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INTRODUCTION



The nine mathematicians whose works are represented in the following pages are among the most famous in the whole history of mathematics. Each of them made a significant contribution to the science-a contribution which changed the succeeding course of the development of mathematics. That is why we have called this book Breakthroughs in Mathematics. Just as surely as there are technological breakthroughs which change our way of living, so are there breakthroughs in the pure sciences which have such an impact that they affeet all succeeding thought. The mathematicians whose works we examine bridge a span of more than 2200 years, from Euclid, who lived and worked in Alexandria around 300 B.C., to Bertrand Russell, whose major mathematical work was accomplished in the fist years of the twentieth century. These nine chapters survey the major parts of mathematics; a great many of its branches are touched on. We shall have occasion to deal with geometry, both Euclidean and non-Euclidean, with arithmetic, algebra, analytic geometry, the theory of irrationals, set-theory, calculus of probability, and mathematical logic. Also, though this is a matter of accident, the authors whose works we study come from almost every important country in the West: from ancient Greece and Hellenistic Rome, Egypt, France, Germany, Great Britain, and Russia. No collection of nine names could possibly include all the great mathematicians. Let us just name some of the most famous ones whom we had to ignore here: Apollonius of Perga, Pierre de Fermat, Blaise Pascal, Sir Isaac Newton, Gottfried Wilhelm Leibniz, Karl Friedrich Gauss, Georg Cantor, and many, many others. There are a number of reasons why we chose the particular authors and books represented. In part, ix
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INTRODUCTION



a choice such as this is, of course, based on subjective and personal preferences. On objective grounds, however, we were mainly interested in presenting treatises or parts of treatises that would exemplify the major branches of mathematics, that would be complete and understandable in themselves, and that would not require a great deal of prior mathematical knowledge. There is one major omission which we regret: none of the works here deals with the calculus. The reason is that neither Newton nor Leibniz (who simultaneously developed modern calculus) has left us a short and simple treatise on the subject. Newton, to be sure, devotes the beginning of his Principia to the calculus, but unfortunately his treatment of the matter is not easy to understand. What is the purpose in presenting these excerpts and the commentaries on them? Very simply, we want to afford the reader who is interested in mathematics and in the history of its development an opportunity to see great mathematical minds at work. Most readers of this book will probably already have read some mathematical books-in school if nowhere else. But here we give the reader a view of mathematics as it is being developed; he can follow the thought of the greatest mathematicians as they themselves set it down. Most great mathematicians are also great teachers of mathematics; certainly these nine writers make every possible effort to make their discoveries understandable to the lay reader. (The one exception may be Descartes, who practices occasional deliberate obscurity in order to show off his own brilliance.) Each of these selections can be read independently of the others, as an example of mathematical genius at work. Each selection will make the reader acquainted with an important advance in mathematics; and he will learn about it from the one person best qualified to teach him-its discoverer. Breakthroughs in Mathematics is not a textbook. It does not aim at the kind of completeness that a textbook possesses. Rather it aims to supplement what a textbook does by presenting to the reader something he cannot easily obtain elsewhere: excerpts from the words of mathematical pioneers themselves. Most people with any pretense to an education have heard the names of Euclid, Descartes, and Russell, but few have read their works. With this little book we hope to close that gap and enable a reader not merely to read about these men and to be told that they are famous, but also to read their works and to judge for himself why and whether they are justly famous.
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Ideally, these nine selections can and should be read without need of further explanation from anyone else. If there are any readers who would like to attempt reading only the nine selections (Part I of each chapter) without the commentaries (Part II of each chapter), they should certainly try to do so. The task is by no means impossible; and what may be lost in time is probably more than outweighed by the added pleasure as well as the deeper understanding that such a reader will carry away with him. However, the majority of readers will probably not want to undertake the somewhat arduous task of proceeding without any help. For them, we have provided the commentaries in Part II of each chapter. These commentaries are meant to supplement but not to replace the reader’s own thought about what he has read. In these portions of each chapter, we point out what are the highlights of the preceding selection, what are some of the difliculties, and what additional steps should be taken in order to understand what the author is driving at. We also provide some very brief biographical remarks about the authors and, where necessary, supply the historical background for the book under discussion. Furthermore, we occasionally go beyond what the author tells us in his work, and indicate the significance of the work for other fields and future developments. Just as the nine selections give us merely a sampling of mathematical thought during more than 2000 years, so the commentaries do not by any means exhaust what can be said about the various selections. Each commentary is supposed to help the reader understand the preceding selection; it is not supposed to replace it. Sometimes, we have concentrated on explaining the dficult parts of the work being considered; sometimes, we have emphasized something the author has neglected; at still other times, we extend the author’s thought beyond its immediate application. But no attempt is or could be made at examinin g all of the selections in complete detail and pointing out everything important about them. Such a task would be impossible and unending. Different commentaries do different things; in almost every chapter, the author’s selection contains more than we could discuss in the commentary. In short, our aim is to help the reader overcome the more obvious difhculties SO that he can get into the original work itself. We do this in the hope that the reader will understand what these mathematicians have to say and that he will enjoy



xii
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himself in doing so. Nothing is more fatal to the progress of a learner in a science than an initial unnecessary discourage ment. We have tried to save the reader such discouragement and to stay by his side long enough and sympathetically enough so that he can learn directly from these great teachers. Peter WolB
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CHAPTER



Euclid---The



ONE



Beginnings PART



of Geometry



I



The following selection consists of the 8rst 26 propositions in Book I of Euclid’s Elements of Geometry. This is just a little more than half of the 8rst book, which altogether contains 48 propositions. ‘Book I itself, however, is only part of the Elements; there are thirteen books in this work. Book I presents the major propositions of plane geometry, except those involving circles. Book II deals with the transformation of areas. Books III and IV add propositions about circles. Book V takes up the subject of ratios and proportions in general; Book VI applies it to geometry. Books VII, VIII, and IX are not geometrical in character at all, but arithmetical: that is, they treat of numbers. Book X takes up a rather special subject, namely incommensurable lines and areas. This is the longest of the thirteen books. Books XI and XII deal with solid geometry. Book XIII also has to do with solid geometry, but with a rather special part of it: the five regular solids. These are the solids that have as their surfaces regular polygons (polygons all of whose angles and sides are equal). The last proposition in the entire work proves that there can only be these five solids and no more. The five are these: the tetrahedron, consisting of four equilateral triangles; the hexahedron (or cube), consisting of six squares; the octahedron, consisting of eight equilateral triangles; the icosahedron, consisting of twenty equilateral triangles; and finally the dodecahedron, consisting of twelve regular pentagons.
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Euclid: Elements



of Geometry* BOOK



I



DEFINITIONS



1. A point is that which has no part. 2. A line is breadthless length. 3. The extremities of a line are points. 4. A straight line is a line which lies evenly with the points



on itself. 5. A surface is that which has length and breadth only. 6. The extremities of a surface are lines. 7. A plane surface is a surface which lies evenly with the straight lines on itself. 8. A plane angle is the inclination to one another of two lines in a plane which meet one another and do not lie in a straight line. 9. And when the lines containing the angle are straight, the angle is called rectilineal. 10. When a straight line set up on a straight line makes the adjacent angles equal to one another, each of the equal angles is right, and the straight line standing on the other is called a perpendicular to that on which it stands. 11. An obtuse angle is an angle greater than a right angle. 12. An acute angle is an angle less than a right angle. 13. A boundary is that which is an extremity of anything. 14. A figure is that which is contained by any boundary or boundaries. 15. A circle is a plane figure contained by one line such that all the straight lines falling upon it from one point among those lying within the figure are equal to one another. 16. And the point is called the centre of the circle. 17. A diameter of the circle is any straight line drawn through the centre and terminated in both directions by the * From The Thirteen Books of Euclid’s Elements, Thomas L. Heath (2nd ed.; London: Cambridge University Reprinted by permission.



trans. by Sir Press, 1926).
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circumference of the circle, and such a straight line also bisects the circle. 18. A semicircle is the figure contained by the diameter and the circumference cut off by it. And the centre of the semicircle is the same as that of the circle. 19. Rectihneal figures are those which are. contained by straight lines, trilateral figures being those contained by three, quadrilateral those contained by four, and multilateral those contained by more than four straight lines. 20. Of trilateral figures, an equilateral triangle is that which has its three sides equal, an isosceles triangle that which has two of its sides alone equal, and a scalene triangle that which has its three sides unequal. 21. Further, of trilateral figures, a right-angled triangle is that which has a right angle, an obtuse-angled triangle that which has an obtuse angle, and an acute-angled triangle that which has its three angles acute. 22. Of quadrilateral figures, a square is that which is both equilateral and right-angled; an oblong that which is rightangled but not equilateral; a rhombus that which is equilateral but not right-angled; and a rhomboid that which has its opposite sides and angles equal to one another but is neither equilateral nor right-angled. And let quadrilaterals other than these be called trapezia. 23. Parallel straight lines are straight Lines which, being in the same plane and being produced indefinitely in both directions, do not meet one another in either direction.



POSTULATES



Let the following be postulated: 1. To draw a straight line from any point to any point. 2. To produce a finite straight line continuously in a straight line. 3. To describe a circle with any centre and distance. 4. That ah right angles are equal to one another. 5. That, if a straight line falling on two straight lines make the interior angles on the same side less than two right angles, the two straight lines, if produced indefinitely, meet on that side on which are the angles less than two right angles.
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NOTIONS



1. Things which are equal to the same thing are also equal to one another. 2. If equals be added to equals, the wholes are equal. 3. If equals be subtracted from equals, the remainders are equal. 4. Things which coincide with one another are equal to one another. 5. The whoie is greater than the part. PROPOSITIONS



PROPOSITION



1



On a given finite straight line to construct an equilateral triangle. Let AB be the .given finite straight line. Thus it is required to construct an equilateral triangle on the straight line AB.



With centre A and distance AB let the circle BCD be de[PO&. 31 scribed; again, with centre B and distance BA let the circle ACE be [PC&. 31 described; and from the point C, in which the circles cut one another, to the points A, B let the straight lines CA, CB be joined. [post. 11 Now, since the point A is the centre of the circle CDB, AC [Def. 151 is equal to AB. Again, since the point B is the centre of the circle CAE, IDef. 151 BC is equal to BA.
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But CA was also proved equal to AB; therefore each of the straight lines CA, CB is equal to AB. And things which are equal to the same thing are also equal [C.N. 11 to one another; therefore CA is also equal to CB. Therefore the three straight lines CA, AB, BC are equal to one another. Therefore the triangle ABC is equilateral; and it has been constructed on the given finite straight line AB. (Being) what was required to do. PROPOSITION



2



To place at a given point (as an extremity) a straight line equal to a given straight line. Let A be the given point, and BC the given straight line. Thus it is required to place at the point A (as an extremity) a straight line equal to the given straight line BC.



K
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From the point A to the point B let the straight line AB be joined; [Post. 11 and on it let the equilateral triangle DAB be constructed. II. II Let the straight lines AE, BF be produced in a straight line with DA, DB; [Post. 21 with centre B and distance BC let the circle CGH be described; and again, with centre D and distance DG let the circle%k~ be described. [Post. 31 Then, since the point B is the centre of the circle CGH, BC is equal to BG.
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Again, since the point D is the centre of the circle GKL, DL is equal to DG. And in these DA is equal to DB; therefore the remainder AL is equal to the remainder BG. [C.N. 31 But BC was also proved equal to BG; therefore each of the straight lines AL, BC is equal to BG. And things which are equal to the same thing are also equal [C.N. 11 to one another; therefore AL is also equal to BC. Therefore at the given point A the straight line AL is placed equal to the given straight line BC. (Being) what it was re quired to do. PROPOSITION



3



Given two unequal straight lines, to cut off from the greater a straight line equal to the less. Let AB, C be the two given unequal straight lines, and let AB be the greater of them. Thus it is required to cut off from AB the greater a straight Line equal to C the less. At the point A let AD be placed equal to the straight line C, [I. 21 and with centre A and distance AD let the circle DEF be [Post. 31 described. Now, since the point A is the centre of the circle DEF, AE [De& 151 is equal to AD.



C



But C is also equal to AD.
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Therefore each of the straight lines AE, C is equal to AD; [C.N. 11 so that AE is also equal to C. Therefore, given the two straight lines AB, C, from AB the greater AE has been cut off equal to C the less. (Being) what it was required to do. PROPOSITION



4



Zf two triangles have the two sides equal to two sides respec-



tively, and have the angles contained by the equal straight lines equal, they will also have the base equal to the base, the triangle will be equal to the triangle, and the remaining angles will be equal to the remaining angles respectively, namely those which the equal sides subtend. Let ABC, DEF be two triangles having the two sides AB, AC equal to the two sides DE, DF respectively, namely AB to DE and AC to DF, and the angle BAC equal to the angle EDF. I say that the base BC is also equal to the base EF, the triangle ABC will be equal to the triangle DEF, and the remaining angles will be equal to the remaining angles respectively, namely those which the equal sides subtend, that is, the angle ABC to the angle DEF, and the angle ACB to the angle DFE. For, if the triangle ABC be applied to the triangle DEF, and if the point A be placed on the point D and the straight line AB on DE, then the point B will also coincide with E, because AB is equal to DE.



Again, AB coinciding with DE, the straight line AC will also coincide with DF, because the angle BAC is equal to the angle EDF, hence the point C will also coincide with the point F, because AC is again equal to DF. But B also coincided with E; hence the base BC will coincide with the base EF. [For if, when B coincides with E and C with F, the base BC does not coincide with the base EF, two straight lines will en-
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close a space: which is impossible. Therefore the base BC will coincide with EFj and will be equal to it. [C.N. 41 Thus the whole triangle ABC will coincide with the whole triangle DEF, and will be equal to it. And the remaining angles will also coincide with the remaining angles and will be equal to them, the angle ABC to the angle DEF, and the angle ACB to the angle DFE. Therefore etc. (Being) what it was required to prove. PROPOSITION
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In isosceles triangles the angles at the base are equal to one another, and, if the equal straight lines be produced further, the angles under the base will be equal to one another. Let ABC be an isosceles triangle having the side AB equal to the side AC; and let the straight lines BD, CE be produced further in a straight line with AB, AC. [Post. 21 I say that the angle ABC is equal to the angle ACB, and the angle CBD to the angle BCE. Let a point F be taken at random on BD; from AE the greater let AG be cut off equal to AF the less; EI. 31 and let the straight lines FC, GB be joined. [Post. 11 Then, since AF is equal to AG and AB to AC, the two sides FA, AC are equal to the two sides GA, AB, respectively; and they contain a common angle, the angle FAG. A



A B



F



0



C



G



E



Therefore the base FC is equal to the base GB, and the triangle AFC is equal to the triangle AGB, and the remaining angles will be equal to the remaining angles respectively, namely those which the equal sides subtend, that is, the angle ACF to the angle ABG, and the angle AFC to the angle AGB. [I. 41
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And, since the whole AF is equal to the whole AG, and in these AB is equal. to AC, the remainder BF is equal to the re mainder CG. But FC was also proved equal to GB; therefore the two sides BF, FC are equal to the two sides CG, GB respectively; and the angle BFC is equal to the angle CGB, while the base BC is common to them; therefore the triangle BFC is also equal to the triangle CGB, and the remaining angles will be equal to the remaining angles respectively, namely those which the equal sides subtend; therefore the angle FBC is equal to the angle GCB, and the angle BCF to the angle CBG. Accordingly, since the whole angle ABG was proved equal to the angle ACF, and in these the angle CBG is equal to the angle BCF, the remaining angle ABC is equal to the remaining angle ACB; and they are at the base of the triangle ABC. But the angle FBC was also proved equal to the angle GCB; and they are under the base. Therefore etc. Q.E.D. PROPOSITION



Zf in a triangle which subtend another.



6



two angles be equal to one another, the sides the equal angles will also be equal to one



Let ABC be a triangle having the angle ABC equal to the angle ACB. I say that the side AB is also equal to the side AC. For, if AB is unequal to AC, one of them is greater.



A D A



B



C



Let AB be greater; and from AB the greater let DB be cut off equal to AC the less; let DC be joined. Then, since DB is equal to AC, and BC is common, the two sides DB, BC are equal to the two sides AC, CB respectively;
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and the angle DBC is equal to the angle ACB; therefore the base DC is equal to the base AB, and the triangle DBC will be equal to the triangle ACB, the .iess to the greater: which is absurd. Therefore AB is not unequal to AC; it is therefore equal to it. Therefore etc. Q.E.D. 7



PROPOSITION



Given two straight lines constructed on a straight line (from its extremities) and meeting in a point, there cannot be constructed on the same straight line (from its extremities), and on the same side of it, two other straight lines meeting in another point and equal to the former two respectively, namely each to that which has the same extremity with it. For, if possible, given two straight lines AC, CB constructed on the straight line AB and meeting at the point C, let two other straight lines AD, DB be constructed on the same straight line AB, on the same side of it, meeting in another point D and equal to the former two respectively, namely each to that which has the same extremity with it, so that CA is equal to DA which has the same extremity A with it, and CB to DB which has the same extremity B with it; and let CD be joined. Then, since AC is equal to AD, the angle ACD is also equal to the angle ADC; [I. 51



C



443 D



A



B



therefore the angle ADC is greater than the angle DCB; therefore the angle CDB is much greater than the angle DCB. Again, since CB is equal to DB, the angle CDB is also equal to the angle DCB. But it was also proved much greater than it: which is impossible. QB.D. Therefore etc.
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8



Zf two triangles have the two sides equal to two sides respeclively, and have also the base equal to the base, they will also have the angles equal which are contained by the equal straight lines.



Let ABC, DEF be two triangles having the two sides AB, AC equal to the two sides DE, DF respectively, namely AB to DE, and AC to DF; and let them have the base BC equal to the base EF; I say that the angle BAC is also equal to the angle EDF.



For, if the triangle ABC be applied to the triangle DEF, and if the point B be placed on the point E and the straight line BC on EF, the point C will also coincide with F, because BC is equal to EF. Then, BC coinciding with EF, BA, AC will also coincide with ED, DF; for, if the base BC coincides with the base EF, and the sides BA, AC do not coincide with ED, DF but fall beside them as EG, GF, then, given two straight lines constructed on a straight line (from its extremities) and meeting in a point, there will have been constructed on the same straight line (from its extremities), and on the same side of it, two other straight lines meeting in another point and equal to the former two respectively, namely each to that which has the same extremity with it. But they cannot be so constructed. Therefore it is not possible that, if the base BC be ap$ei to the base EF, the sides BA, AC should not coincide with ED, DF; they will therefore coincide, so that the angle BAC will also coincide with angle EDF, and will be equal to it. Therefore etc. Q.E.D.
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PROPOSITION



To bisect a given rectilineal angle. Let the angle BAC be the given rectilineal



angle. Thus it is required to bisect it. Let a point D be taken at random on AB; let AE be cut off [I. 31 from AC equal to AD; let DE be joined, and on DE let the equilateral triangle DEF be constructed; let AF be joined.
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I say that the angle BAC has been bisected by the straight line AF. For, since AD is equal to AE, and AF is common, the two sides DA, AF are equal to the two sides EA, AF respectively. And the base DF is equal to the base EF; therefore the angle DAF is equal to the angle EAF. [I. 81 Therefore the given rectilineal angle BAC has been bisected Q.E.F. by the straight line AF. PROPOSITION



10



To bisect a given finite straight line. Let AB be the given finite straight line.



Thus it is required to bisect the finite straight line AB. Let the equilateral triangle ABC be constructed on it, [I. 11 and let the angle ACB be bisected by the straight line CD. [I. 91 I say that the straight line AB has been bisected at the point D. c
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For, since AC is equal to CB, and CD is common, the two sides AC, CD are equal to the two sides BC, CD respectively; and the angle ACD is equal to the angle BCD; therefore the II. 41 base AD is equal to the base BD. Therefore the given finite straight line AB has been biQJ3.F. sected at D. PROPOSITION
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To draw a straight line at right angles to a given straight line from a given point on it. Let AB be the given straight line, and C the given point on it. Thus it is required to draw from the point C a straight line at right angles to the straight line AB.



P



Let a point D be taken at random on AC; let CE be made equal to CD; II. 31 on DE let the equilateral triangle FDE be constructed, cr. 11 and let FC be joined; I say that the straight line FC has been drawn at right angles to the given straight line AB from C the given point on it. For, since DC is equal to CE, and CF is common, the two sides DC, CF are equal to the two sides EC, CF respectively; and the base DF is equal to the base FE; therefore the angle DCF is equal to the angle ECF, [I. 81 and they are adjacent angles. But, when a straight line set up on a straight line makes the adjacent angles equal to one another, each of the equal angles [Def. lo] is right; therefore each of the angles DCF, FCE is right. Therefore the straight line CF has been drawn at right angles to the given straight line AB from the given point C on it. Q.E.F.
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To a given infinite straight line, from a given point which is not on it, to draw a perpendicular straight line. Let AB be the given infinite straight line, and C the given point which is not on it; thus it is required to draw to the given infinite straight line AB, from the given point C which is not on it, a perpendicular straight line.



For let a point D be taken at random on the other side of the straight line AB, and with centre C and distance CD let [Post. 31 the circle EFG be described; let the straight line EG be bisected at H, [I. 101 and let the straight lines CG, CH, CE be joined. [Post. 11 I say that CH has been drawn perpendicular to the given infinite straight line AB from the given point C which is not on it. For, since GH is equal to HE, and HC is common, the two sides GH, HC are equal to the two sides EH, HC respectively; and the base CG is equal to the base CR, therefore the angle CHG is equal to the angle ENC. [I. 83 And they are adjacent angles. But, when a straight line set up on a straight line makes the adjacent angles equal to one another, each of the equal angles is right, and the straight line standing on the other is called a perpendicular to that on which it stands. [Def. 101 Therefore CH has been drawn perpendicular to the given infinite straight line AB from the given point C which is not Q.E.P. on it.
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Zf a straight line set up on a straight line makes angles, it will make either two right angles or angles equal to two right angles. For let any straight line AB set up on the straight line CD make the angles CBA, ABD; I say that the angles CBA, ABD



are either two right angles or equal to two right angles.



Now, if the angle CBA is equal to the angle ABD, they are [Def. 101 two right angles. But, if not, let BE be drawn from the point B at right angles to CD;



[I.



111



therefore the angles CBE, EBD are two right angles. Then, since the angle CBE is equal to the two angles CBA, ABE, let the angle EBD be added to each; therefore the angles CBE, EBD are equal to the three angles CBA, ABE, EBD. [C.N.



21



Again, since the angle DBA is equal to the two angles DBE, EBA, let the angle ABC be added to each; therefore the angles DBA, ABC are equal to the three angles DBE, EBA, ABC. [C.N.



But the angles CBE, EBD were also proved same three angles; and things which are equal thing are also equal to one another; therefore the angles CBE, EBD are also equal DBA, ABC. But the angles CBE, EBD are two therefore the angles DBA, ABC are also equal angles. Therefore etc. PROPOSITION
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equal to the to the same [C.N. 11 to the angles right angles; to two right Q.E.D.
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Zf with any straight line, and at a point on it, two straight lines not lying on the same side make the adjacent angles equal to



30



BREAKTHROUGHS



IN



right angles, the two straight with one another.



IWO



MATHEMATICS



lines will be in a straight



line



For with any straight line AB, and at the point B on it, let the two straight lines BC, BD not lying on the same side make the adjacent angles ABC, ABD equal to two right angles; I say that BD is in a straight line with CB.



For, if BD is not in a straight line with BC, let BE be in a straight line with CB. Then, since the straight line AB stands on the straight line CBE, the angles ABC, ABE are equal to two right angles. [I. 131



But the angles ABC, ABD are also equal to two right angles; therefore the angles CBA, ABE are equal to the angles CBA, ABD.



[Post. 4 and C.N. 11



Let the angle CBA be subtracted from each; therefore the remaining angle ABE is equal to the remaining angle ABD, [C.N. 31



the less to the greater: which is impossible. Therefore BE is not in a straight line with CB. Similarly we can prove that neither is any other straight line except BD. Therefore CB is in a straight line with BD. Therefore etc. Q.E.D. PROPOSITION



Zf two straight lines cut one another, angles equal to one another.



15 they make the vertical



For let the straight lines AB, CD cut one another at the point E; I say that the angle AEC is equal to the angle DEB, and the angle CEB to the angle AED. A E



D 1\-
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For, since the straight line AE stands on the straight line CD, making the angles CEA, AED, the angles CEA; AED are equal to two right angles. [I. 131 Again, since the straight line DE stands on the straight line AB, making the angles AED, DEB, the angles AED, DEB are II. 131 equal to two right angles. But the angles CEA, AED were also proved equal to two right angles; therefore the angles CEA, AED are equal to the angles AED,



DEB.



[Post. 4 and C.N. 11



Let the angle AED be subtracted from each; therefore the remaining angle CEA is equal to the remaining angle BED. [C.N. 31



Similarly it can be proved that the angles CEB, DEA are also equal. Therefore etc. Q.E.D. [PORISM.From this it is manifest that, if two straight lines cut one another, they will make the. angles at the point of section equal to four right angles.] 16



PROPOSITION



In any triangle, if one of the sides be produced, the exterior angle is greater than either of the interior and opposite angles. Let ABC be a triangle, and let one side of it BC be produced to D; I say that the exterior angle ACD is greater than either of the interior and opposite angles CBA, BAC. A



F E



B q



D



C G



Let AC be bisected at E II. IO], and let BE be joined and produced in a straight line to F; let EF be made equal to BE II. 31, let FC be joined [Post.II, and let AC be drawn through to G. [Post. 21.



