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Preface 1.



The



PREAMBLE



principal contribution of this



book



is



an axiomatic approach to



the part of algebraic topology called homology theory.



It is the oldest



and most extensively developed portion of algebraic topology, and may be regarded as the main body of the subject. The present axiomatization is the first which has been given. The dual theory of cohomology is likewise axiomatized. It is assumed that the reader is familiar with the basic concepts of algebra and of point set topology. No attempt is made to axiomatize these subjects. This has been done extensively in the literature. Our



achievement is different in kind. Homology theory is a transition (or It is this transition which is function) from topology to algebra. axiomatized.



Speaking roughly, a homology theory assigns groups to topological spaces and homomorphisms to continuous maps of one space into another. To each array of spaces and maps is assigned an array of groups and homomorphisms. In this way, a homology theory is an algebraic image of topology. The domain of a homology theory is the topologist's field of study. Its range is the field of study of the algebraist. Topological problems are converted into algebraic problems. In this respect, homology theory parallels analytic geometry. However, unlike analytic geometry,



it is



not reversible.



The derived



algebraic



system represents only an aspect of the given topological system, and is usually much simpler. This has the advantage that the geometric problem is stripped of inessential features and replaced by a familiar type of problem which one can hope to solve. It has the disadvantage that some essential feature may be lost. In spite of this, the subject has proved



its



value by a great variety of successful applications.



Our axioms are statements of the fundamental properties of this assignment of an algebraic system to a topological system. The axioms are categorical in the sense that two such assignments give isomorphic algebraic systems.



2.



The



THE NEED FOR AXIOMATIZATION



construction of a homology theory that the definitions and necessary



It is true



vii



is



exceedingly complicated.



lemmas can be compressed
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within ten pages, and the main properties established within a hundred. But this is achieved by disregarding numerous problems raised by the



and ignoring the problem of computing illustrative examThese are serious problems, as is well known to anyone who has taught the subject. There is need for a perspective, and a pattern into which the student can fit the numerous parts. Part of the complexity of the subject is that numerous variants of the basic definitions have appeared, e.g. the singular homology groups of Veblen, Alexander, and Lefschetz, the relative homology groups of Lefschetz, the Vietoris homology groups, the Cech homology groups, the Alexander cohomology groups, etc. The objective of each variant was to extend the validity of some basic theorems, and thereby increase their construction,



ples.



range of applicability. In spite of this confusion, a picture has gradually evolved of what is and should be a homology theory. Heretofore this has been an imprecise picture which the expert could use in his thinking but not in his exposition. precise picture is needed. It is at just this stage in the develop-



A



ment



of other fields of



peared and cleared the



The



mathematics that an axiomatic treatment apair.



discussion will be advanced



tion of the



homology groups



by a rough



of a space.



outline of the construc-



There are four main steps as



follows: (1)



space



(2)



complex oriented complex groups of chains



(3)



(4)



In the



complex > > >



oriented complex groups of chains



homology groups



form of



(1) it was necessary to place on a space the strucby decomposing it into subsets called cells, each cell being a homeomorph of a euclidean cube of some dimension, and any two cells meeting, if at all, in common faces. It was recognized that first



ture of a complex



only certain spaces, called triangulable, admit such a decomposition. There arose the problem of characterizing triangulable spaces by other properties. This is still unsolved. Special classes of spaces (e.g. differentiable manifolds) have been proved triangulable and these suffice for



many



applications.



The assumption of triangulability was eliminated in three ways by the works of Vietoris, Lefschetz, and Cech. In each



different case, the



complex be a triangulation of the space was replaced by another more complicated relation, and the complex had to be infinite. The gain was made at the cost of effective computability. Step (2) has also been a source of trouble. The problem is to assign relation that the



THE NEED FOR AXIOM AT IZ AT ION



ix



integers (incidence numbers) to each pair consisting of a cell and a face (of one lower dimension) so as to satisfy the condition that the boundary



of a cell be a cycle. This is always possible, but the general proof requires the existence of a homology theory. To avoid circularity, it



was necessary to



restrict the class of



complexes to those for which



orientability could be proved directly. The simplicial complexes form such a class. This feature and several others combined to make simplicial



complexes the dominant type. Their sole defect is that computations which use them are excessively long, so much so that they are impractical for the computation of the homology groups of a space as simple as a torus. (3) and and unique.



