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DIRECT NUMERICAL SIMULATION OF TURBULENCE USING DIVERGENCE-FREE WAVELETS∗ ´ ERWAN DERIAZ† AND VALERIE PERRIER‡ Abstract. We present a numerical method based on divergence-free wavelets to solve the incompressible Navier–Stokes equations. We introduce a new scheme which uses anisotropic (or generalized) divergence-free wavelets and which needs only fast wavelet transform algorithms. We prove its stability and show convincing numerical experiments. Key words. Navier–Stokes, wavelets, divergence-free, incompressible ﬂuid, stability, numerical scheme AMS subject classifications. Primary, 65M05; Secondary, 65M12 DOI. 10.1137/070701017



Introduction. The numerical simulation of turbulent ﬂows has many applications in various engineering and environmental problems. Direct numerical simulation (DNS) of turbulence requires the integration in time of the full nonlinear Navier– Stokes equations. However, at high Reynolds number, turbulent ﬂows create a wide range of scales, which induces a huge degree of complexity. Hence, in order to accurately compute all the scales of a turbulent ﬂow, the discretizations in space and in time must be of very small size, leading to a huge number of degrees of freedom, impossible to handle in the DNS of industrial problems. DNS of homogeneous turbulent ﬂows has been performed extensively to increase the understanding of small-scale structure mechanisms. Among the computational methods commonly used for these simulations, one can cite spectral methods, well localized in frequency [5], or ﬁnite element methods, well localized in physical space [21]. In between these two approaches, wavelet bases oﬀer alternative decompositions, more suitable to represent the intermittent spatial structure of the ﬂows. The wavelet decomposition was ﬁrst introduced in ﬂuid mechanics to analyze turbulent ﬂows [32, 17, 29, 23]. The ﬁrst wavelet-based schemes for the computation of homogeneous turbulent ﬂows looked promising [6, 20, 26, 22], especially concerning adaptivity issues. These wavelet schemes are based on Galerkin, Petrov–Galerkin, and collocation methods but also on wavelet/vaguelette decompositions. Wavelets may also be used for turbulence modeling [19]. Most of the cited works use wavelets as a decomposition basis of the vorticity ﬁeld, with periodic boundary conditions, which makes the generalization to nonperiodic boundary conditions very diﬃcult. Another serious diﬃculty in the numerical simulation of the Navier–Stokes equations lies in the determination of the pressure ﬁeld and in the fulﬁllment of the incompressibility condition. In the primitive variable (u, p)-formulation of the Navier–Stokes equations, physical boundary conditions (on the velocity) can be easily incorporated, ∗ Received by the editors August 23, 2007; accepted for publication (in revised form) August 18, 2008; published electronically December 17, 2008. Part of this work has been supported by European Union project TODEQ (Operator Theory Methods for Diﬀerential Equations) contract MTKD-CT2005-030042. http://www.siam.org/journals/mms/7-3/70101.html † Institute of Mathematics, Polish Academy of Sciences. ul. Sniadeckich ´ 8, 00-956 Warszawa, Poland ([email protected]). ‡ Laboratoire Jean Kuntzmann, Grenoble Institute of Technology, BP 53, 38 041 Grenoble cedex 9, France ([email protected]).
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but, from the numerical point of view, the computation of the velocity and the pressure presents some diﬃculties: in the setting of classical discretizations, like spectral methods (in the nonperiodic case) [3], ﬁnite element methods [21], or wavelets [10, 18, 4], the discretization spaces for the velocity and for the pressure have to fulﬁll an inf-sup condition (also called an LBB condition); otherwise spurious modes appear in the computation of the pressure which break the incompressibility condition. Moreover, numerical diﬃculties arise in the computation of the pressure, since it asks one to solve an ill-conditioned linear system (in the variational formulation) or a Poisson equation. Provided that divergence-free trial functions are available for the computation of the velocity ﬁeld, these diﬃculties will be totally avoided: ﬁrst, the incompressibility condition is directly taken into