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Page 1 ... What is needed is a valid x approximate value for calculation. In fact x is the ..... Then, in rank i , W = Q +K+ m where K is calculated in rank i-1 for i > 0. 
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1 Determination with Maxima of the continued fraction associated with a real number Introduction We suggest obtaining by means of MAXIMA, N+1 first integers of the sequence (an) which defines continued fraction associated with a real number x. The sequence (xn) of successors of x is defined by x0 = x and the relation xn+1 = 1/(xn - an) where an is the integer part of xn . The program which we are going to elaborate, comes as a supplement to the program "cf" from Maxima which applies to the rational numbers and to the square roots of integers. It will use floating point to obtain the integer part of irrational numbers. It is not possible to predict in advance the necessary precision to perform all calculations. The precision required to determine the term an , will be estimated from calculations to determine the term an-1 .



Starting precision What is needed is a valid x approximate value for calculation. In fact x is the expression of a real number using the elementary functions. For a precision P , bfloat (x) gives an decimal approximate value sP of x. In the simple cases, we have |x – sP| < 10E-(P-1) where E is the integer which verifies 10E ≤ |x| < 10E+1 for x # 0. We set E = -1, if x is an expression of 0 . If x # 0 , sP consists of P first digits of the decimal representation of |x| ×10-E , the latest which may be increased by one unit. In general, we have to estimate the small integer L such as |x – sP| < 10E-(P-L) for any P ≥ L. L will be called starting precision of bfloat(x) . The valid digits of the approximate value of x will be the P+1–L first digits of bfloat (x).



Regularity index For a quick estimate of L we use the notion of regularity of a floating point on an interval of precision. This notion is built on intuitive idea that if the precision increases by a unit, we obtain a additional digit of the decimal representation of x . For any expression of x, there is a smaller integer T such as, if the floating point is regular on an interval [A, B] containing at least T elements, then A ≥ L . T is called regularity index of bfloat (x).



Control the results obtained with a "convergence test" The used test is based on the speed of convergence of convergent to x.



Application A second part will be devoted to the determination of the "best fraction equal to x in ε near" .



2 PLANE OF RESEARCH I-



Elementary programs



II-



Useful results in the development of autonomous programs A- Conditions for obtaining an integer part with an approximate value B- Starting precision and regularity of floating point C- Search of precision to calculate the term an



III-



Autonomus programs A- Program in irrational case B- General program C- Extending the validity domain of floating point D- Program determing the Starting precision and the regularity index



E- Program determing the integer part of a number not integer IV-



Best fraction equal to x in ε near A- First approach B- Program in irrational case C- Program in rational case D- Program for determining the best fractions of rank n



V- Appendix A- Useful results concerning the continued fractions B- Useful results concerning the best fractions C- Decimal representation of a real number D- Necessary precision in the calculation of an E- Starting precision F- Regularity of floating point



3 I- Elementary programs Program in the case of a quotient of two integers The convergent associated with the last calculated term is given by B / D. Program CFR(x,n) CFR(x,n):=(u:P:num(x), v:Q:denom(x), A:0, B:1, C:1, D:0, U:[], for i:0 while i 0 such as for any m ≥ p, we have 1 ≤ cm(x) ≤ 10m–2 This condition expresses that the m first m decimals of DR of x are not all zero or all nine. Example : x = 5,947695234, c6(x) = E(106 x) – 106 E(x) = 5947695 – 5000000 = 947695



We will have to use the condition : 3 ≤ cm(y) ≤ 10m – 3



C(m)



Proposition C-5 x is an integer if and only if, for any integer m>0 and any y verifying |x – y| < 10-m, we have: either cm(y) = 0 and x = E(y) or cm(y) = 10 m -1 and x = E(y) + 1 .



5 Proposition C-6 Let x be a different number of an integer. (1) Let an integer m > 0 and y be a real number such as : |x – y| < 10–m and 1 ≤ cm(y) ≤ 10m – 1 . Then: E(x) = E(y). If more 3 ≤ cm(y) ≤ 10m –3, for any z verifying |x – z| < 10–m , we have E(z) = E(x) and cm(z) ≥ 1. (2) There is an integer p > 0 such as : for any integer m > p and any y verifying |x – y| < 10–m , we have : 3 ≤ cm(y) ≤ 10m –3 .



B- Starting precision and regularity index of floating point Starting precision Let x be a real number and E the integer which verifies 10E ≤ |x| < 10E+1 if x # 0. E = -1 if x = 0 . For a precision P, we set tP = bfloat(x) sP = σ × m × 10e+1-n where σ is the sign, m the mantissa and e the exponent of bfloat(x). sn is a decimal number. sP = round(tP*10^(P–e–1))*10^(e+1–P) . Under certain conditions there exists an integer L ≥ 1 such as : |x – sP| < 10E–(P–L) for any P ≥ L . If P ≥ L we have E – 1 ≤ e ≤ E + 1 For a sufficient value of P , e = E.



Definition The starting precision of bfloat(x) is the smallest integer L is such as |x – sP| < 10E-(P-L) for any precision P ≥ L.



Regularity of the floating point If A ≥ L , |x – sn| < 10E-(n-A) for any n ∈ [A,B] is verified .



Regularity of bfloat(x) on an interval of precision [A,B] We do not suppose any more A ≥ L. We say that the floating point is regular on [A,B] if |x – sn| < 10E-(n-A) for any n ∈ [A,B]



Régularity index of bfloat(x) Considering all regular intervals [A, B] such that A 0 . (3) | xn – rn | < 10–mn and 3 ≤ cmn(rn) ≤ 10mn – 3 . (4) K0 ≥ 0 , V0 ≥ K0 +m0 and Vn ≥ max( Kn + mn , Vn-1 ) for n > 0. (5) On is the set of numbers q such as | x – q | < 10–Vn . On ⊆ On-1 for n > 0. (6) qn ∈ On and for any q ∈ On , the continued fraction of q coincides with that of x at least up to the order n.



C- Choice of the precision of floating point required to calculate rn We choose K0 = max(0,-E) . Let n > 0 and g the integer witch verifies 10gn–1–1 < Dn–1 ≤ 10gn–1 . We choose Kn = 2 (gn-1 + mn-1) . For a precision P, we have |x – sP | < 10E-(P-L) . |xn – rn| < |x – sP| 10Kn is the relation to estimate the precision required to calculate an (proposition D-3). Condition |xn – rn| < 10–mn-1 is satisfied if |x – sP | < 10–Vn . To obtain 10E-(P-L) ≤ 10–Vn , just choose : Pn ≥ L+E+Kn+ mn and Pn ≥ Pn-1 . This choice of Pn is also valid for n = 0. mn is the first integer ≥ 4 determined by the program such as 3 ≤ cmn(rn) ≤ 10mn - 3 . The program will use parameters Q and Wn defined with Q = L + E and Wn = Q + Kn + mn . Then



Pn ≥ Wn and Pn ≥ Pn-1 .



We verify Pn > L, for any n :



Pn ≥ P0 ≥ L+E+K0 + m0 > L



7 III- Autonomus programs The range of validity of the following programs can be expanded by increasing the value of the initial precision. There is already extensive fault with the Maxima precision.



A- Program in irrational case The program CFI(x,n), gives the continued fraction of an irrational number . b(x) = bfloat(x) . The calculations are performed in floating point. For a precision value p which was used directly tP = bfloat(x) instead of sP assessing the potential loss of precision by rounding .



Estimation of the starting precsion with regulary test Program EI(z) EI(z):=(d:1, if zd do (d:10*d, g:k)) $ g is the first value of k such that D ≤ 10k (Proposition D-4). Initially, we set g = 0, K = 0 and d = 1. The approach of the program AI(x) is similar to that of elementary programs. After each application of ai (x), g(D) determines the new value of g necessary to calculate the next term. K = 2 (g+m) where g = g(D) . The condition a> 0 for i > 0 translates the property an ≥ 1 for n ≥ 1 of continued fractions.



Program AI(x) AI(x):=(o:-1, Q:L+e+2, g:0, K:max(0,-e), d:1, A:0, B:1, C:1, D:0, u:t, U:[], for i:0 while y=1 and i0) then (B:A+(A:B)*a, D:C+(C:D)*a, g(D), K:2*(g+m), u:-v, U:endcons(a,U)) else y:0)) $



9 Convergence test The test is based on the speed of convergence of the convergents to x when n tends to infinity. It is necessary to first calculate the term of order n +1 of the continued fraction by applying ai(x). Let t = float(x) calculated for a precision V = P + 4 Z, where P is the last displayed precision. This allows to increase the sensitivity of the test by increasing the initial precision. According to the proposition D-4, the continued fraction of sV coincides with those of x up to rank n+1 . Using the proposition A-5, the covergence test is obtained . 1 where σ = sV and bn = pn /qn . We have |xn+1 – rn+1| < 10Q+K-P ≤ 10-mn+1. |σ – bn | = (q n − 1+q n σ n+1) q n More, |σn+1 – xn+1| < 10K |σ – x| < 10K 10e+1-(V-L-1) = 10Q+K-P-4 z . As |σn+1 – rn+1 | ≤ |σn+1 – xn+1| + |xn+1 – rn+1 | , we have |σn+1 – rn+1| < 10Q+K-P (10-4 z + 1) < 2 10Q+K-P . Then:



1/ (qn-1 + qn (rn+1 + h)) < |qn sV – pn | < 1/ (qn+-1 + qn (rn+1 – h)) where h = 2 10Q+K-P .



