likely. function a(v) is sharply peaked, it is narrow in comparison with the Since (T(V) is centered about vo, M(v) is essentially constant at M(v,),
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Figure 12.2-6 An atom may spontaneously many modes with frequencies v = vo.
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so that it can be removed from the integral. The probability emission of one photon into any mode therefore becomes



density of spontaneous



87TS = h2,



Psp = M(vo)cS
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(12.2-8)



where A = c/v0 is the wavelength in the medium. We define a time constant t,,, known as the spontaneous lifetime of the 2 -+ 1 transition, such that l/t,, = Psp = M(vJcS. Thus



(12.2-9) Probability Density of Spontaneous Emission of One Photon into Any Mode



which, it is important express S as



to note, is independent s=---.



of the cavity volume V. We can therefore A2



Srt,,



(12.2-10)



’



consequently, the transition strength is determined from an experimental measurement of the spontaneous lifetime t,,. This is useful because an analytical calculation of S would require knowledge about the quantum-mechanical behavior of the system and is usually too difficult to carry out. Typical values of t,, are = 10e8 s for atomic transitions (e.g., the first excited state of atomic hydrogen); however, t,, can vary over a large range (from subpicoseconds to minutes).



EXERCISE



12.2- 1



Show that the probability density of Frequency of Spontaneously Emitted Photons. an excited atom spontaneously emitting a photon of frequency between v and v + dv is P,,(V) dv = (l/t,,)g(v) dv. Explain why the spectrum of spontaneous emission from an atom is proportional to its lineshape function g(v) after a large number of photons have been emitted.



Relation Between the Transition Cross Section and the Spontaneous Lifetime The substitution of (12.2-10) into (12.2-6) shows that the transition cross section is related to the spontaneous lifetime and the lineshape function by



Furthermore,



the transition



cross section at the central frequency



A2 go= +o> = KdVO). SP



v0 is (12.2-12)
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Because &a) is inversely proportional to Au, according to (12.2-7), the peak transition cross section o. is inversely proportional to the linewidth Au for a given t,,.



C.



Stimulated



Emission



and Absorption



Transitions Induced by Monochromatic Light We now consider the interaction of single-mode light with an atom when a stream of photons impinges on it, rather than when it is in a resonator of volume V as considered above. Let monochromatic light of frequency v, intensity I, and mean photon-flux density (photons/cm2-s) (12.2-13)



interact with an atom having a resonance frequency vo. We wish to determine the probability densities for stimulated emission and absorption wl: = Pat, = PSt in this configuration. The number of photons n involved in the interaction process is determined by constructing a volume in the form of a cylinder of area A and height c whose axis is parallel to the direction of propagation of the light (its k vector). The cylinder has a volume I/ = CA. The photon flux across the cylinder base is +A (photons per second). Because photons travel at the speed of light c, within one second all of the photons within the cylinder cross the cylinder base. It follows that at any time the cylinder contains n = +A, or



n=$--, photons SO that 4 = (c/V)n. obtain



V c



To determine wl:, we substitute (12.2-14)



w;:= t#m(v).



(12.2-14)



into (12.2-3)



to



(12.2-15)



It is apparent that a(v) is the coefficient of proportionality between the probability density of an induced transition and the photon-flux density. Hence the name “transition cross section”: 4 is the photon flux per cm2, a(v) is the effective cross-sectional area of the atom (cm2), and +(v> is the photon flux “captured” by the atom for the purpose of absorption or stimulated emission. Whereas the spontaneous emission rate is enhanced by the many modes into which an atom can decay, stimulated emission involves decay only into modes that contain photons. Its rate is enhanced by the possible presence of a large number of photons in few modes. Transitions in the Presence of Broadband Light Consider now an atom in a cavity of volume V containing multimode polychromatic light of spectral energy density Q(V) (energy per unit bandwidth per unit volume) that is broadband in comparison with the atomic linewidth. The average number of photons in the v to v + dv band is ~(v)Vdv/hv, each with a probability density (c/V)a(v) of initiating an atomic transition, so that the overall probability of absorption or stimulated emission is



c wi = / 0%wv 7 [ Yu(v)] dv.