Then, since AE is equal to EC, and BE to EF, the two sides
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AE, EB are equal to the two sides CE, EF respectively; and the angle AEB is equal to the angle FEC, for they are vertical



angles. [I. 151 Therefore the base AB is equal to the base FC, and the triangle ABE is equal to the triangle CFE, and the remaining angles are equal to the remaining angles respectively, namely those which the equal sides subtend; II. 41 therefore the angle BAE is equal to the angle ECF. But the angle ECD is greater than the angle ECF; [C.N. 51 therefore the angle ACD is greater than the angle BAE. Similarly also, if BC be bisected, the angle BCG, that is, the angle ACD [I. 151, can be proved greater than the angle ABC as well. Therefore etc. Q.E.D. PROPOSITION



17



In any triangle two angles taken together less than two right angles.



in any manner



are



Let ABC be a triangle; I say that two angles of the triangle taken together in any manner are less than two right angles.



ABC



*plC



[Post. 21 For let BC be produced to D. Then, since the angle ACD is an exterior angle of the triangle ABC, it is greater than the interior and opposite angle ABC. Let the angle ACB be added to each; therefore the angles ACD, ACB are greater than the angles ABC, BCA. But the [I. 131 angles ACD, ACB are equal to two right angles. Therefore the angles ABC, BCA are less than two right angles. Similarly we can prove that the angles BAC, ACB are also less than two right angles, and so are the angles CAB, ABC as well. Q.E.D. Therefore etc.
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In any triangle the greater side subtends the greater angle. For let ABC be a triangle having the side AC greater than AB; I say that the angle ABC is also greater than the angle BCA.



For, since AC is greater than AB, let AD be made equal to AB [I. 31, and let BD be joined. Then, since the angle ADB is an exterior angle of the triangle BCD, it is greater than the interior and opposite angle DCB. II. 161 But the angle ADB is equal to the angle ABD, since the side AB is equal to AD; therefore the angle ABD is also greater than the angle ACB; therefore the angle ABC is much greater than the angle ACB. Q.E.D. Therefore etc.
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In any triangle the greater angle is subtended by the greater side. Let ABC be a triangle having the angle ABC greater than the angle BCA; I say that the side AC is also greater than the side AB.
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For, if not, AC is either equal to AB or less. Now AC is not equal to AB; for then the angle ABC would also have been equal to the angle ACB; [I. 51 but it is not; therefore AC is not equal to AB. Neither is AC less than AB, for then the angle ABC would also have been less than the angle ACB; [I. 181 but it is not; therefore AC is not less than AB. And it was proved that it is not equal either. Therefore AC is greater than AB. Therefore etc. QJ3.D; PROPOSITION



20



In any .triangle two sides taken together in any manner are greater than the remaining one. For let ABC be a triangle; I say that in the triangle ABC two sides taken together in any manner are greater than the remaining one, namely BA, AC greater than BC; AB, BC greater than AC; BC, CA greater than AB.



D



A A



B



C



For let BA be drawn through to the point D, let DA be made equal to CA, and let DC be joined. Then, since DA is equal to AC, the angle ADC is also equal to the angle ACD; II. 51 therefore the angle BCD is greater than the angle ADC. And, since DCB is a triangle having the angle BCD Ei%i than the angle BDC, and the greater angle is subtended by the greater side, [I. 193 therefore DB is greater than BC. But DA is equal to AC; therefore BA, AC are greater than BC. Similarly we can prove that AB, BC are also greater than CA, and BC, CA than AB. Q.E.D. Therefore etc.
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Zf on one of the sides of a triangle, from its extremities, there be constructed two straight lines meeting within the triangle, the straight lines so constructed will be less than the remaining two sides of the triangle, but will contain a greater angle. On BC, one of the sides of the triangle ABC, from its extremities B, C, let the two straight lines BD, DC be constructed meeting within the triangle; I say that BD, DC are less than the remaining two sides of the triangle BA, AC, but contain an angle BDC greater than the angle BAC. A E D BA



C



For let BD be drawn through to E. Then, since in any triangle two sides are greater than the remaining one, [I. 201 therefore, in the triangle ABE, the two sides AB, AE are greater than BE. Let EC be added to each; therefore BA, AC are greater than BE, EC.



Again, since, in the triangle CED, the two sides CE, ED are greater than CD, let DB be added to each; therefore CE, EB are greater than CD, DB. But BA, AC were proved greater than BE, EC; therefore BA, AC are much greater than BD, DC. Again, since in any triangle the exterior angle is greater than the interior and opposite angle, [I. 161 therefore, in the triangle CDE, the exterior angle BDC is greater than the angle CED. For the same reason, moreover, in the triangle ABE also, the exterior angle CEB is greater than the angle BAC. But the angle BDC was proved greater than the angle CEB; therefore the angle BDC is much greater than the angle BAC. Therefore etc. Q.E.D.
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PROPOSITION



Out of three straight lines, which are equal to three given straight lines, to construct a triangle: thus it is necessary that two of the straight lines taken together in any manner should be greater than the remaining one.



Let the three given straight lines be A, B, C, and of these let two taken together in any manner be greater than the remaining one, namely A, B greater than C; A, C greater than B; and B, C greater than A; thus it is required to construct a triangle out of straight lines equal to A, B, C.



0



H



’



Let there be set out a straight line DE, terminated at D but of in&rite length in the direction of E, and let DF be made equal to A, FG equal to B, and GH equal to C. II. 31 With centre F and distance FD let the circle DKL be described; again, with centre G and distance GH let the circle KLH be described; and let KF, KG be joined; I say that the triangle KFG has been constructed out of three straight lines equal to A, B, C. For, since the point F is the centre of the circle DKL, FD is equal to FK. But FD is equal to A; therefore KF is also equal to A. Again, since the point G is the centre of the circle LKH, GH is equal to GK. But GH is equal to C; therefore KG is also equal to C. And FG is also equal to B; therefore the three straight lines KF, FG, GK are equal to the three straight lines A, B, C. Therefore out of the three straight lines KF, FG, GK, which are equal to the three given straight lines A, B, C, the triangle Q.E.F. KFG has been constructed.
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On a given straight line and at a point on it to construct a rectilineal angle equal to a given rectilineal angle. Let AB be the given straight line, A the point on it, and the angle DCE the given rectilineal angle; thus it is required to construct on the given straight line AB, and at the point A on



it, a rectilineal angle equal to the given rectilineal angle DCE.



On the straight lines CD, CE respectively let the points D,



E be taken at random; let DE be joined, and out of three straight lines which are equal to the three straight lines CD, DE, CE let the triangle AFG be constructed in such a way that CD is equal to AF, CE to AG, and further DE to FG.



Then, since the two sides DC, CE are equal to the two z$zi



FA, AG respectively, and the base DE is equal to the base FG, the angle DCE is equal to the angle FAG. II. 81 Therefore on the given straight line AB, and at the point A on it, the rectilineal angle FAG has been constructed equal to Q.E.P. the given rectilineal angle DCE. PROPOSITION



Zf two triangles



24



have the two sides equal to two sides respectively, but have the one of the angles contained by the equal straight lines greater than the other, they will also have the base greater than the base. Let ABC, DEF be two triangles having the two sides AB, AC equal to the two sides DE, DF respectively, namely AB to DE, and AC to DF, and let the angle at A be greater than the angle
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at D; I say that the base BC is also greater than the base EF.



For, since the angle BAC is greater than the angle EDF, let there be constructed, on the straight line DE, and at the point [I. 231 D on it, the angle EDG equal to the angle BAC; let DG be made equal to either of the two straight lines AC, DF, and let EG, FG be joined. Then, since AB is equal to DE, and AC to DG, the two sides BA, AC are equal to the two sides ED, DG, respectively; and the angle BAC is equal to the angle EDG; therefore the base BC is equal to the base EG. II. 41 Again, since DF is equal to DG, the angle DGF is also equal to the angle DFG; II. 51 therefore the angle DFG is greater than the angle EGF. Therefore the angle EFG is much greater than the angle EGF.



And, since EFG is a triangle having the angle EFG greater than the angle EGF, and the greater angle is subtended by the [I. 191 greater side, the side EG is also greater than EF. But EG is equal to BC. Therefore BC is also greater than EF. Q.E.D. Therefore etc. PROPOSITION
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Zf two triangles have the two sides equal to two sides respectively, but have the base greater than the base, they will also have the one of the angles contained by the equal straight lines greater than the other. Let ABC, DEF be two triangles having the two sides AB, AC equal to the two sides DE, DF respectively, namely AB to DE, and AC to DF; and let the base BC be greater than the base EF; I say that the angle BAC is also greater than the angle EDF.
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For, if not, it is neither equal to it or less. Now the angle BAC is not equal to the angle EDF; for then the base BC would also have been equal to the base EF, [I. 41 but it is not; therefore the angle BAC is not equal to the angle EDF.



Neither again is the angle BAC less than the angle EDF; for then the base BC would also have been less than the base [I. 241 EF, but it is not; therefore the angle BAC is not less than the angle EDF.



But it was proved that it is not equal either; therefore the angle BAC is greater than the angle EDF. Therefore etc. Q.E.D. PROPOSITION



26



Zf two triangles have the two angles equal to two angles respectively, and one side equal to one side, namely, either the side adjoining the equal angles, or that subtending one of the equal angles, they will also have the remaining sides equal to the remaining sides and the remaining angle to the remaining angle. Let ABC, DEF be two triangles having the two angles ABC, BCA equal to the two angles DEF, EFD respectively, namely the angle ABC to the angle DEF, and the angle BCA to the
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angle EFD; and let them also have one side equal to one side, first that adjoining the equal angles, namely BC to EF; I say that they will also have the remaining sides equal to the remaining sides respectively, namely AB to DE and AC to DF, and the remaining angle to the remaining angle, namely the a&e BAC to the angle EDF. For, if AB is unequal to DE, one of them is greater. Let AB be greater, and let BG be made equal to DE; and let GC be joined. Then, since BG is equal to DE, and BC to EF, the two sides GB, BC are equal to the two sides DE,. EF respectively; and the angle GBC is equal to the angle DEF; therefore the base GC is equal to the base -DF, and the triangle GBC is equal to the triangle DEF, and the remaining angles will be equal to the remaining angles, namely those which the equal sides subtend; II. 41 therefore the angle GCB is equal to the angle DFE. But the angle DFE is by hypothesis equal to the angle BCA; therefore the angle BCG is equal to the angle BCA, the less to the greater: which is impossible. Therefore AB is not unequal to DE, and is therefore equal to it. But BC is also equal to EF; therefore the two sides AB, BC are equal to the two sides DE, EF respectively, and the angle ABC is equal to the angle DEF; therefore the base AC is equal to the base DF, and the remaining angle BAC is equal to the II. 41 remaining angle EDF. Again, let sides subtending equal angles be equal, as AB to DE; I say again that the remaining sides will be equal to the remaining sides, namely AC to DF and BC to EF, and further the remaining angle BAC is equal to the remaining angle EDF. For, if BC is unequal to EF, one of them is greater. Let BC be greater, if possible, and let BH be made equal to EF; let AH be joined. Then, since BH is equal to EF, and AB to DE, the two sides AB, BH are equal to the two sides DE,.EF respectively, and they contain equal angles; therefore the base AH is equal to the base DF, and the triangle ABH is equal to the triangle DEF, and the remaining angles will be equal to the remaining II. 41 angles, namely those which the equal sides subtend; therefore the angle BHA is equal to the angle EFD. But the angle EFD is equal to the angle BCA; therefore, in the triangle AHC, the exterior angle BHA is equal to the in[I. 161 terior and opposite angle BCA : which is impossible.
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Therefore BC is not unequal to EF, and is therefore equal to it. But AB is also equal to DE; therefore the two sides AB, BC are equal to the two sides DE, EF respectively, and they contain equal angles; therefore the base AC is equal to the base DF, the triangle ABC equal to the triangle DEF, and the re [I. 41 maining angle BAC equal to the remaining angle EDF. Q.E.D. Therefore etc.



PART



II



Geometry is a pursuit which suffers from the fact that initially it is-or seems to be-almost too easy. The word “algebra” calls to mind unintelligible scribbles and fearsome formulas; geometry, on the other hand, seems like an easygoing and useful discipline. The worst thing about geometry seems to be its name, but apprehension concerning it quickly vanishes when we learn-as no book on geometry fails to tell us-that “geometry” means “measurement of the earth” and that the ancient Egyptians practiced geometry because they found it necessary to resurvey their lands each year after the floods of the Nile had inundated their country. This view of geometry is, no doubt, in very large part correct. Of all the various branches of mathematics, geometry is the one that is most easily apprehended by the student new to the subject. Yet there is also something dangerous in the very ease with which geometrical matters can be comprehended: we may think that we understand more than we really do. An example of the kind of misunderstanding that many people have concerning geometry but of which they are unaware lies in the matter of terminology. For instance, many people will call the figure here drawn a “square.” (See Figure l-l) Now this is wrong; yet if it were called to their attention, such people would perhaps be annoyed at the pettiness which did not realize that they meant the figure was “sort of squarish” and so might as well be called a square. In one sense, they would be right; words, after ah, are a matter of convention,
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the figure here depicted (a rectangle) is sort



Figure l-l But the matter is not to be dismissed as simply as all that. It is precisely the task of geometry to make exact what we mean when we say that a rectangle is not a square and yet is “sort of squarish.” If we proceed with this task and succeed in making clear the similarities and the ditIerences between a rectangle and a square, we shall then have defined both “square” and “rectangle.” And this is the first-though by no means the only or the most important-task of geometry. There are many other areas where familiarity with geometrical subject matter may interfere with our ability-at least initially-to think scientifically about geometry. Ask a layman to look at Figure l-2. It is drawn so that the two sides of the



A Figure l-2



triangle issuing from the peak are equal. (Such a triangle is called isosceles.) Suppose I now assert that the two angles at the bottom of the triangle are also equal. Chances are very good that a layman would accept that statement and perhaps even add the exclamation “of course!” There is nothing wrong here on the surface. The two angles at the base ure in fact equal. What is not so clear, however, is that this is a matter of course. Intuition may tell us that the angles are equal. But geometry, when conducted as a science, does not rely on intuition. A geometer would refuse to believe a statement of the
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kind made above until it had been proved. Nor should such refusal be considered perverse; there are many known instances where the “obvious truth” turned out to be false. (The reader is probably himself familiar with some such cases; many are popularly known as mathematical puzzles.) Instead to of intuition, the geometer relies on proof or demonstration convince himself of the truth of a geometrical proposition. This is a second, and a much more important, task of geometry. In his Elements, Euclid brings definition and proof, order and precision, to the entire geometrical area. Euclid is neither the first nor the greatest geometer who ever lived. However, he is probably the greatest known compiler and organizer of geometrical material. Although before Euclid there were geometers and geometrical knowledge, not much of geometry hung together in a systematic fashion. Euclid arranged what he found (and added some things of his own), and the result is a systematic body of knowledge which has ever since been known as Euclidean geometry. Some of the geometers whose achievements are preserved in Euclid’s Elements are known to us. For example, it is thought that Book V, which deals with ratios and proportions, is due to Eudoxus, while Book X, which is the longest of the thirteen books and deals with a very specialized subject-geometrical magnitudes incommensurable with one another-is ascribed to Theaetetus. Aristotle mentions Eudoxus as a geometer and astronomer; Theaetetus is one of the speakers in Plato’s dialogue Theaetetus. Book XIII of the Elements, which discusses the five regular solids (tetrahedron or triangular pyramid, hexahedron or cube, octahedron, isosahedron, and dodecahedron), is thought to be the special contribution of Euclid himself. Very little is known about Euclid’s life. He lived and worked around 300 B.C. in Alexandria, though he was probably trained in Athens. He wrote several works besides the Elements, but his fame rests on this book. Book I of the Elements covers the major portions of plane geometry. Omissions arise from the fact that almost nothing is said about circles (this subject is reserved for Books III and IV) and that there is no measurement of lines and areas in Book I. Book I begins with what we may call a “preliminary part,” followed by a much longer “main part.” The preliminary part has three sections: Definitions, Postulates, and Common No-
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tions. The main part consists of 48 propositions. The Definitions list and describe the things Euclid talks about (such as points, lines, and triangles); the Postulates contain a number of statements which Euclid asks us to accept for the sake of what is to follow; the Common Notions (or Axioms) contain statements which Euclid feels are self-evident or obvious and therefore are or should be commonly known. The 4,s propositions then follow; each of these either shows how a certain geometrical construction is to be done or proves some geometrical truth. Although Euclid provides no internal divisions in the “proposition” section of Book I, we can nevertheless divide it into three quite distinct parts. The first part goes from Proposition 1 to Proposition 26. Of the three parts this is the most diversified, but its main subject matter is triangles. The second part goes from Proposition 27 to Proposition 32. This part deals almost exclusively with parallel lines. The third part goes from Proposition 33 to the end of the book-Proposition 48. Its subject matter is parallelograms. There is a definite progression in these three parts. The “triangle” part of the book culminates in certain propositions about the equality (or congruency) of triangles. The congruency propositions are needed in the “parallel lines” part of the book. And the last part of the book, in turn, is dependent on the middle part. Each of these three large parts in Book I can again be subdivided into groups of propositions. We shall briefly indicate how this might be done in the first part (Propositions l-26); this will also help the reader gain some notion of the content of Book 1. Propositions l-3 constitute a group whose purpose is to show how to cut off from a straight line a segment equal to another straight line. Proposition 4 stands by itself; it is a congruency proposition, showing that two triangles are congruent if two sides and the included angle of one triangle are equal to the corresponding two sides and included angle of the other triangle. Propositions 5-8 are another “congruency” group culminating in Proposition 8, which states that two triangles are congruent if the three sides of one triangle are equal to the corresponding three sides of the other triangle. Propositions 9-12 form what we may call a “construction group” of propositions; four very important constructions, showing how to bisect straight lines and angles and how to drop and erect perpendiculars, are demonstrated here. Propositions 13-l 5 are a group dealing with angles. Propositions 20-22 deal with the size relationships existing among the sides of a triangle. Propo-
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sition 23 stands by itself, because it is needed at this point: it shows how to construct an angle equal to a given angle. Propositions 24-26 constitute a group that combines what has been learned in Propositions 16-19 and in Propositions 20-22. The culmination of this group is Proposition 26, another congruency proposition which shows that two triangles are congruent if one side and two angles of one triangle are equal to the corresponding side and angles of the other triangle. Now it is time to look at Euclid’s work in some detail. We begin with the Definitions. It is quite easy to understand what definitions are and why they must precede the remainder of Euclid’s work. Before Euclid can talk intelligently about triangles, rectangles, etc., he must tell us what these things are; otherwise we should know neither what he is talking about nor whether he is correct in his assertions. Thus it is entirely appropriate that Euclid define “point,” “line,” “triangle,” “circle,” “straight line,” etc. Are Euclid’s definitions good ones? For example, a point is defined as “that which has no part.” A line is defined as “breadthless length,” and a straight line is said to lie “evenly with the points on itself.” Are these definitions really helpful in understanding the things under consideration? If we did not already know what a point is, would the definition help us? Or would it tend to confuse us? For instance, it might seem that according to Euclid a point is nothing at all; for if it were anything, it would have to have parts. And, in the definition of a straight line, how helpful is it to say that it lies evenly with the points on itself? We may also wonder if Euclid has defined a sulhcient number of terms. Why, for instance, did he not define the term “part”? Or, the term “evenly”? This latter term would seem to be crucially important, since straightness is defined by means of it. Here we see a fundamental fact of definitions: Not everything can be defined. This fact is so important that we must investigate it a little more. Defining something means giving its meaning with the help of other terms. But these other terms may themselves be in need of definition. And, indeed, if we are faced with someone who takes nothing for granted and wants to be sure of everything, we will be forced to go on defining. It is easy to see that this is a losing game: if the original term being del%ned is A and if we define A in terms of B, C, and D, then we can be asked to define B, C, and D. In doing so, new terms must be used. We obviously cannot use the term A to define B, since it is A’s meaning that is at stake. But the new terms, say E, F,
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and G, must themselves be defined, and so on. This clearly cannot go on forever, for there is no end to it, How do we stop it? By saying, as we did above, that not everything can, or need be, detied. This solution, easy and neat as it appears, has its own difliculties. We may claim that to define “point” as “that which has no part” is perfectly sound, because the term “part” needs no definition. Furthermore, we may say or assume that the other words in the sentence, such as “that” and “has” are even less in need of a definition, because their meaning is self-evident and clear. It would be hard to maintain that the meaning of “part” is not well known. However, is it better known than the meaning of the term “point”? Why, in other words, define “point” in terms of other words which are claimed to be well known and unambiguous? Why not just claim that the meaning of the word “point” is well known and unambiguous and be done with it? Similar arguments could be construed against the need or even helpfulness of trying to define “line” or “straight line.” It is not helpful, we may feel, to speak of “breadthless length”; these two terms are, if anything, more obscure than the term “line.” As for the definition of “straight line,” that seems worse than no definition at all: surely no one would know what I am talking about if I said, “Here is a line that lies evenly with the points on itself”; whereas just as surely, almost everybody would know what I meant were I to speak of a “straight line.” This matter cannot be resolved in an absolute fashion. Since not every term can be defined, it becomes a matter of prudence which terms should be defined and which should be left undefined. Euclid apparently followed the rule that he would try to define all specifically geometrical terms that he needed, using nongeometrical language to do it. Thus, he defines “point,” “line, ” “straight line,” etc., because these are the elements with which he has to deal. He apparently feels he cannot or should not assume familiarity with them, whereas he can assume some working knowledge of terms like “part,” “breadth,” etc., because they are part of everyday speech. After the initial few defkitions, the difficulties of defining become less and less, because the terms defined earlier can be used in the later definitions. We need say very little more about the detiitions; they should present no problems. TWO other definitions are worth noting, however. Definition 10 defines a right angle. Whenever two lines intersect, four angles are formed; and of these four, two are ad-
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jacent to each other. A right angle, Euclid states, is formed when two lines intersect in such a fashion that two adjacent angles are equal to each other. (See Figure l-3.) Each of the two equal adjacent angles is then a right angle. If angle A = angle B, then A, B are both right angles.