When n tends to infinity, the terminals of the frame tend to 0 and the precision used for calculating b(x), tends to infinity. If any of the terms of the continued fraction of x is miscalculated, the sequence (Bn/Dn) will tends to x '# x (proposition A-10). The seqhence |b(x) – Bn/Dn| tend to x '- x # 0 and there will be a rank n from which at least one of inequalities will not be checked.



Program TI(x) TI(x):=(m:10, s:10^10, ai(x), if y=1 and a>0 then (F:C+D*r, f:2*D*10^(Q+K-P), fpprec:V:P+4*Z, d:o*(B-D*b(x)), if 1 < (F+f)*d and (F-f)*d (C+D)*D*M do (p:i, a0:a, m:2, s:100, ai(x), if i=0 or (y=1 and a>0) then (B:A+(A:B)*a, D:C+(C:D)*a, g(D), K:2*(g+m), u:-v) else y:0)$ The condition 1/((qi-1 + qi) qi) ≤ ε is written 1/((C+D) D) ≤ ec



or



N ≤ (C+D)*D*M .



The first value of p is determined for which N ≤ (C+D)*D*M . If we get a non-zero value of p, a0 = ap-1 and a = ap . We set o1 = o = (-1)p . At rank p-1, the parameters, noted A1 , B1 , C1 , D1 are obtained by demoting the parameters A, B, C, D : A1:B-(B1:A)*a, C1:D-(D1:C)*a Determination of the rank n of the best convergent Case p = 0 n = 0 . We set o1=1 , A1=0 , B1=1 , C1=1 , D1=0 . These are the parameters used by the program to define the H0 and G0 function and determine the number d . Case p > 0 We set X = |x| . The double inequality 0 ≤ |X – bp-1| < ec is equivalent to 0 ≤ |X – bp-1|/ec < 1.. This means that the integer part of (-1)p-1(X – bp-1)/ec is zero. Precision required to calculate the integer part We set F(X) = (-1)p-1(X – bp-1)/ec . Let K an integer such as : 1/ec ≤ 10K . We have: 10Kp+1 ≥ (Cp + Dp s)² > (Cp + Dp) Dp ≥ N/M = 1/ec . We may choose K = Kp+1 . Let q be an approximate value of X such as |X – q| < 10Q-P . We check |F(X) – F(q)| = (-1)p (X – q)/ec |X-q| 10K . Then |F(X) – F(q)| < 10Q+K-P . To obtain |F(X) – F(q)| < 10-m , it is enough to choose P ≥ Q+Kp+1+m = Pp+1+m .



23 Program SEL(x) SEL(x):=(if p=0 then (o1:1, A1:0, B1:1, C1:1, D1:0) else (m:1, s:10, c:0, for j while c=0 or c=s-1 do (m:m+m, s:s*s, W:P+m , if V0 then (a:entier(r), c:entier(s*r)-s*a) else (c:1,y:0)), if y=1 then (if a=0 then (o1:-o1, A1:B1-(B1:A1)*a0, C1:D1-(D1:C1)*a0) else 1) else 1)) $ Is used the value t calculated for the precision R. Initially o1 = (-1)p F(q) is r = o1*(B1/D1-t)/ec and searching for the integer part of r. Next we determine the parameters which défine Hn and Gn . If a = 0 , n = p-1 . We have (-1)n = (-1)p-1 and o1 is substituted by -o1 . The parameters A1, B1, C1, D1 are demoted to the rank p-2 with : A1:B1-(B1:A1)*a0, C1:D1-(D1:C1)*a0 . If a # 0 , n = p . We have (-1)n = (-1)p . The parameters o1 , A1 , B1 , C1 , D1 are unchanged . .



Determination of d Estimate of the precision required to calculate d Recall that d = max(E( Hn(X-(-1)n ε))+1,0) . Let q be an aproached value of X such as |X – q| < 110Q-P . For example let us suppose n odd . The calculation give: |Hn(X+ε) – Hn(q+ε)| = |X – q|/[Dn−1 ² |(X+ε) – bn−1 ||(q+ε) – bn-1|] We have |bn−1 – (X+ε)| = X+ε – bn-1 > X – bn-1 > 0. Similarly |bn-1 – (q+ε)| = q+ε – bn-1 > q – bn-1 ≥ X – bn-1 > 0 . Then |Hn(X+ε)–Hn(q+ε)| < |X-q|/[Dn-1² (X – bn-1)²] = |Hn(X) – Hn(q)| < |X–q| 10 Kn . Then |Hn(X+ε) – Hn(q+ε)| < 10Q+Kn-P . To obtain |Hn(X+ε) – Hn(q+ε)| < 10-m it is enough to choose P ≥ Q+Kn+m = Pn+m. This choice is also valid if n is even .



24 Program D(x) D(x):=(m:1 , s:10 , c:0 , for j while c=0 or c=s-1 do (m:m+m, s:s*s, W:P+m, if V 0 then (a:entier(r:(C1*w-A1)/v) , c:entier(s*r)-s*a) else (c:1,y:0)), if y=1 then d:max(a+1,0) else 1) $ Is used the value t calculated for the precision P . q-(-1)n ε is w = t-o1/h-o1*ec . Hn(q-(-1)n ε) = is r = (C1*w-A1)/(B1-D1*w) .



Program BF(x,ec) BF(x,ec):=(Z:fpprec, b(x):=bfloat(x), M:num(ec), N:denom(ec), L:0, y:0 , for i while y=0 do (ELI(x), if t 0 . Rational case Let X = |x| . Program ARn(x) ARn(x):= (u:P:num(X), v:Q:denom(X), A:0, B:1, C:1, D:0, for i:0 while i 2 π . Then a = 8 . Alone better possible fractions in rank 2 are: [



179 201 223 245 267 289 311 333 , , , , , , , ] 57 64 71 78 85 92 99 106



(%i4) BFn(%pi,2); (%o4) [



179 201 223 245 267 289 311 333 , , , , , , , ] 57 64 71 78 85 92 99 106



30 Summary pogram BFn(x,n):=(Z:fpprec, b(x):=bfloat(x), EI(z):=(d:1, if z 0 , xn > 1 and an ≥ 1 . (2) If M = [0,p] and if p> 0, then ap ≥ 2 . (3) If n+1 ∈ M , then xn = an + 1/xn+1 . (4) X is rational, if and only if the sequence (an) is finished.



Convergent of order n associated with x For n ∈ M , the convergent of order n associated with x is the rational number defined by: bn = a0+1/(a1 + 1/(a2 + . . . + 1/(an-1 + 1/an ) . . . )) We also say that bn is the converent defined by the finite sequence (a0, . . . , an) . For example, for n = 4 ,



1



b4=a 0+



1



a 1+ a 2+



1 a 3+



1 a4



34 Proposition A-2 Let x be a non-zero real number and bn the convergent of order n associated with x. We set bn= pn /qn where pn /qn is an irreducible fraction with qn > 0 . We set p-2 = 0 , q-2 = 1 , p-1 = 1 and q-1 = 0 . (1) For any n ∈ M , we have :



pn = pn-2 + pn-1 an qn = qn-2 + qn-1 an



(2) For any n ∈ M ∪{-1} , we have: pn qn-1 – pn-1 qn = (-1)n+1 . (3) Sequence (qn) is increasing, it is it strictly from the rank n = 1 . (4) If x is irrational, the sequence (qn) tends to the infinite.



Sequences (Gn) and (Hn) of functions associated with sequence (an) Proposition A-3 We set



Gn(z) =



p n− 2+z pn− 1 q n− 2+z q n− 1



t q n − 2− p n− 2 pn − 1 − t q n − 1



and Hn(t) =



(1) For n = 0 , G0 is defined on R by G0(z) = z . For n = 1 , G1 is defined on ]0,+∞[ by G1(z) = a0 + 1/z. For n > 1 , Gn is defined on ]–qn-2/qn-1 ,+∞[ . Gn is continuous strictly increasing if n is even and decreasing if n is odd . (2) Hn is the inverse map of Gn . For n = 0 , H0 is defined on G0(R) = R by H0(t) = t . For n = 1 , H1 is defined on G1(]0,+∞[) = ]a0 ,+∞[ by H1(t) = 1/(t – a0) . For n > 1 , Hn is defined on Gn(]–qn-2/qn-1 ,+∞[) . Gn(]–qn-2/qn-1 ,+∞[) = ]–∞, bn-1 [ if n is even and ]bn-1 ,+∞[ if n is odd. For n > 0, t belongs to domain of definition of Hn , if and only if (-1)n-1(t – bn-1) > 0 . Hn is continuous strictly increasing if n is even and decreasing if n is odd . (3) We have



bn = Gn(an ) ,



x = Gn(xn ) ,



xn = Hn(x )



and



an = Hn(bn)



Proposition A-4 Let x > 0 . For n = 0, we set F0 = G0([0, a0]) . Then : F0 = [0, a0] For n > 0, we set Fn = Gn(]0, an]) . Then: Fn = ]bn-2, bn] if n is even and [bn, bn-2[ if n is n odd. If n is even , Fn ⊂ [0,x] . If n is odd , Fn ⊂ [x,+∞ [ . The intervals Fn are pairwise disjoint. If x is irrational, the intervals Fn constitute a partition of [0,x[ ∪ ]x,+∞ [ . If x is rational with x = bp , the intervals Fn constitute a partition of [0,x] ∪ [bp-1,+∞ [ if p is even [0,bp-1] ∪ [x,+∞ [ if p is odd



35 Framing of |x - bn | Proposition A-5 Let n+1 ∈ M . n



(− 1) (q n − 1+q n x n +1) q n



(1)



x - bn =



(2) If n +1 ∈ M ,



1 (q n +q n +1)q n



< |x - bn | ≤



and |x - bn | = (-1) n (x - bn) 1 q n+1 q n



≤



1 (q n − 1+q n ) q n .



