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Abstract We present a numerical method based on divergence-free wavelets to solve the incompressible Navier-Stokes equations. We introduce a new scheme which uses anisotropic (or generalized) divergence-free wavelets, and which only needs Fast Wavelet Transform algorithms. We prove its stability and show convincing numerical experiments.
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Introduction The numerical simulation of turbulent flows has many applications in various engineering and environmental problems. Direct numerical simulation (DNS) of turbulence requires the integration in time of the full nonlinear Navier-Stokes equations. However, at high Reynolds number, turbulent flows create a wide range of scales, which induces a huge degree of complexity. Hence, in order to compute accurately all the scales of a turbulent flow, the discretizations in space and in time must be of very small size, leading to a huge number of degrees of freedom, impossible to handle in DNS of industrial problems. Direct numerical simulations of homogeneous turbulent flows have been performed extensively to increase the understanding of small-scale structures mechanisms. Among the computational methods commonly used for these simulations, one can cite spectral methods, well-localized in frequency [5], or finite element methods, well-localized in physical space [21]. In between these two approaches, wavelet bases offer alternative decompositions, more suitable to represent the intermittent spatial structures of the flows. The wavelet decomposition was first introduced in fluid mechanics to analyze turbulent flows [32, 17, 23]. The first wavelet based schemes for the computation of homogeneous ∗
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turbulent flows looked promising [6, 20, 27, 22], especially concerning adaptivity issues. These wavelet schemes are based on Galerkin, Petrov-Galerkin or collocation methods, but also wavelet/vaguelette decompositions. Wavelets may also be used for turbulence modeling [19]. Most of the cited works use wavelets as a decomposition basis of the vorticity field, with periodic boundary conditions, which makes the generalization to nonperiodic boundary conditions very difficult. Another serious difficulty in the numerical simulation of the Navier-Stokes equations lies in the determination of the pressure field and in the fulfillment of the incompressibility condition. In the primitive variable (u, p)-formulation of the Navier-Stokes equations, physical boundary conditions (on the velocity) can be easily incorporated, but from the numerical point of view, the computation of the velocity and the pressure presents some difficulties: in the setting of classical discretizations, like spectral methods (in the non periodic case) [3], finite element methods [21], or wavelets [10, 4], the discretization spaces for the velocity and for the pressure have to fulfill an inf-sup condition (also called LBB condition), otherwise spurious modes appear in the computation of the pressure which break the incompressibility condition. Moreover, numerical difficulties arise in the computation of the pressure, since it asks to solve an ill-conditioned linear system (in the variational formulation), or a Poisson equation. Provided that divergence-free trial functions are available for the computation of the velocity field, these difficulties will be totally avoided: first the incompressibility condition is directly taken into account by the approximation space of the velocity. Moreover, the pressure disappears after projecting the velocity equation onto the space of divergence-free vector functions (leading to the Leray formulation of the Navier-Stokes equations), and it will be computed through the Helmholtz decomposition of the nonlinear term. Therefore in this article we propose to use divergence-free wavelets as a decomposition basis of the velocity field, solution of the incompressible Navier-Stokes equations. Such wavelets were originally defined by P.G. Lemari´e [28], and firstly used to analyze 2D turbulent flows [1, 26], as well as to compute the Stokes solution for the driven-cavity problem [36, 38]. We will consider here the anisotropic divergence-free wavelets constructed in [14]. The key-point of such numerical scheme based on divergence-free trial bases lies on the orthogonal projection of the nonlinear term onto the space of divergence-free functions, which is explicit in the spectral case. Since divergence-free wavelets are not orthogonal bases, we propose in [15] an iterative algorithm to provide the Helmholtz decomposition of any flow in the wavelet domain. Then we are in a position to define a new numerical scheme for solving incompressible Navier-Stokes equations: first we project the equations onto the space of divergence-free vector fields, which eliminates the pressure. Secondly, we introduce a semi-implicit time-scheme, and propose an algorithm which only requires fast wavelet transforms for the computation of the velocity (contrary to finite element methods which need linear systems solvers). Finally, the pressure is directly recovered through the Helmholtz decomposition of the nonlinear term, without any further computation. Hence, by construction, this scheme takes benefit from the localizations both in space and frequency allowed by wavelets, and should be used in a completely adaptive context. It should be also available in arbitrary dimension, and extends readily to non-periodic boundary conditions. From a numerical point of view, the scheme we propose will be proved to be stable 2