A



8



Figure l-3 The definition is perhaps more remarkable for what it does not say than for anything else. It does not say that a right angle is equal to 90”. This is an instance of Euclid’s carefulness in his defining process. The term “degree” has not been defined by him (and in fact is nowhere defined in the Elements) ; hence he does not employ it in his definition of a right angle. More than prudence is-involved here: the term “degree,” if it were defined, would be seen to be dependent on “right angle”; that is, the definition of “angle of 1 O” would have to be “an angle which is the 90th part of a right angle.” The other definition to which we want to call attention is the last one. It defines parallel lines as those straight lines which never meet, no matter how far they are extended in either direction, provided that the two lines are in the same plane. (If they are not in the same plane, they could fail to meet and yet not be parallel. Such non-meeting, but not-parallel lines in three dimensions are called “skew.“) This brings us to the postulates, which are five in number. Of these, the most famous and the most interesting is the fifth postulate, the so-called “parallel postulate.” This postulate is thought to be Euclid’s own contribution to plane geometry, and if he had done nothing else in geometry, he would be famous for it. We shall discuss this postulate in great detail in the next chapter, in connection with the selection from Lobachevski. Of the remaining four postulates, the first three are very much alike; they “postulate” that certain geometrical constructions can be done. The root meaning of the word “postu-
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late” is “to demand”; in fact, Euclid demands of us that we agree that the following things can be done: that any two points can be joined by a straight line; that any straight line may be extended in either direction indetiitely; that given a point and a distance, a circle can be drawn with that point as center and that distance as radius. Sometimes these postulates are paraphrased as meaning that Euclidean geometry restricts itself to constructions that can be made with ruler and compass. This interpretation is all right as long as we do not take it too literally. The ruler and compass being talked about are mental instruments. There is no reference in these postulates to any actual drawing instruments; Euclid’s geometry is not that of the drawing board. What these postulates mean is that Euclid asks us to grant that he may connect any two points with a line, in his mind. It takes only a moment’s reflection to see that Euclid cannot be talking about pencil lines drawn with a ruler. A line, according to his definition, is length without breadth, and no pencil can ever draw a line that has no breadth. It may be a thin line, but it will have breadth. In other words, Euclid is talking about ideal figures, and the constructions which he here asks us to believe can be made are ideal constructions. Why is there any need for constructions at all? The simplest answer is that constructions enable us to do something. Without constructions, we would have to co&e geometry to those things which are described in the Definitions; we could never admit any new entities into geometry. By means of constructions, on the other hand, we construct or make new things out of old; we can combine the various things defined-such as lines and triangles and circles -into new figures and make propositions about them. These postulates are in a way completely arbitrary. It is possible to have geometries in which some of these postulates are omitted, or in which other postulates are substituted for them. We can easily imagine a geometry which would not contain Postulate 1. This geometry might substitute another postulate such as this: Between any two points there is a unique shortest possible line which can be drawn. Postulate 2 might also be abandoned and the following substituted: No line can be indefinitely extended; ail lines are tite. Strange as these postulates may seem, they would serve (with certain exceptions) for the geometry that can be studied on the surface of a sphere. Here the shortest distance between any two points on the surface is always a “great circle.” Any two points on a sphere (except end points of a diameter) can
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be joined by a unique great circle (a great circle is one whose center is at the center of the sphere); but all great circles are finite in length and ah are equally long. Figure l-4 shows two points A and B on the surface of a sphere which are joined by a “great circle.” Another great circle, in the position of an



Figure l-4 “equator,” has been drawn to illustrate how all great circles are equal. Among other things, then, the postulates indicate what kind of geometry Euclid is talking about. He is not talking about spherical geometry, for in such a geometry his postulates would obviously not apply. Though the particular postulates that Euclid chooses are arbitrary, they are obviously chosen with a good deal of prudence. They are those postulates which are needed in order to prove the important propositions of ordinary plane geometry. Here, as elsewhere, Euclid follows common sense. He departs from it only where it is absolutely necessary. Euclid could have chosen other postulates; for instance, he might have postulated that around any two points an ellipse of a given eccentricity can be drawn. Such a postulate would be just as permissible as the one about the circle which he uses. A great many propositions could be proved with the help of this postulate which cannot be proved with Euclid’s (and vice versa). As it happens, however, the propositions which the ellipsepostulate permits us to prove are rather recondite, whereas the propositions which Euclid’s circle-postulate allows us to prove (and which would be lost if the other one were adopted) are all very well known and very useful. By “lost” we mean that these propositions could no longer be derived from the postu-
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lates of the system; but neither could the opposites of these propositions be derived. The fourth postulate is not an operational postulate. It simply states that all right angles are equal to one another. This post&ate is worthy of note, because at first sight it seems superfluous. It seems obvious that all right angles are the same.



a Figure



l-5



But again what seems so obvious is not necessarily so. To show this, look at Figure l-5a and b. If A = B, then A and B are both right angles. If C = D, then C and D are both right angles also. But is it clear that A = C, or B = D? Nat necessarily. In the diagrams as drawn, we have in fact tried to make A not equal to C, and B not equal to D. The reader may object that the diagrams also look as though A and B were not equal, and as though C and D were not really equal. This is granted as far as looks are concerned; but geometry does not go by looks. If it is maintained that the diagrams as we have drawn them represent impossible situations-that is, that A and C must be equal, because otherwise A and B cannot be equal-then that is merely a restatement of Euclid’s fourth postulate. Like the postulate, it is an assertion of certain relations of equality, without proof. Euclid’s postulate makes explicit what we feel must be true: if the postulate did not hold, the situation depicted in Figure 1-5~ might prevail (if the two figures l-Sa and b were superimposed on one another). This situation cannot exist, however, if all right angles are equal to one another. Finally we come to the common notions, or axioms. Euclid sets down five statements which, he feels, are self-evident. That is to say, they are true and known to be true by everyone who understands the meaning of the terms in the statements. The common notions do seem rather obvious; the first one, for instance, states : “Things which are equai to the same thing are also equal to one another.” Their very obviousness and simplicity may inspire contempt; and a less careful geometer than
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Euclid might not bother to put them down at all. But here again Euclid follows the rule to put down everything that he needs as a tool for the propositions that are to come. Is there any difference between the postulates and the common notions? In Euclid’s mind, there clearly is. He is apologetic about the postulates (as the name indicates). He asks us to grant him the truth of the postulates. But Euclid does not ask us to do anything about the common notions; he simply states them as true, because he obviously feels that they are. Thus we may say that the postulates are geometrical assumptions, whereas the common notions are general self-evident truths. This statement points to another difference between postulates and axioms: the former are geometrical in nature, while the axioms are generally true. Presumably another science, such as arithmetic, would have postulates different from those of geometry. But the axioms used in arithmetic would be the same as those used in geometry. This, at least, seems to be Euclid’s way of looking at things. Other views are possible. For instance, some mathematicians maintain that postulates and common notions are not really different. The postulates can be (and perhaps even should be) stated in nongeometrical language; and the common notions, according to these mathematicians, are not more self-evident than the postulates. Both common notions and postulates should be recognized for what they are: assumptions. We will not, at the moment, pursue this view any further. Again we recognize, however, that Euclid is on the side of common sense. It seems as though the common notions are a lot more evident than the postulates, and it certainly seems as though they have a wider applicability than the postulates do. Now it is time to turn to some of the actual propositions in Book I. We have earlier noted that the propositions fall into three main parts and that each of these parts can again be divided into a number of groups. We have also already pointed out that the various parts and groups are organically relatedthat is, that the earlier parts lead naturally to later ones. Is it the case, then, that the order of the propositions in Book I is completely prescribed? Or to restate the question: Is it the case that the order of the propositions cannot be different from what it is? The answer to this question is a qualified “yes.” It is not true that the order of the propositions as given by Euclid is absolutely the only one that could have been chosen. A look at other geometry textbooks will show that this is so. But, starting
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with Euclid’s definitions, postulates, and axioms, there are not many other orders that could have been taken, and certainly not many that would be as good as the one Euclid has chosen. Thus, while we cannot say that the order of the propositions in Book I is absolutely and necessarily determined by their content, it is correct to say that the order is more than arbitrary, that there is a natural progression from earlier to later propositions, and that Euclid is very much aware of the progressive character of the book. He never loses sight of the fact that later propositions must depend only on earlier ones, and very frequently we find that a proposition is clearly introduced for no other purpose than to make the proof of the next one possible. “Proof” is, of course, the all-important term in geometry. In a moment we shall see what a geometrical proof looks like. But first we are bound to notice one thing: the first proposition in Book I-that is, the first proposition in the entire Elementsis not a proof at all. Instead of proving that something is the case, it sets out to construct something. “On a given finite straight line,” the proposition says, “to construct an equilateral triangle.” We encountered constructions earlier, when we noted that the first three postulates were construction postulates. Indeed, the statement of Proposition 1 is such that grammatically it could be turned into a postulate; Euclid might have said: Let it be postulated, on a given finite straight line, to construct an equilateral triangle. Why did Euclid not do this? The answer is quite simple: he did not have to. A postulate, after all, is a sign of a sort of weakness. It constitutes a demand on the part of the geometer that something be granted him-either that something is true (as in Postulate 4) or that something can be done (as in Postulates l-3). If we do not grant the geometer’s postulates, he cannot force us to do so; on the other hand, we cannot then expect him to prove his geometrical propositions, either. The more postulates a geometer makes, the less surprising it becomes that he can prove many and complicated propositions. Just to go to the absurd extreme, a geometer could postulate as true all geometrical propositions. Such procedure would not be wrong, but it would of course be useless and uninteresting. At the other extreme, and just as absurd in his way, would be the geometer who wanted to make no postulates whatsoever. Such a geometer, too, could not be gainsaid. But his method would be as valueless as the other: he could prove no proposi-
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tions whatever. In the middle is the kind of geometry in which postulates are made: enough postulates so that all the propositions of geometry can be proved, but no more than necessary. This is the kind of geometry which Euclid aims to present to us here. To have made Proposition 1 a postulate would have offended, therefore, against the (implied) principle of using as few postulates as possible. Now let us look at how the construction is accomplished. From each of the end points A and B of the given line a circle is described, with the given line as its radius. (See Figure l-6.) C



A



0 B



Figure l-6



These two circles meet (actually, they meet twice: once above and once below the given line), in a point C. Euclid then connects this newly found point C with each of the end points A and B of the given line. Thus a triangle ABC is formed. The construction is now over; all that remains to be done is to show that ABC is an equilateral triangle. This is easy enough: AB and AC are equal, because they are radii of the same circle; BA and BC are equal because they are radii of the same circle. Finally, AC and BC are equal because they are equal to the same thing, namely AB. Thus Euclid concludes that “that which it was required to do” has been done. The last phrase in Latin is quod erat faciendum; that is why the letters “Q.E.F.” are often placed at the end of construction propositions. What permits Euclid to draw a circle around A (and around B) ? Postulate 3, of course. Similarly, Postulate 1 justifies Euclid’s joining the point C with A and B. Thus, the construction of Proposition 1 is executed by means of the constructions that are permitted through the postulates. At the end of Propo-
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siti011 1, Euclid has a new construction available, namely, that of an equilateral triangle. In the next proposition, therefore, Euclid could make use of any one of four constructions: to jam two pomts by a straight line, to extend a straight line, to draw a circle with any given radius and center, to construct an equilateral triangle with a given side. How valid is Euclid’s proof that the figure constructed is actually the one called for? Euclid makes no attempt to prove that the figure ABC is in fact a triangle; presumably this is clear and obvious from the diagram. (It may not be so obvious as Euclid thinks; remember that the lines and figures with which Euclid is concerned are not those on paper but ideal lines and figures in the geometer’s mind. There might be some difficulty in inferring something about the shape of a figure that is ideal and invisible from a visible and material diagram.) The proof that the three sides of the triangle are all equal depends on the definition of a circle. Euclid reminds us (as the bracketed figure indicates) that in Definition 15 a circle is defined as the kind of figure in which all radii are equal. This, together with Common Notion 1, is sullicient to show that all three sides of the triangle are of the same length. A purist could raise some objections to Euclid’s procedure. For instance, how do we know that the two circles, one with the center at A, and the other with the center at B, meet at all? And if they do meet, is Euclid correct in assuming, as he obviously does, that they meet in a point? This latter fact could probably be proved from the definition of “line” as “breadthless length”; but Euclid certainly does not do it. Proposition 2 deserves a close look. As in Proposition 1, a construction is called for. We are given a point, and we are given a finite straight line. The point is not on the line. The problem is to place the given line (or more correctly, another
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line equal to it in length) in such a way that the given point is one of the end points of the line. (See Figure l-7.) The whole language of the proposition is very physical; it speaks of placing lines, of touching lines, etc. Accordingly, the answer to the problem also seems physically simple: just pick up the given line and put it over where the point is. If lines and points were in fact physical entities, this solution would be excellent. Since, however, they are ideal things, the solution cannot de pend on any physical picking up or motion through space. What must be done can involve only those constructions or operations which are possible because of the postulates or the one additional tool which Euclid now has-Proposition 1. There is nothing in these postulates or Proposition 1 about “picking up” a line or about its geometrical equivalent, which would be the permission to move a line through space. In fact, if we look at what Proposition 2 tries to accomplish, we can see that-provided the construction can be shown to be possible-it will give the geometer the permission to move lines through space. Proposition 2 is the substitute for a postulate “To move a line anywhere in space without changing its length.” To accomplish the construction, the given point and one end of the given line are first connected. (It can be either end;



Figure 1-8~ Figure l-8a indicates how it is done in one case, and Figure l-8b shows the other case.) On this line an equilateral triangle is built, according to Proposition 1. Then the two “arms”



56



BREAKTHROUGHS



IN



MATHEMATICS



r



Figure l-8b of this triangle, DA and DB, are extended indefinitely, according to Postulate 2. Now comes the real trick of the proposition. A circle is described, with B as center and the given line BC as radius. This circle intersects the extended line DB in the point G. This gives us the line DG, which is longer than the line we are looking for by the amount DB. But if we now draw a circle around D as center with the line DG as radius, we obtain the line DL (where the circle intersects the extension of DA). DL, therefore, is longer than the line we are looking for also by the amount DB (or what is the same thing, DA). But that leaves AL as the line of the desired length and, furthermore, starting exactly at the point where we want it to, A. This proposition certainly displays Euclid’s ingenuity as a geometer. But, we may ask ourselves with some dismay, is this not an awfully complicated amount of construction to have to go through simply in order to place a line at a given point? If such a simple operation requires so many steps and so many justitications, think of how complicated a truly dit% cult geometrical construction must be! Fortunately we can allay these fears. The manner of showing how this construction is accomplished is indeed complicated, but it will never be needed again. From now on when it is necessary to move a line from where it is to some other location, Euclid simply says, “Let it be done,” and refers to Proposition 2 as his justification for the fact that it calz be done. This is exactly how
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Euclid uses the postulates; when it is necessary to draw a straight line between two points, Euclid simply says, “Let it be done,” and refers to Postulate 1. We can see Euclid doing this in the very next proposition. This is yet a third construction, asking us to cut off from a longer line a segment equal in length to a shorter line. Euclid calls the longer line AI?, the shorter one simply C. And he begins his construction by saying “At the point A let AD be placed equal to the straight line C,” and he refers us to Proposition 2 at this point. This illustrates a general procedure of geometry: once something has been shown to be true, or once a construction has been shown to be possible, it is not necessary to repeat its proof again and again. If it has once been done, it is enough; the reference to the proposition in which the proof or construction was fist made is merely a mnemonic device in case we have forgotten where to look. So far there has been a perfect progression of the propositions: Proposition 1 depends only on the definitions, postulates, and axioms; Proposition 2 depends on Proposition 1 and on the definitions, postulates, and axioms; Proposition 3 depends on Proposition 2 (which in turn depends on Proposition 1) and on the definitions, postulates, and axioms. This perfect progression is interrupted with Proposition 4, which does not depend on Proposition 3. In fact, it does not depend on any prior proposition, or even on any of the postulates. The only reference to prior material that is made in the body of the proposition is to Common Notion 4. This “independence” of Proposition 4 is somewhat strange; it indicates something special about the manner of proof. What Euclid tries to prove is that two triangles are equal (congruent) if two sides and the included angle of one are equal to two sides and the included angle of the other one. His method of proof is nothing at all like what he did in the previous three propositions. Euclid “picks up” one triangle and superimposes it (places it) on the second one. Then he notes that if this is done so that point A and point D coincide (we are referring to Euclid’s figure) and so that line AB is in the direction of line DE, then B and E must also coincide because of the equal length of AB and DE. Similarly, because of the equality of the angles at A and D, the direction of AC and DF coincide, and because of the equality of AC and DF the. points C and F coincide. And thus, if B and E coincide while C and F ~SO coincide, the connecting straight lines, BC and EF, must C&O coincide. (Euclid makes a tacit assumption here: between
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IWO pohts only one straight line can be drawn.) Since the two triangles coincide in all respects, Euclid concludes that they are congruent. There can be no quarreling with the result. We may wonder, however, about the legitimacy of Euclid’s method of proof. HOW valid is the method of superimposition as geometrical proof? The reader may recall that in connection with Proposition 2 we pointed out that geometrical entities like points and Iines are not physical things and that they cannot simply be picked up and moved about in space. Here, however, Euclid does this very thing. If it is legitimate here, why wasn’t it legitimate in Proposition 21 If Euclid had allowed himself that method earlier, the whole cumbersome method of construction in Proposition 2 could have been eliminated. The best answer we can give is that just as “picking up” lines was not legitimate in Proposition 2, so it is really not legitimate here. In other words, it may well be that the proof of Proposition 4 is very faulty indeed, or to put it more bluntly, that it is no proof at all. Does this mean that what Proposition 4 states is not true? Not at all; it merely means that Euclid’s way of proving it is unsatisfactory. Are there other ways of proving this proposition? There may be, especially if we supplement Euclid’s postulates with some additional ones (such as one about the movability of geometrical figures without distortion). But if additional postulates are needed in order to prove Proposition 4, could we not simply solve the prohlem by making Proposition 4 itself a postulate? The answer is that we certainly could. The only question is whether it is preferable to have Proposition 4 itself as a postulate or to have a different postulate about the movability of geometrical figures. The second postulate would be more general in character; that may or may not be an advantage. Whichever solution is adopted, it is clear that the proof of Proposition 4 cannot be accepted unless at least one additional assumption is made. That additional assumption may be the truth of Proposition 4 itself, or it may be some other assumption from which the truth of Proposition 4 can be demonstrated. No matter how we resolve the difliculty concerning Proposition 4, it still remains true that it in no way depends on any of the preceding propositions. Hence, could not Proposition 4 have come before the first three propositions? Or to put the same question in a slightly dserent way: Is there any reason why Proposition 1 rather than Proposition 4 should be put first in the book?
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There is a reason for beginning with Proposition 1, and it derives from the fact that Proposition 1 is a construction, whereas Proposition 4 is not. Construction propositions (and postulates) perform a very important function in geometry. Suppose that there were no construction postulates and that no proposition had as yet been proved in Book I. The only purely geometrical knowledge we could have then would reside in the definitions. These define certain ideal entities, such as straight lines, triangles, and circles. Do we know, as the result of these definitions, that these things actually exist? Lest it seem that we have raised a foolish question, because anything which has been defined must exist, we point to the fact that there are many things that can be defined but which do not exist. A favorite example, of course, is mermaids. There is nothing self-contradictory about the definition of a mermaid; yet such beings do not exist. Many other things can be defined and yet no guarantee given that they exist: We are not talking about obviously self-contradictory definitions (such as that of a round square), but of definitions of things that could, but as a matter of fact do not, exist. How do we know, then, that straight lines exist? From Postulate 1, because that postulate states that a straight line can be drawn between any two points; a line that can be drawn obviously exists. Similarly, Postulate 3 assures us of the real existence of circles. But how do we know that triangles exist? There is no postulate to assure us that triangles can be drawn, Instead of a postulate, however, there is a proposition that assures that triangles exist. Proposition 1 shows us how an equilateral triangle can be drawn; and if it can be drawn, it exists. Construction propositions, therefore, not only show us how to perform certain geometrical constructions, but they also assure us that the geometrical entity being constructed is a really existing one. This in turn indicates why it is preferable to have Proposition 1 precede Proposition 4, even though the two propositions are independent of each other. If Euclid began Book I with Proposition 4, his readers might wonder whether he is stating something and proving something about a figure that does not have any reality. We need say very little about Proposition 5 except to point out that it is a typical proposition. It is a demonstration, not a construction; it does not employ any strange methods of proof like Proposition 4, and in general it is an example of what most people have in mind when they think of a geometri-
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cal theorem. The proposition is also a good instance of Euclid’s careful progressive method. It could not come any earlier in Book 1. because it depends on both Propositions 3 and 4. Another respect in which this proposition is typical is that it involves a subsidiary construction; that is, a construction is made in the proof for no other purpose than to make the demonstration possible. Proposition 6 is in one way much less important than Proposition 5, but it is of more interest to us because of the way in which it is proved. The method of proof is called “reduction to the absurd.” It is one of the most frequently used methods in all of mathematics. Proposition 6 is the converse of Proposition 5. The latter showed that in isosceles triangles the base angles are equal; the former proves that if in a triangle the base angles are equal, then the triangle is isosceles. We are given, therefore, that the angle at B and the angle at C are equal. (See Figure l-Pa.) We



a



b Figure l-9



are to prove that AB = AC. Let us assume, Euclid says, the opposite of what we want to prove. We will then go on to show that this (the opposite) cannot possibly be true. The opposite of AB’s being equal to AC is that AB is not equal to AC. If AB is not equal to AC, then one side has to be greater than the other. It does not matter for the purposes of the proof which side it is; let us say that it is AB that is greater. Since AB is greater, cut off from AB the segment DB equal to AC. Then join DC. Euclid shows, by using Proposition 4, that the two triangles DBC and ACB are equal. (To show which two triangles Euclid is talking about, we have separated them in Figure l-Pb. The corresponding parts have been marked.)
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But it is clearly impossible that these two triangles are equal, Euclid continues, because one triangle is wholly contained within the other. Hence we have been led to an impossible or absurd conclusion. Since all the steps in the proof were, however, logically impeccable, what can be the source of the impossible conclusion? It can be only one thing: the initial assumption that AB is greater than AC. Since true premises never lead to false conclusions (as long as no logical fallacies are committed), it must be that the premise “AB is greater than AC” is false. If that premise is false, its contradictory must be true; that is, it must be true that AB is not greater than AC. This still leaves the possibility that AB is smaller than AC, but that premise can be shown to lead to an absurdity just as quickly as the previous one. Thus, the only premise which does not lead to any absurdity is that AB is equal to AC. The power of this method lies in the fact that it is not restricted to geometry. It can be used anywhere. Simply assume the truth of the opposite (contradictory) of what you want to prove. Then see if this assumption leads to any absurdities or impossibilities. If it does, the original assumption must be false, and so its contradictory (which is what you wanted to prove in the first place) is true. The method depends on two logical principles: First, a false conclusion is a sign of a false premise somewhere in a logical process (assuming that the various steps of the process are carried out according to the ordinary laws of logic). Second, if a proposition is false, then its contradictory is true; and again, if a proposition is true, then its contradictory is false. This is not surprising, bersuse two contradictory propositions are defined as a pair of propositions such that only one can be true at a time, and only one can be false at a time. For example, the contradictory of the proposition “this board is red” is the proposition “this board is not red.” The contradictory is not any proposition like “this board is blue,” because quite obviously both “this board is red” and “this board is blue” can be false at the same time-for example, if the board is green. A word of caution may be in order about the fj.rst logical principle (that a false conclusion is a sign of a false premise). The opposite is not true; that is, a true conclusion is not a sign of true premises. If, using a set of premises and valid reasoning, you arrive at a true conclusion, it may still be the case that one or more of your premises are false. An example may be helpful. Each of the two following premises is false:
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(1) All Americans speak French fluently; (2) General de Gaulle is an American. But these two premises combine correctly to give the following true conclusion: General de Gaulle speaks French fluently. There are many variations of reduction to the absurd. We shall encounter some of them later on in this book. The important thing is to be sure that the logical processes involved are valid and to be certain that the conclusion which you claim to be absurd is so in fact. In Proposition 6 it is worth noting that the discovery of the absurdity depends on visual intuition; that is, Euclid asks us to look at the diagram and to see that the two triangles clearly cannot be equal because the one is totally within the other. Once more this raises the question of how appropriate it is for Euclid to depend on sight and on the diagram in his book when, as we have repeatedly pointed out, Euclidean geometry is not concerned with visible lines, triangles, etc. Although there are many more propositions in Book I, we shall not examine most of them in detail, since they present neither much difficulty nor any new principles. In the next chapter, however, we shall examine another group of propositions from Book I that does exhibit a new principle.
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The following selection consists of two sections. First, we have six more propositions from Book I of Euclid’s Elements (propositions 27-32). These are propositions dealing with parallel lines. With these Euclidean propositions we have placed some pages from Lobachevski’s Theory of Parallels. This work discusses Euclid’s theory of parallels, finds fault with it, and substitutes another theory for it. In so doing, Lobachevski develops a version of “non-Euclidean geometry.”
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Zf a straight line falling on two straight lines make the alternate angles equal to one another, the straight lines will be parallel to one another. For let the straight line EF falling on the two straight lines AB, CD make the alternate angles AEF, EFD equal to one another; * From The Thzrteen Books of Euclid’s Elements, trans. by Sir Thomas L. Heath (2nd ed.; London: Reprinted by permission.
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I say that AB is parallel to CD. For, if not, AB, CD when produced will meet either in the direction of B, D or towards A, C. Let them be produced and meet, in the direction of B, D, at G. Then, in the triangle GEF, the exterior angle AEF is equal to the interior and opposite angle EFG : which is impossible. Cl. 161 Therefore AB, CD when produced will not meet in the direction of B, D. Similarly it can be proved that neither will they meet towards A, C. But straight lines which do not meet in either direction are [Def. 231 parallel; therefore AB is parallel to CD. Therefore etc. QED.
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line falling on two straight lines make the exterior angle equal to the interior and opposite angle on the same side, or the interior angles on the same side equal to two right angles, the straight lines will be parallel to one another.



For let the straight line EF falling on the two straight lines AB, CD make the exterior angle EGB equal to the interior and opposite angle GHD, or the interior angles on the same
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BGH, GHD, equal to two right angles; I say that to CD. For, since the angle EGB is equal to the angle GHD, while [I. 151 the angle EGB is equal to the angle AGH, the angle AGH is also equal to the angle GHD; and they are alternate; therefore AB is parallel to CD. [I. 271 Again, since the angles BGH, GHD are equal to two right angles, and the angles AGH, BGH are also equal to two right side, namely



AB is parallel



angles, [I. 131 the angles AGH, BGH are equal to the angles BGH, GHD. Let the angle BGH be subtracted from each; therefore the remaining angle AGH is equal to the remaining angle GHD; and they are alternate; therefore AB is parallel to CD. [I. 271 Therefore etc. Q.E.D.



PROPOSITION



29



A straight line falling on parallel straight lines makes the alternate angles equal to one another, the exterior angle equal to the interior and opposite angle, and the interior angles on the same side equal to two right angles. For let the straight line EF fall on the parallel straight lines AB, CD; I say that it makes the alternate angles AGH, GHD equal, the exterior angle EGB equal to the interior and opposite angle GHD, and the interior angles on the same side, namely BGH, GHD, equal to two right angles. e A
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For, if the angle AGH is unequal to the angle GHD, one of them is greater. Let the angle AGH be greater. Let the angle BGH be added to each; therefore the angles AGH, BGH are greater than the angles BGH, GHD. But the angles AGH, BGH are equal to two right angles; [I. 131
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therefore the angles BGH, GHD are less than two right angles. But straight lines produced indefinitely from angles less than two right angles meet; [Pod. 51 therefore AB, CD, if produced indefinitely, will meet; but they do not meet, because they are by hypothesis parallel. Therefore the angle AGH is not unequal to the angle GHD, and is therefore equal to it. Again, the angle AGH is equal to the angle EGB; [I. 151 therefore the angle EGB is also equal to the angle GHD. [C.N. l] Let the angle BGH be added to each; therefore the angles EGB, BGH are equal to the angles BGH, GHD. [C.N. 21 But the angles EGB, BGH are equal to two right angles; [I. 131



therefore the angles BGH, angles. Therefore etc.