(12.2-16)



INTERACTIONS



OF PHOTONS



WITH ATOMS



447



Since the radiation is broadband, the function g(v) varies slowly in comparison with the sharply peaked function (T(V). We can therefore replace e(v)/y under the integral with e(vo>/vo to obtain w.



1



Using (12.2-lo),



Q(QJc



O3 /o



hvo



u(v)



dv



e(v0)



= ~



cs



.



hvO



we have (12.2-17)



where A = c/v0 is the wavelength (in the medium) at the central frequency vo. The approach followed here is similar to that used for calculating the probability density of spontaneous emission into multiple modes, which gives rise to PsP = M(vo)cS. Defining



A3



fi= which represents convenient form



=e(v0)



T



the mean number of photons



per mode,



we



write (12.2-17) in the



Wi=1.



(12.2-18) SP



The interpretation of ii follows from the ratio Wi/P,p = ~(vo)/hvoM(vo). The probability density Wj is a factor of ii greater than that for spontaneous emission since each of the modes contains an average of FI photons. Einstein’s Einstein exchange rium, he different radiation



A and B Coefficients did not have knowledge of (12.2-17). However, based on an analysis of the of energy between atoms and radiation under conditions of thermal equilibwas able to postulate certain expressions for the probability densities of the kinds of transitions an atom may undergo when it interacts with broadband of spectral energy density e(v). The expressions he obtained were as follows: (12.2-19) (12.2-20) Einstein’s



Postulates



The constants A and B are known as Einstein’s A and B coefficients. By a simple comparison with our expressions (12.2-9) and (12.2-17), the A and B coefficients are identified as



A-1



(12.2-21) SP A3



(12.2-22)



B=-



8rht,,



’
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so that El -=A



A3 8rrh.



(12.2-23)



It is important to note that the relation between the A and B coefficients is a result of the microscopic (rather than macroscopic) probability laws of interaction between an atom and the photons of each mode. We shall present an analysis similar to that of Einstein in Sec. 12.3.



EXAMPLE 12.2-1. Comparison Between Rates of Spontaneous and StimukHed Emission. Whereas the rate of spontaneous emission for an atom in the upper state is constant (at A = l/t,,>, the rate of stimulated emission in the presence of broadband light BQ(v~> is proportional to the spectral energy density of the light ~(vt~). The two rates are equal when e(v,,) = A/B = 8rh/A3; for greater spectral energy densities, the rate of stimulated emission exceeds that of spontaneous emission. If A = 1 ,um, for example, A/5 = 1.66 x lo- l4 J/m3-Hz. This corresponds to an optical intensity spectral density C@b(J = 5 X 10e6 W/m*-Hz in free space. Thus for a linewidth Av = lo7 Hz, the optical intensity at which the stimulated emission rate equals the spontaneous emission rate is 50 W/m* or 5 mW/cm*.
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D.