We have |x - bn | = 1/ (qn+1 qn) only if x is rational and if bn+1 = x. (3) If n +1 ∈ M , |qn x - pn| > |qn+1 x - pn+1| and |x - bn| > |x - bn+1| . (4) The sequence (b2k) is strictly increasing. The sequence (b2k+1) is strictly decreasing. (5) If x is irrational, the sequence (bn) tends to x , the sequences (b2k) and (b2k+1) are adjacent. (6) If x is rational, the last convergent bp is equal to x .



Some algebraic properties of the continued fractions and the convergents Proposition A-6 Let (x0 , x1 , x2 , x3 , … , xn , … ) be the sequence of successors of x , (a0 , a1 , a2 , a3 , … , an , … ) be the continued fraction associated with x , and (b0 , b1 , b2 , b3 , … , bn , …) be the sequence of convergents associated with x . Let a ∈ Z . Sequence of successors of x + a : (x0 +a, x1 , x2 , x3 , … , xn , … ) . Continued fraction associated with x + a : (a0 +a , a1 , a2 , a3 , … , an , …. ) . Sequence of the convergents associated with x + a : (b0 +a , b1 +a , b2 +a , b3 +a ,… , bn +a , … ) . Let 0 < x < 1 . Sequence of successors of 1/x: (x1 , x2 , x3 , … , xn , … ) . Continued fraction associated with 1/x : (a1 , a2 , a3 , … , an+1 , … ) . Sequence of the convergents associated with 1/x : (1/b1 , 1/b2 , 1/b3 , … , 1/bn+1 , … ) . Let x > 1. Sequence of successors of 1/x: (1/x0 , x0 , x1 , x2 , x3 , … , xn , … ) . Continued fraction associated with 1/x : (0 , a0 , a1 , a2 , a3 , … , an-1 , … ) . Sequence of the convergents associated with 1/x : (0 ,1/b0 ,1/b1 ,1/b2 ,1/b3 , … ,1/bn-1 , …) . Let x > 0 and x - a0 > 1/2 (a1 = 1). Sequence of successors of -x: (-x0 , x2 +1 , x3 , … , xn , … ) . Continued fraction associated with -x : (-a0-1, a2 +1, a3 , … , an , … ) . Sequence of the convergents associated with -x : (-b1 , -b2 , -b3 , … , -bn+1 , ... ) . Let x > 0 and x - a0 < 1/2 (a1 > 1) . Sequence of successors of -x: (-x0 , 1+1/(x1 -1) , x1 -1 , x2 , x3 , … , xn , … ) . Continued fraction associated with -x : (-a0-1, 1 , a1-1, a2 , a3 , . . , an , . . .) . Sequence of the convergents associated with -x : (-b0-1, -b0 , -b1 , -b2 , -b3 , … , -bn-1 , …) .



36 Theorem A-7 (Best approximation.) Let x be an irrational number. For any integer p and any integer q such as 0 < q < qn+1 we have : | q x − p | ≥ | qn x − pn | . The inequality is an equality if and only if p = pn and q = qn .



Proposition A-8 Let x be an irrational number. Let p and q ≥ 0 be two integers. For any integer n one of convergent bn = pn/qn or bn+1 = pn+1/qn+1 satisfies:



| x − p/q | < 1/2q² .



Proposition A-9 Let x be an irrational number. Let p and q be two integers such as



q >0 .



The relation | x − p/q | < 1/2q² implies that p/q is a convergent of x .



Determining a convergent defined by its sequence of integers with Maxima Let bn be a convergent defined by the list F = [a0 , a1 , a2 , . . . , an-1 , an] . bn = a0+1/(a1 + 1/(a2 + . . . + 1/(an-1 + 1/an )...)) . A first program uses the recurrence relation: βn = an , βi = ai + 1/ βi+1 for n > i ≥ 0 . Then bn = β0 . R0(F):=(b:last(F) , F:rest(F,-1) , for j while F # [] do (a:last(F) , b:a+1/b , F:rest(F,-1) ) , b) $ Another program, reconstitutes the coefficients Ai , Bi , Ci , Di by beginning by i = 0. For the last calculated values of B and D, we have x = B/D. R(F):=(A:0 , B:1 , C:1 , D:0 , for j while F # [] do (a:first(F) , B:A + (A:B)* a , D :C + (C:D) * a , F:rest(F,1) ) , B/D) $ (%i3) R([0,1,2,3,4,5,6,7,8,9,10]); 5225670 (%o3) 7489051



Proposition A-10 (1) Let (a0, . . . , am) be a finite sequence of integers such as an ≥ 1 for any n > 0 and am ≥ 2. Then the sequence is the continued fraction of a rational number. (2) Let (an)n∈N be an infinite sequence of integers such as an ≥ 1 for any n > 0. Then the sequence is the continued fraction of an irrational number.



37 Proof (1) We proceed by induction on m. For m = 0, x = a0 . E(x) = a0 . (a0) is the continued fraction of the integer x. Let us assume the true property at rank m. Let(a0, . . . , am+1) et x = a0+1/(a1 + 1/(a2 + . . . + 1/(am + 1/am+1 )...)) . We set x1 = a1 + 1/(a2 + . . . + 1/(am + 1/am+1 )...). According to the induction hypothesis, (a1, . . . , am+1) is the continued of x1 . More x = a0+1/x1 . We verify : x1 > 1 . Then E(x) = a0 and x1 = 1/(x-a0) . Then (a0, . . . , am+1) is the continued of x . (2) We set p-2 = 0 , q-2 = 1 , p-1 = 1 and q-1 = 0 . For any n ∈ N , we set : pn = pn-2 + pn-1 an , qn = qn-2 + qn-1 an and bn = a0+1/(a1 + 1/(a2 + . . . + 1/(an-1 + 1/an )...)). We check the following properties which depend only on the definitions of pn , qn , bn and Properties of the sequence (an) : (a) bn = pn /qn . (b) For any n ∈ N ∪ {-1} , pn qn-1 – pn-1 qn = (-1)n+1 . (c) The sequence (qn) is increasing, with qn+1 > qn for n ≥ 1 . (d) La suite (qn) tend vers l'infini . (e) bn+2 – bn = (-1)n an+2 /qn+2 qn et 0 < |bn+2 – bn | < 1/qn+1 qn pour n ≥ 0 . (f) bn+1 – bn = (-1)n /qn+1 qn for n ≥ 0 . It follows that the sequence (b2k) is strictly increasing, the sequence (b2k+1) is strictly decreasing and their difference tends to 0. These two adjacent sequences converge to a real number x which satisfies b2k < x < b2k+1 . Then the sequence (bn) converges to x. Let s > n+1 be an integer . If as > 1, then (a0, . . . , as) is the continued of bs . If as = 1, then (a0, . . . , as-2 , as-1+1) is the continued of bs . It follows from the proposition A-5 : (-1)n (qn bs – pn) > (-1)n+1 (qn+1 bs – pn+1) > 0 for n ≥ -1. When s tends to infinity, we obtain: (-1)n (qn bs – pn) ≥ (-1)n+1 (qn+1 bs – pn+1) > 0 . (The equality qn+1 x – pn+1 = 0 contradicts the relation b2k < x < b2k+1 ) . We set xn = Hn(x) . Hn(x) = (qn-2 x – pn-2)/(pn-1 – qn-1 x) . It remains to prove that E(xn) = an et xn+1 = 1/(xn – an) for any integer n. Calculation gives : xn – an = Hn(x) – an = (qn x – pn)/(pn-1 – qn-1 x) . Then xn+1 = 1/(xn – an) . As qn x – pn and qn-1 x – pn-1 have opposite signs, we have xn – an > 0 . More (qn x – pn)/(pn-1 – qn-1 x) ≤ 1 . If xn – an < 1 , then E(xn) = an . What happens if xn – an = 1 ? Let us suppose, for example, n is even. We have xn = an + 1, x = Gn(an+1) = Gn+1(1) ≥ Gn+1(an+1) = bn+1. What contradicts x < bn+1. Then the sequence (an) is the continued of x and x is an irrational number.



