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Abstract— In this paper, we introduce a new model of urban traffic networks by using Petri Nets. Based on dioid algebra, the behavior of the system is described by Max in Jγ, δK-linear equations. This will allow to approach the traffic control problems which rise issues of synchronization of traffic lights. As a result, we show how we can model shared resource problems inherent in Discrete Event Dynamic System modeling. Besides, the proposed model provides us with interesting performance evaluations, such as real-time counts of vehicles and bounds of sojourn time in each part of the studied crossroad. Moreover, we propose a control law based on a optimal and polynomial algorithm for the traffic lights to minimize the maximum waiting time of cars. An example is worked out to deal with the control of the crossroad. Keywords— urban traffic, dioid algebra, control, real-time, scheduling.



I. I NTRODUCTION Despite several existing models of traffic networks, e.g. [1], [2], [3], there is still plenty of scope for the traffic modeling improvement. Indeed, the traffic signal control with variable cycles is often treated by means of averaged models, which are not suitable for short sections generally encountered in factory sites or in downtowns. Moreover, on the one hand, macroscopic models remain rough to consider the real-time signal problems. This is due to the fact that such models do not take into account the individual arrival of vehicles. On the other hand, microscopic models become complicated when we try to study the behavior of a set of vehicles. It is basically these facts which motivate us to introduce a new traffic model. Since through the problem of the traffic control we have to tackle cycle time and synchronization issues, a model based on Petri Net (PN) allows us to carry out our modeling objective. Indeed, it is widely known that the PN is well adapted to deal with periodic and synchronization phenomena. Besides, one can describe Timed Event Graphs (TEGs) by means of a system of linear equations, using dioid algebra. This has motivated several researches dealing with modeling, performance evaluation [4], [5] and the computation of control laws for (M ax, +)-linear systems [6]. However, TEGs can not afford concurrency. Several efforts have been made to tackle this modeling constraint. In particular, in [7] the problem is treated by transforming the PN into a marked graph. Unfortunately, the authors impose that the shared resources have to be attributed to the users following a stringent sequence. Thus, such an approach does not allow



us to take into account different possibilities offered by the system. In [8] the authors proposed a switching (M ax, +)linear system. They consider Discrete Event Dynamic System (DEDS) that can switch different operation modes. However, when we try to model systems with many shared resources, the number of operating modes can dramatically increase, exponentially even. Hence, we immediately meet computational difficulties, which rapidly grow if the scale of the systems increases. The aim of this paper is to control a Max in Jγ, δK model of urban traffic, composed of a crossroad model presented in [9] and a model of a lonely street in this dioid presented in [10].Thus, present paper tends to expand the scope of dioids as a powerful tool to study urban traffic networks. More precisely, it deals with live TEG endowed with invariant resource sharing (the number of shared resources remains constant). We propose to minimize delays of cars by using an efficient algorithm inspired from this described in [11]. The next section presents an overview of the dioid algebra and the TEG. Section III presents the street model, while section IV describes the traffic crossroad and its model. The latter is analyzed in section V. Section VI presents an optimal control of traffic lights. Section VII show the validity of our approach through an example. II. N OTIONS ABOUT DIOID ALGEBRA AND TEG Since the traffic modeling presented in this paper is based on dioid algebra, we give here a brief introduction of the necessary background. A. Dioid algebra The dioid Zmax , commonly known as (M ax, +) algebra, is the set Z = Z ∪ {−∞, +∞} endowed with both following operations (see [5], [12]): a⊕b a⊗b



= M ax(a, b) = a+b ,



,



for “scalars” a, b ∈ Z, and [A ⊕ B]ij [A ⊗ C]ij



= aij ⊕ bij = M ax(aij , bij ) , n M aik ⊗ ckj = M ax (aik + ckj ), = k=1



m×n



for matrices A, B ∈ Z



k=1,...,n n×p



and C ∈ Z



.



