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Compressible high-speed gas flow



6.1 Introduction Problems posed by high-speed gas flow are of obvious practical importance. Applications range from the exterior flows associated with flight to interior flows typical of turbomachinery. As the cost of physical experiments is high, the possibilities of computations were explored early and the development concentrated on the use of finite difference and associated finite volume methods. It was only in the 1980s that the potential offered by the finite element forms were realized and the field is expanding rapidly. One of the main advantages in the use of the finite element approximation here is its capability of fitting complex forms and permitting local refinement where required. However, the improved approximation is also of substantial importance as practical problems will often involve three-dimensional discretization with the number of degrees of freedom much larger than those encountered in typical structural problems (105-107 DOF are here quite typical). For such large problems direct solution methods are obviously not practicable and iterative methods based generally on transient computation forms are invariably used. Here of course we follow and accept much that has been established by the finite difference applications but generally will lose some computational efficiency associated with structured meshes typically used here. However, the reduction of the problem size which, as we shall see, can be obtained by local refinement and adaptivity will more than compensate for this loss (though of course structured meshes are included in the finite element forms). In Chapters 1 and 3 we have introduced the basic equations governing the flow of compressible gases as well as of incompressible fluids. Indeed in the latter, as in Chapter 4, we can introduce small amounts of compressibility into the procedures developed there specifically for incompressible flow. Here we shall deal with highspeed flows with Mach numbers generally in excess of 0.5. Such flows will usually involve the formation of shocks with characteristic discontinuities. For this reason we shall concentrate on the use of low-order elements and of explicit methods, such as those introduced in Chapters 2 and 3. Here the pioneering work of the first author's colleagues Morgan, Lohner and Peraire must be a~knowledged.'-~* It was this work that opened the doors to practical
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finite element analysis in the field of aeronautics. We shall refer to their work frequently. In the first practical applications the Taylor-Galerkin process outlined in Sec. 2.10 of Chapter 2 for vector-valued variables was used almost exclusively. Here we recommend however the CBS algorithm discussed in Chapter 3 as it presents a better approximation and has the advantage of dealing directly with incompressibility, which invariably occurs in small parts of the domain, even at high Mach numbers (e.g., in stagnation regions).



6.2 The governing equations The Navier-Stokes governing equations for compressible flow were derived in Chapter 1. We shall repeat only the simplified form of Eqs (1.24) and (1.25) here again using indicia1 notation. We thus write, for i = 1, 2,3, d@ dF, dC, -+-+-+Q=O dt ax, ax, with



aT= [ P , Pull PU21 PU31 PEI



(6.2a)



(6.2~) (6.2d) (6.2e) The above equations need to be 'closed' by addition of the constitutive law relating the pressure, density and energy [see Eqs (1.16) and (1.17)J. For many flows the ideal gas law39 suffices and this is



P



P = E



where R is the universal gas constant. In terms of specific heats R = (ep - e?,)= (7 - 1 ) ~ ~ : where CP
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is the ratio of the constant pressure and constant volume specific heats. The internal energy e is given as e
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and hence (6.6a) (6.6b) The variables for which we shall solve are usually taken as the set of Eq. (6.2a), Le. p. pui and pE



but of course other sets could be used, though then the conservative form of Eq. (6.1) could be lost. In many of the problems discussed in this section inviscid behaviour will be assumed, with Gj = 0 and we shall then deal with the Eulev equations. In many problems the Euler solution will provide information about the main features of the flow and will suffice for many purposes, especially if augmented by separate boundary layer calculations (see Sec. 6.12). However, in principle it is possible to include the viscous effects without much apparent complication. Here in general steady-state conditions will never arise as the high speed of the flow will be associated with turbulence and this will usually be of a small scale capable of resolution with very small sized elements only. If a ‘finite’ size of element mesh is used then such turbulence will often be suppressed and steady-state answers will be obtained only in areas of no flow separation or oscillation. We shall in some examples include such full Navier-Stokes solutions using a viscosity dependent on the temperature according to Sutherland’s law.’9 In the SI system of units for air this gives 1.45T’I2 /J= T + 110



where T is in degrees Kelvin. Further turbulence modelling can be done by using the Reynolds’ average viscosity and solving additional transport equations for some additional parameters in the manner discussed in Sec. 5.4, Chapter 5. We shall show some turbulent examples later.