Steps braic



(4)



have not caused trouble.



The only



They



difficulty a student faces



are purely algethe absence of



is



motivation.



The final major problem is the proof of the topological invariance of the composite assignment of homology groups to a space. Equivalently, one must show that the homology groups are independent of the choices



made



in steps (1)



velopment



and



(2).



Some



thirty years were required for the deSeveral problems



of a fully satisfactory proof of invariance.



way have not yet been solved, have complexes isomorphic subdivisions? arising along the



e.g.



Do homeomorphic



origin of the present axiomatic treatment was an effort, on the were of the authors, to write a textbook on algebraic topology. part of with two lines the problem of presenting faced thought. One parallel



The



We



was the rigorous and abstract development of the homology groups of a space in the manner of Lofschetz or Cech, a procedure which lacks apparent motivation, and is noneffective so far as calculation is concerned. The other was the nonrigorous, partly intuitive, and computable method of assigning homology groups which marked the early historical development of the subject. In addition the two lines had to be merged eventuThese difficulties made an axiomatic approach. The axioms which we use meet this need in every respect. Their statement requires only the concepts of point set topology and of algebra. The concepts of complex, orientation, and chain do not appear here. However, the axioms lead one to introduce complexes in order to ally so as to justify the various computations.



clear the need of



calculate the



homology groups



of various spaces.



Furthermore, each



of the steps (2), (3), and (4) is derived from the axioms. These derivations are an essential part of the proof of the categorical nature of the



axioms. is a long and In contrast, the axioms,



Summarizing, the construction of homology groups diverse story, with a fairly obscure motivation.
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which are given in a few pages, state precisely the ultimate goal, and motivate every step of the construction. No motivation is offered for the axioms themselves. The beginning student is asked to take these on faith until the completion of the first three chapters. This should not be difficult, for most of the axioms are quite natural, and their totality possesses sufficient internal beauty to inspire trust in the least credulous.



3.



COMPARISON WITH OTHER AXIOMATIC SYSTEMS



The need



an axiomatic treatment has been felt by topologists for This has resulted in the axiomatization of certain stages in many years. the construction of homology groups. W. Mayer isolated the step (4). He defined the abstract and purely algebraic concept of chain complex, for



He also it was adequate for the completion of step (4). demonstrated that a number of mixed geometric-algebraic concepts and arguments could be handled with algebra alone. A. W. Tucker axiomatized the notion of an abstract cell complex, i.e. the initial point of step (2), and showed that steps (2), (3), and (4) could be carried through starting with such an object. This had the



and showed that



effect of relegating



the geometry to step



(1)



alone where, of course,



it is



essential.



Cartan and J. Leray have axiomatized the concept of a grating (carapace) on a space. In essence, it replaces the notion of comTheir associated plex in the four-step construction outlined in 2. Most important is the invariance theorem has several advantages. inclusion of the de Rham theorem which relates the exterior differential forms in a manifold to the cohomology groups of the manifold. It is to be noted that these various systems are axiomatizations of Recently



II.



stages in the construction of homology groups. None of them axiomatize a transition from one stage to another. Thus they differ both in scope and in nature from the axioms we shall give. The latter axiomatize the full



from spaces to homology groups.



transition



4.



NEW METHODS



The great gain of an axiomatic treatment lies in the simplification obtained in proofs of theorems. Proofs based directly on the axioms are usually simple and conceptual. It is no longer necessary for a proof to be burdened with the heavy machinery used to define the homology groups.



proof



Nor



still



is



hold



one faced at the end of a proof by the question, Does the another homology theory replaces the one used? When



if
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a homology theory has been shown to satisfy the axioms, the machinery of its construction may be dropped. Successful axiomatizations in the past have led invariably to new techniques of proof and a corresponding new language. The present system is no exception. The reader will observe the presence of numerous



diagrams in the text. Each diagram is a network or linear graph in which each vertex represents a group, and each oriented edge represents a homomorphism connecting the groups at its two ends. A directed path in the network represents the homomorphism which the composition of the homomorphisms assigned to its edges. Two paths connecting the same pair of vertices usually give the same homois



morphism.



