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DIRECTED HYPERGRAPHS ALGORITHMS AND APPLICATIONS Giorgio Ausiello Joint work with L. Laura, G.F. Italiano, U. Nanni September 2011



4. TRANSITIVE CLOSURE (A., D’Atri, Sacca’ 1986 – Italiano, Nanni 1992 for the dynamic case) Definition. Given a directed hypergraph H = the transitive closure of H is a directed hypergraph H* = such that H* contains an hyperarc (S, t) if and only if a hyperpath exists in H. Note that due to reflexivity the number of hyperarcs in H* might become exponential (for any hyperarc (S, t) in H*, H* should also contain all hyperarcs (S’, t) for any superset S’ of S). Such explosion can be avoided in the following way.



Definition. Given a directed hypergraph H = the transitive closure of H can be compactly represented by means of a directed hypergraph H + = where H+ contains an hyperarc (S, t) if and only if S is a source set in H and a hyperpath exists in H. In this way the number of source sets in H and in H + is the same. This condition allows to design time and space efficient algorithms for the transitive closure of a hypergraph H in which not all hyperarcs in H * are represented but their existence can be efficiently determined.



1) The representation H + of the transitive closure of a directed hypergraph H can be computed in – –



time O (|H | s) (where s is the number of distinct source sets in H) space O (s2)



2) If by c we denote the number of distinct non singleton source sets (also called ‘composed’ source sets) to decide whether a hyperarc exists takes time O (log c) (O (1) in the case that the hyperarc connects two singleton source sets). Remark. The same bounds hold for the semi-dynamic (incremental) case.



Data Structures Information for reconstructing paths: • a matrix (n x n) LAST(i,j) for all simple nodes i,j • two trees of c compound nodes with c arrays of n elements each LAST(X,j) and LAST(i,X) • One k-d tree (or other bidimensional structure) with size (c)2 LAST(X,Y)



Is there a path (i,j)? We can answer in space O((n+nc)2) and time: 1. i simple, j simple O(1) 2. i simple, j compound O(k) k=|j| 3. i compound, j simple O(log c) 4. i compound, j compound O(log c) Return-Path(i,j) If p is a hyperpath from i to j it may be done in time O(size(p)+log c)



5. TRANSITIVE REDUCTION AND MINIMUM EQUIVALENT HYPERGRAPH Definition. Given a directed graph G = the transitive reduction of G is a minimum directed graph G- = where A- NxN such that (G-)* = G*. The transitive reduction in digraphs can be solved in time O (|N| |A|). Definition. Given a directed graph G = the minimum equivalent digraph of G is a minimum directed graph G- = where A- A such that (G-)* = G*. The minimum equivalent digraph problem is NP-hard.



In the case of directed hypergraphs the situation of the transitive reduction is more complex. MIN # OF HYPERARCS MIN SIZE MIN SOURCE AREA



NP-hard NP-hard NP-hard MIN # OF SOURCE SETS O (|H | s)



Relationships between different notions of minimum transitive reduction



Note that the notions are independent unless implications hold.



Proof of NP-hardness: reduction from SET-COVERING Given an istance of SET-COVERING S1, . . . , Sm Si⊆ {e1, . . . , en} we build the following instance of MIN # OF HYPERARCS



Solution of SET-COVERING of size k if and only if solution of MIN # OF HYPERARCS of size n



∑| S i=1



i



| +m + k



Approximability The Minimum Equivalent Graph problem is in APX To solve MEG we need to determine the strong components and solve one instance of the STRONGLY CONNECTED SPANNING SUBGRAPH problem for any strong component. The SCSS is in APX (Khuller et al. ’95 show ratio 1.645, improved to 1.5 by Vetta, SODA 2001) => MEG is in APX OPEN: WHAT IS THE APPROXIMABILITY OF MINIMUM EQUIVALENT HYPERGRAPH AND OF THE HARD CASES OF TRANSITIVE REDUCTION ON DIRECTED HYPERGRAPHS? NO RESULTS ARE KNOWN. PROBABLY log-APX-hard



Redundancy in Hypergraphs (1)



Redundant Hyperarcs



Redundancy in Hypergraphs (2)



Redundant source set



Redundant node in a source set



Redundancy in Hypergraphs (3)



Superfluous Source Set



Tractability of the Min-# of Source Sets Problem Algorithm (Running time O (|H | s)) 1. 2. 3. 4.



Determine Transitive Closure Eliminate redundant source sets Determine strong components Eliminate superfluous source sets by choosing a “representative” source set for any component 5. Create Hamiltonian cycle in each component 6. Eliminate redundant arcs between components and possibly redundant source sets [Analogous to algorithm for transitive reduction in digraphs]



Exercises Prove the NP-Hardness of the following problems: 1) Transitive reduction with MIN-# of Source Sets and MIN-# of Hyperarcs 2) Transitive reduction with MIN-# of Source Sets and MIN-Source Area
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