6.3 Boundary conditions - subsonic and supersonic flow The question of boundary conditions which can be prescribed for Euler and NavierStokes equations in compressible flow is by no means trivial and has been addressed in a general sense by Demkowicz et u / . , ~ determining ” their influence on the existence and uniqueness of solutions. In the following we shall discuss the case of the inviscid Euler form and of the full Navier-Stokes problem separately. We have already discussed the general question of boundary conditions in Chapter 3 dealing with numerical approximations. Some of these matters have to be repeated in view of the special behaviour of supersonic problems.
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6.3.1 Euler equation



-



Here only first-order derivatives occur and the number of boundary conditions is less than that for the full Navier-Stokes problem. For a solid wall boundary, I'u, only the normal component of velocity u, needs to be specified (zero if the wall is stationary). Further, with lack of conductivity the energy flux across the boundary is zero and hence p E (and p) remain unspecified. In general the analysis domain will be limited by some arbitrarily chosen external boundaries, r,, for exterior or internal flows, as shown in Fig. 6.1 (see also Sec. 3.6, Chapter 3). Here, as discussed in Sec. 2.10.3, it will in general be necessary to perform a linearized Riemann analysis in the direction of the outward normal to the boundary n to determine the speeds of wave propagation of the equations. For this linearization of the Euler equations three values of propagation speeds will be found A, = u,



A*



= u,



A3 =



+c



u, - c



where u, is the normal velocity component and c is the compressible wave celerity (speed of sound) given by



As of course no disturbances can propagate at velocities greater than those of Eqs (6.8) and in the case of supersonic flow, i.e. when the local Mach number is M = - Iun - 3I1 C



(6.10)



we shall have to distinguish two possibilities: (a) supersonic inflow boundary where u, < -c



and the analysis domain cannot influence the exterior, for such boundaries all components of the vector CP must be specified; and



Fig. 6.1 Boundaries of a computation domain. ru,wall boundary; rs,fictitious boundary.
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(b) supersonic outflow boundaries where u,



>c



and here by the same reasoning no components of



ip



are prescribed.



For subsonic boundaries the situation is more complex and here the values of ip that can be specified are the components of the incoming Riemann variables. However, this may frequently present difficulties as the incoming wave may not be known and the usual compromises may be necessary as in the treatment of elliptic problems possessing infinite boundaries (see Chapter 3, Sec. 3.6).



6.3.2 Navier-Stokes equations Here, due to the presence of second derivatives, additional boundary conditions are required. For the solid wall boundurj, rL,,all the velocity components are prescribed assuming, as in the previous chapter for incompressible flow, that the fluid is attached to the wall. Thus for a stationary boundary we put u, = 0



Further, if conductivity is not negligible, boundary temperatures or heat fluxes will generally be given in the usual manner. For exterior boundaries rrof the supersonic inflow kind, the treatment is identical to that used for Euler equations. However, for outflow boundaries a further approximation must be made, either specifying tractions as zero or making their gradient zero in the manner described in Sec. 3.6, Chapter 3.