This



is



called



a commutativily relation. The combinatorially it as a homology relation due to the pre-



minded individual can regard



sence of 2-dimensional cells adjoined to the graph. If, at some vertex of the graph, two abutting edges are in



line,



one



oriented toward the vertex and the other away, it is frequently the case that the image of the incoming homomorphism coincides with the kernel of the outgoing homomorphism. This property is called exactness. It asserts that the group at the vertex is determined, up to a group extension, by the two neighboring groups, the kernel of the incoming homo-



Exact morphism, and the image of the outgoing homomorphism. Their sequences of groups and homomorphisms occur throughout. algebraic properties are readily established, and are very convenient. The reader will note that there is a vague analogy between the commutativity-exactness relations in a diagram and the two Kirchhoff laws for an electrical network. Certain diagrams occur repeatedly in whole or as parts of others. Once the abstract properties of such a diagram have been established, they apply each time it recurs.



The diagrams incorporate a large amount of information. Their use provides extensive savings in space and in mental effort. In the case of many theorems, the setting up of the correct diagram is the major part of the proof. We therefore urge that the reader stop at the end of each theorem and attempt to construct for himself the relevant diagram before examining the one which is given in the text. Once this is done, the subsequent demonstration can be followed more readily; in fact, the reader can usually supply



5.



it



himself.



STRUCTURE OF THE BOOK



Chapter i presents the axioms for a homology theory, and a body of general theorems deducible from them. Simplicial complexes and trian-
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xii



This chapter is entirely In Chapter in, a homology theory is assumed to be given on We then derive from the axioms the classical triangulable spaces.



gulable spaces are treated in Chapter n.



geometric.



algorithms for computing the homology groups of a complex. Using we show that the axioms are categorical for homology theories on



these,



triangulable spaces. The first three chapters form a closed unit, but one which



on the assumption that a homology theory consistent in a nontrivial manner.



tence



is



ory given in others in x.



is



based



the axioms are



In Chapters iv through x, the exis-



established in four different ways.



is



exists, i.e.



The



singular



homology the-



Chapter vn, the Cech homology theory in ix, and two



The intervening chapters are preparatory. struction of a homology theory is complicated.



As noted above, the conNot only do we have the



four steps outlined in 2 for the construction of homology groups, but also corresponding constructions of homomorphisms. Then the axioms Finally the dual cohomology theory must be given in total of eight theories to present, the tendency to avoid and parallel others is nearly irresistible. constructions repeat most of this by presenting a number of steps on a sufficiently abstract



must be



verified.



each case.



With a



We



level to



make them



usable in



all cases.



These are given in Chaps,



iv, v.



Chapter iv presents the ideas and language of category and functor. These concepts formalize a point of view which has dominated the devel-



opment of the entire book. We axiomatize here the notion of a homology theory on an abstract category, and formulate a pattern which the subsequent constructions must fulfill. In Chapter v, the step from chain complexes to homology groups is treated. The chapter is entirely Chapter vi presents the classical homology theory of simplicomplexes. In Chapter vn, the singular homology theory is defined and proved to satisfy the axioms. This chapter is independent of vi except possibly for motivation. A reader interested in the shortest



algebraic. cial



existence proof need only read Chapter iv, the



first



four articles of v,



and then Chapter vn. Chapter vin treats limit groups.



This



is



direct and inverse systems of groups and their the algebraic machinery needed for the develop-



of the Cech homology theory given in ix. Chapter x presents additional properties of the Cech theory. It is shown that the addition of a single new axiom characterizes the Cech theory on compact spaces. Two additional homology theories are constructed which are extensions



ment



Cech theory on compact spaces. The first is defined on locally compact spaces, and the second on normal spaces. Both are obtained by



of the



processes of compactification.



STRUCTURE OF THE BOOK which completes



xiii



volume, gives a number of the homology theory such as the Brouwer fixed-point theorem, invariance of domain, and the fundamental theorem of algebra. Homology theory and cohomology theory are dual to one another.



Chapter



xi,



this



classical applications of



We treat



them in parallel. Throughout Chapters i and m, each section which treats of homology is accompanied by a section on cohomology. The latter contains no proofs. It contains just the list of definitions and theorems dual to those given for homology, and are numbered correspondingly,



e.g.



Definition 4.1c



is



the cohomology form of Definition 4.1.



The



duality between the two theories has only a semiformal status. It is true that, by the use of special "coefficient groups/' Pontrjagin has given a strictly formal duality based on his theory of character groups.



However, the duality appears to persist without such restrictions. The is urged to supply the proofs for the cohomology sections. In



reader



addition to constituting useful exercises, such proofs will familiarize the reader with the language of cohomology.