under a Courant-Friedrich-Levy (CFL) condition, provided that a sufficiently smooth solution exists. The stability of this wavelet scheme is mainly due to the divergence-free condition which is automatically and exactly satisfied by the divergence-free wavelet decomposition of the solution. The paper will be organized as follows: Section 1 briefly recalls the definitions of anisotropic divergence-free and curl-free wavelets. Section 2 presents the wavelet Helmholtz decomposition, as well as a wavelet numerical scheme for solving the heat equation. Section 3 introduces a new numerical scheme for the incompressible Navier-Stokes equations, and studies its stability. Finally Section 4 shows numerical tests, on the example of the merging of three vortices in dimension 2. The last part of this section will give an insight on how to make the method adaptive, with the support of some experiments.
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Divergence-free and curl-free wavelets



One-dimensional wavelet bases are orthogonal (or biorthogonal) bases of the space L 2 (R) which have the form: ψj,k (x) = 2j/2 ψ(2j x − k) (j, k ∈ Z), where the wavelet ψ is a zero mean function [31, 24]. They are known to provide optimal approximations for a large class of functions [9]. From the numerical point of view, wavelet coefficients of a given function are computed by fast wavelet transforms (FWT). In this setting, compactly supported divergence-free wavelet bases have been constructed by P.G. Lemari´e-Rieusset in 1992 [28], and K. Urban has extended the principle of their construction to derive curl-free wavelets [37]. In this section we will recall the definitions of anisotropic divergence-free and gradient (i.e. curl-free) wavelets. These wavelets are constructed thanks to two 1-D wavelets ψ 0 and ψ1 related by differentiation: ψ10 (x) = 4 ψ0 (x) [28]. For sake of simplicity, we give below the expressions of the basis functions in dimension 2, but these constructions have been extended in arbitrary dimension d [14, 15, 11]. 1.1 Divergence-free wavelets The 2D anisotropic divergence-free wavelets are generated from the vector function (plotted on figure 1, left): ψ (x )ψ (x ) div Ψ (x1 , x2 ) = 1 1 0 2 −ψ0 (x1 )ψ1 (x2 )



by anisotropic dilations, and translations. Hence, the 2D anisotropic divergence-free wavelets are given by: j 2 2 ψ1 (2j1 x1 − k1 )ψ0 (2j2 x2 − k2 ) div Ψj,k (x1 , x2 ) = −2j1 ψ0 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 )



where j = (j1 , j2 ) ∈ Z2 is the scale parameter, and k = (k1 , k2 ) ∈ Z2 is the position parameter. For j, k ∈ Z2 , the family {Ψdiv j,k } forms a basis of Hdiv,0 (R2 ) = {f ∈ (L2 (R2 ))2 ; div f ∈ L2 (R2 ), We introduce Ψnj,k (x1 , x2 )



div f = 0}



j 2 1 ψ (2j1 x − k1 )ψ0 (2j2 x2 − k2 ) = j2 1 j1 1 2 ψ0 (2 x1 − k1 )ψ1 (2j2 x2 − k2 ) 3



as complement functions since Ψnj,k is orthogonal to Ψdiv j,k (j, k being fixed). Thus we have: (L2 (R2 ))2 = Hdiv,0 ⊕ Hn



(1.1)



2 n 2 with Hdiv,0 = span{Ψdiv j,k ; j, k ∈ Z } and Hn = span{Ψj,k ; j, k ∈ Z }.



1.2 Curl-free wavelets Let Hcurl,0 (R2 ) be the space of gradient functions in L 2 (R2 ). We construct gradient wavelets by taking the gradient of a 2D wavelet basis. If we neglect the L 2 -normalization, the anisotropic gradient wavelets will be defined by: j 2 1 ψ0 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 )  1 Ψcurl ∇ ψ1 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 ) = j,k (x1 , x2 ) = 4 2j2 ψ1 (2j1 x1 − k1 )ψ0 (2j2 x2 − k2 )



For j = (0, 0) the function is plotted on figure 1, right. For j = (j 1 , j2 ), k = (k1 , k2 ) ∈ Z2 , 2 the family {Ψcurl j,k } forms a wavelet basis of H curl,0 (R ). We complete this basis to a  2 L2 (R2 ) -basis with the following complement wavelets: j 2 2 ψ0 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 ) N Ψj,k (x1 , x2 ) = −2j1 ψ1 (2j1 x1 − k1 )ψ0 (2j2 x2 − k2 )