PHOTONS AND ATOMS



Line Broadening



Because the lineshape function g(y) plays an important role in atom-photon interactions, we devote this subsection to a brief discussion of its origins. The same lineshape function is applicable for spontaneous emission, absorption, and stimulated emission. Lifetime Broadening Atoms can undergo transitions between energy levels by both radiative and nonradiative means. Radiative transitions result in photon absorption and emission. Nonradiative transitions permit energy transfer by mechanisms such as lattice vibrations, inelastic collisions among the constituent atoms, and inelastic collisions with the walls of the vessel. Each atomic energy level has a lifetime 7, which is the inverse of the rate at which its population decays, radiatively or nonradiatively, to all lower levels. The lifetime r2 of energy level 2 shown in Fig. 12.2-l represents the inverse of the rate at which the population of that level decays to level 1 and to all other lower energy levels (none of which are shown in the figure), by either radiative or nonradiative means. Since l/t,, is the radiative decay rate from level 2 to level 1, the overall decay rate l/~~ must be more rapid, i.e., l/72 2 l/tsp, so that 72 < t,,. The lifetime 71 of level 1 is defined similarly. Clearly, if level 1 is the lowest allowed energy level (the ground state), 71 = 03. Lifetime broadening is, in essence, a Fourier transform effect. The lifetime T of an energy level is related to the time uncertainty of the occupation of that level. As shown in Appendix A, the Fourier transform of an exponentially decaying harmonic function of time e -t/2r which has an energy that decays as eVtj7 (with time constant r), is proportional to l/i1 + j4v(v - v&l. The full width at half-maximum (FWHM) of the square magnitude of this Lorentzian function of frequency is Av = 1/27r7. This spectral uncertainty corresponds to an energy uncertainty AE = h AV = h/2m. An energy level with lifetime T therefore has an energy spread AE = h/2rT, provided that we can model the decay process as a simple exponential. In this picture, spontaneous emission can be viewed in terms of a damped harmonic oscillator which generates an exponentially decaying harmonic function. Thus, if the energy spreads of levels 1 and 2 are AE, = h/2rT1 and AE, = h/2rr2, respectively, the spread in the energy difference, which corresponds to the transition between the two levels, is &2TvOt



AE=AEl+AE2=;



++L (



1



=-72



I



h 1 277 7’



(12.2-25)



where 7-l = (~1’ + ~2 ‘) and r is the transition lifetime. The corresponding spread of the transition frequency, which is called the lifetime-broadening linewidth, is therefore



(12.2-26) Lifetime-Broadening Linewidth



This spread is centered about the frequency function has a Lorentzian profile,



v. = (E2 - E,)/h,



and the lineshape
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Figure 12.2-7 Wavepacket emissions at random times from a lifetime broadened atomic system with transition lifetime T. The light emitted has a Lorentzian power spectral density of width Av = 1/2m.



The lifetime broadening from an atom or a collection of atoms may be more generally modeled as follows. Each of the photons emitted from the transition represents a wavepacket of central frequency v. (the transition resonance frequency), with an exponentially decaying envelope of decay time 27 (i.e., with energy decay time equal to the transition lifetime T), as shown in Fig. 12.2-7. The radiated light is taken to be a sequence of such wavepackets emitted at random times. As discussed in Example 10.1-1, this corresponds to random (partially coherent) light whose power spectral density is precisely the Lorentzian function given in (12.2-271, with AV = 1/27r~. The value of the Lorentzian lineshape function at the central frequency v. is g(vo) = 2/7rAv, so that the peak transition cross section, given by (12.2-12), becomes



A2 1 u -o - 2~ 2rrt,,,Av’



(12.2-28)



The largest transition cross section occurs under ideal conditions when the decay is entirely radiative so that 72 = t,, and l/~~ = 0 (which is the case when level 1 is the ground state from which no decay is possible). Then AV = 1/2rt,, and A2 (To=-,



27r



(12.2-29)



indicating that the peak cross-sectional area is of the order of one square wavelength. When level 1 is not the ground state or when nonradiative transitions are significant,
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times



t Figure 12.2-8 A sinewave interrupted spectrum of width Av = f&r.



