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Formulation of the problem



We consider here a two-dimensional elliptic problem with highly oscillatory coefficients. Such equations often arise in composite materials and flows in porous media. Solving these problems numerically is difficult because an accurate solution usually requires a very fine resolution and hence tremendous amount of computer memory and CPU time. Definition 1. Consider the following elliptic model problem : Lε uε = f where



uε = 0



in Ω,



on ∂Ω



(1)



x Lε = ∇.a( )∇ ε



is the linear operator, ε is a small parameter, and a(x) = (ai j (x)) is symmetric and satisfies α|ξ|2 ≤ ξi ai j ξ j ≤ β|ξ|2 , for all ξ ∈ R2 and with 0 < α < β. Furthermore, ai j (y) are periodic functions in y in a unit cube Y and ai j (y) ∈ W 1,p (Y ) (p > 2). We assume that Ω = (0, 1) × (0, 1) ∈ R2 . Corollary 2. The variational problem of (1) is to seek uε ∈ H01 (Ω) such that ∀v ∈ H01 (Ω),



a(uε , v) = f (v),



Z



where a(uε , v) =



2



. ∂v ∂uε ai j ( ) dx and ε ∂xi ∂x j Ω



(2)



Z f (v) =



f vdx Ω



The Multiscale Finite Element Method



When a standard Finite Element Method (FEM) is used to solve our equations, the degrees of freedom of the resulting discrete system can be extremly large, due to the necessary resolution for achieving meaningful results. On the other hand, it is often the large scale features of the solution and the effect of small scales on large scales that are on the main interest. Thus, we are looking for a numerical method that can capture the effect of scales on large scales without resolving the small scales details. The standard FEM In the finite element method, we restrict the weak form (2) to a finite dimensional subspace of H01 (Ω) : we find uh ∈ V h such that a(uh , vh ) = f (vh ),



∀vh ∈ W h ,



where V h = span{φ1 , ..., φN } and W h = span{ψ1 , ..., ψN } with trial and test functions φi and ψi , respectively.
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(3)



Seminar Modellierung und Simulation, Sommersemester 2006 The multiscale FEM The multiscale FEM consists in constructing the standard FEM with chosen trial and test functions, which capture the small oscillations of the differential operator. Thus, the small scale information within each element is brought into the large scale solution. For 0 < H ≤ 1, let K H be a partition of Ω by rectangles K with diameter ≤ H, which is defined by an axi-parallel rectangular mesh. In each element K ∈ K H , we define a set of nodal basis {φi(K) , i = 1, ..., 4}. In our multiscale method, φi satisfies Lε φi = 0



in K



(4) φi (x



Let x j ∈ K, ( j = 1, ..., 4) be the nodal points of K. As usual, we require j ) = δi j . One needs to specify the boundary condition of φi for well poseness of (4), and we assume at first φi linear along ∂K for simplicity. Then we have W H = V H = span{φiK : i = 1, ..., 4; K ∈ K H } ⊂ H01 (Ω) and the multiscale finite element method consists of finding the solution in V H of a(uH , v) = f (v),
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∀v ∈ W H ,



(5)



Theory of homogenization



In this section, we review the homogenization theory of equation (1). The theory reveals the detailed structures of the solution and the base functions. Even if the description of the multiscale FEM doesn’t use the periodicity of the differential operator, these results are crucial for obtaining precise error estimates. Proposition 3. The solution of (1) uε can be expanded as uε = u0 + ε(u1 − θε ) + ... where u0 is the solution of the homogenized equation L0 u0 := ∇.a0 ∇u0 = f



in Ω,



u0 = 0



on ∂Ω,



with the constant homegenized coefficients given by Z 1 ∂ j 0 aik (y)(δk j − χ )dy; ai j = |Y | Y ∂yk χ j is the periodic solution of the cell problem ∇y .a(y)∇y χ j =



∂ ai j (y) ∂yi



0 with zero mean. In addition, we have u1 = −χ j ∂u ∂x j . The first order correction term θε satisfies



Lε θε = 0



θε = u1



in Ω,



on ∂Ω



so that u0 + ε(u1 − θε) satisfies the boundary condition of uε . Thanks to (4), φi satisfies the following Proposition 4. φi = φi0 + ε(φi1 − θi ) + ..., where L0 φi0 = 0



Lε θi = 0



in K,



φi0 = φi



φi1 = −χ j



∂φi0 , ∂x j



θi = φi1



in K,



2



on ∂K,



on ∂K,
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4 4.1



Error analysis Convergence for H < ε



In this case, the multiscale basis functions do not have oscillations and they look similar to the bilinear functions. Thus, the convergence rate resembles that of the standard FEM. Theorem 5 (error of the standard linear FEM). Let u and uh be the solutions of (1) and (3), respectively. Then there exists a constant C, independant of h and ε, such that 







≤ C(h/ε) k f k0,Ω , (6)



u − uh 1,Ω 







≤ C(h/ε)2 k f k0,Ω . (7)



u − uh 0,Ω



Theorem 6 (error of the multiscale FEM). Let u and uH be the solutions of (1) and (5), respectively. Then there exists a constant C, independant of H and ε, such that 



u − uH (8) ≤ C(H/ε) k f k0,Ω , 1,Ω 



2 H



u − u ≤ C(H/ε) k f k0,Ω . (9) 0,Ω



4.2



Convergence for H > ε



On the contrary to the precedent case, the two methods behave very differently when ε → 0. Indeed, we have the following Theorem 7. Let u and uH be the solutions of (1) and (5), respectively. Then there exist constants C1 , C2 and C3 , independant of H and ε, such that 



u − uH ≤ C1 H 2 k f k +C2 ε +C3 ε . 0,Ω 0,Ω H



(10)



Thus, with the multiscale method, the function obtained converges to the correct solution in homogenized limit, whereas the standard method does not. We observe in the proof that the main convergence rate is limited by the boundary conditions of φi . An amelioration of the algorithm can be obtained in • introducing an over-sampling method, • constructing the judicious boundary conditions.



References [1] Thomas Y. Hou, Xiao-Hui Wu, and Zhiqiang Cai, Convergence of a multiscale finite element method for elliptic problems with rapidly oscillating coefficients, Mathematics of computation, 68:913-943, 1999. [2] Peter J. Park, and Thomas Y. Hou, Multiscale numerical methods for singularly perturbed convectiondiffusion equations, International Journal of Comp. Methods, 1:17-65, 2004. [3] Yalchin R. Efendiev, Thomas Y. Hou, and Xiao-Hui Wu, Convergence of a non-conforming multiscale finite element method, SIAM J. Numer. Anal., 19:871-885, 1982.
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