GHD



are also equal to two right Q.E.D.



PROPOSITION



30



Straight lines parallel to the same straight line are also parallel to one another. Let each of the straight lines AB, CD be parallel to EF, I say that AB is also parallel to CD. G
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For let the straight line GK fall upon them. Then, since the straight line GK has fallen on the parallel straight lines AB, EF, the angle of AGK is equal to the angle [I. 291 GHF. Again, since the straight line GK has fallen on the parallel straight lines EF, CD, the angle GHF is equal to the angle [I. 291 GKD. But the angle AGK was also proved equal to the angle GHF; therefore the angle AGK is also equal to the angle GKD;



[C.N. 11



and they are alternate.
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For let CE be drawn through the point C parallel to the straight line AB. [I. 311 E
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Then, since AB is parallel to CE, and AC has fallen upon them, the alternate angles BAC, ACE are equal to one an[I. 291 other. Again, since AB is parallel to CE, and the straight line BD has fallen upon them, the exterior angle ECD is equal to the [I. 291 interior and opposite angle ABC. But the angle ACE was also proved equal to the angle BAC, therefore the whole angle ACD is equal to the two interior and opposite angles BAC, ABC. Let the angle ACB be added to each; therefore the angles ACD, ACB are equal to the three angles ABC, BCA, CAB. But the angles ACD, ACB are equal to two right angles; therefore the angles ABC, right angles. Therefore etc.



[I. 131



BCA,



CAB



are also equal to two



Nicholas Lobachevski: The Theory



Q.&D.



of Parallels*



In geometry I find certain imperfections which I hold to be the reason why this science, apart from transition into analytics, can as yet make no advance from that state in which it has come to us from Euclid. As belonging to these imperfections, I consider the obscurity in the fundamental concepts of the geometrical magnitudes and in the manner and method of representing the measuring of these magnitudes, and IUlly the momentous gap in the theory *From by George Co., 1914; 1942), pp.



Geometrical Researches on the Theory of Parallels, trans. B. Hakted (Chicago-London: The Open Court Publishing copyright by The Open Court Publishing Co., La Salle, Ill., 11-19. Reprinted by permission.
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of parallels, to fill which all efforts of mathematicians have been so far in vain. For this theory Legendre’s endeavors have done nothing, since he was forced to leave the only rigid way to turn into a side path and take refuge in auxiliary theorems which he illogically strove to exhibit as necessary axioms. My hrst essay on the foundations of geometry I published in the Kasan Messenger for the year 1829. In the hope of having satisfied all requirements, I undertook hereupon a treatment of the whole of this science, and published my work in separate parts in the “Gelehrten Schriften der Universitaet Kasan” for the years 1836,1837,1838, under the title “New Elements of Geometry, with a complete Theory of Parallels.” The extent of this work perhaps hindered my countrymen from following such a subject, which since Legendre had lost its interest. Yet I am of the opinion that the Theory of Parallels should not lose its claim to the attention of geometers, and therefore I aim to give here the substance of my investigations, remarking beforehand that contrary to the opinion of Legendre, all other imperfections-for example, the detition of a straight lineshow themselves foreign here and without any real influence on the Theory of Parallels. In order not to fatigue my reader with the multitude of those theorems whose proofs present no dif&ulties, I preti here only those of which a knowledge is necessary for what follows. 1. A straight line fits upon itself in all its positions. By this I mean that during the revolution of the surface containing it the straight line does not change its place if it goes through two unmoving points in the surface: (i. e., if we turn the surface containing it about two points of the line, the line does not move.) 2. Two straight lines can not intersect in two points. 3. A straight line sufficiently produced both ways must go out beyond all bounds, and in such way cuts a bounded plain into two parts. 4. Two straight lines perpendicular to a third never intersect, how far soever they be produced. 5. A straight line always cuts another in going from one side of it over to the other side: (i. e., one straight line must cut another if it has points on both sides of it.) 6. Vertical angles, where the sides of one are productions of the sides of the other, are equal. This holds of plane recti-
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lineal angles among themselves, as also of plane surface angles: (i. e., dihedral angles.) 7. TWO straight lines can not intersect, if a third cuts them at the same angle. 8. In a rectilineal triangle equal sides lie opposite equal angles, and inversely. 9. In a rectilineal triangle, a greater side lies opposite a greater angle. In a right-angled triangle the hypothenuse is greater than either of the other sides, and the two angles adjacent to it are acute. 10. Rectilineal triangles are congruent if they have a side and two angles equal, or two sides and the included angle equal, or two sides and the angle opposite the greater equal, or three sides equal. 11. A straight line which stands at right angles upon two other straight lines not in one plane with it is perpendicular to all straight lines drawn through the common intersection point in the plane of those two. 12. The intersection of a sphere with a plane is a circle. 13. A straight line at right angles to the intersection of two perpendicular planes, and in one, is perpendicular to the other. 14. In a spherical triangle equal sides lie opposite equal angles, and inversely. 15. Spherical triangles are congruent (or symmetrical) if they have two sides and the included angle equal, or a side and the adjacent angles equal. From here follow the other theorems with their explanations and proofs. 16. All straight lines which in a plane go out lrom a point can with reference to a given straight line in the same plane, be divided into two classes-into cutting and not-cutting. The boundary lines of the one and the other class of those lines will be called parallel to the given line. From the point A (Fig. 1) let fall upon the line BC the perpendicular AD, to which again draw the perpendicular AE. In the right angle EAD either will all straight lines which go out from the point A meet the line DC, as for example AF, or some of them, like the perpendicular AE, will not meet the line DC. In the uncertainty whether the perpendicular AE is the only line which does not meet DC, we will assume it may be possible that there are st?’ other lines, for example AG, which do not cut DC, how far soever they may be prolonged. In passing over from the cutting lines, as AF, to the not-cutting
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Figure 1 lines, as AG, we must come upon a line AH, parallel to DC, a boundary line, upon one side of which all lines AG are such as do not meet the line DC, while upon the other side every straight line AF cuts the line DC. The angle HAD between the parallel HA and the perpendicular AD is called the parallel angle (angle of parallelism), which we will here designate ZZ (p) for AD = p. If ZZ (p) is a right angle, so will the prolongation AE’ of the perpendicular AE likewise be parallel to the prolongation DB of the line DC, in addition to which we remark that in regard to the four right angles, which are made at the point A by the perpendiculars AE and AD, and their prolongations AE’ and AD’, every straight line which goes out from the point A, either itself or at least its prolongation, lies in one of the two right angles, which are turned toward BC, so that except the parallel EZ3’ ail others, if they are sticiently produced both ways, must intersect the line BC. If ZZ (p) < 95 T, then upon the other side of AD, making the same angle DAK = ZZ (p) will lie also a line AK, parallel to the prolongation DB of the line DC, so that under this assumption we must also make a distinction of sides in parallelism.



All remaining lines or their prolongations within the two right angles turned toward BC pertain to those that intersect, if they lie within the angle HAK =2 ZZ (p) between the parallels; they pertain on the other hand to the non-intersecting
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Now let E’ be a point on the production of AB and E’K’ perpendicular to the production of the line CD; draw the line E’F’ making so small an angle AE’F’ that it cuts AC somewhere in F’; making the same angle with AB, draw also from A the line AF, whose production will cut CD in G (Theorem 16). Thus we get a triangle AGC, into which goes the production of the line E’F’; since now this line can not cut AC a second time, and also can not cut AG, since the angle BAG = BE’G’ (Theorem 7), therefore must it meet CD somewhere in G’. Therefore from whatever points E and E’ the lines EF and ET go out, and however little they may diverge from the line AB, yet will they always cut CD, to which AB is parallel. 18. TWO lines are always mutually parallel. Let AC be a perpendicular on CD, to which AB is parallel; if we draw from C the line CE making any acute angle ECD with CD, and let fall from A the perpendicular AF upon CE, we obtain a right-angled triangle ACF, in which AC, being the hypothenuse, is greater than the side AF (Theorem 9). A



H Figure 3 Make AG = AF, and slide the figure EFAB until AF coincides with AG, when AB and FE will take the position AK and GH, such that the angle BAK = FAC, consequently AK must cut the line DC somewhere in K (Theorem 16)) thus forming a triangle AKC, on one side of which the perpendicular GH intersects the line AK in L (Theorem 3)) and thus determines the distance AL of the intersection point of the lines AB and CE on the line AB from the point A. Hence it follows that CE will always intersect AB, how small
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AG, if they lie upon the other sides of the parallels AH and AK, in the opening of the two angles EAH = M T - ZZ (p) , E’AK = Yz x - ZZ (p) , between the parallels and EE’ the perpendicular to AD. Upon the other side of the perpendicular EE’ will in like manner the prolongations AH’ and AK’ of the parallels AH and AK likewise be parallel to BC; the remaining lines pertain, if in the angle K’AH’, to the intersecting, but if in the angles K’AE, H’AE’ to the non-intersecting. In accordance with this, for the assumption ZZ (p) = Yz ‘IT, the lines can be only intersecting or parallel; but if we assume that ZZ (p) < Yz T, then we must allow two parallels, one on the one and one on the other side; in addition we must distinguish the remaining lines into non-intersecting and intersecting. For both assumptions it serves as the mark of parallelism that the line becomes intersecting for the smallest deviation toward the side where lies the parallel, so that if AH is parallel to DC, every line AF cuts DC, how small soever the angle HAF may be. 17. A straight line maintains the characteristic of parallelism at all its points. Given AB (Fig. 2) parallel to CD, to which latter AC is perpendicular. We will consider two points taken at random on the line AB and its production beyond the perpendicular.



Figure 2 Let the point E lie on that side of the perpendicular on which AB is looked upon as parallel to CD. Let fall from the point E a perpendicular EK on CD and so draw EF that it falls within the angle BEK. Connect the points A and F by a straight line, whose production then (by Theorem 16) must cut CD somewhere in G. Thus we get a triangle ACG, into which the line EF goes; now since this latter, from the construction, can not cut AC, and can not cut AG or EK a second time (Theorem 2)) there fore it must meet CD somewhere at H (Theorem 3).



NON-EUCLIDEAN



GEOMETRY



75



AAc Figure 5



So we obtain a right-angled triangle with the perpendicular sides p and q, and from this quadrilateral whose opposite sides are equal and whose adjacent sides p and q are at right angles (Fig. 6). By repetition of this quadrilateral we can make another with sides np and mq, and finally a quadrilateral ABCD with sides at right angles to each other, such that AB = np, AD = mq.



Figure 6 DC = np, BC = mq, where m and n are any whole numbers. Such a quadrilateral is divided by the diagonal DB into two congruent right-angled triangles, BAD and BCD, in each of



which the sum of the three angles = T;. The numbers n and m can be taken sufficiently great for the right-angled triangle ABC (Fig. 7) whose perpendicular sides AB = np, BC = mq, to enclose within itself another given (right-angled) triangle BDE as soon as the right-angles fit each other. Drawing the line DC, we obtain right-angled triangles of which every successive two have a side in common. The triangle ABC is formed by the union of the two triangles ACD and DCB, in neither of which can the sum of the angles be greater than 7; consequently it must be equal to T,



74



BREAKTHROUGHS



IN



MATHEMATICS



soever may be the angle ECD, consequently CD is parallel to AB (Theorem 16). 19. In a rectilineal triangle the sum of the three angles can not he greater than two right angles. Suppose in the triangle ABC (Fig. 4) the sum of the three angles is equal to VT+ a; then choose in case of the inequality of the sides the smallest BC, halve it in D, draw from A through D the line AD and make the prolongation of it, DE, equal to AD, then join the point E to the point C by the straight line EC. In the congruent triangles ADB and CDE, the angle



$ A



C



Figure 4 = DCE, and BAD = DEC (Theorems 6 and 10); whence follows that also in the triangle ACE the sum of the three angles must be equal to VT+ a; but also the smallest angle BAC (Theorem 9) of the triangle ABC in passing over into the new triangle ACE has been cut up into the two parts EAC and AEC. Continuing this process, continually halving the side opposite the smallest angle, we must finally attain to a triangle in which the sum of the three angles is r + a, but wherein are two angles, each of which in absolute magnitude is less than %a; since now, however, the third angle can not be greater than r, so must a be either null or negative. 20. Zf in any rectilineal triangle the sum of the three angles is equal to two right angles, so is this also the case for every other triangle. If in the rectilineal triangle ABC (Fig. 5) the sum of the three angles = rr, then must at least two of its angles, A and C, be acute. Let fall from the vertex of the third angle B upon the opposite side AC the perpendicular p. This will cut the triangle into two right-angled triangles, in each of which the sum of the three angles must also be r, since it can not in either be greater than rr, and in their combination not less than n-. ABD
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In the right-angled triangle ABD let the angle ADZ3 = a; then must in the isosceles triangle ADE the angle AED be either 1%~ or less (Theorems 8 and 20). Continuing thus we finally attain to such an angle, AEE, as is less than any given angle. 22. Zf two perpendiculars to the same straight line are parallel to each other, then the sum of the three angles in a rectilineal triangle is equal to two right angles. Let the lines AB and CD (Fig. 9) be parallel to each other and perpendicular to AC. Draw from A the lines AE and AF to the points E and F, which are taken on the line CD at any distance FC > EC from the point C.



fi:
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F



Figure 9 Suppose in the right-angled triangle ACE the sum of the three angles is equal to x - (Y, in the triangle AEF equal to r-p, then must it in the triangle ACF equal 7 - (Y- ,8, where Q and p can not be negative. Further, let the angle BAF = a, AFC = 6, so is C\I+ /3 = Q- b; now by revolving the line AF away from the perpendicular AC we can make the angle Q between AF and the parallel AB as small as we choose; so also can we lessen the angle b, consequently the two angles a and p can have no other magnitude than cu=O and p=O. It follows that in all rectilineal triangles the sum of the three angles is either T and at the same time also the parallel angle zz (P) = 342T for every line p, or for all triangles this sum is < T and at the same time also ZZ (p) < 95 rr. The first assumption serves as foundation for the ordinary geometry and plane trigonometry. The second assumption can likewise be admitted without leading to any contradiction in the results, and founds a new geometric science, to which I have given the name Imaginary
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in order that the sum in the compound triangle may be equal to x.



Figure 7 In the same way the triangle BDC consists of the two triangles DEC and DBE, consequently must in DBE the sum of the three angles be equal to T, and in general this must be true for every triangle, since each can be cut into two rightangled triangles. From this it follows that only two hypotheses are allowable: Either is the sum of the three angles in all rectilineal triangles equal to X, or this sum is in all less than T. 21. From a given point we can always draw a straight line that shall make with a given straight line an angle as small as we choose. Let fall from the given point A (Fig. 8) upon the given line BC the perpendicular AB; take upon BC at random the point D; draw the line AD; make DE=AD, and draw AE.



Figure 8
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the major objections to the postulate. Its statement begins with something that is given-the interior angles on the same side are less than two right angles-and then proceeds to a conclusion-the two lines will meet on the side where the angles are less than two right angles. (See Figure Z-l.) Objectors



Figure 2-1 feel that it is not at all self-evident that the conclusion follows from the premises. Hence, whereas we can easily accept the validity of the Grst four postulates, there is no reason why we should consider the fifth postulate valid. Objectors feel that its truth should be proved, just as though it were a proposition. The matter is worse if the postulate is called an axiom (as it frequently is in early Latin translations of Euclid), for, as we noted in Chapter I, axioms are statements of self-evident truths; but the fifth postulate is not self-evident, and so the name “axiom” should not be applied to it. Thus Saccheri, after stating the “axiom,” writes as follows: No one doubts the truth of this proposition; but. . . they accuse Euclid . . . because he has used for it the name axiom, as if obviously from the right understanding of its terms alone came conviction. Whence not L few (withal retaining Euclid’s definition of parallels) have attempted its demonstration from those proposi. tions of Euclid’s First Book alone which precede thz twenty-ninth, wherein begins the use of the controverted proposition. * * Girolamo



Bruce Halsted.



Saccheri’s Chicago,



Euclides



1920:



Vindicatus,



Open Court



ed. and trans. by George Publishing Co., pp. 5-7.
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and which I intend here to expound as far as the development of the equations between the sides and angles of the rectilineal and spherical triangle.



Geometry,



PART



II



If ever there was a scandal in the intellectual world, Euclid’s fifth postulate constituted such a scandal. The very existence of this postulate seemed offensive to a great many people; even those who did not completely condemn the postulate nevertheless considered it a blemish on Euclid’s otherwise elegant edifice. Indeed, there exists a book by an eighteenth-century Italian Jesuit, Girolamo Saccheri, the English title of which is Euclid Freed of Every Fleck. This book, published in 1733, is not a mere curiosity written by a crank; it is a very serious work which plays an important role in the controversy surrounding the postulate. Now, however, this controversy no longer exists. The fifth postulate has become quite acceptable, and Euclid, instead of being chastised for having formulated it, is praised for having recognized the need for it. Indeed, mathematicians hold that the fifth postulate is characteristic of Euclid’s geometry. It is now recognized that Saccheri and all the other mathematicians who felt uncomfortable about the fifth postulate were really searching for a form of generalized non-Euclidean geometry. Let us take a close look at Euclid’s famous-or infamouspostulate: Let it be postulated that, if a straight line falling on two straight lines make the interior angles on the same side less than two right angles, the two straight lines, if produced indefinitely, meet on that side on which are the angles less than the two right angles (p. 17). Whereas the first four postulates are brief and easily understood, Euclid’s fifth postulate is as lengthy as a proposition and as complicated. The complication and length constitute
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first proposition involving parallel lines-Proposition 27does not make use of Postulate 5. The proposition states that, if a line intersects two other lines in such a way that the alternate angles are equal, then the two lines are parallel. (See Figure 2-2. In that figure, alternate angles are designated by the same letters.)
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Figure



2-2



To prove this proposition, Euclid employs the method of reduction to the absurd: if two lines are not parallel, then of course they must meet. Assume, therefore, that they do meet (it does not matter on which side) at the point G (see Figure 2-3). A triangle, EFG, is then formed. One of the pairs of alternate angles is AEF and EFD; it is given that they are equal. However, it is impossible that they be equal, since in



G C-
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D



F Figure



2-3



the triangle EFG the angle AEF is an exterior angle, whereas angle EFG is an interior angle. According to Proposition 16 of Book I, an exterior angle of a triangle is always greater than either of the two opposite interior angles. Hence, the same angle (AEF) must be both equal to, and greater than, EFGa conclusion which is absurd. Thus the original assumption
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Here the objections and the proposed remedy are quite clearly stated. Saccheri states that the Gfth postulate or axiom is true but that it is wrong to call it by the name “axiom” (that is, to claim self-evidence for it); hence the postulate must be proved to be true. To accomplish this proof, we have available to us all the propositions in Book I which precede Proposition 29, the first one in which the postulate is used. Saccheri attempts to accomplish this task, and to a certain extent he succeeds. Nicholas Lobachevski, writing more than a hundred years after Saccheri (in 1840)) employs almost the same language: In geometry I find certain imperfections which I hold to be the reason why this science. . . can as yet make no advance from that state in which it has come to us from Euclid. As belonging to these imperfections, I consider . . . the momentous gap in the theory of parallels, to Cl1 which all efforts of mathematicians have been so far in vain (pp. 68-9). The man who wrote these words was born at Makariev, Russia, in the year 1793. Lobachevski went to the gymnasium in the city of Kazan, and then entered the university there. All of his active intellectual life was spent at the University of Kazan; he was first a student, then a professor, and finally the rector of the University. Lobachevski carried a tremendous load of teaching and administrative responsibilities (the latter being especially heavy in bureaucratic Russia), so that we wonder how he ever found time for his own research. His l&t writings on the subject of parallels go back to 1826, but the Theory of almost Parallels was not published until 1840. Incidentally, rhe same results as those obtained by Lobachevski were found by John Bolyai, a Hungarian mathematician. His work on parallelism was published in 183 1, but it is thought that Bolyai’s &.t ideas on the subject go back to 1823. Neither Lobachevski’s nor Bolyai’s works attracted much attention when they were first published; not until 1867, when Bernhard Riemann’s essay on the basic hypotheses that support geometry was posthumously published, did mathematicians generally take an interest in non-Euclidean geometries. Lobachevski died in the year 1856. Let us begin with a look at Euclid’s theory of parallels. The
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by reduction to the absurd. The element which produces the absurdity, however, is different: in the case of Proposition 27, it is Proposition 16 that is the keystone to the proof, whereas in the case of Proposition 29 it is Postulate 5 that provides the absurdity. In order to overcome the “flaws” of Euclid’s geometry, Lobachevski substitutes a new postulate for Euclid’s fifth one. Unfortunately, he is not very explicit in his manner of doing it. To understand Lobachevski’s procedure, we must f?rst realize that there are several different but equivalent ways in which Euclid’s tifth postulate can be stated. One of the equivalent statements of Postulate 5 is this: “In a plane, through a given point, there is one and just one parallel line to a given line.” To see how this statement is equivalent to Euclid’s hfth postulate, let us restate the proof of Proposition 29, using the postulate of the uniqueness of the parallel line. It is to be proved that if a line intersects two parallel lines, then the alternate angles are equal. Let AB and CD be the parallel lines, and let EF intersect them. (See Figure 2-5.) It is to be proved
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D Figure 2-5



that angle AGH = angle GHD. We use reduction to the absurd. If the two angles are not equal, then construct angle JGH so that it is equal to angle GHD. Extend line JG so that the line JK is formed. Now, because of the equality of angle JGN and angle GHD, the two lines JK and CD are parallel, according to Proposition 27. But line AB is also parallel to line CD. Thus we have arrived at an absurdity-for two lines, JK and AB, are both parallel to the same line, CD. According to the postulate of the “uniqueness of parallel lines,” this is impossible.
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-that the two lines meet to form a triangle-must be false, and so the given two lines must be non-meeting or parallel. Let us skip Proposition 28, which is just another version of Proposition 27, and hurry on to Proposition 29, in which the parallel postulate is used for the tirst time. Proposition 29 is the converse of Proposition 27. What is given in the first proposition becomes what is proved in the second proposition, and what is proved in the first proposition becomes what is given in the second one. Thus it is given in Proposition 27 that the alternate angles are equal, and it is proved that the two lines in question are parallel. On the other hand, in Proposition 29 it is given that the two lines are parallel, and it is proved that the alternate angles are equal. The proof is by reduction to the absurd, just as is the proof of Proposition 27. Let us assume, Euclid says, that the alternate angles are not equal. Then one of them must be greater than the other one (it does not matter which one it is). Let the greater angle be AGH. (See Figure 2-4.) Add the angle BGH to both the angle AGH and the angle GHD. Then angle AGH + angle BGH is greater than angle GHD + angle BGH. E\



Figure 2-4 But angle AGH + angle BGH is equal to two right angles. Hence the two angles GHD + BGH are less than two right angles. And so, by Postulate 5 the lines AB and CD, if extended, must meet toward BD. However, this is absurd, since the lines are given to be parallel. And so the assumption that the alternate angles are not equal must be false. Since Propositions 27 and 29 are converses, we should expect their proofs to be similar. And so they are: both proceed
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cated than Euclid’s, it should not be surprising that the proofs of his propositions are also more complex.