6.4 Numerical approximations and the CBS algorithm Various forms of finite element approximation and of solution have been used for compressible flow problems. The first successfully used algorithm here was, as we have already mentioned, the Taylor-Galerkin procedure either in its single-step or two-step form. We have outlined both of these algorithms in Chapter 2, Sec. 2.10. However the most generally applicable and advantageous form is that of the CBS algorithm which we have presented in detail in Chapter 3. We recommend that this be universally used as not only does it possess an efficient manner of dealing with the convective terms of the equations but it also deals successfully with the incompressible part of the problem. In all compressible flows in certain parts of the domain where the velocities are small, the flow is nearly incompressible and without additional damping the direct use of the Taylor-Galerkin method may result in oscillations there. We have indeed mentioned an example of such oscillations in Chapter 3 where they are pronounced near the leading edge of an aerofoil even at quite high Mach numbers (Fig. 3.4). With the use of the CBS algorithm such oscillations disappear and the solution is perfectly stable and accurate. In the same example we have also discussed the single-step and two-step forms of the CBS algorithm. Both were found acceptable for use at lower Mach numbers.
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However for higher Mach numbers we recommend the two-step procedure which is only slightly more expensive than the single-step version. As we have already remarked if the algorithm is used for steady-state problems it is always convenient to use a localized time step rather than proceed with the same time step globally. The full description of the local time step procedure is given in Sec. 3.3.4 of Chapter 3 and this was invariably used in the examples of this chapter when only the steady state was considered. We have mentioned in the same section, Sec. 3.3.4, the fact that when local time stepping is used nearly optimal results are obtained as At,,, and Atintare the same or nearly the same. However, even in transient problems it is often advantageous to make use of a different A t in the interior to achieve nearly optimal damping there. The only additional problem that we need to discuss further for compressible flows is that of the treatment of shocks which is the subject of the next section.



6.5 Shock capture Clearly with the finite element approximation in which all the variables are interpolated using Co continuity the exact reproduction of shocks is not possible. In all finite element solutions we therefore represent the shocks simply as regions of very high gradient. The ideal situation will be if the rapid variations of variables are confined to a few elements surrounding the shock. Unfortunately it will generally be found that such an approximation of a discontinuity introduces local oscillations and these may persist throughout quite a large area of the domain. For this reason, we shall usually introduce into the finite element analysis additional viscosities which will help us in damping out any oscillations caused by shocks and, yet, deriving as sharp a solution as possible. Such procedures using artificial viscosities are known as shock capture methods. It must be mentioned that some investigators have tried to allow the shock discontinuity to occur explicitly and thus allowed a discontinuous variation of an analytically defined kind. This presents very large computational difficulties and it can be said that to date such trials have only been limited to one-dimensional problems and have not really been used to any extent in two or three dimensions. For this reason we shall not discuss such shock j t t i n g methods f ~ r t h e r . ~ ' . ~ ~ The concept of adding additional viscosity or diffusion to capture shocks was first suggested by von Neumann and R i ~ h t m y e ras~ ~ early as 1950. They recommended that stabilization can be achieved by adding a suitable artificial dissipation term that mimics the action of viscosity in the neighbourhood of shocks. Significant developments in this area are those of L a p i d ~ s ,Steger,45 ~~ MacCormack and B a l d ~ i nand ~ ~ Jameson and Schmidt.47 At Swansea, a modified form of the method based on the second derivative of pressure has been developed by Peraire et a/.'6 and Morgan et for finite element computations. This modified form of viscosity with a pressure switch calculated from the nodal pressure values is used subsequently in compressible flow calculations. Recently an anisotropic viscosity for shock capturing49 has been introduced to add diffusion in a more rational way. The implementation of artificial diffusion is very much simpler than shock filling and we proceed as follows. We first calculate the approximate quantities of the



Shock capture



solution vector by using the direct explicit method. Now we modify each scalar component of these quantities by adding a correction which smoothes the result. Thus for instance if we consider a typical scalar component quantity 4 and have determined the values of $"+', we establish the new values as below. (6.1 1 ) where p(, is an appropriate artificial diffusion coefficient. It is important that whatever the method used, the calculation of pa should be limited to the domain which is close to the shock as we d o not wish to distort the results throughout the problem. For this reason many procedures add a sn.itcli usually activated by such quantities as gradients of pressure. In all of the procedures used we can write the quantity pa as a function of one or more of the independent variables calculated at time ti. Below we only quote two of the possibilities.