account by the approximation space of the velocity. Moreover, the pressure disappears after projecting the velocity equation onto the space of divergence-free vector functions (leading to the Leray formulation of the Navier– Stokes equations), and it will be computed through the Helmholtz decomposition of the nonlinear term. Therefore in this article we propose using divergence-free wavelets as a decomposition basis of the velocity ﬁeld, the solution of the incompressible Navier–Stokes equations. Such wavelets were originally deﬁned by Lemari´e-Rieusset [28], and ﬁrst used to analyze two-dimensional (2D) turbulent ﬂows [1, 25], as well as to compute the Stokes solution for the driven-cavity problem [36, 38]. We will consider here the anisotropic divergence-free wavelets constructed in [14]. The key point of such a numerical scheme based on divergence-free trial bases lies on the orthogonal projection of the nonlinear term onto the space of divergence-free functions, which is explicit in the Fourier spectral case. Since divergence-free wavelets are not orthogonal bases, we propose in [15] an iterative algorithm to provide the Helmholtz decomposition of any ﬂow in the wavelet domain. Then we are in a position to deﬁne a new numerical scheme for solving incompressible Navier–Stokes equations: ﬁrst, we project the equations onto the space of divergence-free vector ﬁelds, which eliminates the pressure. Second, we introduce a semi-implicit time scheme and propose an algorithm which requires only fast wavelet transforms for the computation of the velocity (contrary to ﬁnite element methods which need linear systems solvers). Finally, the pressure is directly recovered through the Helmholtz decomposition of the nonlinear term, without any further computation. Hence, by construction, this scheme takes beneﬁt from the localizations both in the space and frequency allowed by wavelets and should be used in a completely adaptive context. It should also be available in arbitrary dimension and extend readily to nonperiodic boundary conditions. From a numerical point of view, the scheme we propose will be proved to be stable under a Courant–Friedrich–Levy (CFL) condition, provided that a suﬃciently smooth solution exists. The stability of this wavelet scheme is mainly due to the divergence-free condition which is automatically and exactly satisﬁed by the divergence-free wavelet decomposition of the solution. The paper is organized as follows. Section 1 brieﬂy recalls the deﬁnitions of anisotropic divergence-free and curl-free wavelets. Section 2 presents the wavelet Helmholtz decomposition, as well as a wavelet numerical scheme for solving the heat equation. Section 3 introduces a new numerical scheme for the incompressible Navier– Stokes equations and studies its stability. Finally, section 4 shows numerical tests on the example of the merging of three vortices in dimension 2. The last part of this
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section gives insight into how to make the method adaptive, with the support of some experiments. 1. Divergence-free and curl-free wavelets. One-dimensional wavelet bases are (typically orthogonal or biorthogonal [8]) bases of the space L2 (R) which have the form ψj,k (x) = 2j/2 ψ(2j x − k) (j, k ∈ Z), where the mother wavelet ψ is a zero mean function [31, 24]. They are known to provide optimal approximations for a large class of functions [9]. From the numerical point of view, wavelet coeﬃcients of a given function are computed by fast wavelet transforms (FWTs). In this setting, compactly supported divergence-free wavelet bases have been constructed by Lemari´e-Rieusset [28], and Urban has extended the principle of their construction to derive curl-free wavelets [37]. In this section we will recall the deﬁnitions of anisotropic divergence-free and gradient (i.e., curl-free) wavelets. These wavelets are constructed thanks to two onedimensional (1D) wavelets ψ0 and ψ1 related by diﬀerentiation: ψ1 (x) = 4 ψ0 (x) [28]. For the sake of simplicity, below we give the expressions of the basis functions in dimension 2, but these constructions have been extended in arbitrary dimension d [14, 15, 11]. 1.1. Divergence-free wavelets. The 2D anisotropic divergence-free wavelets are generated from the vector function (plotted in Figure 1, left) Ψ



