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Abstract High frequency traders employ order anticipation strategies to benefit from price impact generated by large institutional investors. While there is little doubt that this practice increases execution shortfall for the institutional investor, it is unclear whether it reduces market quality. We study order anticipation strategies in a game model of optimal execution and derive the unique Nash equilibrium in closed form. Our analysis suggests that order anticipation strategies may positively affect market quality by reducing price deviation and short-term volatility.
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Introduction



Is high frequency trading good or bad? A reasonable answer must differentiate. Various strategies can be classified as high frequency; each needs to be considered separately before issuing a general verdict. First, one should distinguish passive and active high frequency strategies. Passive strategies engage in non-designated market making by submitting resting orders. Profits come from earning the bid-ask spread and liquidity rebates offered by exchanges. Active strategies involve the submission of marketable orders. Their profit often directly translates into somebody else’s loss. Consequently, they have raised more (and eloquent) suspicion.1 Active strategies typically exploit short-term predictability of asset prices. This is particularly evident in order anticipation strategies, which “ascertain the existence of large buyers or sellers in the marketplace and then trade ahead of these buyers or sellers in anticipation that their large orders will move market prices” (Securities and Exchange Commission, 2014, p. 8). Hirschey (2016) demonstrates that high frequency traders indeed anticipate large orders with the help of complex algorithms. ∗ 1



Department of Mathematics, University of Mannheim Including Michael Lewis’ (2014) bestseller Flash Boys.
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Large orders are submitted by institutional investors for various reasons. New information (or misinformation) on the fundamental asset value is one of them. Others include inventory management, margin calls, or the activation of stop-loss limits. Even in the absence of order anticipation strategies, such orders are subject to execution shortfall: The liquidation value lies below the mark-to-market value. Ho and Stoll (1981) explain execution shortfall as a consequence of risk aversion among market makers. A market maker places buy and sell offers around a reference price (which is often assumed to be the fundamental asset value). Suppose a large, marketable sell order is executed against some of the buy offers. An immediate effect, called temporary price impact, is that these buy offers vanish from the limit order book; the bid price increases. A second effect is more subtle and comes into play when large orders are split into smaller child orders to reduce temporary price impact. When the market maker’s buy offers are filled, he acquires a long position in the asset, and faces both inventory risk (from changes in the reference price) and nonexecution risk (from uncertainty about the arrival of marketable buy orders). Being risk-averse, he counteracts by placing cheaper buy and sell offers to encourage buyers and discourage sellers. As his inventory is reduced, he again increases the price of buy and sell offers, gradually returning to the original reference price. This transient price impact increases the large seller’s execution shortfall.2 Institutional investors seek to achieve optimal execution (i.e. minimize execution shortfall and other transaction costs) with the help of execution algorithms. These algorithms, e.g. the popular VWAP (volume weighted average price), are typically based on the observation that price impact depends on the relative volume of an order: Price impact is lower when markets are busy. When high frequency traders detect such an execution algorithm, they obtain information on future trades and can earn significant profits with an order anticipation strategy. That such order anticipation strategies have been described as aggressive (Benos and Sagade, 2012), predatory (Brunnermeier and Pedersen, 2005) and “algo-sniffing” (MacKenzie, 2011) suggests that the Securities and Exchange Commission (2010) is not alone in suspecting that they “may present serious problems in today’s market structure” (p. 3609). But which problems exactly? There is little doubt that order anticipation strategies increase the execution shortfall of large orders (Tong, 2015; Bershova and Rakhlin, 2



A second explanation of price impact is based on information asymmetry (Glosten and Milgrom, 1985). Some orders are triggered by new information on the fundamental asset value. Large orders therefore raise suspicion among market makers, who adjust their offers accordingly.
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2013).3 This is bad news for institutional investors. But, to put it bluntly, “the money isn’t gone, it’s just somewhere else”. The important question is whether order anticipation strategies decrease market quality. A first argument that this is the case comes from Hirschey (2016): Higher execution shortfall may reduce incentives to perform fundamental research and thus reduce the information content of prices. Papers on the relationship between high frequency trading and market quality have identified two issues where the influence of high frequency trading remains inconclusive: • How do high frequency traders influence market efficiency under normal market conditions? An important determinant of market efficiency is volatility. Zhang and Riordan (2011) and Hasbrouck and Saar (2013) conclude that high frequency traders increase and decrease volatility, respectively. Benos and Sagade (2012) point out that intraday volatility is “good” when it is the result of price discovery, but “excessive” noise otherwise. They study high frequency trading in four British stocks, using high-quality transaction data from the UK Financial Services Authority. The data identifies sellers and buyers in every transaction, allowing the authors to track individual firms. They find that high frequency traders participate in 27% of all trading volume and that active high frequency traders in particular “can significantly amplify both price discovery and noise”, but “have higher ratios of information-to-noise contribution than all other traders” (p. 2). • Do high frequency traders increase the risk of financial breakdowns? Bershova and Rakhlin (2013) echo concerns that liquidity provided by (passive) high frequency traders could be “fictitious; although such liquidity is plentiful during ‘normal’ market conditions, it disappears at the first sign of trouble” and that high frequency trading “has increasingly shifted market liquidity toward a smaller subset of the investable universe [...]. Ultimately, this [...] contributes to higher short-term correlations across the entire market” (p. 3). Thus, high frequency trading may be beneficial most of the time, but dangerous when markets are under pressure. The sociologist Donald MacKenzie (2011) agrees, arguing that high frequency trading leaves no time to react appropriately when something goes wrong. This became apparent during the 2010 Flash Crash.4 Brunnermeier and Pedersen (2005) even suggest a direct connection between order anticipation strategies and financial 3 Bershova and Rakhlin argue that increased costs from active high frequency strategies are “more than offset by compressed bid-ask spreads” (p. 5) from passive high frequency strategies. But without a convincing argument that active and passive high frequency trading are two sides of the same coin, we see no reason to offset one against the other. 4 Kirilenko et al. (2015) discuss the role of high frequency traders in the crash.
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breakdowns. When high frequency traders trade ahead of large orders, they cause price overshooting. This may lead to a domino effect by activating stop-loss limits of other traders, resulting in new large orders that cause even greater price overshooting, etc. Empirically, however, the frequency of market breakdowns was significantly lower during 2007-2013 than during 1993-2006, when high frequency trading was less prevalent (Gao and Mizrach, 2016). Even with high-quality data, empirical studies cannot fully entangle different strategies employed by high frequency traders. To study effects of order anticipation strategies in isolation, we therefore suggest a theoretical approach. In this paper, we integrate high frequency trading into a mathematical model of optimal execution. It features transient price impact, heterogeneous transaction costs and strategic interaction between an arbitrary number of traders. We derive Nash-optimal strategies for large traders (i.e. traders who want to execute a large order), and for high frequency traders who anticipate the order. While our results may be useful to individual traders, our main interest is in how high frequency traders affect market efficiency and the risk of financial breakdowns. Market efficiency is the degree to which asset prices reflect relevant information (Fama, 1970). Let us discuss how optimal execution algorithms and order anticipation strategies fit into this context. First, this depends on what triggered the large order, and how high frequency traders were able to anticipate it. Both aspects, however, are exogenous to our model, and we do not attempt a detailed discussion.5 Second, it is important to understand that the large order itself is relevant information, even if it was not triggered by new information on the fundamental asset value. As soon as a large trader starts an execution algorithm, he has private information on future prices, because his orders are predictable and impact prices. We expect that the large trader will reveal this private information only gradually to reduce impact. The asset price should thus exhibit a persistent drift while the large order is being executed. When high frequency traders learn about the order, it becomes “public” knowledge in the sense that a larger group of market participants knows about it. The asset price should reflect this by changing rapidly as soon as high frequency traders discover the order, and exhibiting little drift afterwards. This is indeed what we observe in our model. It can therefore be argued that high frequency traders improve price discovery, hence increasing market efficiency. Whether this is desirable or not (e.g. from a regulatory viewpoint) remains an open question. We also propose a measure of short-term volatility for our (continuous time) model, based on the timing risk – or slippage – faced by a “slow” investor. 5