The device of dual sections occurs rarely in later chapters. The greater parts of the constructions of homology theories and their corresponding cohomology theories deal with mechanisms in which the two aspects are not differentiated. treated in



In the remaining parts, the two dual theories are



equal detail.



At the end of each chapter is a list of exercises. These cover material which might well have been incorporated in the text but was omitted as not essential to the main line of thought. There are no footnotes. Instead, comments on the historical development and on the connections with other subjects are gathered together in the form of notes at the ends of various chapters.



A cross reference gives the chapter number first, then the section, and, lastly, the numbered proposition, e.g. x,2.6 refers to Proposition 6 of Section 2 of Chapter x. The chapter number is omitted in the case the one containing the reference. A reference of the form (3) means the displayed formula number 3 of the section at hand.



where



it is



We



acknowledge with pleasure our indebtedness to Professors



S.



MacLane, T. Rado, and P. Reichelderfer who read large portions of the manuscript and whose suggestions and criticisms resulted in substantial improvements. S.



August, 1951



Columbia University Princeton University
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CHAPTER



I



Axioms and general theorems 1.



TOPOLOGICAL PRELIMINARIES



The axioms for a homology theory are given in 3. In 1 and 2, we review the language and notation of topology and algebra, and we introduce a number of definitions and conventions which, as will be seen, are virtually enforced by the nature of our axiomatic system. We define a pair of sets (X,A) to be a set and a subset A of X.



X



is the vacuous subset, the symbol (X,0) In case A = breviated by (X) or, simply, X. A map f of (X,A) into (F,B), in symbols



is



usually ab-



(X,A) -> (r,B),



/:



X



C



to Y such that f(A) B. If also a single-valued function from of then two the the functions is a composition (Z,C), (Y,B) g: map gf: (X,A) -> (Z, C) given by (gf)x = g(fx). is



The



relation (X',A')



C



(X,A) means X'



=



* (X,A) defined by ix (X',A') the inclusion map and is denoted by



map



t:



i:



If



(X',A')



map



=



(A',-4),



C



(X',A')



C X



and A'



x for each x



e



C



A.



X'



is



The called



(X,A).



then the inclusion



map



i



is



called the identity



of (X,A).



be important for us to distinguish a function from those obtained from it by seemingly trivial modifications of the domain or Let /: (X,A) -> (F,B) be given, and let (X',A'), (K',B') be range. r/ > and /(A') B'. Then that X' such X, Y F, /(X') pairs the unique map /': (X',A ) -> (Y',B ) such that /'x = fx for each For a: e X' is called //ie wap defined by /, and / is said /o rfe,/in6 /'. It will



C



C



f



C



r



,



C



f



example any inclusion map is defined by the identity map of its range. If /: (X A) > (K,B), the map of A into B defined by / is denoted by 9



f\A:



A 3



-> B.
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I



a pair (X,A) consists of the pairs



of



lattice



[CHAP.



(X,0)



(0,0)



all their all their



-



>



(A,0)



(X,A)



-



(X,X)



maps indicated by arrows, and > (X,A) (F,), then / defines a map



identity maps, the inclusion If /:



compositions.



of every pair of the lattice of (X,A) into the corresponding pair of the lattice of (F,5). In particular f\A is one of these maps. is a set topological space together with a family of subsets of



X



A



X,



the set



X



The family



of



(1) (2) (3)



and the empty set are open, the union of any family of open sets is open, the intersection of a finite family of open sets



plement X If



in



X



called open sets, subject to the following conditions:



A



A is



U



sets of



open of an open



X



set



is



U



is



open.



called the topology of



is



The com-



X.



called closed.



a subset of X, then the union of all the open sets contained The intercalled the interior of A and is denoted by Int A. is



section. of all the closed sets containing



A



is



called the closure of



A and



is denoted by A. A topology, called the relative topology, defined in A by the family of intersections A C\ U for all open sets U of X. With this topology, A is called a subspace and (X,A) is called a pair of is



topological spaces or, briefly, a pair.



X'



If



X,X' are



C X means that X' is a subspace of X. A map /: X Y of one topological space >



be continuous



A map



if,



for every



of pairs /:



open set



(X



into another



V of



(F,J3)



is



spaces, the relation



is



said to



l



F, the set f~ (V) continuous if the



is



open



map



X



in >



X.