at the rate fCOl by random phase jumps has a Lorentzian



Au can be x=- l/t,,



in which case co can be significantly smaller than A2/27r. For example, for optical transitions in the range h = 0.1 to 10 pm, A2/27r = 10-l’ to lo-’ cm’, whereas typical values of go for optical transitions fall in the range 10eu) to lo- l1 cm2 (see, e.g., Table 13.2-1 on page 480). Collision Broadening Inelastic collisions, in which energy is exchanged, result in atomic transitions between energy levels. This contribution to the decay rates affects the lifetimes of all levels involved and hence the linewidth of the radiated field, as indicated above. Elastic collisions, on the other hand, do not involve energy exchange. Rather, they cause random phase shifts of the wavefunction associated with the energy level, which in turn results in a random phase shift of the radiated field at each collision time. Collisions between atoms provide a source of such line broadening. A sinewave whose phase is modified by a random shift at random times (collision times), as illustrated in Fig. 12.2-8, exhibits spectral broadening. The determination of the spectrum of such a randomly dephased function is a problem that can be solved using the theory of random processes. The spectrum turns out to be Lorentzian, with width Av = fcO,/r, where fcol is the collision rate (mean number of collisions per second).t Adding the linewidths arising from lifetime and collision broadening therefore results in an overall Lorentzian lineshape of linewidth



(12.2-30)



Inhomogeneous Broadening Lifetime broadening and collision broadening are forms of homogeneous broadening that are exhibited by the atoms of a medium. All of the atoms are assumed to be identical and to have identical lineshape functions. In many situations, however, the different atoms’constituting a medium have different lineshape functions or different center frequencies. In this case we can define an average lineshape function (12.2-31)



g(v) = is an exponentially decaying function of time, as shown in Fig. 12.3-1. Given a sufficient time, the number of atoms in the upper
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t Figure 12.3-1



Decay of the upper-level



population



caused by spontaneous emission alone.



level N, decays to zero with time constant t,,. The energy is carried off by the spontaneously emitted photons. Spontaneous emission is not the only form of interaction, however. In the presence of radiation, absorption and stimulated emission also contribute to changes in the populations N,(t) and N,(t). Let us consider absorption first. Since there are N, atoms capable of absorbing, the rate of increase of the population of atoms in the upper energy level due to absorption is, using (12.2-181,



dN,



-



dt



N,ii = NIWi = t SP *



(12.3-2)



Similarly, stimulated emission gives rise to a rate of increase of atoms in the upper state (which is negative), given by



dN2 -=-dt



N,R



(12.3-3)



t SP -



It is apparent that the rates of atomic absorption and stimulated emission are proportional to Fi, the average number of photons in each mode. We can now combine (12.3-l), (12.3-2), and (12.3-3) to write an equation for the rate of change of the population density N,(t) arising from spontaneous emission, absorption, and stimulated emission,



This equation does not include transitions into or out of level 2 arising from other effects, such as interactions with other energy levels, nonradiative transitions, and external sources of excitation. In the steady state dN,/dt = 0, and we have N, -=4



ii



(12.3-5)



1 +A’



where ii is the average number of photons per mode. Clearly, N,/N,
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If we now use the fact that the atoms are in thermal equilibrium, that their populations obey the Boltzmann distribution, i.e., z=exp(-v) Substituting



(12.1-8) dictates



=exp(-&).



(12.3-6)



(12.3-6) into (12.3-5) and solving for A leads to 1 n = exp(hv/k,T)



(12.3-7)



- 1



for the average number of photons in a mode of frequency v. The foregoing derivation is predicated on the interaction of two energy levels, coupled by absorption as well as stimulated and spontaneous emission at a frequency near v. The applicability of (12.3-7) is, however, far broader. Consider a cavity whose walls are made of solid materials and possess a continuum of energy levels at all energy separations, and therefore all values of v. Atoms of the walls spontaneously emit into the cavity. The emitted light subsequently interacts with the atoms, giving rise to absorption and stimulated emission. If the walls are maintained at a temperature T, the combined system of atoms and radiation reaches thermal equilibrium. Equation (12.3-7) is identical to (11.2-21)-the expression for the mean photon number in a mode of thermal light [for which the occupation of the mode energy levels follows a Boltzmann, or Bose-Einstein, distribution, p(n) a exp(--nhv/k,T)]. This result indicates a self-consistency in our analysis. Photons interacting with atoms in thermal equilibrium at temperature T are themselves in thermal equilibrium at the same temperature T (see Sec. 11.2C).
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Spectrum