But let us mention that order anticipation contradicts the efficient market hypothesis even in its weak form when high frequency traders obtain their information directly from the limit order book.
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We find that high frequency traders typically decrease short-term volatility. It is unclear whether the volatility we measure is “good” because it reflects the arrival of new information on future orders, or “excessive” because these orders do not necessarily reflect new information on the fundamental asset value. Although our model reflects normal market conditions, we find surprising evidence on the relation between high frequency trading and market breakdowns. Contrary to the findings of Brunnermeier and Pedersen (2005), high frequency traders may decrease the price deviation caused by a large order, and thus reduce the risk of domino effects in the wake of large institutional trades. Almgren and Chriss (2001) sparked interest in mathematical modeling of optimal execution. Their model features one large trader minimizing his execution shortfall. Price impact is temporary and permanent, which makes the model solvable with standard methods from the calculus of variations. The authors show that it is optimal for a risk-neutral trader to spread the large order equally over the trading period. A risk-averse trader is more active in the beginning of the trading period to reduce uncertainty from price changes. Two subsequent extensions of the Almgren-Chriss model are relevant for our paper: Transient price impact and game versions of optimal execution. Obizhaeva and Wang (2013) point out that price impact is not permanent but transient (compare Ho and Stoll’s argument above). When transient price impact decays exponentially, they find that optimal behavior features large “impulse trades” at the beginning and the end of the trading period. The remainder of the order is again spread equally over the trading period. Gatheral et al. (2012) extend the model to more general types of transient price impact, Alfonsi and Schied (2013) investigate the connection between optimal execution under transient price impact and potential theory. Game versions of optimal execution models include Brunnermeier and Pedersen (2005), Carlin et al. (2007), Schöneborn and Schied (2009), Schied and Zhang (2015) and Lachapelle et al. (2016). In all models, price impact consists of (linear) temporary and permanent components, and net order sizes are publicly known. In Moallemi et al. (2012), high frequency traders do not know the size of the large trader’s order and try to infer it from the asset price through Bayesian updating. A two-player game of optimal execution under transient exponential price impact is developed by Zhang (2014). He studies how transaction costs (e.g. in the form of a transaction tax) can reduce implementation shortfall, in some scenarios to such a degree that higher transaction costs imply lower total costs. This observation is closely tied to the discrete time setting of his model, and it does not occur in the continuous time setting of ours. We build on Zhang’s analysis and extend it by allowing for an arbitrary number of traders and heterogeneous transaction costs. Furthermore, our focus is 5



on market quality, not on individual traders. This implies that we are more interested in the asset price, and less in traders’ total costs. As mentioned above, Brunnermeier and Pedersen (2005) argue that order anticipation strategies cause price overshooting. Their model features permanent price impact and a simplified version of temporary price impact. Both impose almost no costs or restrictions on high frequency traders. Consequently, the paper arrives at a grim picture in which “predators” (high frequency traders) exploit “distressed traders” (large traders) and may even cause a “panic” (the domino effect described above). With transient price impact and transaction costs, our model introduces features that also constrain high frequency traders, leading to a more balanced view of their influence on market quality. In particular, we find that order anticipation strategies do not typically cause price overshooting, but reduce it. Section 2 introduces a general game version of optimal execution under transient price impact. We introduce the traders’ objectives and obtain first results on optimality criteria and the uniqueness of Nash equilibria. In Section 3, we assume that transient price impact decays exponentially. When transaction costs are quadratic in the rate of trading, we obtain a unique Nash equilibrium in closed form. This is the main mathematical result of our paper. It includes the cases of heterogeneous transaction costs, and covers arbitrary numbers of large traders and high frequency traders. We then study optimal strategies for the case of one large trader and n high frequency traders. Numerical analyses allow us to understand how high frequency traders influence market quality in our model. In Section 4, we sketch two model extensions. The first extends results from Section 3 to nonexponential decay functions. The second introduces different time horizons for a large trader and high frequency traders. In this context, we discuss how a large trader may reduce execution shortfall by restricting his own trading horizon. Section 5 concludes. All mathematical proofs can be found in the appendix.
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A Class of Transient Price Impact Games



