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Introduction Context and Objectives We design contact algorithms for cell-centered lagrangian schemes to solve most of the problems for which different constraints must be taken into account. In this presentation, constraints are impact and/or sliding at interfacial boundaries between non-mixing media of solid, liquid or gas nature. Three major examples of contact algorithms during the recent 40 years : Lagrangian algorithms : J. Wilkins (reprint 1999), E.J. Caramana (2009), M. Kucharik et al. (2012), S. Del Pino and E. Labourasse (in preparation) Eulerian algorithms : D. Benson (2002), A. Claisse et al. (A 2D Sliding algorithm for Eulerian multimaterial simulations, ECCOMAS 2012) Particle algorithms : B. Maury and A. Lefebvre-Lepot (2005) Our approach is radically different from the usual master/slave explicit approach based on Wilkins’ original work. Cell-centered lagrangian schemes (GLACE, EUCCLHYD) are usually based on different nodal solvers that consist in solving a linear system to find the nodal velocity for each node in the mesh. In this work, we replace traditional nodal solvers by a new elegant method of minimization under constraints. 1/14
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The GLACE scheme Overview for conformal meshes Cell-centered conservative Lagrangian scheme of Godunov type Scheme essentially based on the enforcement of the semi-discrete GCL Definition Let us assume at each time step that the volume Vj is defined as a function of the vertices, i.e. x 7→ Vj (x). We define the gradient of Vj with respect to the nodal positions xr : Cj,r = ∇xr Vj ∈ Rd . formulation independant of the geometry Vj =



1 1 X (∇x Vj · x) = (Cj,r · xr ) and d d r∈B j



X d Vj = (∇x Vj · x0 ) = (Cj,r · ur ) dt r∈B j



Proposition - For every cell, one has



X



Cj,r = 0.



r∈Bj



- For every interior point, one has



X



Cj,r = 0.



j∈Br ´ and C. MAZERAN, 05], [G. CARRE, ´ S. DEL PINO, B. DESPRES ´ and E. LABOURASSE, 09] [B. DESPRES



2/14



The GLACE scheme Overview for conformal meshes Semi-discrete numerical approximation of Euler’s equations 8 X > Mj τj0 (t) = (Cj,r · ur ) > > > > r∈Bj > > > X > < Mj u0j (t) = − Cj,r pj,r > r∈Bj > > > X > > > Mj e0j (t) = − (Cj,r · ur )pj,r > > : r∈Bj



where Mj = Vj (x(t))ρj (t) mass and τj =



1 specific volume. ρj



Nodal solver to determine corner based fluxes ur and pj,r : Riemann solver



pj,r − pj + αj ((ur − uj ) · nj,r ) = 0,



(1)



Cj,r , and αj = ρj cj the acoustic impedance |Cj,r | Sum of all forces around a point X Cj,r pj,r = 0.



(2)



where nj,r =



j∈Br 3/14



The GLACE scheme Overview for conformal meshes



ur is therefore the unique solution of the linear system : ∀r ∈ [1 : N ] ,



with



Ar ur = Br



Ar =



X



αj (nj,r ⊗ Cj,r )



j∈Br



Br =



X



pj +



j∈Br



X



αj (nj,r ⊗ Cj,r ) uj



j∈Br



This solution is ∀r ∈ [1 : N ] ,



ur = A−1 r Br



since Ar is a symetric positive-definite matrix Nodal velocities are solved independently
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Method used to solve constrained problems Description



Proposition Let us define the vector U = (u1 , u2 , . . . , uN )T . For unconstrained problems, solving the linear system Ar ur = Br , ∀r ∈ [1 : N ] is equivalent to find within RN ×d the minimum of the convex quadratic function J defined as : J : RN ×d → R U → J(U) =



1 (A U, U) − (B, U) 2



where 0 A1 B B B B . A=B B .. B B @ 0



..



...



0



Ar



C C C . C .. C C C C A



.



.. ...



.