AL. 0 Figure 2-6



Euclid proves that the angles of a triangle are equal to two right angles in the following manner: If the triangle is ABC, Euclid tirst extends the line AB to D. (See Figure 2-6.) Then, through B, he draws BE parallel to AC. From Proposition 29 it follows that angle CBE is equal to angle ACB, and that EBD is equal to angle CAB. Hence the three angles ABC, CBE, and EBD are equal to the three interior angles of the triangle. But the former angles, being the angles on a straight line, are equal to two right angles; consequently the interior angles of a triangle must also be equal to two right angles. In Lobachevski’s geometry this proof fails, of course, because of the unavailability of Proposition 29. What does Lobachevski substitute for Proposition 32? In any triangle, Lobachevski tells us, the sum of the angles is at most equal to two right angles. Thus there may be triangles in which the sum of the interior angles is less than two right angles, or there may be triangles in which the sum is exactly equal to two right angles. But there are no triangles in which the sum of the angles is greater than two right angles. The proof is found in Section 19. The method used is that of reduction to the absurd. (Note that the methods of Euclid and Lobachevski are the same, even though some of their crucial assumptions are different.) Lobachevski assumes that the sum of the angles in a triangle is greater than two right angles. (For “two right angles” Lobachevski uses the expression r; this is merely a different way of measuring angles. A third way of expressing the assumption is to say that the sum of the angles of the triangles is greater than 180”. We shall adhere to Euclid’s way of measuring angles-in terms of right angles.) TO arrive at an absurdity, Lobachevski bisects one of the sides of the triangle, BC, at a point D. (See Figure 2-7.) He
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The postulate Lobachevski substitutes for Euclid’s may be expressed in this form: “In a plane, through a given point, there exists an infinite number of lines that do not cut a given line.” Thus Lobachevski postulates an infinite number of parallel lines to a given line, in Euclid’s sense of the word “parallel.” Lobachevski himself, however, reserves the term “parallel” for two special not-cutting lines. In section 16 (p. 70) Lobachevski defines parallelism. However, he first makes a distinction: All straight lines which in a plane go out from a point can, with reference to a given straight line in the same plane, be divided into two classes-into cutting and notcutting. Of course, Euclid would agree with this definition, but he would add that the class of not-cutting lines has just one member, that not-cutting line being the one which Euclid calls the parallel. Lobachevski, as we have said, postulates that there is an h&rite number of not-cutting lines, just as there is an infinite number of cutting lines. Parallel lines are defined by bim in terms of these two classes: “The boundary lines of the one and the other class of lines will be called parallel to the given line.” If there are both not-cutting and cutting lines, there must be a last not-cutting line; that is, every line beyond this last one is such that it cuts the given line, whereas every line on the other side of this last one does not cut the given line. None of this contradicts anything that Euclid has said; it merely becomes superfluous if there is only one not-cutting line. In that case the boundary line between cutting and notcutting lines is itself identical with the one and only not-cutting line. Having substituted a new postulate for Euclid’s-but one which is not contradictory to Euclid’s, merely wider-Lobachevski proceeds to prove propositions concerning the same matters as Euclid. Naturally, his results are not the same as Euclid’s; however, they are not contradictory to Euclid’s. Just as Euclid’s postulate is a special case of Lobachevski’s postulate (that is, the special case when the not-cutting lines number only one), so Euclid’s propositions are special cases of Lobachevski’s. For example, Euclid Grids that the sum of the angles in a triangle is equal to two right angles; Lobachevski tids this sum to be either two right angles or less than two right angles. Since Lobachevski’s postulate is more compli-
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that the original assumption is wrong and that the sum of the angles in a triangle cannot be greater than two right angles. In Section 20, Lobachevski points out that he does not know what the sum of the angles in a triangle amounts to, except that the sum cannot be greater than two right angles. He then adds this: if there is just one triangle concerning which it is known that the sum of its angles is exactly equal to two right angles, then all triangles must have the sum of their angles equal to two right angles. Let the triangle concerning which it is known that the sum of its angles is equal to two right angles be ABC. (See Figure 2-S.) Let MN0 be any other right-angled triangle. (We are changing Lobachevki’s terminology, since 0
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Figure 2-8 he uses the same letters in several triangles, thereby creating unnecessary confusion.) From the vertex opposite the largest side of ABC drop the perpendicular BD. This divides the triangle ABC into two right-angled triangles, ABD and BDC. From the previous proposition, the sum of the angles in either of the right-angled triangles cannot be greater than two right angles. Thus we have (1) x + y + right angle is equal to or less than 2 right angles. and (2) z + w + right angle is equal to or less than 2 right angles. If we now add these two lines together, we get (3) n+y+z+w+2rightanglesisequaltoorlessthan 4 right angles. But since it is given that x + y + z + w is equal to 2 right angles, it is clear that in statement (3) the relation of being “equal” rather than that of being “less than” holds. In other words, statement (3) should be written as follows: (3) x + y + z + w + 2 right angles = 4 right angles.



86



BREAKTHROUGHS



IN



MATHEMATICS



B



E x



W



D X



A



6x.l



zwc



Figure 2-7 connects A and D with a straight line and extends AD to E so that AD equals DE. Then it is easy to prove that triangles ABD and DCE are congruent (this does not involve any reference to parallelism). Now consider the newly formed triangle AEC. The sum of its angles-EAC, ACE, and CEAis equal to the sum of the angles of the original triangle. For the sake of convenience, we have given letters to the various angles. Equal angles have been designated by the same letter. In the original triangle the sum of the interior angles, starting at point B and running counterclockwise, is w + x + y + z. In the new triangle, starting at E and going counterclockwise, the sum is x + y + z + w. It follows that the sum of the angles in the new triangle AEC is also greater than two right angles. If the sum of the angles in the first triangle ABC is, for example, 2 right angles + a, then it is also 2 right angles + a in the new triangle AEC. At the same time, it is clear that the angle EAC (or y) is smaller than the angle BAC (or x + y) .By proceeding in the same manner with triangle AEC (that is, by dividing the side EC in half), we arrive at yet another triangle with the sum of its angles equal to 2 right angles + a; this triangle will have an angle at A even smaller than EAC or y. By proceeding in this manner, it is possible to finally arrive at a triangle which has an angle at A smaller than the quantity ?4a. We can proceed in the same manner with the other small angle (such as the one E) and, while keeping the sum of the angles in the triangle constant, have the other small angle also equal to less than Ma. Since the sum of the three angles of the final triangle must be equal to 2 right angles + a, while the two small angles together are less than a (each separately being less than Ma), the remaining third angle will have to be greater than two right angles. This is absurd, for if this third angle ever becomes so large as to be equal to two right angles, there wiIl be no angle-and no triangle-left. We conclude, then,
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two right angles, because the angles of the big triangles are equal to the angles of the original triangle BDC with the sides p and q. Now choose the number n large enough so that EH is greater than MN and GH is greater than NO. Draw the triangle EGH so that it wholly encloses the triangle MNO. (See Figure 2-10.) Thus points H and N coincide. Join M and G. We shall now show that, since the big triangle, EGH, has angles equal to two right angles, the two triangles which together make it up-EGM and MGN-must each have angles equal to two right angles. Similarly, since the sum of the angles in MGN is equal to two right angles, the angles in triangle MN0 must amount to the same sum. We already know that the angles of any triangle must be either less than two right angles or exactly equal to two right angles. But if the angles x + y + z are less than two right angles or if the angles w + v are less than a right angle (it is given that the angle at N is right), an impossibility results. For if we add all these angles up, we find that x + y + v + z + w are less than three right angles. Now it is known from Euclid’s Proposition 13 that z + w is equal to two right angles. That would leave x + y + v as equal to less than one right angle. But this cannot be, since these three angles, together with the right angle at N, are supposed to make two right angles. Thus our assumption has led to an absurdity, and we see that all the triangles enclosed in EGH must have their angles equal to two right angles. Since MN0 was any right triangle, we can conclude that if any right triangle has the sum of its interior angles equal to two right angles, then all right triangles have their angular sum equal to two right angles. If all right triangles have their angular sum equal to two right angles, then ah triangles have the same angular sum, for any triangle can be divided into two right triangles. From this Lobachevski concludes that “only two hypotheses are allowable: Either is the sum of the three angles in all rectilineal triangles equal to x [two right angles], or this sum is in all less than 7r.” In other words, either all geometry is Euclidean, or all geometry is Lobachevskian. There cannot be a mixture of the two geometries. “It follows,” Lobachevski writes, that in all rectilineal triangles the sum of the three angles is either rr [two right angles] . . . , or for all triangles this sum is less than r. . . .
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Therefore, in lines (1) and (2)) we must also have the relation of equality; for if in either of them the relation of being “less than” obtained, we could not by adding obtain line (3) with the equal sign. Thus triangle BDC has the sum of its angles equal to two right angles, as does triangle ADB. By placing two triangles such as BDC together, we can form a rectangle (Lobachevski uses the term “quadrilateral”) with sides BC = p, and DC = 4. From many rectangles equal to this one, we can form one with sides np and nq, where IZ is a whole number. (Lobachevski says to make the rectangle with sides np and mq, where n and m are different whole numbers; however, he then is not entitled to take the following step,



Figure 2-9 although he seems unaware of it.) Let this large rectangle be called EFGH. (See Figure 2-9.) The diagonal EG divides this rectangle into two congruent triangles, EFG and EGH. The sum of the angles in each of these two big triangles is equal to G
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Euclid concludes that since angle ABD is equal to angle DCE, therefore the exterior angle DCF must be greater than the interior angle ABD. Now let us make a slight change in the diagram for Proposition 16 (of Euclid) or Section 19 (of Lobachevski) . Instead of drawing the figure with straight lines, as we have so far done, let us draw the figure on the surface of a sphere. Here the place of straight lines is taken by great circles-circles that have the same center as the sphere itself. Examples of great circles on the Earth are the equator and all of the meridians. A great circle is like a straight line, in that it constitutes the shortest distance between two points on a sphere, just as a straight line is the shortest distance between two points on a plane. Look at Figure 2-12. We have drawn a triangle ABC consisting of parts of great circles. The base AC is part of the “equator” of the sphere; the two sides AB and BC are each “meridians”; thus the point B is the “north pole” of the sphere. In order to give some definiteness to the figure, we have made the angle at B equal to 120’. (We shall here use the degree measurement of angles for simplicity’s sake.) Notice that no matter what the angle at B is made to be, the two angles at A and at C are right angles. Thus no matter what the angle at B is, the sum of the angles of the triangle ABC is certainly going to be greater than two right angles or 180”. In our example, it is three and a third right angles, or 300”. Thus Lobachevski’s Section 19 does not apply to spherical triangles. If we now extend the base AC, say to F, it is also apparent at once that Euclid’s Proposition 16 does not hold true for spherical triangles. For the exterior angle BCF is a right angle; it is therefore equal to one of the opposite interior angles-the one at A-and is smaller than the other opposite interior anglethe one at B. If we complete the figure so that, on the sphere, we duplicate the constructions of Proposition 16 or Section 19, we can see why their statements cannot be proved here. Bisect BC at D. Join A and D (with a great circle), and extend the great circle segment to E so that AD = DE. Join E and C with the segment of a great circle. (It takes a little practice to see the diagram properly. The point E is on the far side of the sphere; to understand why EC is drawn the way it is, remember that the circle of which EC is a part has its center at the center of the sphere. Below the main diagram we have placed another one, in which the spherical triangle has been “flattened out” and placed in the plane. This may help in visualizing the spherical
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The first assumption serves as the foundation for the ordinary geometry and plane trigonometry. The second assumption can likewise be admitted without leading to any contradiction in the results, and founds a new geometric science, to which I have given the name Imaginary Geometry, and which I intend here to expound. . . (pp. 77-8). We have merely Lobachevski’s word for the fact that his geometry can be developed without contradition; he has not proved this. At the same time, it is only fair to note that Euclid nowhere proves that his geometry will never lead to contradictions. Euclid’s “proof” consists in the actual development of hundreds of propositions without contradictions; Lobachevski’s “proor is of the same sort. The pages following Section 22 are a verification of his boast that a non-contradictory geometry can be developed from his postulate. Let us reexamine Section 19. This is the section in which Lobachevski proves that the sum of the angles of any triangle cannot be greater than two right angles. Compare the proof of this proposition with the proof of Euclid’s sixteenth proposition, which shows that in a triangle the exterior angIe is always greater than either of the two opposite interior angles. You will notice that the two proofs are almost the same. Both depend on the same construction: the side BC of the triangle ABC is bisected; A is joined to D and then extended so that AD = DE. Then E is joined to C. (See Figure 2-l 1.) The two triangles ABD and DEC are easily shown to be congruent. Euclid and Lobachevski use this congruency for different purposes.
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which behave like the great circles on a sphere. These would be quite different straight lines from Euclid’s or Lobachevski’s, of course. (Lobachevski’s straight lines are also different from Euclid’s; there can be an infinite number of straight lines not meeting a given line, if the lines are Lobachevski’s sort, whereas there can be only one such non-meeting line if the lines are Euclid’s kind.) The characteristic of this new, third sort of straight lines is that to a given line there is ~to non-meeting line. (All the great circles on a sphere meet twice; for example, all meridians meet at the north pole and at the south pole,) It turns out to be possible to have a geometrical system in which the straight lines in a plane are of this “quasi-spherical” sort. This new geometry is called “Riematian” after the German mathematician Bernhard Riemann ( 1826-1866)) who first studied it. It is, of course, different from both Euclid’s geometry and Lobachevski’s. For example, the sum of the angles in a Riemannian triangle is found to be greater than two right angles. Just as the sphere provides a way of visualizing a plane geometry in which there are no parallel lines, there is another surface which enables us to visualize Lobachevski’s geometry, in which there is an infinite number of parallel lines. This surface is called a “pseudosphere”; it is shown in Figure 2-13. On the pseudosphere those lines which are the shortest dis-
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tance between two points behave like the straight lines in a Lobachevskian plane. There are many non-meeting lines to a given line, and the sum of the angles of a triangle is less than two right angles. Those lines on a surface which constitute the shortest distance between two points are called the “geodesics” of that surface. The straight lines in Riemannian geometry have many of the properties of the geodesics of a sphere, whereas the straight lines in Lobachevskian geometry have many of the properties of the geodesics of a pseudosphere. However, it is
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Figure 2-12 diagram. Another aid would be to draw the diagram on a truly spherical surface such as a ball.) Looking at Figure 2-12, it is obvious why the proof of Proposition 16 or Section 19 fails. The line EC does not fall within the angle BCF but outside of it. Thus Euclid could not here conclude that angle DCF is greater than angle DCE. (In fact we know that DCF is 90” and that DCE, being equal to the angle at B, is 120”.) And Lobachevski cannot conclude that there is a limit to how large the angle ACE can become; in fact, this angle in our diagram is greater than 180”, and there is still a triangle AEC. (Angle ACE is 210” in our example.) Now imagine that there are straight lines-not great circles-
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selves equally valid. That is, each can be shown to be a consistent system. Each system contains equivalent propositions; that is, each proposition in one system has a corresponding proposition in the other systems. No one of these geometries is more true than another; this statement is not so hard to accept if we remember that geometry is not concerned with physical lines or points, but rather with ideal, mental entities. These things of the mind can, of course, be shaped by the mind (as long as no contradictions develop). If we wish, therefore, we can choose to geometrize with lines that behave like those of Riemann or those of Lobachevski rather than those of Euclid. Yet we may also ask, which geometry applies to the things and the space around us? We are used to employing Euclidean geometry; engineers and architects certainly assume that Euclid’s geometry and no other is true. Yet this is not conclusive, for it is apparent that for small figures the results which the three geometries yield would be almost indistinguishable. A small triangle on a vast sphere is very much like a plane triangle in Euclidean space. Similarly, it may be that space is Lobachevskian in character; yet it may be so large that for the small areas in human purview, the geometrical results would not be noticeably different from those of Euclidean geometry. The question of which geometry is most suitable for physical applications is an experimental one. The German mathematician Gauss ( 1777-1855) performed some measurements on large triangles to determine whether the sum of their angles was 180” or not. However, his results were inconclusive; such differences from 180” as he found were so small that they might have been due to experimental error.
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most important to realize that these non-Euclidean geometries are plane geometries; the sphere, the pseudosphere, and their geodesics are useful only in order to visualize these geometries. Riemannian geometry is not spherical geometry, nor is Lobachevskian geometry pseudospherical geometry. To sum up, there are three possibilities as regards parallel lines, each possibility giving rise to a different geometry: ( 1) Through a given point there is an infinite number of nonmeeting lines to a given line-Lobachevskian geometry. (2) Through a given point there is one and only one non-meeting line to a given point-Euclidean geometry. (3) Through a given point there is no non-meeting line to a given lineRiemannian geometry. Any system of geometry in which Euclid’s Proposition 16 is valid eliminates the possibility of Riemannian geometry. This is the reason why, as we noted earlier, Saccheri had a certain amount of success in proving Euclid’s Mth postulate. Saccheri accepted Proposition 16; consequently, he was able to demonstrate absurd conclusions from (the equivalent of) Rie maim’s postulate. A system of geometry in which Euclid’s Postulate 5 holds eliminates Lobachevski’s hypothesis. Thus Euclid rids himself of the possibility of Riemannian geometry by means of Proposition 16, and of Lobachevskian geometry by means of Postulate 5. We should add that Proposition 16 is, in turn, based on Postulate 2 (that is, on the assumption that straight lines are infinite in length) ; Proposition 16 (or Lobachevski’s Section 19) cannot be proved in Riemannian geometry, because in the latter straight lines are finite in length. We can now see that the proofs of Euclid’s Propositions 27 and 29 are really quite similar. Both, as we have already noted, are demonstrated by use of reduction to the absurd. But the keystone to the absurdity is Proposition 16 in the first case, and Postulate 5 in the second case. Proposition 16 is the equivalent of another postulate concerning parallelism, namely, “To a given line, through a given point, there exists at least one parallel (non-meeting) line.” In both Proposition 27 and Proposition 29, therefore, the absurdity is reached by the use of a postulate concerning parallel lines. Finally, we must touch on a question that has no doubt already occurred to the reader: Which of these geometries is true? Or are any of them true? The answer is in one way simple, yet also complicated. All three geometries are in them-
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Any problem in geometry can easily be reduced to such terms that a knowledge of the lengths of certain straight lines is sutlicient for its construction. Just as arithmetic consists of only four or five operations, namely, addition, subtraction, multiplication, division and the extraction of roots, which may be considered a kind of division, so in geometry, to find required lines it is merely necessary to add or subtract other lines; or else, taking one line which I shall call unity in order to relate it as closely as possible to numbers, and which can in general be chosen arbitrarily, and having given two other lines, to Grid a fourth line which shall be to one of the given lines as the other is to unity (which is the same as multiplication); or, again, to fmd a fourth line which is to one of the given lines as unity is to the other (which is equivalent to division) ; or, finally, to find one, two, or several mean proportionals between unit and some other line (which is the same as extracting the square root, cube root, etc., of the given line). And I shall not hesitate to introduce these arithmetical terms into geometry, for the sake of greater clearness. For example, let AB be taken as unity, and let it be required to multiply BD by BC. I have only to join the points A and C, and draw DE parallel to CA; then BE is the product of BD and BC.
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*From The Geometry of Rene Descartes, trans. by David E. Smith and Marcia L. Latham (Chicago-London: The Open Court Publishing Company, 1925), pp. 2-17. Reprinted by permission.
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The following selection consists of a few pages from the beginning of Descartes’ Geometry. That title may be slightly misleading; the subject being developed here is actually what we nowadays call analytic geometry. Descartes worked out the method of analytic geometry in response to a need: he felt that geometry as practiced by the ancients was too obscure and difficult to understand. Though Descartes knew Euclid’s work, of course, the charge of obscurity is leveled not so much against the Elements as against later Greek mathematicians and their works, especially Apollonius’ work on conic sections. The conic sections are figures obtained by slicing a cone with a plane surface. As the result of such slicing we may obtain either a circle, an ellipse, a parabola, or a hyperbola. These four figures are the “conic sections.” Ever since Descartes’ time, these conic sections have been elegantly treated by the method of analytic geometry.
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names are assigned or changed. For example, we may write, AB = 1, that is AB is equal to 1; GH = a, BD = b, and SO on. If, then, we wish to solve any problem, we first suppose the solution already effected, and give names to all the lines that seem needful for its construction, to those that are unknown as well as to those that are known. Then, making no distinction between known and unknown lines, we must unravel the difEculty in any way that shows most naturally the relations between these lines, until we find it possible to express a single quantity in two ways. This will constitute an equation, since the terms of one of these two expressions are together equal to the terms of the other. We must tid as many such equations as there are supposed to be unknown lines; but if, after considering everything involved, so many cannot be found, it is evident that the question is not entirely determined. In such a case we may choose arbitrarily lines of known length for each unknown line to which there corresponds no equation. If there are several equations, we must use each in order, either considering it alone or comparing it with the others, so as to obtain a value for each of the unknown lines; and so we must combine them until there remains a single unknown line which is equal to some known line, or whose square, cube, fourth power, tith power, sixth power, etc., is equal to the sum or ditference of two or more quantities, one of which is known, while the others consist of mean proportionals between unity and this square, or cube, or fourth power, etc., multiplied by other known lines. I may express this as follows: z = b,



or z2= -az+bs or 23 = az2 + b2z ‘- ~3, or z4=az3-c3z+d4, etc. That is, Z, which I take for the unknown quantity, is equal to b; Or, the square of z is equal to the square of b diminished by a multiplied by z; or, the cube of z is equal to a multiplied by the square of z, plus the square of b multiplied by z, diminished by the cube of c; and similarly for the others. Thus, all the unknown quantities can be expressed in terms of a single quantity, whenever the problem can be constructed by means of circles and straight lines, or by conic sections, or even by some other curve of degree not greater than the third or fourth. But I shall not stop to explain this in more detail, because I should deprive you of the pleasure of mastering it yourself,
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If it be required to divide BE by BD, I join E and D, and draw AC parallel to DE; then BC is the result of the division. If the square root of GH is desired, I add, along the same straight line, FG equal to unity; then, bisecting FH at K, I describe the circle FZH about K as a center, and draw from G a perpendicular and extend it to I, and GZ is the required root. I do not speak here of cube root, or other roots, since I shall speak more conveniently of them later.
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Often it is not but it is suthcient add the lines BD write a + b. Then
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necessary thus to draw the lines on paper, to designate each by a single letter. Thus, to and GH, I call one a and the other b, and a - b will indicate that b is subtracted from



a; ab that a is multiplied



by b; a that a is divided by b; aa or a2 b



that a is multiplied by itself; ~3 that this result is multiplied by a, and so on, indefinitely. Again, if I wish to extract the square root of u2 + b2, I write v u2 + b2; if I wish to extract the cube root of d - b3 + ab2, I write +Y d - b3 + ab2, and similarly for other roots. Here it must be observed that by a2, b3, and similar expressions, I ordinarily mean only simple lines, which, however, I name squares, cubes, etc., so that I may make use of the terms employed in algebra. It should also be noted that all parts of a single line should always be expressed by the same number of dimensions, provided unity is not determined by the conditions of the problem. Thus, a3 contains as many dimensions as ab2 or b3, these being the component parts of the line which I have called ya3- b3+ab2. It is not, however, the same thing when unity is determined, because unity can always be understood, even where there are too many or too few dimensions; thus, if it be required to extract the cube root of db2-- b, we must consider the quantity u2b2 divided once by unity, and the quantity b multiplied twice by unity. Finally, so that we may be sure to remember the names of these lines, a separate list should always be made as often as
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But if I have y2 = - ay + b2, where y is the quantity whose value is desired, I construct the same right triangle NLM, and on the hypotenuse MN lay off NP equal to NL, and the remainder PM is y, the desired root. Thus I have



y=-;a+d



$2-i-@.



In the same way, if I had x4 = - ax2 + b2, PM would be x2 and I should have



x=



and so for Finally, LM equal M and N,



,/-ia+.,/iaZ+bZ,



other cases. if I have 22 = az - b2, I make NL equal to % a and to b as before; then, instead of joining the points I draw MQR parallel to LN, and with N as a center



describe a circle through L cutting MQR in the points Q and R; then z, the line sought, is either MQ or MR, for in this case it can be expressed in two ways, namely:



and



1 z=La-a2 4 2 d



- b2.



And if the circle described about N and passing through L neither cuts nor touches the line M&R, the equation has no root, so that we may say that the construction of the problem is impossible.
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as well as of the advantage of training your mind by working over it, which is in my opinion the principal benefit to be derived from this science. Because I find nothing here so difficult that it cannot be worked out by any one at all familiar with ordinary geometry and with algebra, who will consider care fully all that is set forth in this treatise. I shall therefore content myself with the statement that if the student, in solving these equations, does not fail to make use of division wherever possible, he will surely reach the simplest terms to which the problem can be reduced. And if it can be solved by ordinary geometry, that is, by the use of straight lines and circles traced on a plane surface, when the last equation shall have been entirely solved there will remain at most only the square of an unknown quantity, equal to the product of its root by some known quantity, increased or diminished by some other quantity also known. Then this root or unknown line can easily be found. For example, if I have 22 = az + b2, I construct a right triangle NLM with one side LM, equal to b, the square root of the known quantity b2 and the other side, LN, equal to ‘/z a, that is, to



half the other known quantity which was multiplied by z, which I supposed to be the unknown line. Then prolonging MN, the hypotenuse of this triangle, to 0, so that NO is equal to NL, the whole line OM is the required line z. This is expressed in the following way:



z=;a+



i a2 + b2.
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knowledge. Among his philosophical works are the Me&utions, the Discourses, and the Principles of Philosophy. Other famous works of Descartes are the Rules for the Direction of the Mind, a treatise dealing with the methodology of speculative thought; the Passions of the Soul, a work in psychology; and the Geometry, the book with which we are here concerned. Descartes also wrote about various scientific subjects; he developed a theory of optics, a theory of the motion of the heart, and a theory of the motion of the planets. Since Descartes was a contemporary of Johann Kepler, Galileo Galilei, and William Harvey, he was acquainted with the work of these scientists, and they with his. His philosophical works were circulated among the philosophers of his age and aroused much admiration as well as controversy. Philosophers such as Thomas Hobbes, Antoine Arnauld, and Pierre Gassendi wrote lengthy objections to Descartes’ Meditations, and he in turn replied to these. (Both objections and replies are included in many editions of the Meditations.) In short, the work of Descartes created a stir even in his lifetime, and the Geometry did so no less than his other books. Descartes was a proud and vain man; he delights in showing his readers that he knows something that they do not. Consequently, he very frequently does not explain his methods and procedures in any detail. For instance, he writes, concerning the basic principles of his Geometry : But I shall not stop to explain this in more detail, because I should deprive you of the pleasure of mastering it yourself, as well as of the advantage of training your mind by working over it, which is in my opinion the principal benefit to be derived from this science (p. 99). In spite of Descartes’ reluctance to say much about his geometry, we can easily state its aim: to join geometry and algebra, to solve geometrical problems by algebraic methods, and, conversely, to solve arithmetical or algebraic problems by geometrical methods. Descartes was not the first to recognize that geometry and arithmetic are closely related. The very fact that both are branches of mathematics indicates that they have a great deal in common-namely, that their subject matter is quantity. Euclid deals with arithmetic in Books 7-9 of the Elements, indicating that he, too, considered geometry and arithmetic
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These same roots can be found by many other methods; I have given these very simple ones to show that it is possible to construct all the problems of ordinary geometry by doing no more than the little covered in the four figures that I have explained. This is one thing which I believe the ancient mathematicians did not observe, for otherwise they would not have put so much labor into writing so many books in which the very sequence of the propositions shows that they did not have a sure method of finding all, but rather gathered together those propositions on which they had happened by accident.