We consider a continuous time market for a single asset over a time period [0, T ]. The asset is traded by n + 1 strategic traders and a large number of noise traders. In the absence of strategic trading, we assume that the asset price S 0 is a càdlàg martingale on a filtered probability space (Ω, F, (Ft )t∈[0,T ] , P), satisfying the usual conditions. We further assume that F0 is P-trivial. The strategic traders i = 0, . . . , n control their inventory X i : [0, T ] × Ω → R
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in the asset.6 They face an optimal execution problem: Starting with an initial inventory of X0i = xi0 , trader i must reach a target inventory XTi = xi0 + ∆i . Let us call traders with ∆i 6= 0 large traders, and traders with ∆i = 0 high frequency traders.7 We assume that all model parameters, including n and ∆ := (∆0 , . . . , ∆n ), are known to all strategic traders. Hence all traders anticipate the net orders of all other traders. This is not unreasonable when the time horizon [0, T ] is small. High frequency traders may be able to predict the net amount traded by a large trader during, say, the next five minutes. They will use an order anticipation strategy to earn profits, and clear inventory after five minutes. We adopt the framework of Schied and Zhang (2015) and demand that X i be absolutely continuous, i.e. there is a progressively measurable and squareRt i i i i ˙ ˙ integrable process X such that Xt = x0 + 0 Xs ds. When X i is absolutely continuous and satisfies both X0i = xi0 and XTi = xi0 + ∆i , we refer to X i as an admissible strategy (for trader i). It will cause no confusion if we also refer Rt i ˙ ˙ to Xi as an admissible strategy as soon as Xi (t) := x0 + 0 Xi (s) ds, t ∈ [0, T ], is admissible. Strategic traders impact the asset price. A bounded, continuous function G : [0, T ] → [0, ∞) is called strictly positive definite if Z Z G(t − s)f (t)f (s) ds dt ≥ 0 for every square-integrable function f , with equality if and only if f ≡ 0.8 If strategic traders use the admissible strategies X˙ = (X˙ 0 , . . . , X˙ n ), the asset price9 Z t n X 0 St := St + κ G(t − s) X˙ si ds, 0



i=0



for κ > 0 and a strictly positive definite function G. Demanding that G be strictly positive definite precludes price manipulation strategies and guarantees uniqueness of Nash equilibria (Gatheral et al., 2012; Alfonsi and Schied, 6



We limit our analysis to (stochastic) open-loop strategies Xti (ω), instead of closedloop strategies Xti (ω, Xt0 (ω), . . . , Xti−1 (ω), Xti+1 (ω), . . . , Xtn (ω)). The difference between open-loop strategies and closed-loop strategies is like the difference between blind chess and regular chess. In a closed-loop Nash equilibrium, traders still react optimally when someone departs from equilibrium. Closed-loop Nash equilibria are notoriously difficult to find. See nonetheless Carmona and Yang (2011) for numerical simulations of the closedloop equilibrium in a price impact model with temporary price impact. 7 But keep in mind that order anticipation strategies do not require the breathtaking speed associated with stale order sniping or non-designated market making. An order anticipation strategies thinks in minutes, not in microseconds (MacKenzie, 2011). 8 For details, see Gatheral et al. (2012) and references therein. If G is non-constant, non-increasing, bounded and convex, it is strictly positive definite. 9 For simplicity, we do not model a bid-ask-spread explicitly. A constant spread can be incorporated into the transaction costs introduced below.
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2013). In Section 3, we will consider an exponential decay kernel G(τ ) = e−ρτ for ρ > 0. The execution shortfall of an admissible trading strategy X i is Z T i ∆ S0 − X˙ ti St dt. 0



Integration by parts shows that hZ T i E X˙ ti St0 dt = ∆i S00 0



is identical for all admissible strategies X i . Hence, we may assume S 0 ≡ 0 without loss of generality. Notice that this would be very different if traders were risk-averse (Lorenz and Almgren, 2011), or ∆ were not public information (Moallemi et al., 2012). We assume that trader i faces additional transaction costs ci (X i , X˙ i ), where ci (p, q) is a differentiable, convex function. Let us denote its partial derivatives by cip (p, q) and ciq (p, q). Traders are assumed to be risk-neutral.10 In total, trader i minimizes the cost functional hZ T i i i −i C (X ; X ) := E [ci (Xti , X˙ ti ) + X˙ ti St ] dt hZ =E



0 T







i



c



(Xti , X˙ ti )



Z



G(t − s)



+κ



0



t



0



n X



 i X˙ j (s) ds dt



(1)



j=0



over admissible strategies X i , where we use the notation X −i := (X 0 , . . . , X i−1 , X i+1 , . . . , X n ). Without loss in generality, we let κ = 1. Our goal is to find a Nash equilibrium, i.e. admissible strategies X = (X 0 , . . . , X n ) such that ˜ i ; X −i ) C i (X i ; X −i ) ≤ C i (X



(2)



˜ i and all i = 0, . . . , n. We speak of a Nash for all admissible strategies X equilibrium in the class of deterministic strategies if X = (X 0 , . . . , X n ) is ˜ i and all i = deterministic, and (2) holds for all deterministic strategies X 0, . . . , n. In our search for a Nash equilibrium, we will see that the process Z := (X˙ 0 , . . . , X˙ n , S) 10 That is, given their cost function. Suppose traders commit to deterministic strategies and dSt0 = σ dWt , where σ > 0 and W is a Brownian motion adapted to the filtration (Ft )t∈[0,T ] . If trader i wishes to minimize a mean-variance criterion Expectation + λi Variance as in Almgren (2003), this is equivalent to risk-neutral optimization, where ci is replaced by c˜i (p, q) := λi σ 2 p2 + ci (p, q).



8



is a more natural object of analysis than X. Given x0 := (x00 , . . . , xn0 ) and ∆, the process Z uniquely determines X, and vice versa. With a slight abuse of terminology, we call Z a Nash equilibrium when it corresponds to a Nash equilibrium X. For the remainder of the paper, let us fix x0 and ∆. The following results are easily transferred from Zhang (2014): Lemma 1. 1. There is at most one Nash equilibrium in the class of admissible strategies. 2. A Nash equilibrium in the class of deterministic strategies is also a Nash equilibrium in the class of admissible strategies. 3. Define i



−i



i



L (X ; X )(t) :=



ciq (Xti , X˙ ti )



Z + St +



T



G(s − t)X˙ si ds



t



Z −



t



cip (Xsi , X˙ si ) ds,



t ∈ [0, T ].