div



  ψ (x )ψ (x ), (x1 , x2 ) =  1 1 0 2 −ψ0 (x1 )ψ1 (x2 )



by anisotropic dilations and translations. Hence, the 2D anisotropic divergence-free wavelets are given by  j  2 2 ψ1 (2j1 x1 − k1 )ψ0 (2j2 x2 − k2 ), div Ψj,k (x1 , x2 ) =  −2j1 ψ0 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 ), where j = (j1 , j2 ) ∈ Z2 is the scale parameter, and k = (k1 , k2 ) ∈ Z2 is the position parameter. For j, k ∈ Z2 , the family {Ψdiv j,k } forms a basis of Hdiv,0 (R2 ) = {f ∈ (L2 (R2 ))2 ; div f ∈ L2 (R2 ),



div f = 0}.



We introduce  j  2 1 ψ (2j1 x − k1 )ψ0 (2j2 x2 − k2 ), Ψnj,k (x1 , x2 ) =  j2 1 j1 1 2 ψ0 (2 x1 − k1 )ψ1 (2j2 x2 − k2 ) as complement functions since Ψnj,k is orthogonal to Ψdiv j,k (j, k being ﬁxed). Thus we have (1.1)



(L2 (R2 ))2 = Hdiv,0 ⊕ Hn



2 with Hdiv,0 = span{Ψdiv j,k ; j, k ∈ Z }



and Hn = span{Ψnj,k ; j, k ∈ Z2 }.



1.2. Curl-free wavelets. Let Hcurl,0 (R2 ) be the space of gradient functions in L (R2 ). We construct gradient wavelets by taking the gradient of a 2D wavelet basis. If we neglect the L2 -normalization, then the anisotropic gradient wavelets will be 2
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 1  ∇ ψ1 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 ) 4 j  2 1 ψ0 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 ),  =   2j2 ψ1 (2j1 x1 − k1 )ψ0 (2j2 x2 − k2 ).



Ψcurl j,k (x1 , x2 ) =



For j = (0, 0) the function is plotted in Figure 1, right. For j = (j1 , j2 ), k = (k1 , k2 ) ∈ 2 Z2 , the family {Ψcurl j,k } forms a wavelet basis of Hcurl,0 (R ), where Hcurl,0 will be  2 2 2 deﬁned in section 2.1.1. We complete this basis to a L (R ) -basis with the following complement wavelets:  j  2 2 ψ0 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 ),  N Ψj,k (x1 , x2 ) =   −2j1 ψ1 (2j1 x1 − k1 )ψ0 (2j2 x2 − k2 ). We have the following space decomposition: (L2 (R2 ))2 = HN ⊕ Hcurl,0 2 curl 2 with HN = span{ΨN j,k ; j, k ∈ Z } and Hcurl,0 = span{Ψj,k ; j, k ∈ Z }.



2.5



2.5



2.1



2.1



1.7



1.7



1.3



1.3



0.9



0.9



0.5



0.5



0.1



0.1



−0.3



−0.3



−0.7



−0.7



−1.1 −1.5 −1.5



−1.1



−1.1



−0.7



−0.3



0.1



0.5



0.9



1.3



1.7



2.1



−1.5 −1.5



2.5



−1.1



−0.7



−0.3



0.1



0.5



0.9



1.3



1.7



2.1



2.5



Fig. 1. Examples of divergence-free (on the left) and curl-free (on the right) vector wavelets in dimension 2.



2. Wavelet numerical algorithms. 2.1. Wavelet Helmholtz decomposition. 2.1.1. Principle of the Helmholtz decomposition. The Helmholtz decomposition [21, 7] consists in splitting a vector function u ∈ (L2 (Rd ))d , d = 2 or 3, into its divergence-free component udiv and a gradient vector. More precisely, there exist a potential-function p and a stream-function ψ such that (2.1)



u = udiv + ∇p



and udiv = curl ψ.



Moreover, the functions curl ψ and ∇p are orthogonal in (L2 (Rd ))d . The streamfunction ψ—which we assume to be divergence-free for d = 3—and the potentialfunction p are unique up to an additive constant.



1105



DNS WITH DIV-FREE WAVELETS



In R2 , the stream-function is a scalar-valued function, whereas in R3 it is a threedimensional (3D) vector function. This decomposition may be viewed as the following orthogonal space splitting: (L2 (Rd ))d = Hdiv,0 (Rd ) ⊕⊥ Hcurl,0 (Rd ),



(2.2) where



Hdiv,0 (Rd ) = {v ∈ (L2 (Rd ))d ; div v ∈ L2 (Rd ),



div v = 0}



is the space of divergence-free vector functions, and Hcurl,0 (Rd ) = {v ∈ (L2 (Rd ))d ; curl v ∈ (L2 (Rd ))d ,



curl v = 0}



is the space of curl-free vector functions (if d = 2, then we have to replace curl v ∈ (L2 (Rd ))d by curl v ∈ L2 (R2 ) in the deﬁnition). Let P be the orthogonal projector onto the space Hdiv,0 (Rd ), also called the Leray projector. From the Helmholtz decomposition (2.1) of u we have Pu = udiv . For the whole space Rd , the proof of the above decomposition can be derived easily by means of the Fourier transform. In more general domains, we refer the reader to [21, 7]. Notice also that Hdiv,0 (Rd ) is the space of curl functions, whereas Hcurl,0 (Rd ) is the space of gradient functions. The objective now is to make explicit the Helmholtz decomposition of any vector ﬁeld in the wavelet domain. 2.1.2. Iterative wavelet Helmholtz decomposition algorithm. Instead of the previous orthogonal sum (2.2), the divergence-free and gradient wavelet decompositions provide the following (nonorthogonal) direct sums of vector spaces: (L2 (Rd ))d = Hdiv,0 ⊕ Hn ,