PART



II



Histories of culture place the beginning of modern times around the year 1600. Such a date is, of course, arbitrary. There were men and events before 1600 that clearly belong to modem times, such as the discovery of America and the revolutionary work in astronomy by Copernicus. Still, the number of those who gained fame in all fields of knowledge increased impressively from 1600 on. In philosophy we may mention Descartes, Spinoza, Leibniz, and Locke; in mathematics, Fermat, the Bernouilli family, Descartes, and Pascal; in chemistry, Boyle, Priestley, Stahl, and Lavoisier; in physics, Kepler, Galileo, Newton, and Huygens. Without doubt, one of the most famous of all these men is Descartes. No other man so justly deserves the title of “the first of the moderns.” Descartes not only initiated modern thought and modern methods in philosophy and mathematics; he also was remarkably aware of the fact that he was discarding the traditions and errors of earlier times. Rent? Descartes ( 15961650) was educated at the Jesuit school of La Fleche. All his life, Descartes remained friendly toward the Jesuits, and one of them, Marin Mersenne, also a former pupil at La Fleche, became an intimate friend of his. Descartes traveled through much of Europe, living not only in his native France, but also in Germany, Sweden, Holland, Austria, Bohemia, and Italy. Much of his life after 1628 was spent in Holland, where most of his works were written. Descartes contributed to almost all major branches of
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Let AB, AD,. . . be any number of straight lines given in position, and let it be required to tkd a point C, from which straight lines CB, CD, . . . can be drawn, making angles CBA, CDA, . . . respectively, with the given lines, and such that the product of certain of them is equal to the product of the rest, or at least such that these two products shall have a given ratio, for this condition does not make the problem any more difficult. (See Figure 3-l.)



Figure 3-l He continues as follows: First, I suppose the thing done, and since so many lines are confusing, I may simplify matters by considering one of the given lines and one of those to be drawn (as, for example, AB and BC) as the principal lines, to which I shall try to refer all the others. Call the segment of the line AB between A and B, x, and call BC, y. Descartes actually uses more given lines than the two we have drawn, and consequently, more lines are also to be drawn from point C. We have simplified the example and the diagram in order to make it more intelligible. The problem which Descartes poses is that of finding all those points C (he says the point C) which are such that the product of BC and CD (where these two lines make given angles with the given lines) is a given quantity. Let the product of BC and CD be, say, 24. In other words, if we let AB = x and BC = y, as Descartes
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to be closely a.fIiliated. When we measure the length of lines and calculate the areas of figures, we are applying arithmetic to geometry. When we use the words “square” and “cube” to indicate certain kinds of numbers-those which are obtained when a number is multiplied by itself either once or twice -we are using an obvious analogy between arithmetic and geometry. Descartes systematizes the relation between geometry and arithmetic. He develops in the Geometry a method for dealing with any geometrical problem-a method now known as analytic geometry. This method, properly applied, abolishes the need for geometrical ingenuity; the solution to a geometrical problem no longer depends on the geometer’s ability to draw certain lines and see certain connections. It is necessary only to apply Descartes’ method, and the solution must appear. (Ingenuity may still have a role in that an ingenious mathematician may arrive at the solution more rapidly and more smoothly than an unskilled one, even if both use the methods of analytic geometry.) Descartes states the heart of the method as follows: If, then, we wish to solve any problem, we first suppose the solution already effected, and give names to all the lines.that seem needful for its construction-to those that are unknown as well as to those that are known (p. 99). We should notice that this is a method for solving construction problems. In the typical problem which Descartes has in mind, a certain line (or other figure) is to be constructed. This line is defined in terms of some of its properties; a circle, for example, would be defined as a line all of whose points are equidistant from a given point. Although Descartes solves construction problems, he does not employ any of Euclid’s construction postulates. The reason for this apparent paradox is that Descartes’ understanding of the term “construction” is quite different from Euclid’s. For Euclid, to construct a figure means to draw it (or to understand how one would draw it), using the postulates of his system. For Descartes, to construct a geometrical figure means to tid an algebraic equation for that figure. Let us illustrate Descartes’ method with an example. A few pages beyond the portion of the Geometry which we reprint., Descartes writes:
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fore, could not draw the wanted line, for the only curved lines which he can draw are circles (with the help of Postulate 3). However, though Euclid could not draw the entire line, he could find several points of it. For example, one point of the



Figure 3-3 line must be halfway between the given point F and the given line AB. Other points of the line for which we are looking can be found by drawing a circle with any radius b around the given point F, and then finding the two points on this circle which are also at the distance b from the given line AB. (This can be done by drawing a line parallel to AB, at a distance b from AB. See Figure 3-3.) Descartes solves the problem by beginning with the assumption that C is one of the points he is looking for. (See Figure A 1
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Figure 3-4 We have already noted that he calls AB “x” and BC “y.”
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proposes, then the problem is to find points C such that y *DC = 24. Now all that remains to be done is to express the line DC in terms of x and y; then we shall have an equation of the kind that Descartes is looking for. It is theoretically simple to express DC in terms of x and y, since all the angles of the quadrilateral ABCD are known. In practice, however, the expression would be quite complicated, involving trigonometric functions such as sines and cosines. Let us investigate another problem of the kind that Descartes wants to solve, but a problem which is less complex than the one above: Given a straight line, and a point not on that line, to construct a line all of whose points are equidistant from the point and the line. First let us indicate that this is the sort of problem that Descartes wishes to solve. Where he has two given lines, AB and AD, we have one given line AB, and a given point F. (See Figure 3-2.) The points C, which we assume have been found, are such that the lines which are drawn from C to F and from C perpendicular to AB are equal.



I-@\.: . Figure 3-2 Since the line from C to AB is called “the distance,” the angle which line BC makes with AB is a right angle. The basic equation then is $j



= 1.



Pause for a moment and consider whether, and how, Euclid would solve this problem. Euclid would be stumped, for it is apparent that the line which we are looking for must be curved and that, at the same time, the line is not a circle. Euclid, there
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ue.~ for X, we can find the corresponding values that way find points on the curve. For example,



for Y, and in if .X = 0, we
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in the formula



and find that Y = f.



Sim-



ilarly, by substituting 1, 2, 3, etc., for x in the formula, we can find the corresponding values of y, and consequently Other points C. However, the important innovation in Descartes’ method is that the actual drawing of the curve becomes I.U+ important. The curve is in fact identified with its equation, and the equation reveals all the important facts concerning the curve. Descartes’ method is tremendously powerful. Evidence of this is the fact that no one nowadays develops geometry in the Euclidean fashion; instead, geometry is developed analytically. What gives the method this power? First, analytic geometry has freed itself from the restrictions of Euclid’s construction postulates, or from any other set of construction postulates. Such postulates, whether they are Euclid’s, Lobachevski’s, or any other geumeter’s, restrict the number of operations that can be performed. Certain constructions are permitted, others are not. Descartes’ geometry, since it is basically algebraical, is not affected by any of these restrictions. This is not to say that it operates without any restrictions. The postulates of algebra apply to the algebraical operations. Furthermore, Descartes uses certain geometrical properties of his figures; on page 108 we used Euclid’s 47th proposition in Book I of the Elements in order to derive the formula for the parabola. Employing this theorem means, of course, that we are operating in the realm of Euclidean geometry (for this theorem is dependent on the parallel postulate). Analytic geometry cannot escape all postulates: any geometrical problem must be solved within a set of postulates. However, analytic geometry can qUdY well solve problems in Lobachevskian and in Euclidean geometry. The important advantage which analytic geometry has lies in the realm of constructions. Euclid could draw only straight lines and circles, and Lobachevski, for all his differerences with Euclid on parallelism, permitted himself no different constructions. Descartes, however, permits himself to draw a~ figure whatsoever, because he pays no attention to construction postulates. The second reason for the power of Descartes’ method is the trick of assuming, when a problem needs to be solved, that the solution has already been effected. Then, with the required line already drawn, Descartes works backwards. If a certain line is to be drawn, Descartes simply says, “Let it be done.”
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(A is the point at which the perpendicular from F meets AB. The distance AF is fixed; let us call it CL.Now drop a perpendicular from C to AF extended; let it intersect this extension at D. CDF is a right triangle; hence, according to Proposition 47 of Euclid, Book I (the so-called Pythagorean theorem), ?%‘%3=?i%+DCk



Note that FD = y - a, and that DC = n. We can write, there fore, cF2 = (y - a)2 + x2. We also know that CF = CB = y. And so we have y2 = (y - a)2 + x2. y2 = y2 - 2ya + a2 + x2. 2ya = a2 + x2.



This can also be written as follows: 2ya - a2 = x2 2a(y



-3



= x2



No matter which way the equation is written, this is the solution to the problem. How is this a solution? We pointed out earlier that no construction of the desired line by strictly Euclidean means was possible, and Descartes’ solution certainIy is not Euclidean. Descartes solves the problem-but only if we revise our understanding of what it means to solve a problem. For Euclid, it means to construct, by means of the given postulates, the desired figure. For Descartes, it means to tind an equation which reveals all of the characteristics of the desired figure (usually a curve). Employing Euclid’s conception of geometry, we know nothing about the curve we are looking for until it has been drawn. In fact, we do not even know that it actually exists. Employing Descartes’ conception of geometry, all that is needed is to &d the equation of the curve. If there is an equation, there is a curve; furthermore, the form of the equation reveals everything there is to know about the curve. For example, a trained mathematician looking at the equation which we derived from Figure 3-4 would be able to tell what kind of curve it is (a parabola), which way it points, whether it curves very steeply, whether it intersects AB, and many other things. The actual drawing of the curve becomes quite unimportant, though it can of course be done. We fist divide x and y into arbitrary units. We may, for example, count off units on AB (the “x-axis”), by starting at A (calling A the O-point) and going to the right. The O-point for the “y-axis” must also be at A, so that AF becomes the y-axis. By choosing random val-
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It is easy to see how greatly this method increases his ability to solve problems. All constructions involving curved lines other than circles remained completely foreign to Euclid, but they are definitely part of Descartes’ sphere of interest. Is this “backwards” method of solving problems legitimate? If the problem is to construct a line of such-and-such properties, to say “Let the construction be done” seems simply to circumvent the problem. To understand the sense in which Descartes (and analytic geometry) provides legitimate solutions, we must investigate the meaning of “solution.” For Euclid, to solve a geometrical problem means to begin with what is given or known and then, gradually, piece by piece, to add other valid assertions (either propositions or postulates), until he arrives at the required answer. Because this method arrives at its goal by the compilation of various pieces of previously acquired knowledge, it is called the “synthetic” method. This method puts together, or synthesizes, many small pieces in order to arrive at a result which before was unknown. For Descartes, to solve a geometrical problem means to look at the solution as though he had already found it, and breaking it up-or analyzing it-into small parts each of which is known to us. This method, therefore, is called the “analytic” method, and when it is applied to geometry it gives us analytic geometry. Is Descartes’ method better or worse than Euclid’s? Both methods have their advantages and disadvantages. Euclid’s has the advantage of being more orderly; slowly, he proceeds from what is known to new and unknown things. On the other hand, Descartes’ method has the advantage of being more easily learned and of being very fruitful for new discoveries. Euclid’s method suffers from the fact that, as we read along in a series of propositions or in a single proposition, we very often cannot understand why the geometer takes a particular direction. Quite frequently it comes as a surprise to the reader when Euclid arrives at his desired result. Descartes, who loved to impugn the motives of other mathematicians, claimed that this was precisely the reason why the ancient geometers employed the synthetic method: their achievement seemed all the greater because the student could not understand how the result had even been discovered. Although we may not agree with Descartes’ view of the ancients’ motives, we must concede that his method clarifies to a much greater extent the reason for each step undertaken.
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We have already mentioned that Euclid’s Elements contains arithmetical as well as geometrical material. In the present selection, we present two short excerpts from the three number books (Books VII-IX). First, there are all the definitions that Euclid puts down at the beginning of Book VII; and secondly, there is one very important proposition from Book IX. Of course, the number books contain a great deal more than this, but much of it is very ordinary arithmetical stuff and some of it is also not of much interest to us any more. But the two excerpts which we have selected retain their validity and their utility. In addition to Euclid, we also make the acquaintance here of Archimedes, with the little treatise called The Sand-Reckoner. ‘Archimedes wrote many treatises, and quite a few of them have come down to us. Many deal with problems of physics; others deal with pure mathematics. The Sand-Reckoner attacks a fairly simple problem, but one that is nevertheless important: how to count up to large numbers, and how to name large numbers in a consistent fashion.
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make some number, the number so produced is called plane, and its sides are the numbers which have multiplied one another. 17. And, when three numbers having multiplied one another make some number, the number so produced is solid, and its sides are the numbers which have multiplied one another. 18. A square number is equal multiplied by equal, or a number which is contained by two equal numbers. 19. And a cube is equal multiplied by equal and again by equal, or a number which is contained by three equal numbers. 20. Numbers are proportional when the fist is the same multiple, or the same part, or the same parts, of the second that the third is of the fourth. 21. Similar plane and solid numbers are those which have their sides proportional. 22. A perfect number is that which is equal to its own parts. . . BOOK IX PROPOSITION



Prime numbers numbers.



20



are more than any assigned multitude



of prime



Let A, B, C be the assigned prime numbers; I say that there are more prime numbers than A, B, C. For let the least number measured by A, B, C be taken, and let it be DE; let the unit DF be added to DE. Then EF is either prime or not.
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First, let it be prime; then the prime numbers A, B, C, EF have been found which are more than A, B, C. Next, let EF not be prime; therefore it is measured by some prime number. [VII.
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Euclid: Elements of Geometry* BOOK



VII



DEFINITIONS



1. An unit is that by virtue of which each of the things that exist is called one. 2. A number is a multitude composed of units. 3. A number is a part of a number, the less of the greater, when it measures the greater; 4. but parts when it does not measure it. 5. The greater number is a multiple of the less when it is measured by the less. 6. An even number is that which is divisible into two equal Parts* 7. An odd number is that which is not divisible into two equal parts, or that which differs by an unit from an even number. 8. An even-times even number is that which is measured by an even number according to an even number. 9. An even-times odd number is that which is measured by an even number according to an odd number. 10. An odd-times odd number is that which is measured by an odd number according to an odd number. 11. A prime number is that which is measured by an unit alone. 12. Numbers prime to one another are those which are measured by an unit alone as a common measure. 13. A composite number is that which is measured by some number. 14. Numbers composite to one another are those which are measured by some number as a common measure. 15. A number is said to multiply a number when that which is multiplied is added to itself as many times as there are units in the other, and thus some number is produced. 16. And, when two numbers having multiplied one another * From The Thirteen Books of Euclid’s Elements, Thomas L. Heath (2nd ed.; London: Cambridge University Reprinted by permission.
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line between the centre of the sun and the centre of the earth. This is the common account as you have heard from astronomers. But Aristarchus of Samos brought out a book consisting of some hypotheses, in which the premises lead to the result that the universe is many times greater than that now so called. His hypotheses are that the fixed stars and the sun remain unmoved, that the earth revolves about the sun in the circumference of a circle, the sun lying in the middle of the orbit, and that the sphere of the fixed stars, situated about the same centre as the sun, is so great that the circle in which he supposes the earth to revolve bears such a proportion to the distance of the fixed stars as the centre of the sphere bears to its surface. Now it is easy to see that this is impossible; for, since the centre of the sphere has no magnitude, we cannot conceive it to bear any ratio whatever to the surface of the sphere. We must however take Aristarchus to mean this: since we conceive the earth to be, as it were, the centre of the universe, the ratio which the earth bears to what we describe as the ‘universe’ is the same as the ratio which the sphere containing the circle in which he supposes the earth to revolve bears to the sphere of the fixed stars. For he adapts the proofs of his results to a hypothesis of this kind, and in particular he appears to suppose the magnitude of the sphere in which he represents the earth as moving tc be equal to what we call the ‘universe.’ I say then that, even if a sphere were made up of the sand, as great as Aristarchus supposes the sphere of the fixed stars to be, I shall still prove that, of the numbers named in the Principles, some exceed in multitude the number of the sand which is equal in magnitude to the sphere referred to, provided that the following assumptions be made. 1. The perimeter of the earth is about 3,000,OOO stadia and not greater.



It is true that some have tried, as you are of course aware, to prove that the said perimeter is about 300,000 stadia. But I go further and, putting the magnitude of the earth at ten times the size that my predecessors thought it, I suppose its perimeter to be about 3,000,OOO stadia and not greater. 2. The diameter of the earth is greater than the diameter of the moon, and the diameter of the sun is greater than the diameter of the earth.



In this assumption I follow most of the earlier astronomers. of



3. The diameter of the sun is about the moon and not greater.



30 times the diameter
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Let it be measured by the prime number G. I say that G is not the same with any of the numbers A, B, C. For, if possible, let it be so. Now A, B, C measure DE; therefore G also will measure DE.



But it also measures EF. Therefore G, being a number, will measure the remainder, the unit DF: which is absurd. Therefore G is not the same with any one of the numbers A, B, C.



And by hypothesis it is prime. Therefore the prime numbers A, B, C, G have been found which are more than the assigned multitude of A, B, C. Q.E.D.



Archimedes:



The Sand Reckoner*



“There are some, king Gelon, who think that the number of the sand is infinite in multitude; and I mean by the sand not only that which exists about Syracuse and the rest of Sicily but also that which is found in every region whether inhabited or uninhabited. Again there are some who, without regarding it as infinite, yet think that no number has been named which is great enough to exceed its multitude. And it is clear that they who hold this view, if they imagined a mass made up of sand in other respects as large as the mass of the earth, including in it all the seas and the hollows of the earth f2led up to a height equal to that of the highest of the mountains, would be many times further still from recognising that any number could be expressed which exceeded the multitude of the sand so taken. But I will try to show you by means of geometrical proofs, which you will be able to follow, that, of the numbers named by me and given in the work which I sent to Zeuxippus, some exceed not only the number of the mass of sand equal in magnitude to the earth filled up in the way described, but also that of a mass equal in magnitude to the universe. Now you are aware that ‘universe’ is the name given by most astronomers to the sphere whose centre is the centre of the earth and whose radius is equal to the straight * From The Works of Archimedes, ed. by Sir Thomas L. Heath (Cambridge: at the University Press, 1897). Reprinted by permission.
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Further, let the plane cut the sphere of the ‘universe’ (i.e. the sphere whose centre is C and radius CO) in the great circle AOB. Draw from E two tangents to the circle FKG touching it at P, Q, and from C draw two other tangents to the same circle touching it in F, G respectively. Let CO meet the sections of the earth and sun in H, K respectively; and let CF, CG produced meet the great circle AOB in A, B. Join EO, OF, OG, OP, OQ, AB, and let AB meet CO in M. Now CO > EO, since the sun is just above the horizon. Therefore L PEQ > L FCG. AndLPEQ>&,R where R represents a right angle. but 



Thus L FCG dm; d, C 30d,. therefore Now, by the last proposition, d, > (side of chiliagon inscribed in great circle), (perimeter of chiliagon) < lOOOd, so that < 30,00Od,.



But the perimeter of any regular polygon with more sides than 6 inscribed in a circle is greater than that of the inscribed regular hexagon, and therefore greater than three times the diameter. Hence (perimeter of chiliagon) > 3d,. d, < lO,OOOd,. It follows that II (2) (Perimeter of earth) > 3,000,OOO stadia. bwm~tion and (perimeter of earth) > 3d,. Therefore d, < l,OOO,OOOstadia, d, < 10,000,000,000 stadia. whence Assumption



5.



Suppose a quantity of sand taken not greater than a poppyseed, and suppose that it contains not more than 10,000 grains. Next suppose the diameter of the poppy-seed to be not less than&h of a finger-breadth. Orders and periods of numbers. I. We have traditional names for numbers up to a myriad (10,000) ; we can therefore express numbers up to a myriad myriads (100,000,000). Let these numbers be called numbers of the first order. Suppose the 100,000,000 to be the unit of the second order, and let the second order consist of the numbers from that unit up to (100,000,000)2. Let this again be the unit of the third order of numbers ending with (100,000,000)3; and so on, until we reach the 100,000,000th order of numbers ending with (100,000,000) i~~cc@~, which we will call P. II. Suppose the numbers from 1 to P just described to form the first period. Let P be the unit of the first order of the second period, and let this consist of the numbers from P up to 100,000,000 P. Let the last number be the unit of the second order of the
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NOW the perimeter of any polygon inscribed in the great circle is less than PO. [Cf. Measurement of a circle, Prop. 3.1 Therefore AB : co < 11 : 1148, and, a fortiori, AB &R.



It follows that the arc AB is greater than&h of the circUmference of the great circle AOB. Hence, a fortiori, AB > (side of chiliagon inscribed in great circle), and AB is equal to the diameter of the sun, as proved above.



The following results can now be proved: (diameter of ‘universe’) < 10,000 (diameter of earth), and (diameter of ‘universe’) < 10,000,000,000 studia.
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Octads.



Consider the series of terms in continued proportion of which the tirst is 1 and the second 10 [i.e. the geometrical progression 1, 101, 102, 103, . . . I. The first octud of these terms [i.e. 1, 101, 102,. . . 1071 fall accordingly under the first order of the first period above described, the second octad [i.e. 108, 109, . . . lOts] under the second order of the first period, the tist term of the octad being the unit of the corresponding order in each case. Similarly for the third octad, and so on. We can, in the same way, place any number of octads. Theorem.



If there be any number of terms of a series in continued proportion, say Al, AZ, As, . . . A,,,, . . . A,,, . . . A,,,+,,-1, . . . of which A1 = 1, A2 = 10 [so that the series forms the geometrical progression 1, 101, 102, . . . 10m--1, . . . lo”--1, . . . 10m+n-2, . . . 1, and if any two terms as A,,,, A,, be taken and multiplied, the product A, *A,, will be a term in the same series and will be as many terms distant from A,, as A,,, is distant from Al; also it will be distant from A1 by a number of terms less by one than the sum of the numbers of terms by which A,,, and A,, respectively are distant from AI. Take the term which is distant from A, by the same number of terms as A, is distant from Al. This number of terms is m (the first and last being both counted). Thus the term to be taken is m terms distant from A,, and is therefore the term &,I. We have therefore to prove that A,.A, = A,,-I. Now terms equally distant from other terms in the continued proportion are proportional. Am Am+n-I. Thus -=A,AI But A,,, = A,*AI, since A1 = 1. A,+,,-1 = A,,, . A n......... Therefore (1). The second result is now obvious, since A, is m terms distant from AI, A, is n terms distant from AI, and Am+n-l is (m + n - 1) terms distant from AI. Application



to the number



of the sand.



By Assumption 5 [p. 1211, (diam. of poppy-seed) a& (finger-breadth) ; and, since spheres are to one another in the @icate of their diameters, it follows that sphere
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second period, and let this end with (100,000,000)2 P. We can go on in this way till we reach the 1OO,OOO,OOOth order of the second period ending with ( 100,000,000) rCVOO800 P, or Pz. III. Taking p2 as the unit of the first order of the third period, we proceed in the same way till we reach the 1OO,OOO,OOOth order of the third period ending with P3. Iv. Taking P3 as the tit of the first order of the fourth period, we continue the same process until we arrive at the 1OO,OOO,OOOth order of the 100,000,000th period ending with Pl@-WW~. This last number is expressed by Archimedes as “a myriad-myriad units of the myriad-myriad-th order of the myriad-myriad& period, which is easily seen to be 100,000,000 times the product of ( 100,000,000) a%999399and p99~!Q’s9~9*, i.e. p100,ooo,ooo.



me scheme of numbers thus described can be exhibited more clearly by means of indices as follows. FIRST



PERIOD.



First order. Numbers from 1 to 108. ” Second order. ” 108 to 1016. Third order. ” ” 1016 to 10”. . ” 18*.(1@--1) to lO**ro” (P, say). (lO*);h order. ” SECOND



PERIOD.



First order. Second order. .



” ”



” ”



P-1 to P-108. P * 108 to P * 1016.



( 10s) jh order. ”



”



p. 108. W-1) to P. lOs.rw (or P2).



. (



108) TH’PERIOD. First order. Second order.



” ”



”



Pip--1* 1 to P108--1.10*.



”



pW-1.108



(10s) ;h order. ”



”



plW-1.1()8.(108-l)



to ploS-1.1016.



. to



Pl@-l. lOgel@ (i.e. Plw). The prodigious extent of this scheme will be appreciated when it is considered that the last number in the first period would be represented now by 1 followed by 800,000,000 ciphers, while the last number of the (10s) th period would require 100,000,000 times as many ciphers, i.e. 80,000 million millions of ciphers.]
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[1039] < 40th term < [107 or] 10,000,000 units of fifth



order.



(7)



100,000,000 stadia



< (7th term of series) X (40th term) < 46th term Cl@51 < [ 103 or] 100,000 units of sixth or-



(8)



10,000,000,000 stadia



< (7th term of series) X (46th term) [105i] < 52nd term of series < [103 or] 1,000 units of seventh or-



der.



I



der.



But, by the proposition above [p. 1201, (diameter of ‘universe’) < 10,000,000,000 stadia. Hence the number of grains of sand which could be contained



in a sphere



of the size of our



‘universe’



is less than



1,000 units of the seventh order of numbers [or 10511. From this we can prove further that a sphere of the size attributed by Aristarchus to the sphere of the fixed stars would contain a number of grains of sand less than 10,000,000 units of the eighth order of numbers [or 1056+7 =I 10631.