0



Then X is a Nash equilibrium in the class of deterministic strategies if and only if for every i = 0, . . . , n, the strategy X i is admissible and there is a constant y i such that Li (X i ; X −i )(t) = y i



(3)



for all t ∈ [0, T ]. Equation (3) is a Fredholm integral equation. In the context of optimal execution problems, these equations are studied by Gatheral et al. (2012). Let us comment on the relationship between Fredholm integral equations and the more prevalent Euler-Lagrange equations. For illustration purposes, consider a model with permanent price impact, i.e. G(τ ) ≡ λ > 0. (Notice that G is not strictly positive definite). Then St = λ



n X



Xti .



i=0



This turns the minimization of (1) into a classical calculus of variations problem. The corresponding Euler-Lagrange equations are: 0=



 d i i ˙i cq (X , X ) + S − λX˙ i − cip (X i , X˙ i ), dt



for i = 0, . . . , n. This is just the t-derivative of (3). But as soon as G is not RT constant, the non-local term t G(s − t)X˙ si ds prevents us from obtaining a 9
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Figure 1: Illustration of transient exponential price impact. Asset price St for ρ = 1 (solid line), ρ = 0.1 (dashed line) and under permanent price impact ρ = 0 (dotted line). The strategic trader trades at a constant rate X˙ t0 = −2 while t ≤ 1/2 and does not trade while t > T /2. “regular” (i.e. local) Euler-Lagrange equation by differentiating (3).11 We work with (3) instead of a non-local Euler-Lagrange equation for two reasons: It also provides a necessary condition for Nash equilibria, and it is welldefined for non-differentiable G.
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Exponential Price Impact and Quadratic Transaction Costs



To carry our analysis further, let us consider exponential price impact G(τ ) = e−ρτ for ρ > 0, and quadratic transaction costs in the rate of trading ci (p, q) =



ci 2 q 2



for ci > 0.



The parameter ρ determines the size and persistence of price impact. A small ρ implies large impact and slow recovery (see Figure 1). The limit ρ = 0 11



One might suspect that (1) can still be treated as a classical calculus of variations problem by considering the two-dimensional control process (X, S) instead of X. But S is a function of X; hence a “chain rule” applies in the derivation of Euler-Lagrange equations. RT The additional – non-local – term introduced by the chain rule is just t G(s − t)X˙ si ds, see Avron (2003).
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corresponds to permanent price impact. To see how the shape of transient price impact derives from the shape and resilience of the limit order book, see Obizhaeva and Wang (2013). To our knowledge, we are the first to allow for heterogeneous transaction costs in a game model of optimal execution. These costs can incorporate execution fees and administration costs. We also suggest another component: When a trader submits a large order, it is likely that it will be split up and routed to different exchanges to achieve execution at the best price offered.12 Trading algorithms, specialized in pattern recognition and low latency, can front-run a large order on its way to different exchanges and reap significant benefits from trading ahead of it (Securities and Exchange Commission, 2010). Our premise is that expected losses from this type of front-running grow super-linearly with order size (as large orders are typically routed to more exchanges and discovered by more algorithms), and will depend on the average latency of the individual trader. For the sake of mathematical tractability, we assume that transaction costs are quadratic in the rate of trading. Notice that such costs preclude the (asymptotic) optimality of “impulse trades” (i.e. jumps in X i ), which occur in other price impact models (Obizhaeva and Wang, 2013; Gatheral et al., 2012). Under exponential price impact, S satisfies the differential equation S˙ =



n X



X˙ i − ρS.



(4)



i=0



The Fredholm optimality conditions (3) become y i = ci X˙ ti + St +



Z



T



eρ(t−s) X˙ si ds



t



= ci X˙ ti +



Z 0



t



e−ρ(t−s)



n X



X˙ sj ds +



Z



T



(5) eρ(t−s) X˙ si ds,



t ∈ [0, T ],



t



j=0



for i = 0, . . . , n. Equations (5) are coupled via S. If all traders had identical transaction costs c0 = . . . = cn , we could sum equations P (5) over i to obtain a two-dimensional system of differential equations for ( ni=0 X˙ i , S). Once this system is solved, (5) is reduced to a one-dimensional differential equation. The model in Schied and Zhang (2015) allows this approach. But when transaction costs differ among traders, e must compute X˙ 0 , . . . , X˙ n and S simultaneously. Suppose X˙ = (X˙ 0 , . . . , X˙ n ) solves (5). Then it is easy to see that X˙ must be t-differentiable. Taking the derivative in (5) and plugging in yields the 12



This is accomplished by so-called Smart Order Routers. For an introduction, see e.g. BMO Capital Markets (2011).
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ordinary differential equations X 2ρ ρy i ¨ i = ρX˙ i − 1 X˙ j + S − , X ci ci ci



(6)



j6=i



for i = 0, . . . , n. Combining (4) and (6), we conclude that in equilibrium, the (n + 2)-dimensional process Z = (X˙ 0 , . . . , X˙ n , S) solves a matrix differential equation of the form Z˙ = M Z + m,



(7)



where M is a quadratic matrix and m is a vector. We show in the appendix that M is invertible, so that the general solution to (7) is given by Zt = eM t z − M −1 m, z ∈ Rn+2 , where eM t denotes the matrix exponential of M t. Notice that the boundary conditions are non-standard: ˙ It is not obvious that z can be chosen in such They apply to X, not X. a way that S0 = 0 and XTi = xi0 + ∆i for all i = 0, . . . , n. The following theorem shows that this is indeed possible for all choices of x0 and ∆, and that the optimal strategies X˙ i are linear in ∆ and do not depend on x0 . Theorem 1. There exists a (unique) Nash equilibrium, given by ! ∆ Zt := (eM t + N eM T )B −1 , t ∈ [0, T ], 0



(8)



where (∆, 0) := (∆0 , . . . , ∆n , 0). The square matrices M, N and B are given in closed form in the appendix. Notice that the optimal strategies are linear in x0 and ∆. For notational simplicity, we assume that all traders must clear inventory, i.e. −x0 = ∆. In general, eM t and B −1 cannot be obtained in closed form. But for given parameters, it is easy to approximate (8) numerically. The following results are based on such approximations. Optimal strategy in the absence of high frequency traders Let us first consider how a large order is optimally executed when high frequency traders are absent, i.e. n = 0. In this case, we have a simpler expression for the trader’s optimal strategy. Corollary 1. Let n = 0. Then trader 0’s optimal strategy is of the form Xt0
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k (T 0 1



ek2 (T −t) +ek2 T −ek2 t −1 k2 , ek2 T −1 k1 T + 2 k2
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Figure 2: Optimal strategy Xt0 for a large trader in the absence of high frequency traders, with c0 = 0.05 (solid line) and in the limits c0 → 0 (dashed line), c0 → ∞ (dotted line). where k1 , k2 > 0 are given in closed form in the appendix. For all t ∈ (0, T ), lim Xt0 = −∆0



c0 →0



ρ(T − t) + 1 ρT + 2



and



lim Xt0 = −∆0



c0 →∞



T −t . T



In the single-trader case, quadratic transaction costs c0 (X˙ t0 )2 /2 correspond to costs from temporary price impact in the Almgren-Chriss model .13 When c0 is large, costs from transient price impact are negligible. The optimal strategy in our model hence approaches the optimal strategy for a riskneutral trader in the Almgren-Chriss model: The position is liquidated at a constant rate |X˙ t0 | = x00 /T. When c0 is small on the other hand, transaction costs are negligible. The limit case c0 = 0 is just the model by Obizhaeva and Wang (2013), where a constant rate of trading |X˙ t0 | < x00 /T is supplemented by two impulse trades at times t = 0 and t = T . For small c0 , the optimal trading strategy in our model is a smooth approximation of this discontinuous strategy. While both limit strategies are linear, optimal strategies in our model are not. The trading rate is higher in the beginning and in the end of the trading period. Trading early gives the asset price time to recover. Trading late 13