The average energy E of a radiation simply lihv, so that



mode in the situation described in Sec. 12.3A is



The dependence of E on v is shown in Fig. 12.3-2. Note that for hv K k,T (i.e., when the energy of a photon is sufficiently small), exp(hv/kBT) = 1 + hv/kBT and E = k,T. This is the classical value for a harmonic oscillator with two degrees of freedom, as expected from statistical mechanics. Multiplying this expression for the average energy per mode E, by the modal density M(v) = 8,rrv2/c3, gives rise to a spectral energy density (energy per unit bandwidth per unit cavity volume) Q(v) = M(v)E, i.e.,
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Figure 12.3-2 Semilogarithmic plot of the average energy E of an electromagnetic mode in thermal equilibrium at temperature T as a function of the mode frequency V. At T = 300 K, k,T/h = 6.25 TH z, which corresponds to a wavelength of 48 pm.



This formula, known as the blackbody radiation law, is plotted in Fig. 12.3-3. The dependence of the radiation density on temperature is illustrated in Fig. 12.3-4. The spectrum of blackbody radiation played an important role in the discovery of the quantum (photon) nature of light (Sec. 11.1). Based on classical electromagnetic theory, it was known that the modal density should be M(v) as given above. However, based on classical statistical mechanics (in which electromagnetic energy is not quantized) the average energy per mode was known to be E = k,T. This gives an incorrect result for g(v) (its integral diverges). It was Max Planck who, in 1900, saw that a way to
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Figure 12.3-3 Frequency dependence of the energy per mode E, the density of modes M(v), and the spectral energy density Q(V) = M(v)I! on a linear-linear scale.
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Figure 12.3-4 Dependence of the spectral energy density Q(V) on frequency temperatures, on a double-logarithmic scale.



for different



obtain the correct blackbody spectrum was to quantize the energy of each mode and suggested using the correct quantum expression for E given in (12.3-8).



EXERCISE



12.3- 1



Using the blackbody radiation Frequency of Maximum Blackbody Energy Density. law g(v), show that the frequency vP at which the spectral energy density is maximum satisfies the equation 3(1 - epX> = x, where x = hv,/k,T. Find x approximately and determine vP at T = 300 K.
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An applied external source of energy may cause an atomic or molecular system to undergo transitions to higher energy levels. In the course of decaying to a lower energy, the system may subsequently emit optical radiation. Such “nonthermal” radiators are
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generally called luminescent radiators and the radiation process is called luminescence. Luminescent radiators are classified according to the source of excitation energy, as indicated by the following examples. Cathodoluminescence is caused by accelerated electrons that collide with the atoms of a target. An example is the cathode ray tube where electrons deliver their energy to a phosphor. The term betaluminescence is used when the fast electrons are the product of nuclear beta decay rather than an electron gun, as in the cathode-ray tube. n Photoluminescence is caused by energetic optical photons. An example is the glow emitted by some crystals after irradiation by ultraviolet light. The term radioluminescence is applied when the energy source is x-ray or gamma-ray photons, or other ionizating radiation. Indeed, such high-energy radiation is often detected by the use of luminescent (scintillation) materials such as NaI, special plastics, or PbCO, in conjunction with optical detectors. . Chemiluminescence provides energy through a chemical reaction. An example is the glow of phosphorus as it oxidizes in air. Bioluminescence, which characterizes the light given off by living organisms (e.g., fireflies and glowworms), provides another example of chemiluminescence. n Electroluminescence results from energy provided by an applied electric field. An important example is injection electroluminescence, which occurs when electric current is injected into a forward-biased semiconductor junction diode. As injected electrons drop from the conduction band to the valence band, they emit photons. An example is the light-emitting diode (LED). . Sonoluminescence is caused by energy acquired from a sound wave. The light emitted by water under irradiation by a strong ultrasonic beam is an example.