(L2 (Rd ))d = HN ⊕ Hcurl,0 ,



where the spaces Hn = span{Ψnj,k } and HN = span{ΨN j,k } are generated by the complementary wavelets, as introduced in section 1. These direct sums may be rewritten by introducing the associated nonorthogonal projectors (see [14] for practical computations): v = Pdiv v + Qn v,



v = PN v + Qcurl v.



Then, applying alternatively the divergence-free and the curl-free wavelet decompo d sitions, we deﬁne a sequence (vp )p∈N ∈ L2 (Rd ) : v0 = v, vp = (Qcurl + PN ) (Pdiv + Qn ) vp = Pdiv vp + Qcurl Qn vp + PN Qn vp .          p vdiv



p vcurl



vp+1



Finally, if this sequence converges to 0 in L2 , then we obtain vdiv =



+∞ p=0



p vdiv ,



vcurl =



+∞ 



p vcurl .



p=0



This algorithm has been proved to converge in two dimensions using any kind of wavelet and in arbitrary dimension using Shannon wavelets [15]. In the case of Shannon wavelets, we also have the following convergence theorem.
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p p Fig. 2. Construction of the sequences vdiv and vcurl , and schematization of the convergence n process of the algorithm with Hn = span{Ψj,k } and HN = span{ΨN j,k }.



 d Theorem 2.1. Let v ∈ L2 (Rd ) , and let the sequence (vp )p≥0 be deﬁned by v0 = v



(2.3)



vp+1 = PN Qn vp ,



and



p ≥ 0,



where Qn and PN are the complementary projectors associated, respectively, with divergence-free wavelets and curl-free wavelets. If the wavelet ψ1 used in section 1 for the construction of divergence-free and curl-free wavelets is the Shannon wavelet,1 then the sequence (vp ) satisﬁes, in the L2 -norm, 



v  ≤ p



9 16



p v.



Experimentally, we also observe the convergence for many kinds of 2D and 3D wavelets [14] as schematized in Figure 2. This algorithm will be used in section 3, in the numerical scheme for incompressible Navier–Stokes equations. 2.2. Wavelet solution of the discrete heat equation. As we would like the numerical scheme to be suﬃciently stable in time, we will adopt an implicit scheme for the diﬀusive part of the Navier–Stokes equation. Therefore we focus on the scalar equation (Id − αΔ)u = f,



(2.4)



α = νδt,



f : Rd → R



which arises in the resolution of the heat equation, after introducing an implicit time scheme. We will now present an algorithm for solving such problem, based on wavelet preconditioners of elliptic operators and related to the works of Liandrat and Cohen (see [30, 9]). In the vector case, the following algorithm could be applied to each component of the vector ﬁeld, but we will prefer to project (2.4) onto the divergencefree space as indicated later in formula (2.8). 1 ψ (x) 1



=



sin 2π(x−1/2) π(x−1/2)



−



sin π(x−1/2) , π(x−1/2)



1 (ξ) = e−iξ/2 χ[−2π,−π]∪[π,2π] (ξ). ψ
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Let (ψj,k )j,k∈Zd be a multivariate wavelet basis in Rd , constructed by tensorproducts of d 1D wavelets. Then we expand the scalar function f into the basis (ψj,k ) up to a scale J: (2.5) f= dj,k ψj,k . j,k∈Zd , |j|s0 | d(u.Du)>s1
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time Fig. 6. Time evolution of the ratio of anisotropic wavelet coeﬃcients above the thresholds: Starting from the bottom, the second lowest curve represents coeﬃcients of the nonlinear term above σ1 = 32E − 6, the third lowest curve those of the velocity un above σ0 = 6E − 6, and the lowest curve the intersection of these two sets, and the uppermost curve is the union of these two sets.