This interpretation is only valid in the single-trader case. Temporary price impact affects all traders equally, while transaction costs only depend on a trader’s own rate of trading.
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Figure 3: Three sign changes in X˙ 1 : Optimal strategies Xt0 and Xt1 (solid lines) and rate of trading X˙ t1 (dotted line) when c0 , c1  ρ. postpones a larger portion of price recovery to time t > T. Notice also that always XT0 /2 = x00 /2. This is a consequence of risk-neutrality. Risk-averse traders would liquidate more than half of their inventory until time t = T /2 (Huberman and Stanzl, 2005). Optimal strategies in the presence of n high frequency traders Let us now consider the case where trader 0 is large and must execute an order of net size ∆0 > 0, while traders 1, . . . , n are high frequency traders with ∆1 = . . . = ∆n = 0. (The case ∆0 < 0 is perfectly symmetric). We assume that all high frequency traders have identical transaction costs c1 = . . . = cn . It follows from Lemma 1 that in equilibrium all high frequency Pn 1 traders choose the same strategy X . Hence X := i=1 X i = nX 1 . In general, high frequency traders engage in front-running by building up short positions in the beginning. For the rest of the trading period, they buy from the large trader and refill their inventory. The large trader keeps selling, and high frequency traders generate a profit from “selling high, buying low”. When transaction costs are low and resilience of price impact is high, the general pattern of selling only in the beginning and buying back afterwards is broken: A second sell phase occurs (meaning that X˙ 1 changes sign three times, see Figure 3), although the amount sold is significantly smaller than during the first phase. When all high frequency traders face identical transaction costs, we can exclude that there are more than two buy phases: 14
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Figure 4: Total costs for large trader and sum of total (negative) costs of high frequency traders in dependence of n, for c1 = 0.1 (solid line), c1 = 0.5 (dashed line) and c1 = 1 (dotted line). Lemma 2. Let c1 = . . . = cn . For all i = 0, . . . , n, the optimal strategy X˙ i changes sign at most three times. When high frequency traders have heterogeneous transaction costs, we expect more sign changes, at least under certain parameter combinations. Why can sign changes be optimal? In the beginning of the trading period, all traders sell, creating a sudden price drop. When ρ is large, the asset price recovers quickly. High frequency traders profit from this recovery by repurchasing some of the shares (at very low transaction costs) they sold earlier. Execution shortfall due to high frequency trading By front-running the large order, high frequency traders amplify the large trader’s price impact, increasing his total costs significantly (see Figure 4). When high frequency traders have low transaction costs, one or two traders suffice to fully realize the profit potential from order anticipation. Further increasing the number of high frequency traders results in competition among them, reducing their total profits and the large trader’s total costs. This is different when high frequency traders have high transaction costs. Transaction costs restrict the degree to which traders can benefit from order anticipation, leaving unrealized profit potential for further traders. Consequently, the large trader’s total costs increase in n when transaction costs are high 15
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Figure 5: Optimal strategies Xt0 and X t = nXt1 for n = 0 (dotted line), n = 1 (solid line), n = 5 (dashed line) and n = 25 (dot-dashed line).
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Figure 6: Optimal strategies Xt0 and X t = nXt1 for c1 = 0.1 (solid line), c1 = 0.5 (dashed line) and c1 = 1 (dotted line).
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Figure 7: Stock price St for n = 0 (solid line), n = 1 (dashed line), n = 5 (dot-dashed line) and n = 25 (dotted line). (see Figure 5). Notice that while total profits of high frequency traders increase in n, each trader’s profit decreases; competition leaves its marks. A larger number of high frequency traders implies more front-running shortly after t = 0. The large trader reacts accordingly to avoid selling in a falling market and shifts more trading activity to the end (see Figure 5). It is interesting that the large trader’s total costs rise significantly when c1 decreases, while his optimal strategy hardly changes. We conclude that large traders can do very little to avoid exploitation from order anticipation strategies. High frequency trading and market quality Figure 7 shows that in the absence of high frequency traders, the asset price S decreases steadily over time; it exhibits a persistent drift. This is beneficial to the large trader; he reveals the information about his large order piece by piece to reduce price impact. This changes drastically when high frequency traders enter the picture. Especially for large n, high frequency traders build up short positions very quickly, causing a sudden price drop right after t = 0. The asset price remains almost constant afterwards. In a sense, S behaves “more like a martingale” when n is large: The systematic drift is eliminated and replaced by a price jump after the information about trader 0’s large order becomes public. We conclude that high frequency traders improve price
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discovery in our model, although this discovery is not necessarily connected to new information about the fundamental asset value. Let us study the maximum deviation of the asset price, S ∗ := sup |St − S0 |. t∈[0,T ]



According to Brunnermeier and Pedersen (2005), high frequency traders cause price overshooting, i.e. increase S ∗ , and may trigger a domino effect that drives uninvolved traders into distress. Figure 8 shows that this is different in our model: In general, S ∗ declines when n increases. This is most evident for markets with a “short memory”, i.e. for large values of ρ, suggesting that the price overshooting found by Brunnermeier and Pedersen is a feature of permanent (or long-lived) price impact. When price impact is short-lived, high frequency traders in fact stabilize prices and reduce the likelihood of financial breakdowns. The concept of volatility fits awkwardly with our model because S is deterministic and set in continuous time. We suggest the following proxy for short-term volatility: 1 ν := T



Z



T



St2 dt



−



0



1 Z T



T



2 St dt .



0



It can be interpreted as follows: Suppose an investor buys (or sells) one unit of the asset at t = 0, but is uncertain when his order will be executed. This exposes him to timing risk (or slippage), since execution may not occur at the price that he “saw” when he placed the order. Let τ denote the time of execution. Then his slippage is Sτ − S0 . Suppose that the investor assumes τ to be uniformly distributed over [0, T ]. If we assume that the investor is risk-averse, he will welcome a small value of Var(Sτ − S0 ) = ν. Figure 9 shows that high frequency traders typically decrease short-term volatility. This is a direct consequence of improved price discovery, suggesting that elimination of persistent drift as a side-effect of high frequency trading is indeed desirable.
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Extensions