Second derivative based methods In these it is generally assumed that the coefficient po must be the same for each of the equations dealt with and only one of the independent variables is important. I t has usually been assumed that the most typical variable here is the pressure and that we should write46 (6.12) where C, is a non-dimensional coefficient, u is the velocity vector, c the speed of sound, p is the average pressure and the subscript e indicates an element. In the above equation, the second derivative of pressure over an element can be established either by averaging the smoothed nodal pressure gradients or using any of the methods described in Chapter 4, Sec. 4.5. A particular variant of the above method evaluates approximately the value of the second derivative of any scalar variable 4 (e.g. p ) as4* (6.13) where M and M, are consistent and lumped mass matrices respectively and the overline indicates a nodal value. Though the derivation of the above expression is not obvious, the reader can verify that in the one-dimensional finite difference approximation it gives the correct result. The heuristic extension to multidimensional problem therefore seems reasonable. Now p(, for this approximate method can be rewritten in any space dimensions as (Eq. 6.12) (6.14) Note now that fi(, is a nodal quantity. However a further approximation can give the following form of p(, over elements:



+ C)S,



p,,,, = C,h(lu(



(6.15)



where S , is the element pressure switch which is a mean of nodal switches S,
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calculated as4’ (6.16) It can be verified that Si= 1 when the pressure has a local extremum at node i and Si = 0 when the pressure at node i is the average of values for all nodes adjacent to node i (e.&. if p varies linearly). The user-specified coefficient C, normally varies



between 0.0 and 2.0. The smoothed variables can now be rewritten with the Galerkin finite element approximations (from Eqs. 6.1 1, 6.13 and 6.15) as



Note that, in Eq. (6.15), (Iui + c ) is replaced by h/At, to obtain the above equation. This method has been widely used and is very efficient. The cut-off localizing the effect of added diffusion is quite sharp. A direct use of second derivatives can however be employed without the above-mentioned modifications. In such a procedure, we have the following form of smoothing (from Eqs. 6.1 1 and 6.12)



This method was successful in many viscous problems. Another alternative is to use residual based methods.



Residual based methods In these methods pa, = p ( R i ) , where R, is the residual of the ith equation. Such methods were first introduced in 1986 by Hughes and Malet?’ and later used by many A variant of this was suggested by C ~ d i n aWe .~~ sometimes refer to this as anisotropic shock capturing. In this procedure the artificial viscosity coefficient is adjusted by subtracting the diffusion introduced by the characteristic-Galerkin method along the streamlines. We do not know whether there is any advantage gain in this but we have used the anisotropic shock capturing algorithm with considerable success. The full residual based coefficient is given by (6.19) We shall not discuss here a direct comparison between the results obtained by different shock capturing diffusivities, and the reader is referred to various papers already published.55.56



6.6 Some preliminary examples for the Euler equation The computation procedures outlined can be applied with success to many transient and steady-state problems. In this section we illustrate its performance on a few relatively simple examples.



Some preliminary examples for the Euler equation



6.6.1 Riemann shock tube - a transient problem in one dimension’ This is treated as a one-dimensional problem. Here an initial pressure difference between two sections of the tube is maintained by a diaphragm which is destroyed at t = 0. Figure 6.2 shows the pressure, velocity and energy contours at the seventieth time increment, and the effect of including consistent and lumped mass matrices is illustrated. The problem has an analytical, exact, solution presented by Sod5’ and the numerical solution is from reference 1.



6.6.2 Isothermal flow through a nozzle in one dimension Here a variant of the Euler equation is used in which isothermal conditions are assumed and in which the density is replaced by pa where a is the cross-sectional



Fig. 6.2 The Riemann shock tube problem.’.57The total length is divided into 100 elements. Profile illustrated corresponds to 70 time steps (At = 0.25). Lapidus constant Gap= 1 .O.
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area' assumed to vary as5'



(x - 2.5)2



(6.20) for 0 < x < 5 12.5 The speed of sound is constant as the flow is isothermal and various conditions at inflow and outflow limits were imposed as shown in Fig. 6.3. In all problems a = 1.0+



Fig. 6.3 Isothermal flow through a nozzle.' Forty elements of equal size used.
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steady state was reached after some 500 time steps. For the case with supersonic inflow and subsonic outflow, a shock forms and Lapidus-type artificial diffusion was used to deal with it, showing in Fig. 6.3(c) the increasing amount of ‘smearing’ as the coefficient CLapis increased.