We have the following space decomposition:



(L2 (R2 ))2 = HN ⊕ Hcurl,0 2 2 curl with HN = span{ΨN j,k ; j, k ∈ Z } and Hcurl,0 = span{Ψj,k ; j, k ∈ Z }.
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Figure 1: Examples of divergence-free (on the left) and curl-free (on the right) vector wavelets in dimension two.
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Wavelet numerical algorithms



2.1 Wavelet Helmholtz decomposition 2.1.1 Principle of the Helmholtz decomposition The Helmholtz decomposition [21, 7] consists in splitting a vector function u ∈ (L 2 (Rd ))d into its divergence-free component u div and a gradient vector. More precisely, there exist a potential-function p and a stream-function ψ such that: u = udiv + ∇p and udiv = curl ψ



(2.1)



(L2 (Rd ))d = Hdiv,0 (Rd ) ⊕⊥ Hcurl,0 (Rd )



(2.2)



Moreover, the functions curl ψ and ∇p are orthogonal in (L 2 (Rd ))d . The stream-function ψ – which we assume divergence-free for d = 3 – and the potential-function p are unique up to an additive constant. In R2 , the stream-function is a scalar valued function, whereas in R 3 it is a 3D vector function. This decomposition may be viewed as the following orthogonal space splitting:



where Hdiv,0 (Rd ) = {v ∈ (L2 (Rd ))d ; div v ∈ L2 (Rd ),



div v = 0}



is the space of divergence-free vector functions, and Hcurl,0 (Rd ) = {v ∈ (L2 (Rd ))d ; curl v ∈ (L2 (Rd ))d ,



curl v = 0}



is the space of curl-free vector functions (if d = 2 we have to replace curl v ∈ (L 2 (Rd ))d by curl v ∈ L2 (R2 ) in the definition). Let P be the orthogonal projector onto the space Hdiv,0 (Rd ), also called the Leray projector. From the Helmholtz decomposition (2.1) of u we have: Pu = udiv . For the whole space Rd , the proof of the above decomposition can be derived easily by mean of the Fourier transform. In more general domains, we refer to [21, 7]. Notice also that Hdiv,0 (Rd ) is the space of curl functions, whereas H curl,0 (Rd ) is the space of gradient functions. The objective now is to explicit the Helmholtz decomposition of any vector field, in wavelet domain. 2.1.2



Iterative wavelet Helmholtz decomposition algorithm



Instead of the previous orthogonal sum (2.2), the divergence-free and gradient wavelet decompositions provide the following (non orthogonal) direct sums of vector spaces: (L2 (Rd ))d = Hdiv,0 ⊕ Hn ,



(L2 (Rd ))d = HN ⊕ Hcurl,0



where the spaces Hn = span{Ψnj,k } and HN = span{ΨN j,k } are generated by the complementary wavelets, as introduced in section 1. These direct sums may be rewritten by introducing the associated non-orthogonal projectors (see [14] for practical computations): v = Pdiv v + Qn v ,



v = PN v + Qcurl v
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Then, applying alternatively the divergence-free and the curl-free wavelet decompositions, d we define a sequence (vp )p∈N ∈ L2 (Rd ) : v0 = v



vp = (Qcurl + PN ) (Pdiv + Qn ) vp = Pdiv vp + Qcurl Qn vp + PN Qn vp | {z } | {z } | {z } p vdiv



p vcurl



vp+1



Finally, if this sequence converges to 0 in L 2 , we obtain: vdiv =



+∞ X



p vdiv



vcurl =



+∞ X



p vcurl



p=0



p=0



Hdiv 0 HN



v (=v0 )



0 vdiv



vN0



v1div



Hn



(=v 1) vn0



v2 1 vcurl



0



vcurl



Hcurl 0



p p Figure 2: Construction of the sequences v div and vcurl , and schematization of the convergence process of the algorithm with H n = span{Ψnj,k } and HN = span{ΨN j,k }.