General price impact functions Section 3 derives the unique Nash equilibrium for exponential price impact G(τ ) = e−ρτ , ρ > 0. In a first step, we can generalize these results to sums of exponentials m X G(τ ) = κk e−ρk τ , k=0
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Figure 8: Maximum deviation S ∗ of the asset price when ρ is large (top) and small (bottom), for c1 = 0.1 (solid line), c1 = 0.25 (dashed line), c1 = 0.5 (dot-dashed line) and c1 = 1 (dotted line).
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Figure 9: Short-term volatility when ρ is large (top) and small (bottom), for c1 = 0.1 (solid line), c1 = 0.25 (dashed line), c1 = 0.5 (dot-dashed line) and c1 = 1 (dotted line).
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where κ0 , . . . , κm , ρ0 , . . . , ρm > 0 and κ0 + · · · + κm = 1. It is easy to see that G is still strictly positive definite. Define Z t Z T n X X˙ sj ds and Rti,k := eρk (t−s) X˙ si ds, Stk := e−ρk (t−s) 0



t



j=0



for k = 0, . . . , m and i = 0, . . . , n. Notice that S˙ k =



n X



X˙ j − ρk S k



and



R˙ i,k = −X˙ i + ρk Ri,k .



j=0



Similar to (6), the optimality conditions on X take the form of n + 1 coupled differential equations, namely m−1 m 1 X ˙ j X κk (ρk + ρm ) k X κk (ρk − ρm ) i,k ρm y i i i ¨ ˙ X = ρX − S − R − X + ci ci ci ci j6=i



k=0



k=0



for i = 0, . . . , n. We obtain a matrix differential equation of the form Z˙ = M Z + m, where Z := (X˙ 0 , . . . , X˙ n , S 0 , . . . , S m , R0,0 , . . . , Rn,m−1 ) is (n + 2)(m + 1)-dimensional. In principle, the approach that leads to Theorem 1 is still applicable, so that we can hope to obtain a unique Nash equilibrium in closed form. We can generalize further by approximating other functions G by a sum of exponentials. One way to do this is Prony’s method (Prony, 1795). It solves a difference equation to interpolate G at 2(m + 1) equally spaced points. While we cannot expect this approximation to be good for arbitrary functions, it works well when G is a completely monotone function, i.e. G ∈ C ∞ ((0, T )) ∩ C([0, T ])



and



(−1)` G(`) ≥ 0,



` = 0, 1, 2, . . .



For simplicity, suppose further that G(0) = 1 and that the right-sided derivative G0 (0+) is finite. The following theorem is due to Kammler (1977). It proves that G can be approximated arbitrarily well by a sum of exponentials. Theorem 2 (Kammler (1977)). For every m ≥ 1, there exist κ0 , . . . , κm ≥ 0 and ρ0 , . . . , ρm > 0 such that m C X sup G(τ ) − κk e−ρk τ ≤ , m τ ∈[0,T ] k=0



where C > 0 does not depend on m. The theorem e.g. applies to G(τ ) = (τ + 1)−α for α > 0. Suppose we can obtain Nash equilibria X m = (X 0,m , . . . , X n,m ) for every approximation of order m in Theorem 2. If X˙ m converges uniformly, the strategies X := limm→∞ X m are admissible. Letting m → ∞ in the Fredholm optimality condition (3) proves that X is the unique Nash equilibrium under the price impact function G. 21



Different time frames Let us return to the situation from Section 3. Trader 0 is large, and traders 1, . . . , n are high frequency traders. As Schöneborn and Schied (2009) argue, high frequency traders often have time to unwind their position after the large trader has liquidated his position. We also allow for the possibility that high frequency traders learn about the large order early, giving them additional time to build up positions before the large trader starts trading. We divide [0, T ] into three periods: The acquisition period [0, T0 ], the main period [T0 , T1 ] and the liquidation period [T1 , T ]. Suppose for now that T0 and T1 are fixed. The large trader is only allowed to trade during the main period. High frequency traders begin and end with a flat inventory X01 = XT1 = 0. They use the acquisition period to build up a position XT10 , then trade alongside the large trader during the main period. At the end of the main period, they hold a position XT11 which they unwind in the liquidation period. Notice that in equilibrium, all high frequency traders behave identically. Given XT10 , the acquisition period is described by our model in Section 3, where traders i = 1, . . . , n acquire positions ∆1 = . . . = ∆n = XT10 over the time horizon [0, T0 ]. Theorem 1 yields the optimal strategy. During the main and the liquidation period, the situation is more complicated. The model by Schöneborn and Schied features linear temporary and permanent price impact. This has the advantage that price impact generated during earlier periods has no influence on equilibrium strategies in subsequent periods. Under exponential price impact, trades from earlier periods produce a (deterministic) price drift that lasts through subsequent periods. During the main period, the asset price becomes St = e



−ρ(t−T0 )



Z



t



ST0 +



e−ρ(t−s)



T0



n X



X˙ si ds,



t ∈ [T0 , T1 ].



i=0



The price impact generated in the main period decays over the liquidation period in the same way. To determine optimal strategies, we must generalize Theorem 1 by replacing S with S˜t := e−ρt s + St ,



t ∈ [0, T ],



for s ∈ R. Repeating the arguments from Section 3, we see that Z = (X˙ 0 , . . . , X˙ n , S) still satisfies a matrix differential equation of the form Z˙ = M Z + m, but now m = m(t) is not constant. We are confident that our proof can be adapted to this situation. The optimal strategies X will still be linear in ∆. We can now calculate the optimal strategies for the large trader during the main period, and for high frequency traders during the main and the liquidation period, in dependence of XT10 and XT11 . This yields the total (negative) costs for high frequency traders over the entire time horizon [0, T ] 22



in dependence of XT10 and XT11 ; all that remains is to minimize these over (XT10 , XT11 ) ∈ R2 . But let us go one step further. Schöneborn and Schied (2009) argue that large traders may opt for “sunshine trading” and announce net order size to to signal informationlessness and attract liquidity. In that case, a large trader will not only announce his net order size ∆0 but also his time horizon [T0 , T1 ]. Schöneborn and Schied show that a shorter trading horizon T1 < T can be beneficial to the large trader in certain market conditions. Although there may be an exogenous upper bound on T1 , it is reasonable to assume that the large trader can voluntarily commit to a shorter trading horizon. Hence we should not view T1 (and T0 ) as fixed, but rather perform a final optimization over (T0 , T1 ) ∈ [0, T ], this time minimizing the large trader’s total costs during the main period. We expect this model extension to yield interesting results, with high frequency traders engaging in liquidity provision instead of predatory trading under certain market conditions.
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Conclusion