Fig. 6.4 Transient supersonic flow over a step in a wind tunnel4 (problem of Woodward and ColellaS9).Inflow Mach 3 uniform flow.
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6.6.3 Two-dimensional transient supersonic flow over a step This final example concerns the transient initiation of supersonic flow in a wind tunnel containing a step. The problem was first studied by Woodward and C01ella~~ and the results of reference 4 presented here are essentially similar. In this problem a uniform mesh of linear triangles, shown in Fig. 6.4, was used and no difficulties of computation were encountered although a Lapidus constant CLap= 2.0 had to be used due to the presence of shocks.



6.7 Adaptive refinement and shock capture in Euler problems 6.7.1 General The examples of the previous section have indicated the formation of shocks both in transient and steady-state problems of high-speed flow. Clearly the resolution of such discontinuities or near discontinuities requires a very fine mesh. Here the use of ‘engineering judgement’, which is often used in solid mechanics by designing a priori mesh refining near singularities posed by corners in the boundary, etc., can no longer be used. In problems of compressible flow the position of shocks, where the refinement is most needed, is not known in advance. For this and other reasons, the use of adaptive mesh refinement based on error indicators is essential for obtaining good accuracy and ‘capturing’ the location of shocks. It is therefore not surprising that the science of adaptive refinement has progressed rapidly in this area and indeed, as we shall see later, has been extended to deal with Navier-Stokes equations where a higher degree of refinement is also required in boundary layers. We have discussed the history of such adaptive development and procedures for its use in Sec. 4.5, Chapter 4.



6.7.2 The h-refinement process and mesh enrichment Once an approximate solution has been achieved on a given mesh, the local errors can be evaluated and new element sizes (and elongation directions if used) can be determined for each element. For some purposes it is again convenient to transfer such values to the nodes so that they can be interpolated continuously. The procedure here is of course identical to that of smoothing the derivatives discussed in Sec. 4.5, Chapter 4. To achieve the desired accuracy various procedures can be used. The most obvious is the process of mesh enrichment in which the existing mesh is locally subdivided into smaller elements still retaining the ‘old’ mesh in the configuration. Figure 6.5(a) shows how triangles can be readily subdivided in this way. With such enrichment an obvious connectivity difficulty appears. This concerns the manner in which the subdivided
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Fig. 6.5 Mesh enrichment. (a) Triangle subdivision. (b) Restoration of connectivity.



elements are connected to ones not so refined. A simple process is illustrated showing element halving in the manner of Fig. 6.5(b). Here of course it is fairly obvious that this process, first described in reference 9, can only be applied in a gradual manner to achieve the predicted subdivisions. However, element elongation is not possible with such mesh enrichment. Despite such drawbacks the procedure is very effective in localizing (or capturing) shocks, as we illustrate in Fig. 6.6. In Fig. 6.6, the theoretical solution is simply one of a line discontinuity shock in which a jump of all the components of @ occurs. The original analysis carried out on a fairly uniform mesh shows a very considerable ‘blurring’ of the shock. In Fig. 6.6 we also show the refinement being carried out at two stages and we see how the shock is progressively reduced in width. In the above example, the mesh enrichment preserved the original, nearly equilateral, element form with no elongation possible. Whenever a sharp discontinuity is present, local refinement will proceed indefinitely as curvatures increase without limit. Precisely the same difficulty indeed arises in mesh refinement near singularities for elliptic problems6’ if local refinement is the only guide. In such problems, however, the limits are generally set by the overall energy norm error consideration and the refinement ceases automatically. In the present case, the limit of refinement needs to be set and we generally achieve this limit by specifying the .mzullest element size in the mesh. The /? refinement of the type proposed can of course be applied in a similar manner to quadrilaterals. Here clever use of data storage allows the necessary refinement to be achieved in a few steps by ensuring proper transitions6’
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Fig. 6.6 Supersonic, Mach 3, flow past a wedge. Exact solution forms a stationary shock. Successive mesh enrichment and density contours.