The solution obtained presents no perceptible diﬀerences when compared with Figures 3. Figure 7 displays the L2 relative error between this numerical solution and the reference solution of Figure 3. This error is compared with the error obtained for a pseudospectral code with the same number of grid points (2562 ). One can notice that neither the use of wavelets nor the thresholding destroys the accuracy of the solution. For higher thresholdings, the eﬀects of the anisotropy begin to be visible. These eﬀects are already clearly present in Figure 8, where both thresholds σ0 and σ1 were multiplied by 3, but without destroying the solution. And the evolution of the thresholding gives satisfactory results: the maximum ratio of active coeﬃcients goes to 6% instead of 10%, and the evolution of the curve follows the complexity of the
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time Fig. 7. L2 relative errors for the pseudospectral code (lower curve) and the ﬁltered wavelet code (upper curve), corresponding to Figure 6, on a 2562 grid, compared with the reference pseudospectral solution.



t=0



t=10



t=20



t=40



Fig. 8. Time evolution of the vorticity, reconstructed from the velocity provided by the ﬁltered wavelet code (2562 grid, anisotropic divergence-free wavelets).



ﬂow. On the contrary, we see in Figure 9 that if we take a higher threshold with a maximum of 4.5% of the coeﬃcients, then it leads to a nonadmissible ﬁnal result. 4.3. Filtered divergence-free wavelet code, using “generalized” wavelets. We have remedied the problem of anisotropy induced by thresholding by using “generalized” divergence-free wavelets which are a mix between isotropic divergencefree wavelets and anisotropic divergence-free wavelets. These wavelets have been deﬁned in section 3.2. We choose to use quasi-isotropic wavelets, corresponding to the parameter m = 1, which are a good compromise between isotropy and convergence of the Helmholtz algorithm of section 2.1.2. We have tested these wavelets with the experiment of the three vortex interaction. We display the results in Figures 10 and 11. Even with a rather high threshold (a maximum of only 5% of the wavelet coeﬃcients is needed), the quality of the solution remains reasonably good. And the
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Fig. 9. Ratio of active coeﬃcients for a high thresholding (on the left): The lowest curve represents coeﬃcients of the nonlinear term above σ1 = 160E − 6, the middle curve represents those of the velocity un above σ0 = 30E − 6, and the upper curve is the union of these two. The ﬁnal result at t = 40 (on the right), on a 2562 grid, uses anisotropic divergence-free wavelets.
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time Fig. 10. Ratio of activated wavelet coeﬃcients in the case of “generalized” divergence-free wavelets on a 2562 grid with thresholds σ1 = 20E − 6 and σ0 = 5E − 6.



thresholding evolves in a satisfying way. We do not observe the appearance of lines on the whole domain as in the case for anisotropic wavelets in Figure 9. Even when we compare these results with those in Figure 8, we notice an improvement. Conclusion. We derived in this paper a new numerical divergence-free wavelet scheme for solving Navier–Stokes equations. The proposed method relies only on
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Fig. 11. Time evolution of the vorticity, reconstructed from the velocity coeﬃcients on “generalized” divergence-free wavelets, with thresholding corresponding to Figure 10, on a 2562 grid.



FWTs and is perfectly ﬁtted for adaptivity. Nevertheless, work should be done to optimize this in practice and take more advantage of wavelets. Until now, the use of divergence-free wavelets was limited to linear problems such as the Stokes problem [36] or the equations of electromagnetism [38]. This limitation was due to the nonexistence of divergence-free wavelet algorithms dealing with nonlinear terms, like (u · ∇)u for the Navier–Stokes equations. The investigation of anisotropic divergence-free wavelets and, more speciﬁcally, the invention of “generalized” divergence-free wavelets [11] enable such an algorithm (see section 2.1.2 or [16]). The numerical stability of this numerical scheme is fulﬁlled under a CFL condition and is mainly due to the use of divergence-free wavelets that allow one to verify exactly the divergence-free condition (div u = 0). Extensive numerical tests on the experiment of three vortex interaction were presented. The results provided by the new divergence-free wavelet method can be compared to those obtained in [22]. In [22], Griebel and Koster use anisotropic interpolating wavelets and a Poisson solver for the same experiment (three vortex interaction), the equations being written in velocity-vorticity formulation. With 10,000 degrees of freedom, their results are of lesser quality (ibid. “overestimation of the rotation of the cores of the vortices”) than the ones we obtain with 3,500 degrees of freedom. The computational time for the full wavelet code is about four times the Fourier code in the periodic case for which the Fourier spectral method is known to be nearly optimal. But the interest of such wavelet method is that it can be extended to other boundary conditions, such as Dirichlet or Neumann boundary conditions, using wavelets on the interval satisfying homogeneous boundary conditions (see, for instance, [33]). To deal with complex geometries, wavelet methods can be incorporated into a ﬁctitious domain approach, and, in this context, adaptive codes are also available [2]. Last, while only results in dimension 2 are presented in this paper, our divergence-free wavelet method extends directly to dimension 3. Appendix A. The “generalized” wavelet transform in two dimensions. The “generalized” wavelets make a compromise between isotropic wavelets and anisotropic wavelets as indicated in section 3.2. In the periodic case (T2 ), for m ≥ 0, the “generalized” wavelet transform in the MRA (ψ1 ⊗ ψ2 ) is given by the following operations: f (x1 , x2 ) =