We study optimal execution of a large order when high frequency traders employ order anticipation strategies. When price impact decays exponentially and transaction costs are quadratic in the rate of trading, we obtain a unique Nash equilibrium in closed form. Our results are applicable when the large trader and high frequency traders face heterogeneous transaction costs. In the idealized context of our model, we find that high frequency traders significantly increase the large trader’s costs, but reduce maximum deviation and short-term volatility of the asset price. Further research is necessary to understand how these results are connected to the particular shape of price impact, and to our simplifying assumptions of identical time horizons and public knowledge of net order sizes. Some aspects of order anticipation strategies are outside the scope of our model, but should not be forgotten. These include evolution of the asset price after the trading horizon ends, reduced incentives for institutional traders to do fundamental research, and possible spillovers to other assets. Nonetheless, our model suggests that order anticipation strategies should not be written off as harmful to market quality without further study.
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Appendix Proof of Lemma 1. 1. To obtain a contradiction, suppose that X 0 = (X i,0 : i = 0, . . . , n) and X 1 = (X i,1 : i = 0, . . . , n) are distinct Nash equilibria. For α ∈ [0, 1], let X α := (1 − α)X 0 + αX 1 and define f (α) :=



n X



(C i (X i,α ; X −i,α ) + C i (X i,1−α ; X −i,1−α )).



i=0



For all i = 0, . . . , n, the strategies X i,0 and X i,1 are optimal reactions to X −i,0 and X −i,1 , respectively. Hence, d f (α) ≥ 0. dα α=0 But interchanging differentiation and integration yields d f (α) dα "α=0 Z T n X  i,0 =− (Xt − Xti,1 )(cip (Xti,0 , X˙ ti,0 ) − cip (Xti,1 , X˙ ti,1 )) E 0



i=0



+ (X˙ ti,0 − X˙ ti,1 )(ciq (Xti,0 , X˙ ti,0 ) − ciq (Xti,1 , X˙ ti,1 )) Z t i,0 i,1 ˙ ˙ + (Xt − Xt ) G(t − s)(X˙ si,0 − X˙ si,1 ) ds 0



+ (X˙ ti,0 − X˙ ti,1 ) 1 ≤− 2



n X i=0



"Z



T



Z



0



0



G(t − s)



n X



#  (X˙ sj,0 − X˙ sj,1 )) ds dt



0



j=0



s|)(X˙ ti,0



X˙ ti,1 )(X˙ si,0



#



T



G(|t −



E



t



Z



−



− X˙ si,1 ) ds dt



"Z Z # n n T T X X 1 G(|t − s|) (X˙ ti,0 − X˙ ti,1 ) (X˙ si,0 − X˙ si,1 ) ds dt − E 2 0 0 i=0



i=0



< 0. 2. Let X be a Nash equilibrium in the class of deterministic strategies. Fix ˜ i , we must have i = 0, . . . , n. For every admissible strategy X ˜ i (ω); X −i ) C i (X i ; X −i ) ≤ C i (X ˜ i ; X −i ), and X i is still for almost all ω ∈ Ω. Hence C i (X i ; X −i ) ≤ C i (X optimal. 3. Fix i = 0, . . . , n. An absolutely continuous, deterministic function Y is ˙ for S to make the called a round trip if Y0 = YT = 0. Let us write S(X) dependence explicit. 24



Necessity: Let X be a Nash equilibrium in the class of deterministic strategies. X i + αY is an admissible strategy for every α ∈ R and every round trip Y . It follows that a necessary condition for the optimality of X i is d i i −i 0= C (X + αY ; X ) dα α=0 Z T Z t   i i ˙i i ˙ ˙ ˙ G(t − s)Y˙ s ds + Yt cip (Xti , X˙ ti ) dt = Yt (cq (Xt , Xt ) + S(X)t ) + Xt 0 0 Z T = Y˙ t Li (X i ; X −i )(t) dt. 0



In the last step, we have used integration by parts. The fundamental lemma of the calculus of variations shows that Li (X i ; X −i ) is constant on [0, T ]. Sufficiency: Let X be admissible and such that Li (X i ; X −i )(t) = y i for all ˜ i can be written as X i +Y t ∈ [0, T ]. Any deterministic, admissible strategy X ˜ i 6= X i , then Y˙ 6= 0 and by convexity of ci , for a round trip Y . If X ˜ i ; X −i ) C i (X Z T  i i i ≥ c (Xt , X˙ t ) + Yt cip (Xti , X˙ ti ) + Y˙ t ciq (Xti , X˙ ti ) 0 Z t  i ˙ ˙ ˙ + (Xt + Yt ) S(X)t + G(t − s)Y˙ s ds dt 0 Z T Z t   i i −i i i −i ˙ = C (X , X ) + Yt L (X ; X )(t) + G(t − s)Y˙ s ds dt 0 0 Z TZ T 1 = C i (X i , X −i ) + y i (YT − Y0 ) + G(|t − s|)Y˙ t Y˙ s ds dt 2 0 0 > C i (X i ; X −i ).



Proof of Theorem 1. Let us denote by Idm the m × m identity matrix. Define the (n + 2) × (n + 2) matrices     ρ − c10 · · · − c10 2ρ ρc0 0 · · · 0 ρ c0  1    ρ · · · − c11 2ρ 0 ρ   − c1  0 ρc1 · · · c1   .   .. .. ..  .. .. ..  , N :=  .. .. ..  M :=  . . . . . , . . .   ..  .  1    2ρ 0 · · · ρcn ρ  − cn − c1n · · ·   0 ρ cn c0 c1 · · · cn n + 1 1 1 ··· 1 −ρ the (n + 1) × (n + 2) block matrices       U := diag(c0 , . . . , cn ) 1 , V := diag( cρ0 , . . . , cρn ) 0 , W := Idn+1 0 , 25



the (n + 2) × 1 vectors 1 = (1, . . . , 1) and v := (0, . . . , 0, 1), and the (n + 2) × (n + 2) block matrix ! W (M −1 + N T )eM T − M −1 . B := v > (Idn+1 + N eM T ) We say that Z is regular if S0 = 0 and the corresponding strategies X 0 , . . . , X n are admissible (in particular, they must satisfy the liquidation constraint XTi = xi0 + ∆i ). The proof will be divided into four steps. (i) Z is a Nash equilibrium if and only if it is regular, t-differentiable and solves the matrix differential equation Z˙ = M Z − V > y