6.7.3 h-refinement and remeshing in steady state two-dimensional problems Many difficulties mentioned above can be resolved by automatic generation of meshes of a specijied density. Such automatic generation has been the subject of much research in many applications of finite element analysis. We have discussed this subject in Sec. 4.5, Chapter 4. The closest achievement of a prescribed element size and directionality can be obtained for triangles and tetrahedra. Here the procedures developed by Peraire et af.'i.'6are most direct and efficient, allowing element stretching in prescribed directions (though of course the amount of such stretching is sometimes restricted by practical considerations). We refer the reader for details of such mesh generation to the original publications. In the examples that follow we shall exclusively use this type of mesh adaptivity. In Fig. 6.7 we show a simple example" of shock wave reflection from a solid wall. Here only a typical 'cut-out' is analysed with appropriate inlet and outlet conditions
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imposed. The elongation of the mesh along the discontinuity is clearly shown. The solution was remeshed after the iterations nearly reached a steady state. In Fig. 6.8 a somewhat more complex example of hypersonicjow around a blunt, two-dimensional obstacle is shown. Here it is of interest to note that:



Fig. 6.8 Hypersonic flow past a blunt body" at Mach 25, 22' angle of attack Initial mesh, nodes 547, elements 978, first mesh, nodes 383, elements 636, final mesh, nodes 821, elements 1574
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Fig. 6.9 Supersonic flow past a full cylinder.56M = 3, (a) geometry and boundary conditions, (b) adapted mesh, nodes: 12651, elements: 24979, (c) Mach contours using second derivative shock capture and (d) Mach contours using anisotropic shock capture.
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Fig. 6.10 Supersonic flow past a full cylinder.56M = 3, comparison of (a) coefficient of pressure, (b) Mach number distribution along the mid-height and cylinder surface.
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Fig. 6.11 Interaction of an impinging and bow shock wave.I7 Adapted mesh and pressure contours.



1. A detached shock forms in front of the body. 2. A very coarse mesh suffices in front of such a shock where simple free stream flow continues and the mesh is made ‘finite’ by a maximum element size prescription. 3. For the same minimum element size a reduction of degrees of freedom is achieved by refinement which shows much improved accuracy.



For such hypersonic problems, it is often claimed that special methodologies of solution need to be used. References 62-64 present quite sophisticated methods for dealing with such high-speed flows. In Figs 6.9 and 6.10, we show the results of supersonic Mach 3 flow past a full ~ y l i n d e r . ’The ~ mesh (Fig. 6.9(b)) is adapted along the shock front to get a good resolution of the shock. The mesh behind the cylinder is very fine to capture the recirculatory motion. In Figs 6.9(c) and 6.9(d), the Mach contours are obtained using the CBS algorithm using the second derivative based shock capture and
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residual based shock capture respectively. In Fig. 6.10, the coefficient of pressure values and Mach number distribution along the mid-height through the surface of the cylinder are presented. Here the results generated by the MUSCL62 scheme are also plotted for the sake of comparison. As seen the comparison is excellent, especially for anisotropic (residual-based) scheme. Figure 6.11 shows a yet more sophisticated example in which an impinging shock interacts with a bow shock. An extremely fine mesh distribution was used here to compare results with experiment,” which were reproduced with high precision.