J 2 −1



k1 ,k2 =0



cJ k ϕ1 (2J x1 − k1 )ϕ2 (2J x2 − k2 ).
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The ﬁrst step consists in performing an isotropic transform:



f (x1 , x2 ) =



J−1 



j −1 2 



(11)



dj k ψ1 (2j x1 − k1 )ψ2 (2j x2 − k2 )



j=0 k1 ,k2 =0 (10)



+ dj k ψ1 (2j x1 − k1 )ϕ2 (2j x2 − k2 ) (01)



+ dj k ϕ1 (2j x1 − k1 )ψ2 (2j x2 − k2 ).



(A.1)



(10)



(01)



Some additional wavelet transforms for dj k in the x2 -direction and for dj k in the x1 -direction yield the “generalized” wavelet transform:



f (x1 , x2 ) =



J−1 



⎛



j 2 −1



⎝



j=0



k1 ,k2 =0



2 −1 m 2 −1 2 j



+



(11)



d(j,j) k ψ1 (2j x1 − k1 )ψ2 (2j x2 − k2 ) j−



2 =1 k1 =0



+



m 



+



k1 =0



j 2 −1 2j−m −1



k1 =0



+



k2 =0



1 −1 2j −1 2j− 



1 =1



(11)



d(j−1 ,j) k ψ1 (2j−1 x1 − k1 )ψ2 (2j x2 − k2 )



k2 =0



(10)



d(j,j−m) k ψ1 (2j x1 − k1 )ϕ2 (2j−m x2 − k2 )



k2 =0



j 2j−m −1 −1 2 



k1 =0



(11)



d(j,j−2 ) k ψ1 (2j x1 − k1 )ψ2 (2j−2 x2 − k2 )



⎞ d(j−m,j) k ϕ1 (2j−m x1 − k1 )ψ2 (2j x2 − k2 )⎠ . (01)



k2 =0



If m = +∞, we have the anisotropic transform:



f (x1 , x2 ) =



J−1 



j1 j2 −1 2 −1 2 



j1 ,j2 =0 k1 =0



dj,k ψ1 (2j1 x1 − k1 )ψ2 (2j2 x2 − k2 ).



k2 =0



In all of the previous equations we noted that ψi 0 0 = ϕi 0 0 = 1 on T2 . These transforms are schematized in Figure 12. Appendix B. Divergence-free wavelet transform in the “generalized” case in two dimensions. In the following the wavelets ψ1 and ψ0 are linked by derivation: ψ1 = 4 ψ0 . First, we apply the “generalized” wavelet transform as deﬁned in Appendix A to a vector function u on T2 :
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Fig. 12. Coeﬃcient repartition for the isotropic, anisotropic, and “generalized” 2D wavelet transforms.