For, by hypothesis, (earth) : (‘universe’) = (‘universe’) : (sphere of fixed stars). And [p. 1201 (diameter of ‘universe’) < 10,000 (diam. of earth) ; whence (diam. of sphere of fixed stars) < 10,000 (diam. of ‘universe’). Therefore (sphere of iixed stars) < ( 10,000) 3. (‘universe’). It follows that the number of grains of sand which would be contained in a sphere equal to the sphere of the fixed stars < ( 10,000)3 X 1,000 units of seventh order < ( 13th term of series) X (52nd term of series) < 64th term of series [i.e. 10631 < [ 107 or] 10,000,000 units of eighth order of numbers. Conclusion. “I conceive that these things, king Gelon, will appear incredible to the great majority of people who have not studied mathematics, but that to those who are conversant therewith and have given thought to the question of the distances and sizes of the earth and the sun and moon and the whole universe
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> 64,000 poppy-seeds > 64,000 X 10,000 > 640,000,OOO > 6 units of second grains order + 40,000,OOO I of units of first order sand. < 10 units of second order of numbers. I



We now gradually increase the diameter of the supposed sphere, multiplying it by 100 each time. Thus, remembering that the sphere is thereby multiplied by 1003 or l,OOO,OOO,the number of grams of sand which would be contained in a sphere with each successive diameter may be arrived at as follows. Diameter



of sphere.



(1) 100 fingerbreadths



Corresponding sand.



number



of grains of



< l,OOO,OOOX 10 units of second order.



< (7th of < 16th < [ 107



term of series) X (10th term series) term of series [i.e. 10151 or] 10,000,000 units of the



second order. (2)



10,000 fingerbreadths



< l,OOO,OOOX (last number) < (7th term of series) X ( 16th term) < 22nd term of series [i.e. 10211 < [ 105 or] 100,000 units of third order.



1 stadium (< 10,000 fingerbreadths) (4) 100 stadia (3)



< 100,000 units of third order. < l,OOO,OOOX (last number) < (7th term of series) X (22nd term) < 28th term of series [1027] < [103 or] 1,000 units of fourth order.



(5)



10,000 stadia



(6)



l,OOO,OOOstadia



< 1,OOO,OOO X (last number) < (7th term of series) X (28th term) < 34th term of series [loss] < 10 units of fifth order. < (7th term of series) X (34th term)
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“(a + b) + c = a + (b + c) .” There are several other, similar arithmetical postulates which are also omitted by Euclid. Euclid, who was so careful and precise in his formulation of the geometrical postulates, is apparently quite careless and happy-go-lucky here. In contrast to this, modern arithmetic and algebra pay much attention to the problem of tinding the right postulates. Definition 11 defhres a prime number as one “which is measured by an unit alone.” Another definition of a prime number is that it is not divisible by any number (except itself and unity). Examples of prime numbers are 2 (the only even prime number), 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, and so on. Even from these few examples it is obvious that prime numbers become more scarce as we count higher. Between 23 and 29 five not-prime numbers (composite numbers) intervene. These intervals become larger and larger; between 199 and 211, there are 11 composite numbers. This increasing rarity of prime numbers naturally leads to the question whether perhaps beyond a certain point in the number scale, there might be no more prime numbers at all. Is it possible that all numbers beyond a certain one (probably very large) are composite numbers? Or do prime numbers keep recurring, although less and less frequently? Proposition 20 of Book IX of the EZements answers this question: The quantity of prime numbers is infinitely large. Euclid’s way of stating the proposition does not immediately reveal what he has in mind: “Prime numbers are more than any assigned multitude of prime numbers.” This means the following: Suppose it is claimed that the number of prime numbers is finite, say equal to n. Then Euclid proves that there must be more than n prime numbers. The last statement is a rather curious one. On the asumpti011 that something is the case, namely, that there are just n prime numbers, the opposite is proved, namely, that there are more than n prime numbers. This oddity in the proof, together with the intrinsic interest in the statement of the proposition, constitutes the reason for our including this single proposition from the arithmetical books of Euclid’s Elements. The proof is also remarkable for the fact that it depends on nothing previously proved; it is an exercise in pure logic alone. Instead of stating the proof in general terms, let US first exemplify it. Suppose that someone said: “The number of prime numbers is finite.” We would then be justified in asking
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the proof will carry conviction. And it was for this reason that I thought the subject would be not inappropriate for your consideration.”



PART



II



In the light of the achievements of the Greek geometers, we sometimes forget that the Greeks also devoted a great deal of study to numbers. This chapter illustrates their theoretical as well as their practical interest in numbers. The selection from Euclid has to do with number theory; the selection from Archimedes deals with the more mundane problem of how to name numbers. We will begin with the brief selection from Euclid. His approach to arithmetic is very similar to his approach to geometry; in both sciences he begins with a long series of definitions which define both terms the reader is already familiar with and terms that are probably new to him. As was the case in Book I, the early definitions, because they deal with the basic terms, present the greatest difficulty; see, for example, Euclid’s definitions of “unit” and “number.” The definitions are not followed by postulates or axioms. The absence of axioms can easily be explained: axioms are no different for arithmetic than for geometry; having been set down in Book I, they need not be repeated here. The lack of postulates is a different matter, however. It seems as though Euclid did not think that he needed to postulate anything here as he did in geometry. Yet this is clearly wrong. Just as there are geometrical constructions the possibility of which must be granted to Euclid in geometry, so there are a number of operations in arithmetic which must be granted to him if he is to prove anything here. For example, there should be a postulate which says: “Let it be granted that if a, b, and c are three numbers, then the sum of a and b added to c is the same as the number obtained by adding a to the sum of b and c.” Or,
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numbers. we are able to demonstrate that there are. at least II + 1 prime numbers. We might call this .method “reduction to the opposite.” Although this method is powerful, the number of instances where it can be. applied is small. Now we turn our attention to Archimedes. There was probably no branch of mathematics known to him to which Archimedes did not make a valuable contribution. Living. in the third century B.C. (from aproximately 287 to 212 B.C.), Archimedes displayed a dazzling skill in geometry, in arithmetic, in the calculus, in the physics of the lever, and of floating bodies-a skill that was not matched until two thousand years later. Archimedes lived in Syracuse in Sicily, though he had studied at Alexandria. The Sand -Reckoner is addressed to Gelon, the king of Syracuse; Archimedes was on friendly terms with both Gelon and his father, Hiero. On behalf of the kings of Syracuse, Archimedes constructed many clever mechanical devices, especially for repelling besieging armies. Archimedes attached little importance to these ingenious machines; he considered himself a mathematician and requested that on his tombstone there be displayed a sphere with a circumscribed cylinderthus commemorating what he considered to be his outstanding achievement, namely, the discovery of the relation of the volume of asphere and a cylinder. Archimedes died when Syracuse was conquered ‘by the Romans under the command of Marcehus in 212 B.C. Although Marcellus had given orders that Archimedes was not to be harmed, in the confusion of the battle Archimedes was slam. Marcellus was chagrined by the unfortunate event and gave Archimedes a decent burial. Much of our knowledge of Archimedes as a person stems from Plutarch’s Life of Marcellus. He is best seen, however, through his works, of which a great many have survived. The Sand-Reckoner, though it is a short work, displays his general scientific erudition as well as his skill as a mathematician. All of us have at one time or. another encountered someone given to constant exaggeration. One of the most common exaggerations is the substitution of the word “infinite” for the phrase “very large.” Many people say that something is “infinitely better than something else,” or that “a modern ballistic missile is infinitely more complicated than the airplane of the brothers Wright,” or that “the number of atoms in a given
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hh: “How many prime numbers are there?’ His answer would have to be some number; let us assume that he answers: “There are just four prime numbers.” Using Euclid’s method, we will now show that if there are four prime nun+ bers, then there is at least another, a fifth prime number. The four prime numbers claimed to be the only ones would have to be the fist four primes, of course; that is, they would have to be 2,3,5,7. Form the product of these four numbersnamely, 2 l 3 l 5 l 7 = 210. Add 1 to this product: 210 + 1 = 211. This new number is either a prime number or not. In this case, 211 is a prime number and, therefore, the proposition has been proved, for we have found a fifth prime number. Suppose it had been claimed that there are just six prime numbers-namely, 2, 3, 5, 7, 11, 13. Form the product of these numbers. 2 l 3 l 5 l 7 l 11 l 13 = 30,030. Add 1 to this product: 30,030 + 1 = 30,031. Again we say that this number is either prime or not. In this case, it is a composite number and therefore divisible by some prime number. This prime number cannot be any of the original six, for if any of them is divided into 30,031, it leaves a remainder of 1. (This is the case because all of the original six prime numbers are divisible into 30,030.) Therefore, the proposition has again been proved, since a seventh prime number has been found. This seventh prime number is the one which is a factor of 30,031. In this example, the number would be 59, since 30,031 = 59 l 509. (509 is also prime, so that we have actually found not only a seventh but also an eighth prime number.) Euclid’s proof is merely a generalization of this. If it is asserted that there are just n prime numbers, form the product of these n prime numbers. Add 1 to this product. This number -call it K-is itself either prime or not. If K is prime, the proposition has already been proved. If K is not a prime number, then it must be divisible by some prime number. This prime number is not one of the original IZ primes, for any of these n primes, if divided into K, leaves the remainder 1. Hence a new prime number has been found-namely, the one which is the factor of K. What is the method of this proof? It somewhat resembles reduction to the absurd. We are to prove that the number of primes is larger than any given number, and so we begin by assuming the contradictory, namely that the number of primes is equal to a given number. But the conclusion which we come to is not in itself absurd; it merely contradicts the original assumption. From the assumption that there are just n prime
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In defining what he means by “universe,” Archimedes writes as follows (remember that the entire work is addressed to King Gelon) : Now you are aware that “universe” is the name given by most astronomers to the sphere whose centre is the centre of the earth and whose radius is equal to the straight line between the centre of the sun and the centre of the earth (p. 116). This view of the universe is based on the geocentric hypothesis: The earth is thought to be in the center of the universe, with sun, moon, planets, and the fixed stars all revolving around the earth. In this hypothesis, the fixed stars are usually considered to be farther out than any other heavenly body, but as Archimedes states the theory here, it appears that the sun is at the greatest distance from the earth. Archimedes then reports that there is also another view of the universe: Aristarchus of Samos brought out a book consisting of some hypotheses, in which the premises lead to the result that the universe is many times greater than that now so called. His hypotheses are that the fixed stars and the sun remain unmoved, that the earth revolves about the sun in the circumference of a circle, the sun lying in the middle of the orbit, and that the sphere of the fixed stars, situated about the same centre as the sun, is so great that the circle in which he supposes the earth to revolve bears such a proportion to the distance of the lixed stars as the centre of the sphere bears to its surface (p. 117). This is a heliocentric view: the sun is the center of the universe and the earth revolves around the sun. The fixed stars are truly fixed-that is, motionless-but appear to move because of the daily rotation of the earth. This is, of course, exactly the theory put forth by Copernicus some 1,700 years later. Aristarchus’ theory apparently could not hold its own against the rival geocentric theory and was not generally accepted. (We may surmise that the reason for Aristarchus’ failure lay in the apparent greater simplicity of the geocentric theory. In the course of time, however, the geocentric theory needed so many modifications and additions that, by the time of Copernicus, it was far more complicated than the rediscovered heliocentric theory.)
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piece of matter is infinite.” All of these expressions are not merely inaccurate, but wrong. Nothing on this earth is infinitely more complicated or infinitely better than -yang else, and there is no number that is infinite. (Throughout this chapter, we use the word “number” to stand for “whole number” or “integer.“) An infinite amount-leaving aside the question of whether or not there is such a thing-would mean an amount that cannot be counted, no matter how much time is taken to do it. An infinite quantity is not enumerable--it cannot be counted. And conversely, anything which ccuz be counted-any quantity, no matter how large, to which a number can be assigned-is by that token not infinite. No number can ever be said to be infinite, for every number always has a next one; hence the former number cannot be called infinite, since there is at least one number greater than it. In fact, a good definition of intinity state; that infinity is larger than any number that you may name and that consequently, infinity itse!f is not a number. King Gelon, to whom The Sand-Reckoner is addressed, was evidently a person foe. whom “very la. 2” ald “infinite” were synonymous, especially when “very large” means something of the order of ,millions or even more. One of the major tasks that Archimedes sets for himself in this little treatise is to show the king that “large’‘-no matter how large-is not infinite, but very definitely finite. Archimedes takes a quantity which seems to the uneducated to be so large as to be indistinguishable from infinity-the number of grain; of sand in the universe-and counts it. At least, he shows that this quantity cannot possibly exceed a certain number which he names. And so, if the quantity can be numbered, it is not infinite. In order to accomplish his purpose, Arc.,imedes must first have some notion of the size of the ulliver,e. He must tell us what he means by “the universe,” and how large he conceives it to be. He must also tell us how large i-e takes a grain of sand to be. Then Archimedes must find a way of naming very large numbers, so that he can tell us in a definite way the number of grains of sand in the universe. It will not do for him simply to say “it’s a very large number”; for nobody denies this. What is desired is a definite number to be assigned to the quantity of sand; this will show that the quantity is finite. By “universe” Archimedes means the space enclosed by the sphere of the fixed stars. (In ancient astronomy, all fixed stars were thought to be attached or “fixed” to one celestial sphere.)
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of three bodies: the earth, the sun, and the moon. Since Archimedes is interested in the size of the “universe,” he must connect these diameters with the diameter or with the circumference of the universe. This he does in Assumption 4, in which he tells us that if a regular chiliagon (figure of a thousand sides) is inscribed in the “equator” of the universe, then the diameter of the sun is greater than the side of the chiliagon. Actually, Archimedes proves this statement _by means of experimental evidence. Then he goes on: Since the diameter of the sun is -equal to or less than 30 diameters of the moon and the diameter of the moon is less than the diameter of the earth or 30 diameters of the moon are less than 30 diameters of the earth, it follows that the diameter of the sun is less than 30 diameters of the earth. Assumption 4 states that the diameter of the sun is greater than the side of the chiliagon inscribed in the universe. Thus 1000 diameters of the sun are greater than 1000 sides of the chiliagon which means that 1000 diameters of the sun are greater than the circumference of the chiliagon. Turning this last inequality around, we have the circumference of the chiliagon is less than 1000 diameters of the sun or the circumference of the chiliagon is less than 30,000 diameters of the earth. The circumference of a regular hexagon (six-sided figure) inscribed in a circle is three times the diameter of the circle. Any regular figure which has more than six sides has a circumference larger than that of the hexagon, but smaller than that of the circle. Consequently, the circumference of a regular chiliagon inscribed in the equator of the universe is greater than three times the diameter of the universe. Let us write this down:
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If the heliocentric theory is adopted, the fixed stars must be far more distant from the earth than they need be in the geocentric theory. Although the earth is sometimes closer to, and sometimes farther from, a given star (depending on where the earth is in the course of its annual revolution around the sun), the earth always seems to be exactly in the center of the universe. This can be the case only if the distance to the fixed stars is so great that in relation to it, the distance from the earth to the sun is so small as to be negligible. This is what Archimedes means when he writes that “the sphere of the fixed stars . . . is so great that the circle in which he supposes the earth to revolve bears such a proportion to the distance of the iixed stars as the centre of the sphere bears to its surface.” Now Archimedes begins to put down some hypothetical figures about the actual size of the universe. He is not so much concerned to give accurate figures for the astronomical distances as to be sure always to give a greater distance than anyone has proposed. In this way-if he succeeds in showing that the grains of sand in such a universe are enumerable-it wilI certainly be obvious that the quantity of sand in the actual universe, being smaller, must be also enumerable. Archimedes begins by giving a value for the circumference of the earth. He assumes that it is- no larger than 3 million stadia. A stadium is a Greek unit of length; it was not everywhere the same length. (Just as “mile” can mean a statute mile or a nautical mile, and just as “gallon” designates a different volume in the United States and in Canada.) For our purposes we may say that a stadium is approximately 600 feet long. Consequently, as brief calculation will show, the figure of 3 million stadia is far too large jfor the circumference of the earth; in fact, 300,000 stadia, which, as Archimedes notes, some other astronomers proposed for the size of the earth, is much closer. But Archimedes is onIy interested in giving estimates that are not too small. Further, Archimedes notes that the diameter of the sun is greater than the diameter of the earth, while the diameter of the earth is greater than that of the moon. In addition, Archimedes assumes that the diameter of the sun is about 30 times as great as the diameter of the moon, but not more than that. For this result he relies on experimental work by various astronomers; again, to be on the safe side he elects a value which makes the sun greater than any of the astronomers has found it to be. So far all the assumptions have dealt with the diameters
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(400,000)3



1 But (400,000)3



=



t4 ’ 1o5)3



-



64 . 10’5 .



1 1 Since, according to Archimedes, a sphere with the diameter of one poppy seed contains 10,000 grams of sand it follows that a sphere with a diameter of 1 stadium contains 64 l 101s . 10,000 grams of sand, or 64 l 101s l 104 = 64 l 1019 grains of sand. How many grains of sand are there in a sphere the size of the universe, or 10 billion stadia? Again we use the relation hetween volumes of spheres: Volume of a sphere with a diameter of 1010 stadia Volume of a snhere with the diameter of 1 stadium = (10193 -



1



=



1030.



Since the smaller sphere (with the diameter of 1 stadium) contains 64 l 1019 grains of sand, the larger sphere must contain 1030 times as many grains. Now 1019 l 1030 = 1049. Thus the number of grains of sand in the universe, using Archimedes’ assumptions, is 64 l 1049 (written as 64 followed by 49 zeros). In making this calculation, we have employed the decimal system of numerical notation. This system is based on the powers of 10-10, 100, 1000, and so on. Each power of 10 gives its name to a whole series of numbers; there are units, tens, hundreds, thousands, and so on. However, we very quickly run out of names for the powers of ten, and in any case it becomes difficult to remember just what we mean, for example, by a quadrillion. For that reason, mathematicians do not even try to name very large numbers with. words. They merely write them as powers of ten. Thus 5 million is very often written as 5 l 106. For numbers larger than a million, this manner of notation is almost mandatory. The reader will have noticed that we employed this notation for the number of grains in the universe. Let us now take a look at the system of naming numbers that Archimedes devised and see whether it is adequate to his purpose. That is, can numbers as large as 64 l 1049 (or even larger) be written in his notation? The Greeks, unlike us, had a single name for the number 10,000, namely “myriad.” Thus they had distinct names up to the fourth power of ten, namely,
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The circumference of the chiliagon is greater than 3 diameters of the universe or, turning this around, 3 diameters of the universe are less than the circumference of the chiliagon. Dividing by three, we have the diameter of the universe is less than y3 of the circumference of the chiliagon. Reverting to the relation between the circumference of the chiliagon and the diameter of the earth, we have the diameter of the universe is less than y3 of 30,000 diameters of the earth, or the diameter of the universe is less than 10,000 diameters of the earth. Since the circumference of the earth has been assumed to be at most 3 million stadia, the diameter of the earthsmust be less than 1 million stadia. (This is true because the diameter of a circle is multiplied by T, which is greater than 3, in order to obtain the circumference of a circle.) Hence, if the diameter of the earth is less than 1 million stadia, it follows that the diameter of the universe is less than 10,000 million stadia, or the diameter of the universe is less than 10 billion stadia. Since, as we noted earlier, a stadium is about 600 feet or l/9 of a mile, the “universe” in this calculation turns out to have a diameter of about 1.l billion miles. Imagine the vast quantity of sand, if thii entire universe were Bled with sand! Nevertheless, Archimedes proposes to tell us the number of grains of sand if this universe contained nothing but sand. Let us simplify Archimedes* statements just a little. Let us say, for example, that he maintains that 1 stadium equals 10,000 fingerbreadths. Since 1 fingerbreadth equals 40 diameters of a poppy seed, it follows that 1 stadium equals 400,000 diameters of a poppy seed. Now the volumes of spheres are to each other as the cubes of their diameters. Hence we have Volume of a ‘sphere with the diameter of 1 stadium Volume of a sphere with the diameter of 1 poppy seed a
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pressed, therefore, by a number of the seventh order. There is no need even to go to the-end of the first period of numbers! To appreciate Archimedes :achievementr in developing such a scheme, remember .that in explaining it, we constantly had recourse to the decimal system We expressed all of Arch&. medes’ numbers in terms. of powers of ten: Archimedes, it must be remembered, did- not possess the-symbol ‘%I!’ for writ- .ing numbers. What seems easy to, us,” therefore, reqkad a tremendous .effort of %mgination and insight. Even without the symbol “0” Archimedes took the basic step in the writing of numbers: he uses. each number that he can express as the unit for a new group of numbers: This is exactly- what is done in the decimal system, or in any other system that writes its numbers by reference to the powers of some unit.,
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ten, a hundred, a thousand, and a myriad. Apparently they. had no names for larger numbers; for instance, they had no name for a million. But given the’names they had, they could give distinct names, Archimedes notes, up to a myriad myriads. For example, there might be a number as follows: 4838 myriads, 659 thousands, 76 hundreds, 3 tens, 5. This number means: 4838 10,000 plus 659 . 1000 plus 76 100 plus 3 10 plus 5 or 48,380,OOOplus 659,000 plus 7600 plus 30 plus 5. In the decimal system this number would be written aa 49,046,635. Since a myriad myriads ( 100,000,000) is the last number that can be given a distinct name, Archimedes proposes that this number become the unit of a second group of numbers, which he calls numbers of the second order. (Numbers from 1 to 100,000,000 he calls numbers of the first order.) Numbers of the second order run from 100,000,000 to (lOO,OOO,000) 2. This last number becomes the unit of numbers of. the third order. In general, the numbers of the nth order are those beginning with ( 100,000,000) n-1 and ending with ( lOO,OOO,000)n. We can continue until we reach the 1OO,OOO,OOOth order of numbers, which, will end with the number (lOO,OOO,000) i~@JO~~. Archimedes calls this number P. In decimal notation, P would be written as ( 108) iw or lO@ - I@‘). Archimedes now calls the entire group of numbers from 1 to P the first period of numbers. Then he ,considers the number P as the unit of the first order of the second period. The first order of the second unit would go from P up to lOO,OOO,OOOP.There is no need to describe the rest of the scheme, since Archimedes does it adequately. But what isof interest is this: although Archimedes at this point has barely begun to develop his scheme, we are already far past the number needed to express the number of grains of sand in the universe. As we 1049, or less than saw, this number was approximately 64 1052. Where does this number fail in Archimedes’ scheme? The first order of numbers goes from 1 to 108 (1 to a myriad). The second order of numbers goes from 108 to 1016 (a myriad to a myriad of myriads). The third order of numbers goes from 1016 to 1024. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . The seventh order of numbers goes from 1048 to 1056. The number of grains of sand in the universe can be exl



l



l



l



IRRATIONAL



NUMBERS



I39



myself for the frrst time obliged to lecture upon the elements of the differential calculus and felt more keenly than ever be fore the lack of a really scientific foundation for arithmetic. In discussing the notion of the approach of a variable magnitude to a fixed limiting value, and especially in proving the theorem that every magnitude which grows continually, but not beyond all limits, must certainly approach a limiting value, I had recourse to geometric evidences. Even now such resort to geometric intuition in a first presentation of the differential calculus, I regard as exceedingly useful, from the didactic standpoint, and indeed indispensable, if one does not wish to lose too much time. But that this form of introduction into the differential calculus can make no claim to being scientific, no one will deny. For myself this feeling. of dissatisfaction was so overpowering that I made the fixed resolve,.to keep meditating on the question till I should find a purely arithmetic and perfectly rigorous foundation for the principles of infinitesimal analysis. The statement is so frequently made that the differential calculus deals with continuous magnitude, and yet an explanation of this continuity is nowhere given; even the most rigorous expositions of the differential calculus do not base their proofs upon continuity but, with more or less consciousness of the fact, they either appeal to geometric notions or those suggested by geometry, or depend upon theorems which are never established in a purely arithmetic manner. Among these, for example, belongs the above-mentioned theorem, and a more careful investigation convinced me that this theorem, or any one equivalent to it, can be regarded in some way as sufficient basis for infinitesimal analysis. It then only remained to discover its true origin in the elements of arithmetic and thus at the same time to secure a real definition of the essence of continuity. I succeeded Nov. 24, 1858, and a few days afterward I communicated the results of my meditations to my dear friend Durege with whom I had a long and lively discussion. Later I explained these views of a scientific basis of arithmetic to a few of my pupils, and here in Braunschweig read a paper upon the subject before the scientific club of professors, but I could not make up my mind to its publication, because, in the first place, the presentation did not seem altogether simple, and further, the theory itself had little promise. Nevertheless I had already half determined to select this theme as subject for this occasion, when a few days ago, March 14, by the kindness of the author, the paper Die Elemente der Funktionenlehre by E. Heine (Crelle’s Journal, Vol. 74) came into my
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Whereas the previous selection dealt with some fairly simple problems in the realm of numbers-whether they are prime, how many prime numbers there are, how to count numbersthe selection now before us deals with a very sophisticated problem. It establishes, in very rigorous and convincing fashion, that there is a kind of number which is very special. It is called “irrational,” and its defining property is that there is no number, no matter how small, which can be a factor of both an irrational number and a rational number. No matter how tiny a fraction you choose, you can never find one that will go into both the number 1 (a rational number) and the number fl (an irrational number). The existence of such numbers had been known long before Dedekind, but he put the theory of irrational numbers on a rigorous and respectable footing.
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My attention was first directed toward the considerations which form the subject of this pamphlet in the autumn of 1858. As professor in the Polytechnic School in Ziirich I found * From Essays on the Theory of Numbers, trans. by Wooster Woodruff Beman (3rd printing; Chicago-London: The Open Court Publishing Company, 1924), pp. 1-19. Reprinted by permission.
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hands and confirmed me in my decision. In the main I fully agree with the substance of this memoir, and indeed I could hardly do otherwise, but I will frankly acknowledge that my own presentation seems to me to be simpler in form and to bring out the vital point more clearly. While writing this preface (March 20, 1872)) I am just in receipt of the interesting paper Ueber die Ausdehnung eines Satzes aus der Theorie der trigonometrischen Reihen, by G. Cantor (Math. Annalen, Vol. 5), for which I owe the ingenious author my hearty thanks. As I find on a hasty perusal, the axiom given in Section II of that paper, aside from the form of presentation, agrees with what I designate in Section III as the essence of continuity. But what advantage will be gained by even a purely abstract definition of real numbers of a higher type, I am as yet unable to see, conceiving as I do of the domain of real numbers as complete in itself.
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The development of the arithmetic of rational numbers is here presupposed, but still I think it worth while to call attention to certain important matters without discussion, so as to show at the outset the standpoint assumed in what follows. I regard the whole of arithmetic as a necessary, or at least natural, consequence of the simplest arithmetic act, that of counting, and counting itself as nothing else than the successive creation of the infinite series of positive integers in which each individual is defined by the one immediately preceding; the simplest act is the passing from an already-formed individual to the consecutive new one to be formed. The chain of these numbers forms in itself an exceedingly useful instrument for the human mind; it presents an inexhaustible wealth of remarkable laws obtained by the introduction of the four fundamental operations of arithmetic. Addition is the combination of any arbitrary repetitions of the above-mentioned simplest act into a single act; from it in a similar way arises multiplication. While the performance of these two operations is always possible, that of the inverse operations, subtraction and division, proves to be limited. Whatever the immediate occasion may have been, whatever comparisons or analogies with experience, or intuition, may have led thereto; it is certainly true that just this limitation in performing the indirect
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p, which may be regarded as the point corresponding



to the number a; to the rational number zero coTesponds the point 0. In this way to every rational number a, i. e., to every individual in R, corresponds one and only one point p, i. e., an individual in L. To the two numbers a, b respectively correspond the two points p, 4, and if a > b, then p lies to the right of Q. To the laws I, II, m of the previous Section correspond completely the laws I, n, m of the present.
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LINE