The dual dioid Zmin , also called (M in, +) algebra, is obtained by replacing M ax with M in in all previous equations. Each dioid D has by definition the following intrinsic properties, for all a, b ∈ D: • a neutral element, denoted ε: a ⊕ ε = a and a ⊗ ε = ε ⊗ a = ε; • an identity element, denoted e: a ⊗ e = e ⊗ a = a; • an order relation, given by: a  b ⇔ a ⊕ b = b. B. State equations of a TEG We are able to write the (M ax, +)- or (M in, +)-linear state equations that describes the firings of the transitions of a TEG since it respects the Just In Time (JIT) operational rule. For each transition x, we can either evaluate the dater function x(k), which gives the date of its k th firing, or the counter function x(t), which gives the number of times x has been fired until the date t. We illustrate this by means of the following example. u1



2



It is possible to extract a counter (or dater) function from ax a series in Max in Jγ, δK: let s a series of Min Jγ, δK, we note Cs the counter function defined by: M s = γ Cs (t) δ t . t∈Z



C. Notations and additional results The operator ’∗’ defined by M a∗ = ak k∈Z



is called Kleene star. It is well known that the ⊗-multiplication of a dioid D is rarely invertible. However, residuation theory provides a “pseudo-division” (see [5]). We denote M y = {x ∈ D | x ⊗ a  y} Ra♯ (y) = ya = a the residuated of the mapping Ra : x 7→ x ⊗ a. In [13], authors remind that in Zmin , ba



y



A simple TEG.



Consider the TEG model of figure 1. We want to describe the behavior of transition y, then: • the associated dater is given by y(k)



•



= M ax(u1 (k) + 2, u2 (k − 1)) , = 2 ⊗ u1 (k) ⊕ u2 (k − 1) in Zmax ;



the associated counter is given by y(t) = M in(u1 (t − 2), u2 (t) + 1) , = u1 (t − 2) ⊕ 1 ⊗ u2 (t) in Zmin .



As the well known z-transform do on series in classical algebra, the γ- and δ-transforms allow to translate daters and counters functions into formal series, respectively: • γ is the backward shift operator in the event domain, γ e.g. x(k − 1) −→ γx(γ), • δ is the backward shift operator in the time domain, e.g. δ x(t − 1) −→ δx(δ). The behavior of a whole TEG can be described by state equations that are linear in a dioid of formal series in two commutative variables γ, δ with exponents in Z and with boolean coefficients (see [4]). This dioid, denoted by Max in Jγ, δK allows to study both time and event domains at a time (see [5]). Hence, the behavior of transition y of figure 1 is described by the following equation in Max in Jγ, δK: y(γ, δ) = δ 2 u1 (γ, δ) ⊕ γ 1 u2 (γ, δ)



(1)



Let us introduce operator ⊲, which has the interesting property to preserve markings (see [14]).



u2 Fig. 1.



= b − a if a and b are finite.



.



Definition 1 Let ⊲ be an operator defined as follows:  e if c = ε, ⊲ ⊲ c −→ c = c ⊗ 1 elsewhere, for a scalar c ∈ Zmin and ⊲



C −→ C ⊲ n



for a vector C ∈ Zmin , where the entries [C ⊲ ]i of C ⊲ are defined as:  e if [C]i = ε, [C ⊲ ]i = [C]i ⊗ 1 elsewhere. III. E LEMENTARY ROAD



TRAFFIC SYSTEM MODELING
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Fig. 2.



A regular street.



In order to model a whole road lane by a TEG, each direction of the lane is treated separately and discretized into segments where the characteristic variables of flow depend only on the time but not on the position into the segment. Each segment is considered as an elementary road traffic system [ci , ci+1 ]. As it is shown in section VII, once the TEG model of a segment is defined, it is possible to generalize it by concatenation to deal with an overall system.



We take into consideration the following parameters of the elementary road traffic system: • The length of the segment, • the minimal time to pass through the segment (sojourn time of tokens in place P2 of figure 3), • the maximal density, • the maximal flow rate, • the number of tracks, • the initial number of vehicles. A. TEG modeling τ0−0 P4
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Fig. 3.



TEG model of a regular street.



The system behavior is modeled by the TEG presented in figure 3. Here, we consider a P -timed ordinary TEG working under the First In First Out (FIFO) rule (see [15]). There are three kinds of places: the marking of places P1 , P2 and P3 represent the number of vehicles in the input segment, in the considered segment and in the output one respectively. Marking of P4 and P5 represent the number of lanes at the beginning (c0 ) and at the end (c1 ) of the segment respectively. Since the segment cannot hold an infinite number of vehicles, marking of place P6 limits the number of tokens in P2 . The meaning of the parameters are detailed in table I.