n



Injection electroluminescence is discussed in the context of semiconductor photon sources in Chap. 16. The following section provides a brief introduction to photoluminescence. Photoluminescence Photoluminescence occurs when a system is excited to a higher energy level by absorbing a photon, and then spontaneously decays to a lower energy level, emitting a photon in the process. To conserve energy, the emitted photon cannot have more energy than the exciting photon, unless two or more excitation photons act in tandem. Several examples of transitions that lead to photoluminescence are depicted schematically in Fig. 12.4-1. Intermediate nonradiative downward transitions are possible, as



(b)



Figure 12.4-l



Various forms of photoluminescence.
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shown by the dashed lines in (b) and (c). The electron can be stored in an intermediate state (e.g., a trap) for a long time, resulting in delayed luminescence. Ultraviolet light can be converted to visible light by this mechanism. Intermediate downward nonradiative transitions, followed by upward nonradiative transitions, can also occur, as shown in the example provided in (d). If the radiative transitions are spin-allowed, i.e., if they take place between two states with equal multiplicity (singlet-singlet or triplet-triplet transitions; see Fig. 12.1-4, for example), the luminescence process is called fluorescence. In contrast, luminescence from spin-forbidden transitions (e.g., triplet-singlet) is called phosphorescence. Fluorescence lifetimes are usually short (0.1 to 10 ns), so that the luminescence photon is promptly emitted after excitation. This is in contrast to phosphorescence, which because the transitions are “forbidden,” involves longer lifetimes (1 ms to 10 s) and therefore substantial delay between excitation and emission. Photoluminescence occurs in many materials, including simple inorganic molecules (e.g., N,, CO,, Hg), noble gases, inorganic crystals (e.g., diamond, ruby, zinc sulfide), and aromatic molecules. A semiconductor can also act as a photoluminescent material. The process, which is of the form depicted in Fig. 12.4-l(c), involves electron-hole generation induced by photon absorption, followed by fast nonradiative relaxation to lower energy levels of the conduction band, and finally, by photon emission accompanying band-to-band electron-hole recombination. Intraband relaxation is very fast in comparison with band-to-band recombination. Frequency Upconversion The successive absorption of two or more photons may result in the emission of one photon of shorter wavelength, as illustrated in Fig. 12.4-2. The process readily occurs when there are traps in the material that can store the electron elevated by one photon for a time that is long enough for another photon to come along to excite it further. Materials that behave in this manner can be used for the detection of infrared radiation. The effect occurs in various phosphors doped with rare-earth ions such as Yb3+ and Er 3+. In certain materials, the traps can be charged up in minutes by daylight or fluorescent light (which provides hv2 in Fig. 12.4-2); an infrared signal photon (hvl in Fig. 12.4-2) then releases the electron from the trap, causing a visible luminescence photon to be emitted [h(v, + v2) in Fig. 12.4-21. Useful devices often take the form of a small (50 mm x 50 mm) card consisting of fine upconverting powder laminated between plastic sheets. The upconverting powder polymer for three-dimensional viewing. can also be dispersed in a three-dimensional The spatial distribution of an infrared beam, such as that produced by an infrared laser, can be visibly displayed by this means. The conversion efficiency is, however, usually substantially less than 1%. The relative spectral sensitivity and emission spectrum of a particular commercially available card is shown in Fig. 12.4-3.



photon hvl by upconversion to a short-waveFigure 12.4-2 Detection of a long-wavelength length photon hv, = h(q + v.J. An auxiliary photon hv2 provides the additional energy.
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Figure 12.4-3 (a) Infrared of visible emission.
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12.2-1



