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Convergence of the Finite Volume MPFA O Scheme for Heterogeneous Anisotropic Diffusion Problems on General Meshes L. Agelas — R. Masson Institut Français du Pétrole 1 et 4 avenue Bois Préau 92852 Rueil Malmaison [email protected] This paper proves the convergence of the finite volume MultiPoint Flux Approximation (MPFA) O scheme for anisotropic and heterogeneous diffusion problems. Our framework is based on a discrete variational formulation and a local coercivity condition. Its main original diffusion coefficients, ity is to hold for general polygonal and polyhedral meshes as well as which is essential in many practical applications. ABSTRACT.
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1. Introduction In this paper, we consider the second order elliptic equation
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is an open bounded connected polygonal subset of  , , !" , and # It is assumed in the following that  is a measurable function from  to the set of square  dimensional matrices (  )* such that for all + , $,8 )+- is symmetric and its eigenvalues are in the interval . /)+- 021&3+4 65 with /&217 ' , and  9!/;:=/?3+4 @1&3+4 @-F7š Ç ¤  FX O-3 +-HX !+-F™ for all �Ò ¤ . Our scheme is defined by the following discrete hybrid variational formulation: find ŸNÒ ¤ such that � ¤ );2Ô— ? M`ë )Þt*ÔR for all Ô~¡Ò ¤ . Checking that � ¤ );2Ô— \ a FsSt a Hƒs…„h† a s…Ëƒ¼ KUF@X G H 3 ‘)Ô¶F· X Ô—H X , for all LÔP~ÒP¤ with the following definition of the subfluxes KUF@X G H 3 \šzPHX ?  F· ¤  FX O`ELF@G H z H“X î P X 3 Ê à X X ìí é FG H X )4 h3+ H“X î +-F= OhELF@G H—ïð  / FX z H



 â F áBã ×  F@G H XF “H îäs…„ †Î „hÏ  @ F G H î é F@G H“î for all Z{Ÿo H , C³l F , DñŸk , it is easily shown that the hybrid variational formulation is equivalent to the following hybrid finite volume scheme: find Ò_¤ such that òóó
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Note that around each vertex Z~³o , the face unknowns 3YHX in terms of the 34F= nFsStˆÏ solving the local linear system
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The well-posedness of this system derives from coercivity condition (8) stated below in section 4. It results that the hybrid finite volume scheme reduces to a cell centered òó finite volume scheme
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× K H  ö )+- nS+ for all D¢vk{ F [7] ƒH s…„ †LÎ „‘÷Àø Ä HX ù for all Z= o H pCŸ_l—°6±0®‘ $ where the inner fluxes K F@G V , k H ú‡QDN Š , Cr!lƒ« ¯® , and the boundary fluxes K H , CŸ l—°6±0® , are linear combinations of the cell unknowns  I with JûNü s…Ë ¼ k X . X For all Dýk and all Z>o , let us assume that µ F X ¢ , and that both sets 3+-HX #+BF= nHƒs…„ †*Î „`Ï and ÊELF@G H¨ nHƒs…„ †*Î „`Ï span * . Then, it can be shown that our 
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finite volume scheme (5) is equivalent to the usual MPFA O scheme, since in that case each discrete gradient  ¤  FX matches with the gradient of the linear function uniquely defined by the  T � points 3+HX HX nHƒs…„ †LÎ „`Ï , 3+-F·4F™ , and each residual X )4 vanishes for all W>Ò ¤ . For more general polyhedral meshes, the above é F@G H formulation of the scheme provides a generalization of the MPFA O scheme described in [Aav 02], [Ed 02]. 4. Coercivity and Convergence of the MPFA O scheme In order to obtain existence, uniqueness of the solution and stability estimates, a coercivity property is needed in the sense that there exists a real 1A|� such that, for % all v_ÒP¤ , �ƒ¤);24 ˜>1Ø0*Ø ¤ . This is achieved imposing the following sufficient condition: there exists a real þÁ|! such that coer 3i¡2@ @˜>þ¨å
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where coer 3i¡2@ is defined by coer Ài¡p? &
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ÿ Ç « ¬'Jš denoting the smallest eigenvalue of a symmetric square matrix J . This condition can be easily computed for any given finite volume discretization i and diffusion tensor  . Assuming that this condition holds uniformly we can prove the following theorem.  ¾



½  s be a family of finite volume Theorem 4.1 [Convergence of the  ¾ scheme] Let 3i  ¾ discretizations, and  let regul 3i ½ ˜�1 for some 1!|r , ’“� ä” RÀi ½ ˜ for some