38 B- Best fraction equal to x in ε near In what follows ε denotes a positive real number. Let x be a nonzero real number. If x > 0,we suggest determiningthe smallest integers p ≥ 0 and q > 0 such as |x - p/q| < ε . In this case p/q is the best fraction equal to x in ε near. Il x < 0, the best fraction equal to x in ε near. the opposite of the best fraction equal to |x| in ε near. In what follows, we suppose x ≥ 0



Proposition B-1 Let A, B, C, D be positive or null integer such as |AD – BC| = 1. We have the following properties: (1) B and D be relatively prime. A and C are relatively prime. (2) Let d be an integer. Then A + B d and C + D d are relatively prime. (3) Let r/s be an irreducible fraction with r> 0 and s> 0. Then: (a) A s + B r and C s + D r are relatively prime. (b) If r/s > d-1 where d is positive or null integer, we have: A s + B r ≥ A + B d and C s + D r ≥ C + D d . If none of the integers A, B, C and D is zero and if r/s # d, these inequalities are strict. Proof (1) , (2) and (3) (a) are obtained with Bezout' theorem. Let us demonstrate (3) ( b ), Let us suppose r/s # d. It is enough to demonstrate r ≥ d . It is evident in the following cases d = 0 , d = 1 , s = 1 . If d ≥ 2 and s ≥ 2 we have r > s(d-1) ≥ d + d – 2 ≥ d.



Existence of the best fraction We will use the function Gn defined by Gn (z) =



p n− 2+z pn− 1 q n− 2+z q n− 1



with pn-1.qn-2 -pn-2.qn-1 = (-1)n.



Proposition B-2 Let x ≥ 0 . (1) There is a smallest integer n such as |x - bn| < ε . (2) There is a smallest positive or null integer d such as |x - Gn(d)| < ε . (a) If n = 0, d is an element of the interval [0, a0] . (b) If n>0, d is an element of the interval [1, an] . (c) Gn(d) is the best fraction equal to x in ε near.



39 Proof (1) Let A be the set of the integers n such as |x - bn| < e . If x is irrational, A is not empty because the sequence (|x - bn|) tends to 0. If x is rational, A is not empty because it contains the rank m of the last term of the continued fraction, since bm = x .Thus A admits a smaller element. (2) Let B be the set of the integers p such as |x-Gn(p)| < e. B is lower bound by 0 and is not empty because it contains an (Gn(an) = bn). Thus B admits a smaller element d belonging to [0,an] . (b) Lat n > 0 . If n = 1 , d # 0 as G1(0) is not défined . In other cases, Gn(0) = bn-2 and |x - bn-2| ≥ ε . Then d # 0 . Then d belong to the interval [1, an] . (c) If 0 belongs to ]x-ε,x+ε[ , we have n = 0 , G0(0 ) = 0 = 0/1 is the best fraction. Suppose that 0 does not belong to ]x-ε,x+ε[ . We verify ]x-ε,x+ε[ ⊂ Gn(]0, +∞[): for example, for n even > 0 , we have x - bn-2 ≥ ε and bn-1 - x ≥ ε . Then ]x-ε,x+ε[ ⊂ ]bn-2, bn-1[ = Gn(]0, +∞[) (proposition A-6) . Let p/q be a fraction belonging to ]x-ε,x+ε[ . There is an irreducible fraction r/s> 0 such that s>0 and p/q = Gn(r/s) . As Gn is monotonic and d is the smallest integer such that Gn(d) belongs to ]x-ε,x+ε[, we have r/s > d-1. Gn(r/s) = (s pn-2 + r pn-1)/(s qn-2 + r qn-1) and Gn(d) = (qn-2 + d qn-1)/(qn-2 + d qn-1) . According to the proposition B-1 , the fraction (s pn-2 + r pn-1)/(s qn-2 + r qn-1) is irreducible and We have : Then



s pn-2 + r pn-1 ≥ pn-2 + d pn-1



and



s qn-2 + r qn-1 ≥ qn-2 + d qn-1 .



p ≥ pn-2 + d pn-1



and



q ≥ qn-2 + d qn-1 .



Then Gn(d) is the best fraction.



Proposition B-3 Let Hn be the reverse function of Gn . Then d = max(E( Hn(x-(-1)n ε))+1,0) . Proof: d is the smaller integer positive or null such as |x - Gn(d)| < ε . Let Hn be the reverse function of Gn. Let n = 0. G0(d) = d . For d ∈[0, a0] we have 0 < x – d < ε . d is the smaller integer such as d > x – ε and d ≥ 0 . Then d = max(Entier(X-ε) + 1,0) . . Let n > 0 and n impair. Gn is a strictly increasing function on [0, an]. d is the smaller integer which verifie: 0 < x – bn = x – Gn(an) ≤ x – Gn(d) < ε d is the smaller integer which verifie: Gn(d) > x – ε . Then d = Entier(Hn(x–ε)) + 1 . For n > 0 and n odd , is obtained in the same manner : d = Entier(Hn(x+ε)) + 1 . In any case, we have:



d = max(Entier(Hn(x-(-1)n ε)+1,0) .



40 Remarks (1) Let n be the integer defined in the proposition B-2. For any k > n, we have |x - bk|< ε, pn ≤ pk and qn ≤ qk (these inequalities are strict for n>0). We will say that bn is the best convergent equal to x in ε near . (2) The best convergent equal to x in ε near is not always the best fraction equal to x in ε near. (3) The best convergent is defined by the sequence (a0 , a1 , a2 , a3 , … , an-1 , an) . The best fraction is defined by the sequence ( a0 , a1 , a2 , a3 , … , an-1 , d) .



Interpretation in the case where n is even Gn(d) Gn(an) ______________|_____|____|___________|______________________|___________ x-ε p/q bn x x+ε Gn being strictly increasing, it is sometimes possible to find an integer d ∈ [0,an[ such as Gn(d) ∈]x-ε, bn[ . In that case the best fraction equal to x in ε near is different of bn . The objective of what follows is to characterize, for a given value of n, the integers d such as Gn(d) is the best fraction equal to x in ε near, for a value suitably chosen of ε. For n = 0, G0(d) = d and a0 = b0 . The suitable values of d are integers belonging to the interval [0,a0]. It is enough to choose ε = x-d+1/2 . We deduce from the proposition A-4 the following result.



Proposition B-4 Let x > 0 . Let p/q be the best fraction equal to x in ε near . The pair (n,d) which verifies d∈[1, an] and p/q = Gn(d) is unique.



Remark Let x > 0 . If n is even the inequality bn -1 - x > x - Gn (d) is equivalent in Gn (d) + bn -1 > 2 x . If n is odd the inequality x - bn -1 > Gn(d) – x is equivalent in Gn (d) + bn -1 < 2 x . Is verified (-1)n (Gn(an) + bn-1 -2 x) > 0 .



Proposition B-5 Let x > 0 and an the term of rank n > 0 of the continued fraction associated with x . (1) the smallest positive integer a such as: (C) (-1)n (Gn(a) + bn-1 – 2 x) > 0 is defined by: a = E(Hn(2 x – bn-1 )) +1 (2) Let d an integer. We can find ε such as Gn (d) be the best fraction equal to x in ε near if and only if d is element of [a,an] . Proof Let us place we in case n is even. (1) Condition (C) is written Gn(a) > 2 x -bn-1 . As Gn is strictly increasing, we have a = E(Hn(2 x - bn-1 )) +1



41 (2) Let us note at first that x - bn < bn-1 - x and Gn(an) = bn . Let d be an element of [a,an ]. If d = a, according to the condition (C), the definition of a, and by the fact that Gn is increasing we have: 0 ≤ x - bn ≤ x - Gn(a) < bn-1 - x ≤ x - Gn(a-1) . It is enough to choose ε such as x - Gn (a) < ε < bn -1 - x . If d > a , we have: 0 ≤ x - bn ≤ x - Gn(d) < x - Gn(d-1) ≤ x - Gn(a) < bn-1 - x . It is enough to choose ε such as x - Gn (d) < ε < x - Gn (d-1) . Prove that if d belongs to the interval [1,a[, Gn(d) can not be a best fraction. For d element of [1,a[, we have: 0 < bn-1 – x ≤ x – Gn(a-1) ≤ x – Gn(d) . If there was ε such as Gn(d) be the best fraction equal to x in ε near, we would have 0< bn-1- x< ε. There would be an integer p ≤ n-1 and d'∈[1, ap] such as Gn(d) = Gp(d'), this contradicts proposition B-4.



Remark Let x > 0 . Any integer d ∈ ]0 , a0] is the best fraction equal to x for ε ∈ ]x-d , x-d+1], 0 is the best fraction equal to x for ε > x.