This algorithm has been proved to converge in 2D using any kind of wavelets, and in arbitrary dimension using Shannon wavelets [15]. In the case of Shannon wavelets, we also have the following convergence theorem: d Theorem 2.1 Let v ∈ L2 (Rd ) , and let the sequence (v p )p≥0 be defined by: v0 = v



and



vp+1 = PN Qn vp ,



p≥0



(2.3)



where Qn and PN are the complementary projectors associated respectively to divergencefree wavelets and curl-free wavelets. If the wavelet ψ 1 used in section 1 for the construction of divergence-free and curl-free wavelets is the Shannon wavelet 1 , the sequence (vp ) satisfies, in L2 norm:  p 9 p kv k ≤ kvk 16 Experimentally, we also observe the convergence for many kinds of 2D and 3D wavelets [14]. This algorithm will be used in section 3, in the numerical scheme for incompressible Navier-Stokes equations. 1



ψ1 (x) =



sin 2π(x−1/2) π(x−1/2)



−



sin π(x−1/2) π(x−1/2)



,



c1 (ξ) = e−iξ/2 χ[−2π,−π]∪[π,2π] (ξ) ψ
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2.2 Wavelet solution of the discrete heat equation As we would like the numerical scheme to be sufficiently stable in time, we will adopt an implicit scheme for the diffusive part of the Navier-Stokes equation. Therefore we will focus on the scalar equation: (Id − α∆)u = f,



f : Rd → R



α = νδt,



(2.4)



which arises in the resolution of the heat equation, after introducing an implicit timescheme. We will present now an algorithm for solving such problem, based on wavelet preconditionners of elliptic operators, and related to the works of J. Liandrat and A. Cohen [30, 9]. In the vector case, the algorithm should be applied on each component of the vector field. Let (ψj,k )j,k∈Zd be a multivariate wavelet basis in R d , constructed by tensor-products of d one-dimensional wavelets. Then the scalar function f can be expanded into the basis (ψj,k ): X f= dj,k ψj,k (2.5) j,k∈Zd



We regroup the wavelets of a same level j in f j = f=



X



fj



P



k∈Zd



dj,k ψj,k , then



j∈Zd



For j = (j1 , · · · , jd ), fj is localized in Fourier domain around the wavenumber ρ(2 j1 , 2j2 , · · · , 2jd ) with ρ approximating the average spectrum location of the wavelet ψ (for instance, opti√ 5π mally ρ = √2 for the Shannon wavelet [12]). Then we introduce: ωj2



=ρ



2



d X



22ji



i=1



In order to solve (Id − α∆)u = f , we start with: u0 =



X



uj,0 ,



1 fj 1 + αωj2



(2.6)



1 (fj − (Id − α∆)uk j ) 1 + αωj2



(2.7)



where



j∈Zd



uj,0 =



which is a first approximation of the solution. Then, for k ≥ 0, let uk+1 = uk +



X



j∈Zd



This algorithm has been presented in detail in [12], where it has been proved that the sequence (uk ) converges to the exact solution u of equation (2.4). The convergence rates depends on α: the smaller α is, the faster the algorithm converges. More precisely, we have the following convergence theorem:
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Theorem 2.2 Let f be in L2 (Rd ), and let the sequence (uk )k≥0 be defined by (2.6) and (2.7). Using Shannon wavelets in the decomposition (2.5), the sequence (u k ) satisfies, in L2 -norm:  k 3α ku0 − uk kuk − uk ≤ 2δx2 + 5α where u is the solution of equation (2.4) and δx the mesh size of the smallest computed scale. In particular, this implies that:  k 3 kuk − uk ≤ ku0 − uk 5 which proves the convergence. νδt But if δx 2  1 (recall that α = νδt), then it could be more interesting to consider: kuk − uk ≤







3νδt 2δx2



k



ku0 − uk



In practice, since we are working with spline wavelets, the Laplacian ∆u k j in (2.7) is analytically computed, and then re-projected onto the wavelet basis by a spline approximation. In the following, we will apply the above method in a divergence-free wavelet basis: in this case, f and u are vector functions, expanded into the divergence-free basis (ψj,k = Ψdiv j,k in (2.5)). Since the divergence-free condition is preserved under the application of (Id − α∆), we solve the discrete Heat Equation (Id − α∆)u = f with div u = div f = 0 by projecting the equation (2.7) onto a finite dimensional divergencefree multiresolution analysis: uk+1 = uk +



X



|j| 
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