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Defaultable Options in a Markovian Intensity Model



Introduction



In Bielecki et al. [4], we studied the valuation and hedging of defaultable game options in a very general reduced-form model of credit risk. Given a filtered probability space (Ω, G, P), used to model the primary market, it was assumed in [4] that G = H ∨ F, where the filtration H carries the information about the default and the reference filtration F represents all other information available to traders. The main technique employed in [4] was the effective reduction of the information flow from the full filtration G to the reference filtration F. Working under a risk-neutral probability measure Q and under suitable conditions on the F – optional projection of the default indicator process Ht = 1{τd ≤t} , we derived convenient pricing formulae with respect to the reference filtration F. In addition, we proved that, under suitable integrability and regularity conditions embedded in the standing assumption that a related doubly reflected BSDE admits a solution under Q, the stateprocess of this solution corresponds to the minimal (super)hedging price with a (G, Q) – sigma (or local, under suitable assumptions) martingale1 cost. This result is actually interesting even beyond the scope of credit risk, as it provides a general connection between, on the one hand, arbitrage prices of an option (a game option, including American and European options as special cases), defaultable or not (the latter case corresponding to τd = ∞), and, on the other hand, a suitable notion of hedging with a sigma (or local) martingale cost, in a general, possibly incomplete, market. In the special case of a complete market, the cost of the related hedging strategies vanishes, and the hedging strategies are super-hedges in the usual sense. For an efficient practical implementation, a (dynamic) pricing model should possess a suitable Markovian property. For this reason, we propose in this paper a generic Markovian pre-default intensity model of credit risk, which encompasses as a special case the jump-diffusion model studied in detail in [5] (cf. Subsection 4.3 of the present paper). As a prerequisite, we recall in Theorem 2.1 (a variant of) the main results from [4]. As compared with [4], we work in this paper under the slightly stronger assumption that the doubly reflected BSDE (E) associated with a defaultable game option has a solution (Θ, M, K) where K is a continuous process and M belongs to H2 . Though unnecessary from the strictly mathematical point of view (see [4]), the latter requirements are important in view of practical use of our previous results, like showing that (E) is well-posed, establishing the connection with a PDE formulation of the problem in Markovian settings, devising appropriate numerical approximation schemes, etc. It should be made clear that in our previous work [4], we simply postulated that a primary market arbitrage price process X is given and it satisfies all our assumptions. We did not address the issues of proving existence and/or building such market models. In order to fill this gap, we develop in Subsection 3.1 a generic method of constructing such an arbitrage price process X (see Proposition 3.1). In particular, we provide in Lemma 3.1 (see also Corollary 3.1) a general condition which should be imposed on a pre-default primary market model in order to make the model arbitrage-free. Under a rather generic specification of the infinitesimal generator of a driving Markov factor process, we subsequently develop in Subsections 3.2 to 3.4 the variational inequality approach (cf. (34)) to pricing and hedging of a defaultable game option. Let us stress again that putting the previous theoretical results in a Markovian framework is a necessary step towards any implementation. The generic Markovian model considered in this paper is also interesting as a concrete example of the otherwise abstract material presented in [4] or in Section 2 (see Theorems 2.1 and 2.2) of this paper. Finally, in Section 4, we illustrate our study by considering convertible bonds. We specify to this case the general variational inequality (34) and we emphasize the crucial role of the freedom to choose the most convenient driver (i.e., the parameter process F ) in equation (E).
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martingales are a relevant generalization of local martingales, see, for instance, [7, 18, 24].
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General Set-Up



For a finite horizon date T > 0, we assume that the primary market is composed of the saving account and of d risky assets with price processes defined on a filtered probability space (Ω, G, P), where P denotes the statistical probability measure. We postulate that (cf. [3]): • the discount factor process β, that is, the inverse of the savings account, is a G-adapted, finite variation, continuous, positive and bounded process; • the prices of risky assets are G-semimartingales with c`adl`ag sample paths. The primary risky assets, with Rd -valued price process X, are assumed to pay dividends, whose cumulative value process, denoted by D, is modeled as a G-adapted, c`adl`ag and Rd -valued process b of the asset as of finite variation. Given the price process X, we define the cumulative price X Z bt = Xt + βt−1 X βu dDu . (1) [0,t]