A case where the best fraction and the best convergent are identical Proposition B-6 Let x be a positive real number such as bn +1 # x . Let ε = 1/qn+1 qn . Then: (1) bn is the best convergent equal to x in ε near. (2) bn is the best fraction equal to x in ε near. Proof (1) According to the proposition A-4, we have |x - bn| < ε . If n = 0, b0 is the best convergent. Let n > 0. |x - bn-1| > 1/ (qn-1 (qn-1 + qn)) ≥ 1/ (qn-1 qn+1) ≥ 1/(qn+1 qn) = ε. Then bn is the best convergent. (2) If n # 0 and an = 1, the property is evident. In other cases, |x - Gn(an -1)| = (xn -an+1)/((qn - qn-1)( xn qn-1+ qn-2)) > 1/((qn - qn-1)(qn + qn-1)) ≥ 1/((qn - qn-1) qn+1) ≥ 1/(qn+1 qn) = ε. Then bn is the best fraction.



Remark We have bn+1 = x when x is rational. In that case, | x - bn| = 1/(qn+1 qn) = ε. Then the best convergent is bn+1 and the best fraction is the first best fraction in the rank n+1 .



Proposition B-7 Let x be a positive irrational number. Let p be the smallest integer such as Then the smallest integer n such as |x - bn| < ε is p-1 or p .



1 (q p − 1+q p )q p



≤ε.



Proof We use the following result: 1/((qp+qp+1) qp) < |x - bp| < 1/((qp-1+qp) qp) . From this relation we deduct n ≤ p . If p = 0 or p = 1, the property is obvious. Let i >1 . we have |x – bp-2 | > 1/ ((qp-2 + qp-1) qp-2) > 1/((qp-2 + qp-1) qp-1) > ε . Then n > p-2 .



42 C- Decimal representation of a real number Proposition C-0 (1) 9 (10m–1 +10m–2 +...+10 + 1 ) = 10m – 1. (2) 9 (1/10+1/10²+... +1/10m) = 1 – 1/10m . (3) 9 (1/10+1/10²+... +1/10m) tends to 1 when m tends to infinity . Let x = a0 + a1/10 + a2/10² + … +ap/10p . a0 is an integer, a1 , a2 , … , ap are integers between 0 and 9 . x is a decimal number as 10p x is an integer. Let m be an integer such as 0 ≤ m ≤ p . We set : Sm = a0 + a1/10 + a2/10² + … +am/10m . Then : x = Sm + b/10m where b = am+1/101 + … + ap/10p-m . We verify: Sm = E(10m x)/10m , 0 ≤ b ≤ 9 (1/10+1/10²+... +1/10p-m) = 1–1/10p-m < 1 , a0 = E(x) and 0 ≤ x – (a0 + a1/10 + a2/10² + … +am/10m) < 1/ 10m This simply express that for x = 5,947695234, we have 0 ≤ x – 5,947695 < 1/106 We can complete the sequence (a0 , a1 , a2 , .., ap) with an = 0 for n > p. The previous relation is still valid for any integer m ≥ 0. The objective is to determine, for any real number x, an infinite sequence (am) having the same property. This sequence will be decimal representation of x (denoted DR of x).



Proposition C-1 Soient un nombre réel x , un entier m ≥ 0. On pose dm = E(10m x)/10m . (1) There is only one decimal d ∈ ] x–1/10m, x ] such as d 10m be integer. It is equal to dm . (2) There is only one decimal d ∈ ] x, x+1/10m ] such as d 10m be integer. It is equal to dm +1/10m . (3) The sequences (dm) and (dm + 1/10m ) converge to x. (4) There is an unique infinite sequence (am) of integer which verifies : m



0 ≤ am ≤ 9 and



0 ≤ x – ∑ ai /10i < 1/10m , for any integer m ≥ 0 i=0



It is defined with a0 = E(x) and am = E(10m x) - 10 E(10m-1 x) for m > 0 . (5) If x is a decimal number, the terms am are zero from a certain rank. (6) There is no rank from which all terms am are equal to 9 .



43 Proof : (1) Let d such as 10m d be an integer. The double inequality x – 10–m < d ≤ x is equivalent to d ≤ x < d + 10–m , next to 10m d ≤ 10m x < 10m d + 1, next to E(10m x) = 10m d, next to d = dm . 10m dm is an integer. (2) The double inequality x < d ≤ x+1/10m is equivalent to x– 10–m < d – 10–m ≤ x . Assuming 10m d integer, 10m (d – 10–m) is integer. According to (1) , d–10–m = dm . Then d = dm +1/10m. 10m (dm + 10–m) is an integer. (3) results from (1) , (2) and that 1/10m tends to 0 when m tends to infinity. m



(4) For such a sequence we set Sm = ∑ ai /10i . 10m Sm is an integer and Sm ∈ ] x–1/10m, x ] . i=0 It follows that Sm = dm . a0 = S0 = d0 = E(x). For m > 0, calculation gives am =10m (dm – dm-1) = E(10m x) – 10 E(10m-1x). This ensures the uniqueness of the sequence (am) . Let y = 10m-1 x . am = E(10 y) – 10 E(y) . E(y) ≤ y < E(y) + 1 . 10 E(y) ≤ 10 y < 10 E(y) + 10 . Then : 10 E(y) ≤ E(10 y) < 10 E(y) + 10 , next : 0 ≤ E(10 y) – 10 E(y) < 10 . As am is integer, we have 0 ≤ am ≤ 9 . In the following, a0 = E(x) and am = E(10m x) – 10 E(10m-1x) for m > 0 . Prove by induction: Sm = dm . For m = 0, S0 = a0 = E(x) = d0 . Let m > 0 . We assume Sm-1 = dm-1 . Then Sm = Sm-1 + am /10m = dm-1 + 10m (dm – dm-1)/10m = dm . This ensures the existence of the sequence (am) . The sequence (am) is the decimal representation of x . ∞



To express that the sequence (Sm) converges to x, we write : x = ∑ ai /10i . i=0 p



(5) If x is a decimal number, there is an integer p such as 10 x is an integer. Then, for any integer m > p , we have am = E(10m x) – 10 E(10m-1 x) = 10m x – 10 × 10m-1 x = 0 . (6) Let bus assume that there is an integer p such as am = 9 for any m > p . In that case x is not decimal. ∞



p



p



x = ∑ ai /10 + 1/10 ∑ 9/10 = ∑ ai /10i + 1/10p (proposition C-0 (3)). x would be decimal. i



i=0



p



i



i=1



i=0



Which is contradictory.



Writing Let x > 0 . We set x = a0,a1 a2 … am … and – x = – a0 ,a1 a2 … am … . Example : π = 3,141592653... . – π = – 3,141592653... . However (– a0 , a1 , a2 , … , am , …) is not the DR of – x . Let (a'm) be the DR of – x. If x is integer, E(-x) = – x , if not, E(– x) = –E(x) – 1 . Let m > 0. If 10m-1 x and 10m x are not integer : a'm = 9 – am . m-1 m If 10 x is not integer and 10 x integer : a'm = 10 – am . a'm = 0 . If 10m-1 x and 10m x are integers : DR of – π : (- 4,8,5,8,4,0,7,3,4,6, … ) . - π = -4 +0,858407346… . For x = 51,289652395, DR of – x : (-52,7,1,0,3,4,7,6,0,5,0, … ,0, … ). -x= -52+0,710347605 .



44 Rounding of am to the nearest unit Using the propositions C-0 and C-1, we proof :



Proposition C-2 (1) If am+1 ≤ 4 , we set Dm = Sm . Then 0 ≤ x – Dm < 5/10m+1 . (2) If am+1 ≥ 5 , we set Dm = Sm + 1/10m . Then 0 < Dm - x ≤ 5/10m+1 . In any case : |x – Dm | ≤ 5/10m+1 .



Proposition C-3 We assume that d 10m is an integer. If 0 ≤ x – d < 5/10m+1 , then d = Sm and am+1 ≤ 4 . If 0 < d – x < 5/10m+1 , then d = Sm + 1/10m and am+1 ≥ 5 . If |d – x| = 5/10m+1 , then d = Sm or d = Sm + 1/10m and x = Sm + 5/10m+1 .



The first m decimals of the decimal representation of x Proposition C-4 Let a real number x , an integer m > 0 and cm(x) = E(10m x) – 10m E(x) = E(10m (x – E(x)) . (1) The equation : x = E(x) + c 10–m + b 10–m has a unique solution (c,b) such as c be an integer and b a real number verifying 0 ≤ b < 1 : c = cm(x) and b = 10m x – E(10m x) . (2) In basis 10, cm(x) is written: a1a2…am where a1 , a2 , … , am are the first m digits of the decimal representation of x. (3) 0 ≤ cm(x) ≤ 10m – 1 . (4) If x is integer, cm(x) = 0 for any integer m ≥ 0 . (5) If x is not integer, there is an integer p > 0 such as for any m ≥ p, we have 1 ≤ cm(x) ≤ 10m–2 . Proof: (1) We set d = E(x) + c 10–m . The equation is equivalent to 0 ≤ x – d < 1/10m where 10m d is an integer. Then E(x) + c 10–m = dm = E(10m x)/10m (Proposition C-1 (1)). Calculation gives c = cm(x) , next b = 10m x – E(10m x) . c is an integer and 0 ≤ b < 1 . m



(2) cm(x) = 10m (Sm – a0) = ∑ ai 10m-i . m



(3) 0 = ∑ 0 10 i=1



m m-i



≤ ∑ ai 10 i=1



i=1 m-i



m



≤ ∑ 9 10m-i = 10m – 1 . i=1



(4) If x is integer, 10m x is integer and cm(x) = E(10m x) – 10m E(x) = 10m x – 10m x = 0 . (5) According to the proposition C-1, there is a rank u > 0 such as au # 9 . Then for any m ≥ u , cm(x) # 10m – 1 . If x is not integer, there is a rank v > 0 such as av # 0 . Then for any m ≥ v , cm(x) # 0 . Then for any m ≥ max(u,v) = p , we have 1 ≤ cm(x) ≤ 10m –2 .