AN



1 0



and



1 B1 B . C B . C B . C C B B = B Br C B C B .. C @ . A BN
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Method used to solve constrained problems Description Constraints are taken into account by searching the minimum within a set of admissible velocities K K = {U ∈ RN ×d , F(U) ≤ 0} where F = (F1 (U), . . . , FM (U))T are real functions expressing M constraints applying on all nodes. The global minimization procedure under constraints therefore writes : Umin = argmin J(U)



(3)



U∈K



Popular methods like conjugate gradient method or Uzawa method may be used to solve the minimization problem (the convergence criterion is based on the choice of  > 0) [G. ALLAIRE, 05].



Propositions - For every cell, one has



X



Cj,r = 0.



r∈Bj



- One has



P



P



r∈Bj



j∈Br



Cj,r pj,r = 0.



- conservation of total momentum is preserved up to . - conservation of total energy is preserved up to , excepted in the impact problems. - The minimization procedure is entropy consistant. 6/14
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Numerical examples 1D framework 1D Impact Problem of a mobile against a wall The Wall is located at x = 0. Only the constraint applying on the node at the right boundary (index ’R’) is active F(U) = xR + ∆t uR ≤ 0



1D Impact Problems between two mobiles Constraint applies on nodes at the right boundary (index ’R’) of the left-running mobile and at the left boundary of the right-running one (index ’R+1’) F(U) = xR - xR+1 + ∆t (uR − uR+1 ) ≤ 0



Velocity 7/14



Numerical examples 2D framework - Impact against a wall 2D Impact Problem of a mobile against a wall The wall surface is modelled using the equation : g(X) = 0



X = (x, y)



At any time, the position of each constrained node must not exceed the position of the surface.



g(x,y) = x = 0 xr + ∆t ur ≤ 0



F (U) = g(X + ∆t U) ≤ 0



This is equivalent to say that the normal component of the velocity of any node impacting the wall is constrained to cancel when the latter reaches the wall. As a consequence, such nodes are constrained to slide over the wall.



g(x,y) = x + y2 = 0 (xr + ∆tur ) + (y + ∆t vr )2 ≤ 0 8/14



Numerical examples 2D Sliding



Black nodes (a, b, c, d) belong to the upper mesh. White nodes (e, f, g, h, i) belong to the lower mesh. The sliding line is passing through the points a, e, b, f, c, g, d.



Two a priori independent meshes are interacting through the sliding condition that applies on the nodes belonging to the sliding line : [u] · n = 0



The method of discretization of the constraint [u] · n = 0, as well as the one to compute cells volumes around the sliding line, are detailed in the full paper submitted for the proceedings. 9/14



Numerical examples 2D Sliding - Sod test Cases



Sliding line coincident to the initial discontinuity



Sliding line parallel to the flow



In both cases : the position of the sliding line, as well as the symetry of the problem, are preserved in both case. The convergence of the numerical solution is ensured. In this case, momentum and total energy are conserved up to  = 10−17 (Machine epsilon) 10/14



Numerical examples 2D Sliding - Caramana test Case
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Conclusions and perspectives



The algorithm preserves mass, volume, momentum and total energy up to the precision  given in the minimization procedure. Several instabilities can be prevented by using the method of stabilization of B. Despr´ es and E. Labourasse (Despr´ es, JCP 2012) Adding several physical phenomena like friction and surface tension at the interface boundaries. Details of the method in a paper submitted to the proceedings of the conference. A paper under preparation details the algorithm in the treatment of sliding lines.



We give a special thanks to our collegue Raphael Loub` ere to present this work at the ECCOMAS congress. Thank you for your attention.
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Numerical examples 1D framework - Change in total energy in the impact problem For impact problems, total energy changes at the time step of contact indeed : Mj e0j (t) = −



X



(Cj,r · ur )pj,r



r∈Bj



that is, in the 1D framework, Mj e0j (t) = (p0 u0 − p1 u1 + p1 u1 − p2 u2 + · · · − pR−1 uR−1 + pR uR ) = p0 u0 − pR uR Working with a stiffened gas law and an initial pressure p = 0, then p0 = 0 ∀t > 0. Let ti be the time at which impact occurs. t < ti , uR 6= 0, pR = 0, total energy is preserved (up to ). t > ti , pR 6= 0, uR = 0, total energy is preserved (up to ). t = ti , pR > 0, uR 6= 0, total energy decreases as Mj e0j (tc ) = −ptRc utRc The decrease in energy is O(∆t). 14/14
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