b is locally bounded and that the primary market model is free of arbitrage We assume that β X opportunities (though presumably incomplete), in the sense that there exists a risk-neutral measure b is a Q ∈ M, where M denotes the set of probability measures Q equivalent to P for which β X (G, Q) – local martingale. b the only statement that would Note that relaxing the assumption of local boundness on β X, change in this paper is the previous one, namely the characterization of arbitrages prices. This characterization would then be in terms of (G, Q) – sigma martingales rather than in terms of (G, Q) – local martingales. Since we want to avoid the notion of sigma martingales in this paper, to b We refer the keep it more user’s friendly, we prefer to work under this harmless assumption on β X. interested reader to [4] for the most general results under minimal assumptions. In this paper, similarly as in [3, 4], we work with the notion of a vector (as opposed to componenRt twise) stochastic integral (see Cherny and Shiryaev [7]). By convention, we denote by 0R the integral over (0, t]; otherwise, we explicitly specify the domain of integration as a subscript of . Also note that in what follows we in fact deal with right-continuous and completed versions of all relevant filtrations, so that all the filtrations under consideration satisfy the so-called ‘usual conditions.’
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Valuation and Hedging of Defaultable Options in the Hazard Process Set-Up: A User’s Guide



In [4], we derived general hedging results for a game option under fairly general assumptions in the so-called hazard process set-up. In the same framework, and at the cost of slightly stronger assumptions (see Remark A.1(i) in the Appendix), we shall now derive variants of these results that are required in practical applications of the general theory. In this section, we work under a risk-neutral measure Q which is fixed throughout. So all the measure-dependent notions like (local) martingale, compensator, etc., implicitly refer to the probability measure Q.



2.1



Hazard Process Set-Up



Given a [0, +∞]-valued G – stopping time τd representing the default time of a reference entity, we assume that G = H ∨ F, where the filtration H is generated by the default indicator process Ht = 1{τd ≤t} and F is some reference filtration. We assume that the process G given by Gt = Q(τd > t | Ft ) for t ∈ R+ is (strictly) positive, continuous and non-increasing. Hence the F – hazard process Γt = − ln(Gt ) of τd is well defined, continuous and non-decreasing on R+ . The G – stopping
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Defaultable Options in a Markovian Intensity Model



time τd is then an F – pseudo-stopping time ([23], see also [4]), which means in particular that any F – local martingale stopped at τd is a G – local martingale (cf. [23, Theorem 4]). It is also postulated throughout Section 2 that the default time τd avoids F – stopping times, that is, Q(τd = τ ) = 0 for any F – stopping time τ . Under the continuity assumption on Γ, this would for instance (but not only) be the case under the hypothesis (not made in this paper) that any F-martingale is continuous, see Mansuy and Yor [22, p.25]. The standing assumption that τd avoids F – stopping times implies, in particular, that an c`adl`ag process Y cannot jump at τd , that is, ∆Yτd := Yτd − Yτd − = 0, almost surely. We shall sometimes assume, in addition, that the F-adapted processes β and Γ are absolutely continuous with R t respect to the Lebesgue measure, specifically: • βt = exp(− 0 ru du) for an F-adapted, bounded from below short-term interest rate process r, Rt • Γt = 0 γu du, for a non-negative F-adapted process γ, called the F – intensity process of τd . A set-up satisfying the latter assumptions will be referred to as a default intensity set-up. We now recall the concept of a (dividend paying) defaultable game option (see [20, 19, 3, 4]) with inception date 0 and maturity date T . For any t ∈ [0, T ], let FTt (resp. GTt ) denote the set of [t, T ]-valued F (resp. G)-stopping times; given a further τ¯ ∈ FT0 , let G¯Tt stand for {τ ∈ GTt ; τ ∧ τd ≥ τ¯ ∧ τd }. The stopping time τ¯ ∈ FT0 in the following definition is used to model the restriction that the issuer of a game option may be prevented from calling the option during some random time interval [0, τ¯) (see [3]). Let G¯Tt stand for {τ ∈ GTt ; τ ∧ τd ≥ τ¯ ∧ τd }. Definition 2.1 A defaultable game option with lifting time of the call protection τ¯ ∈ FT0 , is a game option with the ex-dividend cumulative discounted cash flows βt π(t; τp , τc ) given by the formula, for any t ∈ [0, T ] and (τp , τc ) ∈ GTt × G¯Tt , Z τ   βt π(t; τp , τc ) = βu dDu + 1{τd >τ } βτ 1{τ =τp 
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