 j1 j2  −1 2 −1 2  (11)  u1 = d1 j,k ψ1 (2j1 x1 − k1 )ψ0 (2j2 x2 − k2 )   0≤j1 ,j2 ≤J−1, |j1 −j2 |≤m k1 =0 k2 =0    j1 −m J−1 −1 2j1 −1  2  (10) d1 (j1 ,j1 −m)k ψ1 (2j1 x1 − k1 )ϕ0 (2j1 −m x2 − k2 ) +   j1 =m k1 =0 k2 =0     j −m j2 J−1 −1  2 2 −1 2 (01)  + d1 (j2 −m,j2 )k ϕ1 (2j2 −m x1 − k1 )ψ0 (2j2 x2 − k2 )   j2 =m k1 =0 k2 =0  u =  j1 j2  −1 2 −1 2  (11)  u2 = d2 j,k ψ0 (2j1 x1 − k1 )ψ1 (2j2 x2 − k2 )   0≤j1 ,j2 ≤J−1, |j1 −j2 |≤m k1 =0 k2 =0    j1 −m  J−1 −1 2j1 −1 2  (10)  d2 (j1 ,j1 −m)k ψ0 (2j1 x1 − k1 )ϕ1 (2j1 −m x2 − k2 ) +   j1 =m k1 =0 k2 =0    j −m j2 J−1 −1  2 2 −1 2 (01)  + d2 (j2 −m,j2 )k ϕ0 (2j2 −m x1 − k1 )ψ1 (2j2 x2 − k2 ).   j =m k =0 k =0 2



1



2



Then we obtain the decomposition u=



ε,j,k



ε div ε nε nε ddiv j,k Ψj,k + dj,k Ψj,k
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with the wavelets Ψdiv ε and Ψn ε introduced in section 3.2. The wavelet coeﬃcients ε nε ddiv j,k and dj,k are given by ⎧ div (11) ⎪ ⎪ = ⎨ dj,k ⎪ ⎪ ⎩ dn (11) = j,k



(11)



(11)



2j2 d1 j,k −2j1 d2 j,k , 22j1 +22j2 (11)



(11)



2j1 d1 j,k +2j2 d2 j,k , 22j1 +22j2



⎧ div (10) (10) ⎪ = 2−j1 d2 j,k , ⎨ dj,k ⎪ ⎩ dn (11) = d(10) + 2−m−2 d(10) − 2−m−2 d(10) j,k 1 j,k 2 j,k 2 j,(k1 ,k2 −1) , and



⎧ div (01) (01) ⎪ = 2−j2 d1 j,k , ⎨ dj,k ⎪ ⎩ dn (01) = d(01) + 2−m−2 d(01) − 2−m−2 d(01) j,k 2 j,k 1 j,k 1 j,(k1 −1,k2 ) .



Appendix C. Order two Navier–Stokes numerical scheme. We present the pseudocode corresponding to section 3.1.2 in dimension 2. Subroutines. • fast divergence-free wavelet transform: ddiv = FWTdiv (c), where c = coeﬃcients of the discretization of a vector function u on the scaling functions (ϕ1 ϕ0 , ϕ0 ϕ1 ); • inverse fast divergence-free wavelet transform: c = IFWTdiv (ddiv ); • wavelet Helmholtz decomposition: ddiv = WHD(u, ddiv where 0 , It), u = vector function to decompose: u = udiv + ucurl , udiv = ddiv Ψdiv , div , ddiv 0 = initial guess for d It = number of iterations; div • implicit heat kernel integrator: ddiv 1 = IHKI(d 0 , α, It), which



div and unknown u = solves (Id − αΔ)u = v with given v = ddiv 0 Ψ



div div d1 Ψ . Navier–Stokes solver order two. Loop on time tn = nδt 1. (cn ) = IFWTdiv (ddiv n ) (computation of un ) 2. ugun = (un · ∇)un div 3. ddiv ugun = WHD(ugun , dugun−1/2 , It1 ) δt div νδt div 4. ddiv n+1/2 = IHKI(dn − 2 dugun , 2 , It2 ) div 5. (cn+1/2 ) = IFWTdiv (dn+1/2 ) (computation of un+1/2 ) 6. ugun+1/2 = (un+1/2 · ∇)un+1/2 div 7. ddiv ugun+1/2 = WHD(ugun+1/2 , dugun , It1 ) 8. (cΔun ) = approximation of Δun in the MRA (ϕ1 ϕ0 , ϕ0 ϕ1 ) 9. (ddiv Δun ) = FWTdiv (cΔun ) ν div νδt div div 10. ddiv n+1 = IHKI(dn + δt(−dugun+1/2 + 2 dΔun ), 2 , It2 ) End of the loop Acknowledgments. The authors gratefully acknowledge the University of Ulm, and especially the Numerical Analysis Department, where most of the numerical
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