Propriété C:



cm+p(y) = 10p cm(y) + cp(y) and 10p cm(y) ≤ cm+p(y) ≤ 10p cm(y) + 10p – 1



45 Obtaining condition of an integer part Proposition C-5 Let x be an integer. Then for any integer m>0 and any y verifying |x – y| < 10-m we have: either cm(y) = 0 and x = E(y) or cm(y) = 10 m -1 and x = E(y) + 1 . Proof : We have x = y = x + a 10-m with -1 < a < 1 . If 0 ≤ a < 1 , we have cm(y) = 0 and E(y) = x . If -1 < a < 0 , y = x - 1 + (1+a 10-m)



where 0 < 1+a 10-m < 1 . Then E(y) = x – 1 .



Furthermore, y = x – 1 + (10 m -1) 10 -m + (1+a) 10-m with 0 < 1+a < 1 . Then cm(y) = 10 m – 1 .



Proposition C-6 Let x be a different number of an integer. (1) Let an integer m > 0 and y be a real number such as : |x – y| < 10–m and 1 ≤ cm(y) ≤ 10m – 1 . Then: E(x) = E(y). If more 3 ≤ cm(y) ≤ 10m – 3, for any z verifying |x – z| < 10–m, we have E(z) = E(x) and cm(z) ≥ 1. (2) There is an integer p > 0 such as : for any integer m > p and any y verifying |x – y| < 10–m , we have : 3 ≤ cm(y) ≤ 10m –3 . Proof (1) x = y + a 10-m with -1 < a < 1 . y = E(y) + cm(y) 10–m + b 10–m with 0 ≤ b < 1 . Then x = E(y) + cm(y) 10–m + (a+b) 10–m . We set : d = cm(y) + a + b . We have : 0 < d < 10m. Then 0 < d 10–m < 1 and E(x) = E(y) . Assume 3 ≤ cm(y) ≤ 10m – 3 . Let z such as |x – z| < 10–m . z = x + e 10–m with -1 < e < 1 . z = E(x) + (cm(y) + a + b + e) 10–m . We set f = cm(y) + a + b + e . We have 1 < f < 10m . Then 0 < f 10–m < 1 and E(z) = E(x) . More 1 ≤ E(f) = cm(z) ≤ 10m – 1 . (3) As x is not integer, there is q > 0 such as 1 ≤ cq(x) ≤ 10q – 2 . Let an integer r ≥ 1 and m = q + r . We have: 10r ≤ cq+r(x) ≤ 10q+r – 10r – 1 ( property C). x = E(x) + cq+r(x) 10–q–r + b 10–q–r with 0 ≤ b < 1 . Let y such as |x – y| < 10–q–r . y = x + a 10–q–r with -1 < a < 1 . y = E(x) + cq+r(x) 10–q–r + (a+b) 10–q–r . d = cq+r(x) + a+b . 10r – 1 < d < 10q+r – 10r + 1 . Then 3 < 10r – 1 ≤ E(d) = cm(y) ≤ 10m – 10r < 10m – 3 . Just choose p = q+1 .



46 D- Necessary precision in the calculation of an In what follows, x is an irrational number. For any n , xn is not integer. The functions Gn and Hn inverses of each other are defined by : Gn ( z)=



( An− 1+B n− 1 z ) (C n− 1+Dn− 1 z )



and



H n (t )=



(C n− 1 t − An− 1) (Bn− 1− D n− 1 t )



From proposition A-3, is deduced the following results: For n > 0, q belongs to domain of definition of Hn , if and only if (-1)n-1(q – bn-1) > 0 . For any integer p > 0 and any integer n, Gn is defined on interval I = ]xn – 10-p , xn + 10-p [. It's true for n = 0 . It's also true for n > 0 as xn > 1 . Let J the set of numbers q such as |xn – Hn(q)| < 10-p . As Gn is continuous strictly monotone, J is an open interval which contains x defined by J =Gn(I). We deduct from the above and the proposition C-6 :



Proposition D-1 Let (mn) be a sequence (mn) of positive integers and (rn) be a sequence of real numbers such as, |xn – rn| < 10–mn and 3 ≤ cmn(rn) ≤ 10mn – 3 . (1) Let In the set of the numbers z such as |xn – z| < 10–mn . Let Jn the set of the numbers q such as |xn – Hn(q)| < 10–mn We have : Jn = Gn(In) . Jn is an open interval containing x . For anyq ∈ Jn , E(Hn(q)) = an . (2) Let Nn the intersection of the intervals Ji for 0 ≤ i ≤ n. Nn is an open interval containing x. For any q ∈Nn , the continued fraction of q coincides with that of x at least up to the order n. Calculation of xn and an is iterative .The value of mn is not known a priori. We must determine the necessary precision with which we must choose the approximate value qn of x to obtain a value of mn satisfying the property (1) with rn = Hn(qn).We will use elements from the calculation of an-1 .



Proposition D-2 Let n > 0 , x be an irrational number and q be a real number such as (-1)n-1(q – bn-1) > 0. We assume that the continued fraction of q coincides with that of x up to rank n-1. Then : | xn – Hn(q) | = |x – q | (Cn-1 + Dn-1 xn )(Cn-1 + Dn-1 Hn(q))



(1)



Proof: As q # bn-1 , the continued fraction of q is defined at least up to rank n. The Function Hn defined with parameters of rank n-1, is the same for x and q . We have xn = Hn(x) and we set r = Hn(q) . By calculation : |xn – r| = |Hn(x) - Hn(q)| =



∣ x – q∣



∣ D n− 1 x – Bn − 1∣∣ D n − 1 q – Bn− 1∣



=



∣x



– q∣ Dn− 1 ²∣ x – bn − 1∣∣ q – bn − 1∣



As |An-1 Dn-1 – Bn-1 Cn-1| = 1 and using proposition A-5, we obtain : |x – bn-1| = 1/[(Cn-1 + Dn-1 xn) Dn-1] and |q – bn-1| = 1/[(Cn-1 + Dn-1 r) Dn-1] . Relation (1) results.



47 Proposition D-3 Let n > 0 and q be a real number such as (-1)n-1(q – bn-1) > 0. We assume that the continued fraction of q coincides with that of x up to rank n-1. Let an integer m > 0 and r a number such as : | xn-1 – r | < 10–m and 3 ≤ cm(r) ≤ 10m - 3 . Letr Kn be an integer verifying : (Dn-1 10 m)² ≤ 10Kn . We assume : | xn-1 – Hn-1(q)| < 10–m . Then: (Cn-1 + Dn-1 xn ) (Cn-1 + Dn-1 Hn(q)) < (Dn-1 10m)² | xn – Hn(q) | < |x – q| 10Kn



(2)



(3)



Proof We set cm = cm(r) . According to proposition C-6 (1) , we have E(r) = E(xn-1) = an-1 . r = an-1 + cm 10–m + b 10–m with 0 ≤ b < 1 . By definition, xn = 1/( xn-1 – an-1). We have xn-1 = r + a 10–m with -1 < a < 1 . Then xn-1 – an-1 = (cm + a + b)10–m > 2 10–m , next



xn < 10m /2 .



Then Cn-1 + Dn-1 xn < Cn-1 + Dn-1 10m /2 ≤ Dn-1 (1+ 10m/2) . As the continued fraction of q coincides with that of x up to rank n-1, the function Hn is the same for x and q . We set Hn-1(q) = z and Hn(q) = s . Then s = 1/(z – an-1) . As | xn-1 – z| < 10–m , we have cm(z) ≥ 1 and E(z) = E(xn-1) = an-1 (proposition C-6 (1)) . z = an-1 + cm(z)10–m + d 10–m with 0 ≤ d < 1. D'où z – an-1 ≥ 10-m , next s ≤ 10m . Then Cn-1 + Dn-1 s < Cn-1 + Dn-1 10m ≤ Dn-1 (1+ 10m) . Next (Cn-1 + Dn-1 xn ) (Cn-1 + Dn-1 s ) ≤ (Dn-1)² (102m +3 10m+2)/2 < (Dn-1)² 102m (as m ≥ 1). (3) results of the relations (1) and (2).