F



The terms map, mapping, and transformation when applied to topological spaces or pairs will always mean continuous maps. Identity and inclusion maps are continuous. defined



A



by /



is



X



continuous.



if, for each pair of distinct points with x v e C/i, x2 e U 2 open sets t/i,t/2 in A space is called compact if it is a Hausdorff space, and if each covering of the space by open sets contains a finite covering. A pair (X,A) is is compact and A is a closed (and therefore compact) called compact if subset of X. The foregoing is intended as a review of some basic definitions. We shall assume a knowledge of the elementary properties of spaces and



Xifa



space



e



X, there



is



a Hausdorff space



exist disjoint



X



X



.
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maps such as can be found, for instance, in the book Hopf (Topologie, J. Springer, Berlin 1935) Chapters



5



and and 2, or in the book of Lefschetz (Algebraic Topology, Colloq. Pub. Amer. Math. Soc. 1942) Chapter 1. DEFINITION. A family ft of pairs of spaces and maps of such pairs which satisfies the conditions (1) to (5) below is called an admissible category for homology theory. The pairs and maps of ft are called adof Alexandroff 1



missible. If



(1)



of



(X,A)



(X,A) are in



a, then



all



pairs



(X,A) -* (Y,B)



If /:



(2)



e



and inclusion maps of the



lattice



ft.



is



in



a



then (X,A) and (Y,B) are in



ft,



maps that / defines of members of the lattice of (X,A) into corresponding members of the lattice of (F,B).



together with



and / 2 are



If /,



(3)



then /,/ a



in



and



ft,



their composition /j/ a



is



defined,



e ft.



If 7



(4)



all



=



[0,1] is



the closed unit interval, and (X,A)



then the



e ft,



cartesian product



X



(X,A)



/



=



(.Y



X



7,



A X



/)



and the maps



is in ft



g gi ,



:



(X,A) -> (X,A)



X



/



given by



are in



ft.



There



(5)



are in



ft, if



The



/:



is



in



P



a space



ft >



X, and



if



P P



consisting of a single point. is



a single point, then /



If



XP 9



e ft.



following are examples of admissible categories for



homology



theory:



=



ft,



the set of



all



pairs (X,A)



and



all



maps



of such pairs,



This



is



the largest admissible category. ft c = the set of all compact pairs and all maps of such pairs. Q LC = the set of pairs (X,A) where is a locally compact Hausdorff space, A is closed in X, and all maps of such pairs having the property



X



that the inverse images of compact sets are compact sets. This last example of an admissible category has the property that



both



X' X'



X and X' can be admissible, X' C X may not be admissible. This



is



>



is



an open but not closed subset



of



X.



X, and yet the inclusion map the case if X is compact and
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6



[CHAP.



I



Two maps / ,/i: (X, A) > (F,B) in the admissible are said to be homotopic in ft if there is a map



DEFINITION. category



ft



*:



in



ft



X



(X,A)



-



/



(K,B)



such that



=



/



A0



/i



,



=



7i0i



or, explicitly,



/



The map



/i



is



(x)



=



A(*,0),



/,(*)



=



A(*,l).



called a homotopy.



2.



ALGEBRAIC PRELIMINARIES



Let R be a ring with a unit element. An abelian group G is callod an R-module if for each r e R and each g e G an element rg e G is defined such that



+



Kffi



rfag)



2)



=



=



+



rg,



(fy 2 )0,



rg 2



ig



H



A



(r,



,



=



+



r 2 )g



= r^



+ r g, 2



g.



H



of G such that rh & whenever r e /?, h e // is called a subgroup Knear subspace of G. A homomorphism of G into another 72-module



G'



is



called fo'near



if (rg)



=



r(g)



holds for



all r s 7^,



g



e



G.



Only two special cases are of importance to us. In the first, R = F is a field. Then G is a vector space over F. In the second, R = J is of the ring integers. In this case G is an ordinary abelian group (without additional structure). The unifying concept of module saves repetition. In addition to /2-modules, we shall also wish to consider compact abelian groups. To avoid a complete duplication of the discussion, we adopt the following convention:



Unless otherwise stated the word% "group" will be used to



mean



two objects: 1. An 72-module (over some ring R with a unit element), or 2. A compact topological abelian group. Whenever, in a discussion, several "groups" appear, the word "group" either one of the following



is



to be interpreted in a fixed manner. In particular, in case 1, the R is the same for all groups. All groups are written additively. If



ring



G



G =



means that G consists of the zero element The word "subgroup" will mean correspondingly



is



a group,



1. 2.