 |r and �ˆ’RÀi ½ ¾ p? ˜‚þ for some þ_|š . Then, for each •> , there exists a unique solution  ¤ Ò ¤ to (5), and the sequence Þ t  ¤ converges to  ] in $ ' , for all µ‹ .Û�… T if · and all µ }.Û�…¶R)4 … 2 if {|! , as £ ¤ "$#  . Moreover, the cellwise constant gradient function % ¤   ¤ & Ž t '  defined by
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Sketch of the proof: The existence, uniqueness, and a stability estimate of  ¤ " in Ò ¤ " are readily obtained from the uniform coercivity of the bilinear forms � ¤  . Then, it results from the discrete Rellich theorem already proved in [RGH 07] that e there exist a function N ß  Ž : Ê and a subsequence of •}_ , still e denoted $ by •}v for simplicity, such that Þ t  ¤ , •WA converges to > ß AŽ : Ê in Ê for all µÁ³. �S T if Á( and all µ ³.Û�…¶RÊU)…  if P| , and such that the cellwise gradient function ¤? ¤"  a s…Ë † z{FX “z F h ß ¤"  ¤ 2FX on each cell D¢vk , 8 X $?% •jš weakly converges to ß in '  . For all æy+* , Ê , let Þ ¤ æ be the function of Ò ¤ defined by the values æ@3+4F‹ , æ@3+4HX , D  k , CA}l pZÁ}o . Using X these properties, the consistency of the discrete gradients  ¤ )Þ ¤ æ 2 FX , and of the 8, residual functions F X )Þ;¤?æ* for æ!-* ' , the stability of the gradient function é GH ‹ % ¤? in ÒP¤ $, %and the coercivity of the bilinear form �R¤ , we can then prove the convergence in Ê  up to a subsequence of the gradient function % ¤   ¤  •}  to ß . To complete the proof of Theorem 4.1 it is then shown that ß is the unique weak solution  ] of (1) by passing to the limit in the discrete hybrid variational formulation 8 with ÔÁWÞ ¤ æ , æ�.* , Ê .
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Examples: let us set â HX  cardinal ½ Ëƒ¼ˆ¾ , and +4HX be the center of gravity of the face C for all Z NoYH , C vl . Let +BF be the isobarycenter of the vertices of the cell D for all D k . Then, for parallelogram and parallelepiped cells, the matrix à{F X is equal to / . In such a case, the MPFA O scheme is symmetric and our sufficient condition of coercivity (8) is always satisfied. The same result holds for triangles with +YHX the barycenter with weights  0 at point Z and �10 at the second end point of the edge C . It holds again for tetrahedrons with +HX the barycenter with weights �2 at point Z and �113 at the two remaining end points of the face C .



Let us now consider the case ³4 with Í5/ , and let C e and C % be the two edges shared by a given vertex Z of a given cell D . For CNùC e pC % , we assume that the continuity point +4HX is the center of gravity + H of the edge C and that â HX Íf + H ³Z—f .  # H17™ Then, the condition ÿ b6 )à F X T )à F X ã {˜Íþ is equivalent to f +-H7,>+BH&8Sff Zh“++Bä¨H&¨8‘+B # FPfR%9 ½ 8 ? ;= @ 8 ¾: 7BAC8 which exhibits the lack of robustness dition (8) if and only if : á< : @ of the MPFA O scheme for very distorted quadrangular meshes. 5. References [ADM 08] AGELAS L. , D I P IETRO D. , M ASSON R. “ A symmetric finite volume scheme for multiphase porous media flow problems with applications in the oil industry ”, accepted in the Proceedings of FVCA5 2008.



s



a h



xσ b >a



xK



Figure 1. Example of a trapezoidal mesh. [AEK 06] A AVATSMARK I. , E IGESTAD G.T. , K LAUSEN R.A. “ Numerical convergence of MPFA for general quadrilateral grids in two and three dimensions”, Compatible Spacial Discretizations for Partial Differential Equations, IMA vol. Ser. 142, p. 1-22, 2006. [Aav 02] A AVATSMARK I. “An introduction to multipoint flux approximations for quadrilateral grids”, Computational Geosciences 6, 2002, p. 405-432. [AEKWY 07] A AVATSMARK I. , E IGESTAD G.T. , K LAUSEN R.A. , W HEELER M.F. , YOTOV I. “Convergence of a symmetric MPFA method on quadrilateral grids”, Computational Geosciences, (2007). [Ed 02] E DWARDS M.G. “Unstructured control-volume distributed full tensor finite volume schemes with flow based grids”, Computational Geosciences, 6, 2002 p. 433-452. [EK 05] E IGESTAD G.T., K LAUSEN R.A. “On the convergence of the Multi-point flux approximation O-method: Numerical experiments for discontinuous permeability”, Num. Meth. for PDE, No. 6, Vol. 21, 2005, p. 1079-1098. [EH 07] E YMARD R., H ERBIN R.. “A new colocated finite volume scheme for the incompressible Navier-Stokes equations on general non matching grids”, Comptes rendus Mathématiques de l’Académie des Sciences, 344(10) p. 659-662, 2007. [RGH 07] E YMARD R. , G ALLOUËT T. , H ERBIN R. “ A new finite volume scheme for anisotropic diffusion problems on general grids: convergence analysis”, Comptes rendus Mathématiques de l’Académie des Sciences, 344,6, 2007, p. 403-406. [GCHC 98] G UNASEKERA D. , C HILDS P. , H ERRING J. , C OX J. “ A multi-point flux discretization scheme for general polyhedral grids”, Proc. SPE 6th International Oil and Gas Conference and Exhibition, China, SPE 48855, nov. 1998. [JFG 00] J EANNIN L. , FAILLE I. , G ALLOUËT T. “ How to model compressible two phase flows on hybrid grids”, Oil and Gas Science and Technology - Rev. IFP, vol. 55, 2000, 3, p. 269-279. [KlWi 06] K LAUSEN R.A. , W INTHER R. “Convergence of Multi-Point Flux Approximations on Quadrilateral Grids”, Num. Met. for PDE’s, 22, 6, 2006, p. 1438-1454. [LSY 05] L IPNIKOV K. , S HASHKOV M., YOTOV I. “Local flux mimetic finite difference methods”, Technical Report LA-UR-05-8364, Los Alamos National Laboratory, 2005. [LJT 02] L EE S.H. , J ENNY P. , T CHELEPI H. “A finite-volume method with hexahedral multiblock grids for modeling flow in porous media”, Computational Geosciences, 6,3, p. 269-277, 2002. [KW 06] K LAUSEN R.A. , W INTHER R. “Robust convergence of multi point flux approximation on rough grids”, Numer. Math., 104, 3, 2006, p. 317–337.
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