Comparison of Stimulated and Spontaneous Emission. An atom with two energy levels corresponding to the transition (h, = 0.7 pm, t,, = 3 ms, Av = 50 GHz, Lorentzian lineshape) is placed in a resonator of volume I/ = 100 cm3 and refractive index n = 1. Two radiation modes (one at the center frequency v. and the other at v. + Av) are excited with 1000 photons each. Determine the probability density for stimulated emission (or absorption). If N2 such atoms are excited to energy level 2, determine the time constant for the decay of N2 due to stimulated and spontaneous emission. How many photons (rather than 1000) should be present so that the decay rate due to stimulated emission equals that due to spontaneous emission?
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Spontaneous Emission into Prescribed Modes. (a) Given a l-pm3 cubic cavity, with a medium of refractive index n = 1, what are the mode numbers (ql, q2, q3) of the lowest- and next-higher-frequency modes? (See Sec. 9.1C.) Show that these frequencies are 260 and 367 THz. (b) Consider a single excited atom in the cavity in the absence of photons. Let pspl be the probability density (s-l) that the atom spontaneously emits a photon into the (2,1,1) mode, and let psP2 be the probability density that the atom spontaneously emits a photon with frequency 367 THz. Determine the ratio psP2/psPl.



12.3-1 Rate Equations for Broadband Radiation. A resonator of unit volume contains atoms having two energy levels, labeled 1 and 2, corresponding to a transition of resonance frequency v. and linewidth Av. There are A/, and N, atoms in the lower and upper levels, 1 and 2, respectively, and a total of i? photons in each of the modes within a broad band surrounding vo. Photons are lost from the resonator at a rate l/~~ as a result of imperfect reflection at the cavity walls. Assuming that there are no nonradiative transitions between levels 2 and 1, write rate equations for N, and R. 12.3-2 Inhibited Spontaneous Emission. Consider a hypothetical two-dimensional blackbody radiator (e.g., a square plate of area A) in thermal equilibrium at temperature T. (a) Determine the density of modes M(v) and the spectral energy density (i.e., the energy in the frequency range between v and v + dv per unit area) of the emitted radiation Q(V) (see Sec. 9.1C). (6) Find the probability density of spontaneous emission Psp for an atom located in a cavity that permits radiation only in two dimensions. 12.3-3
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Find the temperature of a thermal-equilibrium blackbody cavity emitting a spectral energy density Q(V), when the rates of stimulated and spontaneous emission from the atoms in the cavity walls are equal at A, = 1 pm. 12.3-4 Wien’s Law. Derive an expression for the spectral energy density Q~(A) [the energy per unit volume in the wavelength region between A and A + dh is Q*(A) dh]. Show that the wavelength A, at which the spectral energy density is maximum satisfies the equation 5(1 - eeY) = y, where y = hc/A,k,T, demonstrating that the relationship APT = constant (Wien’s law) is satisfied. Find APT approximately. Show that A, # c/v,, where V~ is the frequency at which the blackbody energy density Q(V) is maximum (see Exercise 12.3-1 on page 454). Explain. 12.3-5 Spectral Energy Density of One-Dimensional Blackbody Radiation. Consider a hypothetical one-dimensional blackbody radiator of length L in thermal equilibrium at temperature T. (a) What is the density of modes M(v) (number of modes per unit frequency per unit length) in one dimension. (b) Using the average energy E of a mode of frequency v, determine the spectral energy density (i.e., the energy in the frequency range between v and v + dv per unit length) of the blackbody radiation Q(V). Sketch Q(V) versus v. *12.4-l



of Cathodoluminescence Light. Consider a beam of electrons impinging on the phosphor of a cathode-ray tube. Let m be the mean number of electrons striking a unit area of the phosphor in unit time. If the number m of electrons arriving in a fixed time is random with a Poisson distribution and the number of photons emitted per electron is also Poisson distributed, but with mean G, find the overall distribution p(n) of the emitted cathodoluminescence photons. The result is called the Neyman type-A distribution. Determine expressions for the mean A and the variance a,.f. Hint: Use conditional probability.
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