A linear subspace, or A closed subgroup. .



alone.
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2]



The word "homomorphism"



7



mean



will



A linear map, or 2. A continuous homomorphism. If G and H are groups, the notation 1.



G



0:



H



->



maps G homomorphically into H. The kernel of is the G mapped into the zero element of H. The the subgroup 0(G) C H. The statement "0 maps G onto



means that







of elements of



subgroup image of 4



is



H" means by "0



0(G) onto."



is



= H. We



sometimes abbreviate "0 maps



-



The symbolism



is



G



onto



H"



used to indicate that the



is all of G, or equally well that 0(G) = 0. The expression has kernel zero" means that the kernel of contains only the zero "0



kernel of



The symbolism



element.



G ~



0:



H



H maps G isomorphically onto #, and ~ G. an isomorphism. Observe that 0: G = implies ~ In case 1, this is obvious. In case 2, it follows from the theorem that the inverse of a continuous 1-1 map between compact spaces is continuous. It is precisely the failure of 0" to be continuous in the noncompact case which prevents our unifying the concepts of TJ-module and compact group by the use of topological /^-modules. means is



map



that the



G



0:



>



H



called



H



1



:



1



If i.e.



L



is



a subgroup of G,



G/L



denotes the factor (or difference) group,



the group whose elements are the cosets of



L



The



in G.



natural



homomorphism



G



77:



is



the function which attaches to each element of



contains



that



it: 77(0)



G/L



is



G/L



l



(U)



is



=



g



+



L.



open



in G.



The



in



natural



G



the coset of



define r(g linear. In case



is



77



is



L)



=



2, we



L which



rg



+ L so



introduce a



continuous.



C G, L' C G' are subgroups such that 0(L) C L', 0:



G/L



>



G'/L' induced by



77,77'



and the



mutativity relation 077







attaches to each



image under 0. homomorphisms 0,0 satisfy the com-



the coset of L' in G' which contains



maps



+



U of G/L is open if and only if can then be seen clearly that G/L is a compact



It



then the homomorphism



L



77



G



we



1



as follows: a subset



abelian group and that If 0: G > G' and L coset of



In case



an /2-module and



topology into rj~



-> G/L



==s 77



0.



its
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8



two homomorphisms



It asserts that



in the



G into G /L' f



of



[CHAP.



coincide.



1



As shown



diagram



*



G



G'



>



1-



1''



9 ,



G/L



G'/L'



>



first is obtained by moving down and then over, the second, by moving over and then down. If {G a a = 1, n, are groups, their (external) direct sum ^-i G a



the



} ,



is



,



defined, in the usual way, as the set of n-tuples {0 a



r{g a



In case 2,



= ]



\rg a



{g a



}>



}



+



=



{gi}



[g.



+



ga



},



e



Ga



,



with



gi\.



G* * s given the product topology. G a > G, a. = 1, n, determine a homomorphisms i a = > G i: the rule G a a i({g }) homomorphism by ]C-i i a (g a ). If ^.i i is an isomorphism of ^ on ^ ^> en the set \i a is called an injective representation of G as a direct sum, and each component i a is called an injection. If, in addition, G a C G and each i a is an inclusion, G is said to decompose into the (internal) direct sum G = ]T) G a A set of homomorphisms j a G > G a a = 1, n, determine a



A



]



set of



:



,



^



2



]



.



:



,



,



homomorphism



j:



G



of (? onto



isomorphism



representation of



G



>



]C-i ^ ^Y



^



Ga



,



^ e ru e '



then the set



as a direct sum, and each



= b^}- ^ J



,7(0)



{j a



}



is



ls



an



called a protective



component



ja



is



called a



projection.



Given an injective representation \i a as a direct sum', one constructs a projective representation \j a by defining j a g to be the a-coordinate of f l g. Similarly a projective representation determines an injective representation. The advantage of having the two types is that they are dual and one can state the dual of a direct sum theorem by interchanging In Chapter v where we deal with infinite injection and projection. }



}



direct sums, the distinction



between the two types



will



be more than



formal.



DEFINITION. A lower sequence of groups is a collection {G 



:



the kernel of




 Q l in G Q coincides with the kernel of *. 9 = 
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