It is important to note that the simulation must have a starting date, denoted t0 = 0. However, before t0 , we cannot afford to study the behavior of the system. This leads to assume that tokens of the initial marking are available for an infinite amount of time (a formal explanation is discussed in [5, §2.6.3.4 p.95]). The TEG analysis principle makes all enabled transitions firing before the starting date until the initial tokens of upstream places do not allow any new firing of transistions. This is due to the following reasons: • Once a transition is enabled, it is fired immediately. This is due to the FIFO rule; • Tokens of the initial marking are considered to be available an infinite amount of time before t0 = 0. This is due to causality needed to study a TEG behavior with (M ax, +)-algebra. Hence, the model of figure 3 does not allow us to consider the initial state of the segment and thus needs to be improved. For instance, if we choose m0−1 = 5 in figure 3, these five tokens are available since t = −∞ and the transition x1 is enabled and fired five times before the date t0 . Consequently, place P2 is empty at t0 = 0 and the model does not conserve the initial condition. Nevertheless, from a practical point of view, we may need a non-null initial marking in order to model a non-empty street at the simulation’s starting date t0 . To overcome this drawback, a virtual input init connected to each output of segment is added as it is shown in figure 4. This virtual input prevent x1 from firing before the date t0 and freeze the initial marking until this date [5]. Thus, it has to be infinitely fired at t0 to avoid interferences with the behavior of the system.



τ0−0



Parameter τi−(i+1) m(i+1)−i τi−i mi−i mi−(i+1)



Meaning Minimum time to pass through the segment Maximum number of vehicles that can be held by the segment Minimum inter-vehicle duration Number of tracks Number of vehicles in the segment
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TABLE I PARAMETERS OF THE MODEL.



Table II provides more details about how we compute these parameters. Parameter Max capacity τi−(i+1) mi−(i+1) m(i+1)−i mi−i τi−i



Computation ⌊length × max density × tracks⌋ ⌊minimum time to pass through the segment⌋ initial number of vehicles max capacity − initial number of vehicles number of tracks  — 1 max density TABLE II



C OMPUTATION OF THE TEG MODEL PARAMETERS.



Fig. 4.



TEG model of a non-empty street at simulation-starting date.



B. Modeling in the dioid Max in Jγ, δK Each transition is associated to a series of the dioid Max in Jγ, δK which represents its firing dates. Thus, the following analytical model is obtained directly from the TEG: „ m γ 0−0 δ τ0−0 γ m0−1 δ τ0−1 ` ´ Y= ε e ⊗X



X=



γ m1−0 γ m1−1 δ τ1−1



«



⊗X ⊕



„ e ε



« « „ u ε ⊗ init e



In order to observe the behavior of the flow of vehicles in a non-empty street without any incoming, we use u = δ ∗ = Pr+ (⊤) (see [4], [5, §5.4.3]).
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IV. E LEMENTARY CROSSROAD MODELING
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Fig. 6. Fig. 5.



An elementary crossroad.



In order to model a whole crossroad by a PN, each street is treated separately and discretized into segments where the characteristic variables of flow depend only on the time but not on the position into the segment (see section III). Thus, both streets have a shared segment, which models the crossroad itself, and which is our interest. We take into consideration its dimensions (shared length can be different for each street) and the maximal flow rate. The density is naturally limited in the crossroad since we allow only one car to cross the shared surface at a time.



Label ui yi vi xi τi



PN model of an elementary crossroad.



Meaning input transition: ui (t) is the number of cars that have entered street i until t output transition: yi (t) is the number of cars that have left street i until t vi (t) is the number of times cars coming from street i have engaged in the crossroad until t xi (t) is the number of times cars coming from street i have left the crossroad until t crossing time: it is computed from the length of the crossroad along street i and from the average speed of vehicles (fixed) TABLE III S EMANTICS OF FIGURE 6.