Proposition D-4 Let x be an irrational real number . Hn is the function associated with the continued fraction of x. We can find two sequences (qn) and (rn) of real numbers and sequence (mn) , (Kn) , (Vn) of integers and a sequence (On) of open intervals containing x wich verify : (1) rn = Hn(qn) . (2) (Dn-1 10mn-1)² ≤ 10Kn for n > 0 . (3) | xn – rn | < 10–mn and 3 ≤ cmn(rn) ≤ 10mn – 3 . (4) K0 ≥ 0 , V0 ≥ K0 +m0 and Vn ≥ max( Kn + mn , Vn-1 ) for n > 0. (5) On is the set of numbers q such as | x – q | < 10–Vn . On ⊆ On-1 for n > 0. (6) qn ∈ On and for any q ∈ On , the continued fraction of q coincides with that of x at least up to the order n.



48 Proof: i=n



For an integer n, Jn is the set of the numbers q such as |xn – Hn(q)| < 10



–mn



and Nn = ∩ Ji . i=0



We proceed by induction on n jointly proving property : On ⊆ Nn . Let n = 0 . As x is not integer, there is an integer m0 such as for any y verifying |x – y | < 10–m0 , we have 3 ≤ cm0(y) ≤ 10m0 – 3 (proposition C-6 (2)) . For an integer K0 ≥ 0, we choose V0 ≥ K0+ m0 . We choose q0 (possibly decimal) such as : |x – q0 | < 10–V0 . We have |x – q0 | < 10–m0 . Then 3 ≤ cm0(q0) ≤ 10m0 – 3. According to C-6 (1), E(q0) = a0 ( q0 ∈ O0 and r0 = q0 ) . For any q ∈ O0 , E(q) = a0 (proposition C-6 (1)) . We have O0 ⊆ J0 = N0 Let n > 0 . Assume the sequence (qn) defined up to order n-1 . Let q ∈ On-1 . We have On-1 ⊆ Nn-1 . The continued fraction of q coincides with that of x at least up to the order n-1 (proposition D-1). We have | xn-1 – rn-1 | < 10–mn–1 , 3 ≤ cmn-1(rn-1) ≤ 10mn–1 – 3 and |xn-1 – Hn-1(q)| < 10–mn–1 . According to the proposition D-3 , we have : | xn – Hn(q) | < |x – q| 10Kn (7) . As xn is not integer, there is an integer mn such as for any y verifying |x – y | < 10–mn , we have 3 ≤ cmn(y) ≤ 10mn – 3 (proposition C-6 (2)). We choose an integer Vn ≥ max(Kn + mn , Vn–1). We have On ⊆ On-1 . Prove that any q ∈ On belongs to domain of definition of Hn (-1)n-1(q – bn-1) = (-1)n-1(x – bn-1) + (-1)n-1(q – x) = |x – bn-1| + (-1)n-1(q – x) ≥ |x – bn-1| – |q – x| . Note that Cn-1 + Dn-1 xn < Dn-1 (1+10mn–1 /2) < Dn-1 10mn–1 (see proof of proposition D-3). Alors |x – bn-1| > 1/[10mn–1 ( Dn-1)²] (proposition A-5). De plus |q – x| 1/[10mn–1 ( Dn-1)²] – 1/(Dn-1 10mn–1)² > 0 . We choose qn (possibly decimal) in On and we set rn = Hn(qn) . Using (7), we obtain |xn – rn| < 10–mn . Then 3 ≤ cmn(rn) ≤ 10mn – 3 . The same for any q ∈ On, we have | xn – Hn(q) | < 10–mn . Then On ⊆ On-1 ∩ Jn ⊆ Νn-1 ∩ Jn = Nn . According to the proposition D-1 the continued fraction of any q ∈ On coincides with that of x at least up to the order n.



Remarks The calculation program proposes increasing values of mn until the condition 3 ≤ cmn(rn) ≤ 10mn – 3 holds. The proposition C-6 (2) assures that a suitable value of mn will be obtained after a finite number of operations. If x is rational, the above result is valid for values of n below the rank p of the last term of the continued fraction of x. For n=p , if cmp(rp) = 0 , E(rp) = ap , if not E(rp) = ap -1.



49 E- Starting Precision Let x be a real number and E the integer which verifies 10E ≤ |x| < 10E+1 if x # 0. E = -1 if x = 0 . For a precision P, we set tP = bfloat(x) and sP = σ × m × 10e+1-P where σ is the sign, m the mantissa which has P digits and e the exponent of bfloat(x). sP is a decimal number. For a sufficient value of P , e = E. With Maxima, sP = round(tP*10^(P–e–1))*10^(e+1–P) . We set X =|x| ×10-E . Let SP-1 be the decimal representation of X limited to the rank P-1 . If x is a decimal number it is assumed that: (1) Either |sP|×10-E = SP-1 , or |sP|×10-E = SP-1 +101-P . (2) If P is greater than the rank of the last non-zero digit of the DR de X then |sP| ×10-E = SP-1 = X. By the proposition C-1 we prove : - If |sP| ×10-E = SP-1 , then 0 ≤ |x| – |sP| < 10E-(P-1) . - If |sP| ×10-E- = SP-1+101-P , then 0 < |sP| – |x| < 10E-(P-1). The condition (2) excludes |sP| – |x| = 10E-(P-1) . In all cases, we have |x – sP| < 10E–(P–1) . If x is any one we get, at best |x – sP| < 10E–(P–1) for any P ≥ 1. If more |x – sP| ≤ (5/10)10E–(P–1) the rounding of the last term is done at the nearest unit . Generally , under certain conditions there exists an integer L ≥ 1 such as : |x – sP| < 10E–(P–L) for any P ≥ L . If P ≥ L we have E – 1 ≤ e ≤ E + 1 .



Definition The starting precision of bfloat(x) is the smallest integer L such as |x – sP| < 10E-(P-L) for any precision P ≥ L. If x is the quotient of two integers, the starting precision is estimated to be 1.



Estimation of starting precision using the mean value theorem Function of elementary variables The expression of x can contain operations between diverse elements as integers, elementary functions applied to rational numbers. These numbers are denoted t1,t2,...,tn . Then x appears as the value of a function (y1,y2, ... ,yn) → F(y1,y2, ... ,yn) in the point (t1,t2, ... ,tn) and y1,y2, ... ,yn are elementary variables. For a precision P we set yi = bfloat(ti) the starting precision of which is known. Calculation of F(y1,y2, ... ,yn) gives an evaluation of bfloat(x) .



Mean value theorem Are (a,b) a point of R² , let U an open set of R² containing (a, b). (y,z)→ F(y,z) a numeric function of class C1 on U and whose partial derivatives of F are bounded on U. Let A and B posqitive numbers such as, for any M ∈ U , |∂F/∂y (M)| ≤ A and |∂F/∂z(M)| ≤ B . Let h and k real numbers such as (a+h,b+k) is in U . Then |F(a+h,b+k) - F(a,b)| ≤ A|h| + B |k|



50 Remark The mean value theorem gives an estimate of L that do not include roundings by the floating point any step of calculating bfloat (x). However, if the number of intermediate steps required to calculate bfloat(x) is not too large, the estimate obtained by this method which is often broad, allows to obtain a suitable estimation of L.



Example ____________ x = √ √2 – 1414/103 We consider the elementary variable t = √2 . We set a = 1414/103 . For a precision P ≥ 4, a is a constant for the flotting point . It is assumed that the starting of bfloat(t) is 1 . We verify 14142 10-4 < t < 14143 10-4, a+2 10-4 < t < a+3 10-4, 2 10-4 < t-a < 3 10-4 . Then E=-2. We set F(y) = √(y-a). Then F'(y) = -1/(2√(y-a)) . F is of class C1 on ]a,+∞[ . The function y → |F'(y)| is decreasing and bounded on the interval U = ]a+α,+∞[ where α = 10-4 . We verify that t is in U. For a precision P, we have |t – bfloat(t)| < 100-(P-1) . For P ≥ 5 we have bfloat(t) > t - 10-4 > a + 10-4 = a+α . Then, for any P ≥ 5, bfloat(t) is in U . As y → |F'(y)| is decreasing on U, we have |F'(y)| ≤ |F'(a+α)| = 50. By the mean value theorem we have : |F(t) – F(bfloat(t))| ≤ A |t – bfloat(t)| < 50 |t – bfloat(t)| < 10-(P-3) = 10E-(P-3+E) As E = -2, L = 5 is an accurate estimate of the starting precision of bfloat(x). (%i2) CFL(sqrt(sqrt(2)-1414/10^3),100,10); E=-2 L=4 T=1 (%o2) done



Loss of precision by rounding in a intermediate calculation of floating point Floating point proceeds by basic steps in which it makes a single rounding. It thus determines the values bfloat(z1) , bfloat(z2) , ... , bfloat(zq) associated with a sequence of numbers z1, z2, … , zq to finally get bfloat(x) = bfloat(zq) . Each step is accompanied by a loss of precision by rounding.



Proposition E-1 Let d be the decimal approximate value of xi calculated for a precision P > M > 0 by floating point before rounding such as |xi – d| < 10Ei–(P–M) where Ei is the integer which verifies 10Ei ≤ |xi| < 10Ei+1. Then |xi – sP| < 10Ei–(P–M–α) where α = log10(1 + 102–M ) . α is the loss of precision by rounding. It does not depend on the applied precision. For M = 1 , α ≈ 1 For M = 16 , α ≈ 4,3 10–15 .