(10)



with y = U ZT . Notice that the optimal strategy X i , given X −i , is unique. This follows from the proof of Lemma 1. Necessity: Let Z be a Nash equilibrium. It is clear from (4) and (5) that Z is t-differentiable. Letting t = T in (5), we obtain y = (y 0 , . . . , y n ) = U ZT . From (4) and (6), we deduce (10). Sufficiency: Let Z = (X˙ 0 , . . . , X˙ n , S) solve Z˙ = M Z − V > y and y = U ZT . Fix i = 0, . . . , n. Define Z T Rt := e−ρ(t−s) X˙ i ds, t ∈ [0, T ], t



and Q := y i − ci X˙ i − S. It is easy to check that R˙ − Q˙ = ρ(R − Q). Applying the boundary condition y = U ZT yields RT − QT = 0. It follows that R ≡ Q and Li (X i ; X −i ) = ci X˙ i + S + R = ci X˙ i + Q = y i . Lemma 1 proves our claim. (ii) M is invertible. Define the n + 2 vectors    v1 := ρ + c10 · · · ρ + c1n − 21 , v2 := − c10



···



− c1n



 1 ,



  and v3 := 1 · · · 1 −2ρ . Then M = (diag(v1 ) + v2 1> ) diag(v3 ) and by the matrix determinant lemma, n  X det M = −ρ 1 + i=0



n



1  Y ρci + 1 6= 0. ρci + 1 ci i=0



(iii) Z is a Nash equilibrium if and only if it is regular and of the form Zt = (eM t + N eM T )z, 26



t ∈ [0, T ],



(11)



for z ∈ Rn+2 . The general solution to (10) is eM t z + M −1 V > y. By (i), the condition y = U (eM T z + M −1 V > y) must be satisfied. It is easy to check that the inverse (M − V > U )−1 = (N − vv > )/ρ exists. By the Woodbury matrix identity, (Idn+1 − U M −1 V > )−1 = Idn+1 + U (M − V > U )−1 V > . Furthermore, V > U (N + Idn+2 ) = M N . We obtain M −1 V > (Idn+1 − U M −1 V > )−1 U = N. (iv) When Z is defined by (11), it is regular if and only if Bz = (∆, 0). It remains to show that B is invertible. Consider the case where all traders have net order sizes of zero, i.e. ∆ = 0. It is easy to check that choosing z = 0 yields a Nash equilibrium in which no strategic trading occurs. By Lemma 1 this is the only Nash equilibrium. It follows that the equation Bz = 0 has only the trivial solution z = 0, which proves our claim. Proof of Corollary 1. Define r  2 k2 := ρ ρ + and c



k1 := ρ



 ek2 T 1  − . k2 − ρ k2 + ρ



Let X 0 be given by (9). A tedious, but straightforward calculation shows that X 0 satisfies the optimality condition (3). Applying L’Hôpital’s rule yields the limits c0 → 0 and c0 → ∞. Let us sketch the derivation of X 0 . The main idea is to obtain eM t in closed form by eigendecomposition. The eigenvalues of M are ±k2 . Let Q be a square matrix containing linearly independent eigenvectors of M as columns. Then eM t = Q diag(e−k2 t , ek2 t )Q−1 . Combining this with (11), we conclude that the process Z is of the form Zt = (Q diag(e−k2 t , ek2 t ) + N Q diag(e−k2 T , ek2 T ))z,



t ∈ [0, T ].



Notice that we have replaced z by Qz. It remains to set z = B −1 (∆0 , 0, 0), where B is as in Theorem 1, with eM τ replaced by Q diag(e−k2 τ , ek2 τ ) for τ ∈ {t, T }. Proof of Lemma 2 Fix i = 0, . . . , n. We prove that X˙ i has at most three roots. Recall that in equilibrium, all high frequency traders i = 1, . . . , n choose the same strategy. Repeating the arguments from the proof of Theorem 1, we see that Z = (X˙ 0 , X˙ 1 , . . . , X˙ 1 , S) is a Nash equilibrium if and only if it is regular and the three-dimensional process Z 0 := (X˙ 0 , X˙ 1 , S) is of the form 0 0 Zt0 = (eM t + N 0 eM T )z, t ∈ [0, T ],
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for z ∈ R3 , where  ρ − cn0  M 0 := − c11 ρ − n−1 c1 1 n



2ρ c0 2ρ c1







  −ρ







 ρc0 0 ρ   ρ . and N 0 :=  0 ρc1 c0 nc1 n + 1



The characteristic polynomial of M 0 is φ(λ) := −λ3 + bλ2 + cλ + d, where b := ρ − and



n−1 , c1



1 n n c := ρ2 + 2ρ + + , c0 c1 c0 c1



 2 n + 1 n + 2 d := −ρ ρ2 + ρ + + . c0 c1 c0 c1



φ is a cubic function with discriminant δ := −18bcd−4b3 d+b2 c2 +4c3 −27d2 . Suppose that δ > 0. Then φ has three distinct, real-valued roots λ1 , λ2 , λ3 (see e.g. Irving (2004)). These are the eigenvalues of M 0 , and we can write 0



eM t =



3 X



η i e λi t



i=1



for η1 , η2 , η3 ∈ R3 , which proves our claim. It remains to show that δ > 0. Define δ 0 := ρ(c0 )3 (c1 )4 δ. A tedious calculation shows √ √ δ 0 = 4(( n − 1)2 + 2k1 )(( n + 1)2 + 2k1 )k03 − 4((n + 2k1 )3 − (n + 2k1 )(4n + 2k1 − 5) − 2(9k1 + 1))k02 + (((n + 2k1 )2 − n − 8k1 )2 + 24k1 (n − 4k1 ))k0 + 4k1 (n + 2k1 )3 , where k0 := ρc0 and k1 := ρc1 . Fix k1 > 0 and n ≥ 1 and consider δ 0 = δ 0 (k0 ) as a cubic function of k0 . Its discriminant is − 64n 16k14 + 16(2n + 3)k13 + 12(2n2 + 3n + 4)k12  + 8(n + 2)(n − 1)2 k1 + n(n − 1)3 < 0, hence δ 0 (k0 ) has only one real root. We check δ 0 (0) > 0 and limk0 →∞ δ 0 (k0 ) = +∞ and conclude that δ 0 (k0 ) > 0 for all k0 > 0.
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