A. PN modeling The model represents the averaged behavior of cars evolving through an elementary crossroad. Along paths delimited by transitions ui and yi , representing street i, tokens representing cars evolves accross the model part. Places Pf ri model the flow rate (one car every two time units seems to be the usual value in the litterature according to [16]). Place Pα represents the shared surface on which at most one car can travel. A token is present in this place at a date t iff crossroad is empty at such a date. In this representation, we can observe the counters for each transition. Table III details the semantics of the model. B. modeling in the dioid Max in Jγ, δK Since the PN model without crossroad is a TEG, the PN model of figure 6 is split into two PN parts as it is shown in figure 7, i.e. streets PN part, which holds all sub-TEG representing streets appart from each other, and the crossroad one. In order to study the behavior of cars driving through the crossroad, transitions vi and xi are duplicated. This aims at



focusing the analysis on the crossroad, regardless of streets external influence. Thus, we consider Gα as the model of an elementary crossroad. The following theorem provides us with a Max in Jγ, δK model of an elementary crossroad with two streets (see [9]). Theorem 1 The behavior of an elementary crossroad with two streets is described by the following state equations:   τ  ε δ 1   ,  X = τ2 V  ε δ e ε   X ,  Y = ε e under the constraints  2 C⊲ O  (∆i V ) (t)    1, ∀t ≥ 0 ,  (t) C⊲ (∆i X) i=1     ε e ε  γδ 2  V ⊕ U V  ε γδ 2 ε e
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B. Fundamental diagram In order to build the fundamental diagram, we simulate the model of the street several times with different constant input flow rates: • The mean density ρ is given by the following equation: P ρi × (ti+1 − ti ) ρ= i T where ρi is the instantaneous density in the time interval ti+1 −ti and T is the simulation duration. ρi is obtained as follows: M{P}(ti ) ρi = , l where M{P}(ti ) is the instant marking of place P : xs 7→ vs at ti and l is length of studied street s. • The mean flow rate q is given by the count of the output firings Cxi (T ) divided by the simulation duration:
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VI. A CONTROL ALGORITHM FOR
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Fig. 7.
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Split model of an elementary crossroad.



ax n where ∆⊤ i ∈ Min Jγ, δK is defined by  e if j = i, [∆i ]j = ε elsewhere.



Input (control) transition counter C∆i V is inventorying cars from street i that have been engaging in the crossroad; state transition counter C∆i X is inventorying cars of street i that have been leaving the crossroad. V. P ERFORMANCE MEASURES We can retrieve from the proposed TEG model of the elementary traffic system some of the main performance measures, which are: 1) Instant count of vehicles driving in each segment of the road, 2) Fundamental diagram. A. State of traffic Since in a TEG, each place has exactly one upstream and one downstream transition, we can easily compute the instantaneous markings from the counters describing their behavior. Proposition 1 The marking Mt (P) of a place P between two transitions xa and xb in a live TEG at instant t ≥ 0 is given by C⊲ (t) , (2) M{P}(t) = M{P}(0) ⊗ x⊲a Cxb (t) with Cxa (t) ≺ ⊤ and Cxb (t) ≺ ⊤. The proof is given in [9]. The instant marking of the places ui → vi gives exactly the current number of vehicles that are waiting to engage in crossroad on lane i, respectively.



. AN ELEMENTARY



CROSSROAD



Since we consider one-lane streets, we propose a control algorithm that fully uses this property. In each street, a car can not engage in the crossroad before its predecessor. Thus, we exactly know how much time is necessary for a car to leave the crossroad since it has engaged in a street. That is, we know every ideal (i.e. minimum) leaving date for each car in each street. This problem is similar to a single machine scheduling problem. In the α|β|γ notation usually used in the litterature to describe scheduling problems (see [17], [18]), our problem can be written as follows: 1|pi = 1; chains(lij = l); ri |LMAX . The shared surface of the crossroad stands for the “machine” in the related scheduling problem; it is obviously unique, this is why first part of the notation is 1. In the β part, pi = 1 means the resource is always used for 1 time unit, which is a realistic assumption. Indeed, cars usually need two seconds to travel accross the shared surface, thus we may choose 2 seconds as 1 time unit. chains(lij = l) express the fact that we have a chain of cars for each street. The flow rate usually found in the litterature according to [16] is one car every two time units. ri is added to specify that cars need a certain amount of time to travel accross the streets to come to the traffic light and thus, are not all “available” from the beginning of simulation. Finally, LMAX is closing the description since we want to minimize the maximum delay of cars relative to their ideal date of passage. If there is no delay constraint like for instance an emergency car in the queue, the problem becomes CMAX that is, the objective is to empty the crossroad as fast as possible. Our problem is a particular case of one of the many problems optimally solved by the algorithm proposed in [11]. Since this algorithm gives the optimal solution in polynomial time, we can recompute the optimal schedule whenever a car arrives in the system. This problem is small enough to consider real time applications.