Of the greatest importance, however, is the fact that in the straight line L there are infinitely many points which correspond to no rational number. If the point p corresponds to the rational number a, then, as is well known, the length Op is commensurable with the invariable unit of measure used in the construction, i. e., there exists a third length, a so-called common measure, of which these two lengths are integral multiples. .But the ancient Greeks already knew and had demonstrated that there are lengths incommensurable with a given unit of length, e. g., the diagonal of the square whose side is the unit of length. If we lay off such a length from point 0 upon the line we obtain an end-point which corresponds to no rational number. Since further it can be easily shown that there are infinitely many lengths which are incommensurable with the unit of length, we may affirm: The straight line L is infinitely richer in point-individuals than the domain R of rational numbers in number-individuals. If now, as is our desire, we try to follow up arithmetically all phenomena in the straight line, the domain of rational numbers is insufficient and it becomes absolutely necessary that the instrument R constructed by the creation of the rational numbers be essentially improved by the creation of new numbers such that the domain of numbers shall gain the same completeness, or as we may say at once, the same continuity, as the straight line. The previous considerations are so familiar and well known to all that many will regard their repetition quite superfluous. Still I regarded this recapitulation as necessary to prepare properly for the main question. For, the way in which the irrational numbers are usually introduced is based directly ‘upon the conception of extensive magnitudes-which itself is no-
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bers al that are < a, the second class A2 comprises all numbers ~2 that are > a; the number a itself may be assigned at pleasure to the first or second class, being respectively the greatest number of the first class or the least of the second. In every case the separation of the system R into two classes Al, Aa is such that every number of the first class A1 is less than every number of the second class A2.
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COMPARISON OF THE-RATIONAL NUMBERS THE POINTS OF A STRAIGHT LINE



WITH



The above-mentioned properties of rational numbers recall the corresponding relations of position of the points of a straight line L. If the two opposite directions existing upon-it are distinguished by “right” and “left,” and p, q are two dif* ferent .points, then either p lies to the right of q, and at the same time’ q to the left of p, or conversely q lies to the right of p and at the same time p to the left of q. A third case is impossible, if p, q are actually different points. In regard to this difference in position the following laws hold: I. If p lies to the right of q, and q to the right of r, then p lies to the right of r; and we say that q lies between the points pandr. n. If p, r are two different points then there always exist inl?nitely many points that lie between p and r. III. If p is a definite point in L, then all points in L fall into two classes, PI, P2, each of which contains infinitely many individuals; the first class PI contains all the points PI, that lie to the left of p, and the second class P2 contains all the points p2 that lie to the right of p; the point p itself may be assigned at pleasure to the first or second class. In every case the separation of the straight line L into the two classes or portions PI, Pz, is of such a character that every point of the first class PI lies to the left of every point of the second class P2. This analogy between rational numbers and the points of a straight line, as is well known, becomes a real correspondence when we select upon the straight line a definite origin or zeropoint 0 and a definite unit of length for the measurement of segments. With the aid of the latter to every rational number a a corresponding length can be constructed and if we lay this ofI upon the straight line to the right or left of 0 according as Q is possitive or negative, we obtain a definite end-point
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which produces this division of all points into two classes, this severing of the straight line into two portions.” As already said I think I shall not err in assuming that every one will at once grant the truth of this statement; the majority of my readers will be very much disappointed in learning that by this commonplace remark the secret of continuity is to be revealed. To this I may say that I am glad if every one finds the above principle so obvious and so in harmony with his own ideas of a line; for I am utterly unable to adduce any proof of its correctness, nor has any one the power. The assumption of this property of the line is nothing else than an axiom by which we attribute to the line its continuity, by which we Grid continuity in the line. If space has at all a real existence it is not necessary for it to be continuous; many of its properties would remain the same even were it discontinuous. And if we knew for certain that space was discontinuous there would be nothing to prevent us, in case we so desired, from filling up its gaps, in thought, and thus making it continuous; this filling up would consist in a creation of new point-individuals and would have to be effected in accordance with the above principle.
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From the last remarks it is sufficiently obvious how the discontinuous domain R of rational numbers may be rendered complete so as to form a continuous domain. In Section I it was pointed out that every rational number (I effects a separation of the system R into two classes such that every number al of the first class A1 is less than every number a2 of the second class A2; the number a is either the greatest number of the class A1 or the least number of the class AP. If now any separation of the system R into two classes AI, A2, is given which possesses only this -characteristic property that every number al in A1 is less than every number a2 in AZ, then for brevity we shall call such a separation a cut [S&mitt] and designate it by (AI, AZ). We can then say that every rational number a produces one cut or, strictly speaking, two cuts, which, however, we shall not look upon as essentially different; this cut possesses, besides, the property that either among the numbers of the fist class there exists a greatest or among the numbers of the second class a least number. And conversely,
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and y2 _ D



=



(x2



-



m3



(3x* +D)* If in this we assume x to be a positive number from the class A1, then x2 < D, and hence y > x and y* < D. Therefore y likewise belongs to the class A1. But if we assume x to be a number from the class AZ, then x2 > D, and hence Y < x9 y > 0, and y2 > D. Therefore y likewise belongs to the CUSS AZ. This cut is therefore produced by no rational number. In this property that not all cuts are produced by rational numbers consists the incompleteness or discontinuity of the domain R of all rational numbers. Whenever, then, we have to do with a cut (Al, AZ) produced by no rational number, we create a new, an irrational number a, which we regard as completely defined by this cut (Al, A2); we shall say that the number o corresponds to this cut, or that it produces this cut. From now on, therefore, to every definite cut there corresponds a definite rational or irrational number, and we regard two numbers as di@wzt or unequal always and only when they correspond to essentially different cuts. In order to obtain a basis for the orderly arrangement of all real, i. e., of all rational and irrational numbers we must investigate the relation between any two cuts (Al, &) and (&, B2) produced by any two numbers Q and p. Obviously a cut (Al, AZ) is given completely when one of the two classes, e. g., the Grst, Al, is known, because the second, A2, consists of all rational numbers not contained in A1, and the characteristic property of such a first class lies in this: that if the number al is contained in it, it also contains all numbers less than al. If now we compare two such fhst classes A1, B1 with each other, it may happen 1. That they are perfectly identical, i. e., that every number contained in Al is also contained in B1, and that .every number contained in BI is also contained in Al. In this case A2 is necessarily identical with BP, and the two cuts are perfectly identical, which we denote in symbols by a = p or p = a. But if the two classes AI, B1 are not identical, then there exists in the one, e. g., in AI, a number d1 = b’2 not contained in the other BI and consequently found in B2; hence all numbers 61 contained in B1 are certainly lessthan this number ~‘1 = b’2 and therefore all numbers b1 are contained in AI. 2. If now this number u’l is the only one in A1 that is not
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if a cut possesses this property, then it is produced by t.hi~ greatest or least rational number. But it is easy to show that there exist infinitely many cuts not produced by rational numbers. The following example suggests itself most readily. Let D be a positive integer but not the square of an integer, then there exists a positive integer X such that XZ D, to the tist class AI all other rational numbers al, this separation forms a cut (AI, AZ), i. e., every number al is less than every number u2. For if al = 0, or is negative, then on that ground al is less than any number ~2, because, by definition, this last is positive; if al is positive, then is its square 5 D, and hence al is less than any positive number u2 whose square is > D. But this cut is produced by no rational number. To demonstrate this it must be shown first of all that there exists no rational number whose square = D. Although this is known from the first elements of the theory of numbers, still the following indirect proof may find place here. If there exist a rational number whose square = D, then there exist two positive integers f, 24,that satisfy the equation t2 - Du2 = 0,



and we may assume that u is the least positive integer possessing the property that its square, by multiplication by D, may be converted into the square of an integer t. Since evidently Au ,6 that the greater number a, if rational, certainly belongs to thezclass Bz, because a 2 dI. Combining these two considerations we get the following result: If a cut is produced by the number a then any rational number belongs to the class A1 or to the class A2 according.as it is less or greater than a; if the number a is itself rational it may belong to either class. From this we obtain tially the following: If a > p, i. e., if there are infinitely many numbers in Al not contained in BI then there are in6nitely many such numbers that at the same time are different from CI and from p; every such rational number c is < a, because it is contained in AI and at the same time it is > p because contained in Bz.



PART



II



The name of Pythagoras of Samos, a Greek mathematician and philosopher of the sixth century B.C., is indelibly associated with the discovery of irrational numbers. According to tradition, Pythagoras discovered that the side and the diagonal of a square are incommensurable: if the length of the side of the square is called “1,” then the length of the diagonal is given by the value of the square root of 2, a value that is an irrational number. There are several terms in the preceding paragraph which need clearing up. Foremost among them is “irrational”; next in importance, because of its close relation to irrationality, is “incommensurable.” The way to understand the problem of irrationality among numbers is to understand first of all what rational numbers are. This in turn requires us to go back and begin with the simplest of all numbers, the positive integers, 1, 2, 3, 4,..., etc. (Actually, even these numbers are not simple;
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in B1, then is every other number al contained in Al also contained in B1 and is consequently < dl, i. e., d1 is the greatest among all the numbers al, hence the cut -(Al, AZ) is produced by the rational number a = dl = Y2. Concerning the other cut (BI, 82) we know already that all numbers b1 in & are also contained in A1 and are less than the number a’1 = b’2 which is contained in BP; every other number ba contained in BZ must, however, be greater than b’2, for otherwise it would be less than dl, therefore contained in A1 and hence in BI; hence b’z is the least among all numbers conin &, and consequently the cut (B1, B2) is produced by the same rational number p = b’2 = dl = a. The two cuts are then only unessentially different. 3. If, however, there exist in A1 at least two different numbers d1 = Mz and a” 1 = b”2, which are not contained in BI, then there exist infinitely many of them, because all the infinitely many numbers lying between dl and a”l are obviously contained in A1 (Section I, II) but not in BI. In this case we say that the numbers a and /3 corresponding to these two essentially different cuts (Al, AZ) and (B1, B2) are different, and further that a is greater than /3, that p is less than a, which we express in symbols by a > p as well as /3 < a. It is to be noticed that this definition coincides completely with the one given earlier, when a, p are rational. The remaining possible cases are these: 4. If there exists in B1 one and only one number b’ = a’~, that is not contained in A1 then the two cuts (At AZ) and (B1, B2) are only unessentially different and they are produced by one and the same rational number a = U’Z = b’l = /?. 5. But if there are in B1 atleast two numbers which are not contained in AI, then /3 > a, a < p. As this exhausts the possible cases, it follows that Of two different numbers one is necessarily the greater, the other the less, which gives two possibilities. A third case is impossible. This was indeed involved in the use of the comparative (greater, less) to designate the relation between a, P; but this use has only now been justified. In just such investigations one needs to exercise the greatest care so that even with the best intention to be honest he shall not, through a hasty choice of expressions borrowed from other notions already developed, allow himself to be led into the use of inadmissible transfers from one domain to the other. If now we consider again somewhat carefully the case (Y> P it is obvious that the less number p, if rational, certainly beconta.hd
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tion is perfectly legitimate; mathematicians prefer, however, the second answer, since they like to leave as few insoluble problems as possible. In this case, the price of finding a solution is a new definition of number with a consequent expmsion of the number system. If we reckon all integers-both positive and negative (as well as O)-as belonging to the number system, then the operation of subtraction can always be performed within that system. For subtraction, the system of natural numbers is not closed, but the system of all integers is. Subtracting an integer from an integer always results in another integer. Certain rules must be established, of course, to indicate how the operations are to be performed, but these rules present no difhculties. For example, - 5 - (- 8) = - 5 + 8, according to the rules. We do not intend here to investigate whether these rules are good, clear, or self-explanatory. We only want to point out that the rules are such that any subtraction problem has just one answer, and that the answer-if the problem involves integers-is always an integer. This expansion of the number system to include negative integers not only makes subtraction among natural numbers always possible; it also is the case that this new system of all integers is closed for subtraction, so that subtraction among integers (whether positive or negative) is always possible. We have already indicated that the system of natural numbers is not closed for division. How about the system of all integers? Is it closed for division? The answer again is No. The introduction of negative integers has done nothing toward solving the problem of making division always possible. What needs to be done, if we are faced with division problems such as 40 + 7, is either the declaration that this problem has no solution, or else another expansion of the number system to include fractions. If we are willing to modify our def3nition of number once more and to expand our number system accordingly, then we can give an answer to division problems such as 40 f 7; the answer is, of course 5;. By introducing not only positive but also negative fractions we can make division always possible as long as it involves Only positive or negative integers or fractions. There is one exception however: If division by 0 is called for, there is no answer. Division by 0 is declared not possible. We mention this mainly to indicate that this way of dealing with a dif% culty-declaring the problem impossible-is one that is, in fact, occasionally used by mathematicians.
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in the next chapter we shah see that it is quite difFicult to define the allegedly simple term “number”; for the time being, however, we shall rely on our intuitive understanding of the meaning of number.) The positive integers are what Euclid had in mind when he defined “number.” Note, incidentally, that Euclid does not include “1,” or the unit, among the numbers. Thereby he avoids circularity in his definition of number, which is “multitude of units.” The positive integers are often referred to as “natural numbers.” Mathematics cannot get along well just using the natural numbers. Suppose we start with any natural number a and add another natural number b to it. The result c-whatever it may be-will be another natural number. Similarly, if a given naturad number d is multiplied by a natural number e, the result f is again a natural number. Thus the operations of addition and multiplication are such that if they are performed on two or more members of the natural number system they will give results that are also members of the natural number system. Another way of saying the same thing is that for addition and multiplication the natural number system is closed; these operations, when performed on natural numbers, do not take us out of the system. We run into trouble, however, when we turn to the other two basic arithmetical operations-subtraction and division. Sometimes, these two operations when performed on natural numbers give results that are themselves natural numbers. If the natural number from which we subtract is greater than the natural number which we subtract, then the result is another natural number. For example, 8 - 5 = 3; 56,734 39,001 = 17,733. And similarly if the natural number which we divide is a multiple of the natural number which we divide it by, then the result is another natural number. 40 f 5 = 8; 306 t 17 = 18, and so on. But if things are the other way around, we must leave the natural number system in order to get an answer. If in a subtraction problem of natural numbers the first number is smaller than the second number, then the resulting difference is not a natural number. We can only say in such a case either that there is no answer, or that the answer is a new kind of number, a negative number. Either “5 - 8” must be considered as a problem without a solution, or if we want it to have a solution, we must admit that a problem involving two natural numbers can result in something not a natural number, namely a negative number. Either way of looking at subtrac-
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serves to define an irrational number; accordingly this method is referred to as the “Dedekind Schnitt.” Dedekind’s procedure is very simple and very difhcult to understand. What he does is apparently so unexciting that it is diicult to realize the significance of it. Dedekind begins by noting three laws that are true for any two rational numbers a and b, which are not equal. 1. If a is greater than b and b is greater than c, then also u is greater than c. The property of being “greater than” is transitive, as we would now say. 2. Between any two rational numbers, there lies an i&nit.: number of other rational numbers. We have already mentioned this property of the rational number system. 3. Any rational number a divides the entire system of rational numbers into two classes. One class contains all those rational numbers smaller than a; the other class, those num. bers greater than a. These are two completely distinct classes. having no members in common. To which of these two classes does a itself belong? We may assign it to either class; it makes no difference. No matter where we place a itself, it is true that any member of the first class is smaller than any member of the second class. The only difference is this: if we assign a to the first class, then this class has a greatest member, namely u, while the second class has no least member (for between any member of the. second class and u, there always exists an inhnite number of other rational numbers). If, on the other hand, we assign a to the second class, then this second class has a least member, namely a, while the first class has no greatest membeF. (For again, if we put forward any rational number in the first class as allegedly the greatest, it is always possible to find in&ritely many other rational numbers which are larger than this number but still smaller than a, and so belong to the first class.) Dedekind summarizes the significance of this kind of cut as



follows: We can then say that every rational number a produces one cut, or, strictly speaking, two cuts, which, however, we shall not look upon as essentially different; this cut possesses, besides, the property that either among the numbers of the grst class there exists a greatest or among the numbers of the second class a least number. And conversely, if a cut possesses this property, then it is produced by this greatest or least rational number (p. 145).
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The system of the numbers we have so far introducedpositive and negative integers, as well as positive and negative fractions-is called the system of rational numbers. It is closed for the operations of addition, subtraction, multiplication, and division, with the single exception of division by 0, which is never permitted. It is obvious that the system of rational numbers includes a great many numbers. For example, between any two rational numbers there is always a third one which is greater than one of the original numbers and smaller than the other one. (This is not true of integers; for example, there is no integer between 21 and 22.) It it also intuitively obvious that in any given interval, say between two integers like 5 and 6, there is an infinite number of rational numbers. But interestingly enough, the system of rational numbers does not yet include all numbers. There are two ways of seeing this: First, we could show that there are some “numbers” such as the length of the diagonal of a square whose side is 1, . which are not equal to any rational numbers. We could show that there are a great many other numbers of this sort, which obviously are not rational. The second way consists of looking at the system of rational numbers and finding that in fact there are “holes” in it: there are some places in the interval between 1 and 2 which are not taken up by any rational number. Another way of saying this is that the system of rational numbers is not continuous. If we compare the interval between 1 and 2 with the points on a line, we should find that we cannot assign a rational number to every point. There are, so to speak, “too many” points on the line. The points to which no rational .numbers correspond have irrational numbers corresponding to them. It was the German mathematician Richard Dedekind who first rigorously analyzed the concept of irrational number. Dedekind (1831-1916) was a student of Gauss-perhaps his greatest-at the University of Giittingen. Though Dedekind spent most of his life in a relatively obscure teaching position, his works have that simplicity and abstractness that mark the mathematician of genius. In defining irrational numbers, Dedekind chose the setond of the two ways we mentioned above. He began with the system of rational numbers and then showed that by means of that system he could detlne numbers which did not belong in that system. The method he used is that of making a Schnitt (German for “cut”) in the rational number system. This cut
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auchasX2and (X+l)z.IfD=18,thenA=4,andh-tl= 5; 18 lies between 16 and 25. Now Dedekind divides all rational numbers into two classes, in terms of D. He calls these two classes A 1 and AZ. The aecond class, At, includes all positive rational numbers whose square is greater than D; the first class, Al, includes all other rational numbers. Every number in A1 is less than any number in AZ. A1 contains all negative numbers, since AZ. containa only positive numbers and any negative number is, of course, smaller than any positive number. The positive numbers which A1 contains are smaller than the positive numbers in As, for the only positive numbers in A1 are those whose square is less than D, whereas AZ contains all those positive numbers whose square is greater than D. Thus Al and AZ are two classes of the kind which Dedekind has discussed earlier: any member of A 1 is less than any member of A*, and any member of A2 is greater than any member of Al. But A1 has no greatest member and AZ has no least member. This last fact still remains to be shown; but if Dedekind succeeds in demonstrating it, he will also have succeeded in proving that here is a cut in the rational number system not made by a rational number. Everything, then, depends on the absence of both a least (in AZ) and a greatest (in Al) member. To show that these numbers are absent, Dedekind begins by hrst showing that there is no rational number whose square is D. The proof is by reduction to the absurd. Let us assume that in fact there is a rational number whose square is D. Since, by assumption D lies between the squares of two adjacent integers (h and h + 1) , the rational number whose square is D must be a fraction. Let it be i. Let these he the least positive numbers in which that fraction can be expressed; that is, let it not be possible to do any more “canceling.” Thus fL -= I42 D or fL = Du2



or fL - Du2 = 0.



If we substitute the value $ for D in the inequality
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Then he continues with the most important statement in the entire work: But it is easy to show that there exist infinitely cuts not produced by rational numbers.



many



Before going on, let us examine what one of Dedekind’s cuts looks like, when it is made by a rational number. Let us consider the number % . This is, of course, a rational number. According to Dedekind, it divides all rational numbers into two classes, namely, those smaller than %, and those greater than %. Examples of numbers in the first class are %, M, 0, -%, - 2, etc. Examples of numbers in the second class are 1, 1%) 756, etc. All numbers in the first group are smaher than all numbers in the second group. Conversely, all numbers in the second group are greater than all numbers in the first group. Now it only remains to assign a place to 4/J itself. If we assign it to the first class, it is still true that every member of the first group is smaller than any member of the second group. Suppose that we now assign % to the second group instead; it will still be true that any member of the first group is smaller than any member of the second group. If we assign % to the first group, then the lirst group has a greatest member, namely %. If, instead, we assign % to the second group, then the second group has a least member, namely %. Dedekind’s method of showing that “in the holes” of the razional number system there are other, irrational, numbers, .$ as follows: He proposes to show us a cut made in the rational number system, but not by a rational number. This cut, is before, produces two classes. As before, it will be the case that any member of the first class is less than any member of the second class (and any member of the second class is greater than any member of the first class). So far all is the same as before. Here is the difference: The cut which Dedekind proposes to show us is such that the 8rst class has no greatest member, while the second class has no least member. If he can succeed in showing us such a cut, then it is clear that no rational number has produced it; for any rational number produces a cut in which either the fist group has a greatest, or the second group, a least, member. Dedekind begins by choosing a positive integer, but one which is not the square of another integer. An example of such an integer would be the number 18. Dedekind calls this number D. The number D then lies between two square numbers,
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This last quantity can be written as (A2 - D) (f2 - Du2). But we know that (t2 -Dz42) = 0, by the assumption that t



when squared equals D. Therefore 2 equal to 0. And therefore also t’2 -



Du’2



-= tQ



D



the whole product ‘is



= 0.



This means that l.d2



And since u’ is smaller than u, this contradicts the original assumption that L was the fraction in the smallest terms which, when squared, gives D. Hence we conclude that the number whose square is D is not rational-that is, that it cannot be expressed as a fraction of integers. Having established this, we can show that the class AI has no greatest, and the class Az no least, member. The method of proof is another reduction to the absurdSuppose there is a number x which is the greatest in Al. (It will, of course, be a positive number.) Now form the quantity Y



=x(x2 + 30) 3x2 + D



Then Y -x=



x(x2 + 30) _ x = x(x2 + 30) - x(3x2 + D) 3x2 + D 3x2 + D 2Dx - 2x3 x3 + 3Dx 3x3 - xD = -= 3x2 + D 3x2 + D 2x(D - x2) = 3x2’+D ’



Consider this last quantity: x is positive, and since x is assumed to belong to the class Al, D is greater than x2. Therefore, the numerator of the fraction is positive, and the entire fraction is positive, since the denominator is clearly positive. But if the quantity y - x is positive, then y is greater than x. Furthermore, y2 is less than D and therefore y belongs to AI. TO see this, consider the same quantity y as before, namely, Y =



x(-x2 + 30). 3x2+D
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