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CURVES OF DIRECTION MINIMAL SURFACES AND CONJUGATE PERPENDICULAR GEODESICS DUALITY - Part XXI C. Masurel 05/04/2018



Abstract We explore some links between Laguerre curves of direction (COD), Minimal sufaces (MS) and conjugate perpendicular geodesics (CPG). MS are considered as analytic extensions in 3rd dimension of the two dimensional COD.
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Laguerre curves of direction



In a paper of 1882 ”Sur les hypercycles” Laguerre indicates that : ”If we consider an algebraic curve as the envelope of a half-line or of an oriented line (with a direction), in general, these curves are not a geometric object. We must add the same curve enveloped by the opposite half-line. The curve must be taken as composed of two opposite curves, which are the envelopes of cycles of null radius; so at each point there are two opposite tangents that must be considered as distinct...”. In Laguerre geometry in the plane cycles and lines are oriented. He adds :”...Some algebraic curves as the circle are in themselves, when we impose to their tangents a determined direction, a geometrical object. One of the properties that distinguish these special curves, that I call ’Curves Of Direction’ (COD) is that the envelope of a circle of contant radius centered on the curve is composed of two distinct curves. It is the case for curves that I call ’hypercyles’; This class of curves includes : the astroid, the doubleparabola, and all parallele curves to these and more generally all anticautics of the parabola when incident rays are parallele...” the parabola itself can be considered as a hypercycle composed of two opposite branches, so that at each point pass two opposite distinct tangents”. These considerations do not give the method to find equations of COD but another definition is the 1



tool to find these COD. In part XV we have given the general equations of this class of plane curves. The hypercycles are curves of third to sixth order and include the caustic by reflection of conics for parallele light rays as the nephroid. The is an hypercycle of third order. The line, the circle, the cubic x3 − 3xy 2 = a3 , or the astroid are other examples of COD. G. Salmon had before Laguerre studied the same class of COD defined by the equation : f (u, v)2 (u2 + v 2 ) = F (u, v)2 where f(u, v) et F(u, v) are two rational functions of u and v (the coefficients of the line tangent to the curve). G. Humbert in (2) gives two definitions of COD : - they are the envelope of oriented lines in the plane. - they are curves such that the distance of any point in the plane to a tangent is a rational function of coordinates of the point of contact. He also gives the following properties : - f(x, y)=0 in orthonormal coordinates is a curve of direction if the expression fx02 + fy02 is the square of a rational function of x, y. - A curve of direction is transformed into another COD by inversion. We know (see 2 below) that general equations of curves of direction have a similarity with those of general minimal surfaces. The difference is for COD in the two arbitrary functions : f(t) and g(t) the variable is a real parameter and complex for minimal surfaces. We will try to define some links between curves of direction and minimal surfaces and examples of conjugate perpendicular geodesics on these surfaces. First we recall some results on COD, next we review the Bj¨ orling problem and finally we examine the conjugate perpendicular geodesic duality, a correspondance between two geodesics in plane sections of certain special classes of minimal surfaces.
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General equations of curves of direction



In part XV we have presented formulas for general plane curves of direction. We set the derivatives y 0 (t) = f (t), x0 (t) = g(t) and t0 ≤ x ≤ t1 then : Z s=



t1 p



f (t)2 + g(t)2 .dt



to



The condition to get a simpler integral is that the function under the radical f 2 (t) + g 2 (t) is a perfect square. So the three functions s’(t), f(t) and g(t) must form a triple of pythagorean functions (pythagorean hodograph). Assume s02 (t) = f 2 (t) + g 2 (t) so (s0 (t) + f (t))(s0 (t) − f (t)) = g 2 (t). We use a new arbitrary function h(t) and if we set g(t).h(t) = s0 (t) + f (t) then
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g(t) h(t)



= s0 (t) − f (t) : Z x(t) =



and :



Z y(t) =



1 f (t) = 2



then : 1 sto−t (t) = 2



Z



Z



g(t).dt h 1 i g(t). h(t) − .dt h(t)



t



h 1 i g(t). h(t) + .dt h(t) to



Let g(t) and h(t) be any function, these can some times produce classes of functions with computable arc length for example when g(t) and h(t) are rational functions of t and the integral is computable. If the function h(t) is a tangent h(t) = tan u then the tangent to the resulting curve has for slope : tan V =



dx 2.h(t) = 2 = − tan 2u dy h (t) − 1



The angle V is the angle between negative y-axis (parallele to light rays) and oriented tangent at current point M or M’ on the two associated curves by the OTT. The general formulas above for COD are of special interest when h(t) is a



Figure 1: Two arbitrary functions define a couple of associated OTT curves rational function θ(x, y) because in this case curve of direction has coordidy = y 0 in rational terms. This can be geometrically interpreted nates and dx if this tangent is the line MM’ in the construction of the caustic of light 3



rays coming from y direction and reflected by the initial plane curve with parametric coordinates. The construction is given by the orthogonal tangent transformation (OTT) (see Part XIII) : tan VM = −h(t) and symetrically : 1 h(t) tan VM . tan VM 0 = −1 tan VM 0 =



as required for the transformation (orthogonal tangents). And this is the general construction - with help of two arbitrary functions [g(t), h(t)] - of plane caustics (t real parameter) :



x(t) =



R



g(t).dt s(t) =



y(t) = 1 2



R



1 2



R



h g(t). h(t) −



h g(t). h(t) +



1 h(t)



1 h(t)



i .dt



i .dt



These equations have an essential similarity with Weierstrass-Enneper equations for minimal surfaces. But the parameter t is a real one and all functions are real. We recall equations of minimal surfaces (w = u+iv complex parameter ):



x(w) = < y(w) = 
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