In a previous work [19], we managed to schedule cars that entered in streets within a restrictive time window. The main interest of the present paper is that we consider every car known to be in the system up to present time. This obviously allow to compute a more effective control, since we have a global view of the set of vehicles to arrange. Of course the algorithm has been adapted to interact with our dioid model. These are the global steps: 1) Compute ideal (unreachable) firing dates for transitions V by ignoring the constraints, 2) Compute “modified release dates” and “modified (pseudo-) deadlines” as specified in [11], 3) Reset current date t. While every car has not left the system, do: • Build a list of “eligible” streets that is, streets that have at least one car which computed “modified release date” is lower or equal to t and that has not been chosen at t − 1 (because maximum flow rate is a vehicle per two seconds), • Choose the street s in the list that has the car’s earliest “modified (pseudo-) deadline”, • Update vector Y and every series xi , vi with i 6= s with monomials of date t, • Update series vs considering the constraints, then update xs , • Increment t. This algorithm has been tested under Scilab software (http://scilab.org), which is a free adaptation of well known Matlab. The scripts are available on demand. VII. E XAMPLE In this section, we show the results of this algorithm with a simulation on a realistic crossroad, represented in figure 8. This part is out of interest L1



Value L1 L2 40 km.h-1 50 km.h-1 300m 400m 12veh 20veh



Parameter Mean speed in street Street length (before intersection) Initial number of vehicles waiting



TABLE IV PARAMETERS OF TWO STREETS .



PN model and also for the counter functions describing the transition firings. L1
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PN model of two streets meeting at a simple crossroad.



We are now in position to write the analytic model of the considered crossroad and associed streets in dioid Max in Jγ, δK. Note that we include the pseudo-input init as last element of vector U .   2   e ε ε γδ ε ε ε    ε ε ε ε  X ⊕  ε ε ε U X =   ε e ε  ε ε γδ 2 ε ε ε ε ε ε ε ε   ε ε δ 2 ε   ⊕   ε ε V , ε δ3   ε e ε ε Y = X , ε ε ε e Under the following constraints:



L2 V Fig. 8.







Two streets meeting at a simple crossroad.



⊕



Table IV gives information about the configuration of this crossroad. In order to fully model this crossroad and the streets, we combine the model presented in this paper with a model of an elementary street (see [10]). The complete model is given in figure 9, where the parameters values are easily viewable. Since the mean time required for the cars to cross the shared surface is 2 seconds, we take 2 seconds as time unit. Obviously this time unit will be considered for the
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For simulation we considered random input for both streets. The results are given in figure 10. In this instance, we observe that maximum waiting times for cars on streets 1 and 2 are 22 and 54 seconds, respectively. The whole process lasts 160 seconds.
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Fundamental diagram for street #2
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Fundamental diagram for system



flow rate 0.26 0.22



t 0



10



20



30



40



50



60



70



80



0.18 0.14



Resource usage



0.10



busy



0.06



t



idle 0



10



20



30



Fig. 10.



40



50



60



70



80



Simulation of a crossroad.



We obtain a dot of fundamental diagram by simulating the system with constant and equal input rates for each street for a certain period. Gradually incrementing this rate through twenty successive simulations of the system given in figure 8 allowed us to obtain the fundamental diagram presented in figure 11. As the accurate reader may notice, we do not have the third (decreasing) part of common fundamental diagrams: this is due to the fact that we consider the value of the mean flow rate for the whole process, thus saturation phenomenon, which occurs somewhere in the middle of the simulation, is absorbed by the permanent regime that operates elsewhere. Nevertheless, this phenomenon appears clearly in when we plot speed upon density, see figure 12. VIII. C ONCLUSION This paper proposes an approach to model elementary crossroads using PN under constraints and dioid theories. Thus, it enlarges the scope of this powerful algebra for the analysis of urban traffic. Furthermore, the proposed model is extensible and allows to consider several streets meeting at a single crossroad. A control law based on an polynomial and optimal algorithm has been proposed to minimize the waiting times of vehicles. We think that there are several other issues that deserve further investigation. One is to extend the model in order to take into account “full red” periods, that are periods during which both traffic lights are set to red. The difficulty resides in the fact that, in real instances, such a period lasts longer
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