51 Proof Let e the integer which verifies 10e ≤ |d | < 10e+1 . We have Ei –1 ≤ e ≤ Ei + 1. We have : |d - σi| < 10e–(P–1) . Then: |zi – σi| ≤ |zi – d| |d - σi| < 10Ei–(P–M) +10e–(P–1) ≤ 10Ei–(P–M) (1+102–M). We set α = log10(1+102–M ) . Then :



|zi – σi| < 10Ei–(P–M–α) .



As in the previous examples, it can be prove that the starting precision is defined for expressions of x whose function of the basic variables, is of class C1 near (t1, t2,..., tn ), knowing that the loss of precision of the floating-point by rounding does not depend on the applied precision but only the number of intermediate steps in calculating bfloat (x). Let x = log(27)-3*log(3). We can observe a failure with CFL(exp(1)+x^(1/3),100) , while CFL(exp(1)+x^(4/3),100) gives L = 1 . This is due to the fact that the derivative of the function t → t1/3 tends to infinity when t tends to 0.



Loss of precision in the calculation of u/v by the program CFI(x, n) for x> 0 and n> 1 The basic steps of the calculation of u/v by the floating point can be described as follows: Calculation of u , calculation of v, calculation of u/v. In the calculation of v we assume that the floating-point makes two rounding: one in the calculation of the approximate value of z1 = D x and another in that the approximate value of z2 = B - z1. (It may not carried out a single rounding). The calculation of the approximate value of z0 = C x – A, is analogous to the case of v. In the calculation of the approximate value of z3 = z0/z2 , the floating-point makes a single rounding. Values of paramèters L ≥ 16 . Q = L+E+2 , Cn–1 = C , Dn–1 = D , Kn = 2 gn–1+2 mn–1 . We recall that the sequence (Dn) is increasing. gn–2 and gn–1 are integers whitch verify 10gn–2–1 < C ≤10gn–2 and 10gn–1–1 < D ≤10gn–1. We have gn–2 ≤ gn–1. E , E0 , E1 , E2 , E3 are integers whitch verify : 10E ≤ |x| < 10E+1 , 10E0 ≤ |z0| < 10E0+1 , 10E1 ≤ |z1| < 10E1+1 , 10E2 ≤ |z2| < 10E2+1 , 10E3 ≤ |z3| < 10E3+1 . Wer have P ≥ Q + Kn + mn = L+E +2+2 gn–1+2 mn–1 + mn . If E < 0 , then D ≥ D1 = a1 = E(1/x) . Then gn–1 > –E – 1 . Then E+1+gn–1 > 0 regardless of the sign of E. Loss of precision in the calculation of z1 We have E+gn–1–1 ≤ E1 ≤ E+gn–1 .Then



0 ≤ E+gn–1–E1 ≤ 1 .



|z1 – D sP| = D |x – sP| < D 10E–(P–L) ≤ 10E+gn–1–(P–L) = 10E1–(P–L–E–gn–1+E1) We have P ≥ L+E +2+2 gn–1+2 mn–1 + mn > L+1 ≥ L+E+gn–1–E1 = M1 ≥ L ≥ 16



.



The rounding results in a loss of precision less than α = log10(1+10–14) (proposition E-1). |z1 – σ1| ≤ 10E+gn–1–(P–L–α1) where σ1 is the decimal number defined by bfloat(D sP).



52 Loss of precision in the calculation of z2 |z2 – (B – σ1)| = | z1 - σ1 | L+E+gn–1 –E2 + α1 = M2 > L–1 ≥ 15 . The rounding results in a loss of precision less than α2 = log10(1+10–13 ) |z2 – σ2| < 10E+gn–1–(P–L–α1–α2) where σ2 is the decimal number defined by bfloat(B – σ1). 10E2–1 ≤ |σ2| < 10E2+2 . Loss of precision in the calculation of z0 The loss of precision in the calculation of u,approximate value of z0 = C x – A, is analogous to the case of v. |z0 – σ0| < 10E+gn–2–(P–L–α1–α2) . (For n = 2, |z0 – σ0| = |x – sp| < 10E–(P–L) ). Loss of precision in the calculation of z3 As 10–E2–2 < 1/|σ2| ≤ 10–E2+1 and |z0|/|z2| < 10E3+1 , we have: |z0/z2 – σ0/σ2| ≤ (|z0|/|z2|) |z2– σ2|/|σ2| + |z0– σ0|/|σ2| ≤ 10E3–E2+2 |z2– σ2| + 10–E2+1|z0– σ0| . |z2/z0 – σ2/σ0| < 10E3–(P–L–E+E2–2–gn–1–α1–α2) + 10E3–(P–L–E+E2 –1+E3–gn–2–α1–α2) . As E3 ≥ 0 and gn–2 ≤ gn–1 we have |z2/z0 – σ2/σ0| < (1+10–1)10E3–(P–L–E+E2–2–gn–1–α1–α2) . Then |z3 – σ2/σ0| ≤ 10E3–(P–L–E+E2–2–gn–1–β–α1–α2) where β = log10(1+10–1) . We have: P ≥ L+E+2 + 2gn–1+2mn–1 + mn > L+E–E2+2+gn–1+β+α1+α2 = M3 > L+1 ≥ 17 . The rounding results in a loss of precision less than α3 = log10(1+10–15 ) . Then |z3 – σ3| < 10E3–(P–L–E+E2–2–gn–1–β–α1–α2–α3) =10–(P–L–E–E3+E2–2–gn–1–β–α1–α2–α3) where σ3 is the decimal number defined by bfloat(σ2/σ0) . It must also verify that the condition |z3 – σ3| < 10–mn is satisfied. As xn < 10mn–1 /2, we have E3 ≤ mn–1 – 1 . Then –E3 ≥ –mn–1 + 1 . More E2 ≥ –gn–1–mn–1 . P–L–E–E3+E2–2–gn–1–β–α1–α2–α3 ≥ L+E+2 + 2gn–1+2mn–1+mn–L–E–E3+E2–2–gn–1–β–α1–α2–α3 ≥ 2gn–1+2mn–1+mn–mn–1+1–gn–1–mn–1–gn–1–β–α1–α2–α3 ≥ mn+1–β–α1–α2–α3 > mn . (In other cases the loss of precision is still less than α1 + α2 + α3. In particular, it is zero for n = 0).



53 Conclusion



Proposition E-2 The calculation of u/v with floating point is accompanied by a loss of precision less than: α1+α2+α3 < 5 10–14 . The value Pn estimated in the theoretical part is sufficient to absorb the losses of precision from floating point.



F- Regularity of floating point on an interval We suggest giving a method to estimate the starting precision of bfloat (x). sn is the décimal number determinad by bfloat(x) calculated for a precision n . L is the starting précision of bfloat(x). For n ≥ L , we have |x - sn| < 10E-(n-L) . We easily verify:



Proposition F-1 [A,B] is an interval of N such as A ≥ L . Then, for any n ∈ [A,B] , we have |x - sn| < 10E-(n-A) . In what follows we do not suppose any more A ≥ L.



Définition We say that the floating point is regular on [A,B] (or [A,B[) , if, for any n ∈ [A,B] (or [A,B[) , we have |x - sn| < 10E-(n-A) . To express this property, we will say simply that the interval [A,B] is regular. If the floating point is regular on [A,B] , it is it on any interval [C,D] ⊂ [A,B] .



Proposition F-2 (1) The floating point is regular on [A,+∞ [ if and only if A ≥ L. (2) The number of the regular intervals [A,B] verifying A < L is finite . Proof (1) If A ≥ L, [A,+∞ [ is regular (proposition F-1). If [A,+∞ [ is regular, for any integer n ≥ A , we have |x - sn| < 10E-(n-A) . According to the definition of the starting precision, we have A ≥ L. (2) Let G be the set of all the integers B for which the interval [A,B] is regular and verifies A < L . If G is wide, the property is evident. Let us suppose G not empty and let us show that G is bounded. Indeed, if this set ensemble was not bounded ,The interval [L-1,+∞ [ would be regular, what contradicts the property (1) . Let M be the biggest element of G . Any regular interval [A,B] verifying A < L is included in [1,M]. Their number is thus finite.



54 Regularity index Because the number of regular intervals [A,B] verifying A < L , is finite, there is one which has most large number of elements. Let N0 be the number of its elements. In the absence of regular intervals [A,B] verifying A < L , in particular if L = 1, we set N0 = 0 . We set T = N0 + 1 . T is called regularity index of bfloat(x). Let us note that M < L + T -2 .



Proposition F-3 [A,B] is a regular interval containing at least T elements. Then (1) A ≥ L . (2) If furthermore A – 1 = 0 or if A – 1 > 0 and [A-1,B-1] is not regular then L = A .



Example: For x=sin(sqrt(501))*cos(sqrt(301)) , the values of bfloat(x) when fpprec goes from 1 to 15 , are obtained by program: b(x,m,n):=(for i:m while i 
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