6.8 Three-dimensional inviscid examples in steady state Two-dimensional problems in fluid mechanics are much rarer than two-dimensional problems in solid mechanics and invariably they represent a very crude approximation to reality. Even the problem of an aerofoil cross-section, which we have discussed in Chapter 3, hardly exists as a two-dimensional problem as it applies only to infinitely long wings. For this reason attention has largely been focused, and much creative research done, in developing three-dimensional codes for solving realistic problems. In this section we shall consider some examples derived by the use of such three-dimensional codes and in all these the basic element used will be the tetrahedron which now replaces the triangle of two dimensions. Although the solution procedure and indeed the whole formulation in three dimensions is almost identical to that described for two dimensions, it is clear that the number of unknowns will increase very rapidly when realistic problems are dealt with. It is common when using linear order elements to encounter several million variables as unknowns and for this reason here, more than anywhere else, iterative processes are necessary. Indeed much effort has gone into the development of special procedures of solution which will accelerate the iterative convergence and which will reduce the total computational time. In this context we should mention three approaches which are of help.



The recasting of element formulation in an edge form Here a considerable reduction of storage can be achieved by this procedure and some economies in computational time achieved. We have not discussed this matter in detail but refer the reader to reference 26 where the method is fully described and for completeness we summarize the essential features of edge formulation in Appendix C.



Multigrid approaches In the standard iteration we proceed in a time frame by calculating point by point the changes in various quantities and we d o this on the finest mesh. As we have seen this may become very fine if adaptivity is used locally. In the multigrid solution, as initially introduced into the finite element field, the solution starts on a coarse mesh, the results of which are used subsequently for generating the first approximation to the fine mesh. Several iterative steps are then carried out on the fine mesh. In general a return to the coarse mesh is then made to calculate the changes of residuals there



Three-dimensional inviscid examples in steady state



and the process is repeated on several meshes done subsequently. This procedure can be used on several meshes and the iterative process is much accelerated. We discuss this process in Appendix D in a little more detail. However, we quote here several reference^^^-^^ in which such multigrid procedures have been used and these are of considerable value. Multigrid methods are obviously designed for meshes which are ‘nested’ i.e. in which coarser and finer mesh nodes coincide. This need not be the case generally. In many applications completely different meshes of varying density are used at various stages.



Parallel computation The third procedure of reducing the solution time is to use parallization. We do not discuss it here in detail as the matter is potentially coupled with the computational aspects of the problem. Here the reader should consult the current literature on the subject. 36--38 In what follows we shall illustrate three-dimensional applications on a few inviscid examples as this section deals with Euler problems. However in Sec. 6.10 we shall return to a fully three-dimensional formulation using viscous Navier-Stokes equations.



6.8.1 Solution of the flow pattern around a complete aircraft In the early days of numerical analysis applied to computational fluid dynamics which used finite differences, no complete aircraft was analysed as in general only structured meshes were admissible. The analysis thus had to be carried out on isolated components of the aircraft. Later construction of distorted and partly structured meshes increased the possibility of analysis. Nevertheless the first complete aircraft analyses were done only in the mid-1980s. In all of these, finite elements using unstructured meshes were used (though we include here the finite volume formulation which was almost identical to finite elements and was used by Jameson et ai.”). The very first aircraft was the one dealt with using potential theory in the Dassault establishment. The results were publisshed later by Periaux and coworkers.” Very shortly after that a complete supersonic aircraft was analysed by Peraire et ~ 1 . in ’~ Swansea in 1987. Figure 6.12 shows the aircraft analysed in SwanseaI6 which is a supersonic fighter of generic type at Mach 2. The analysis was made slightly adaptive though adaptivity was not carried very far (due to cost). Nevertheless the refinement localized the shocks which formed. In the analysis some 125 000 elements were used with approximately 70 000 nodes and therefore some 350000 variables. This of course is not a precise analysis and many more variables would be used currently to get a more accurate representation of flow and pressure variables. A more sophisticated analysis is shown in the plate at the front of the book. Here a civil aircraft in subsonic flow is modelled and this illustrates the use of multigrid
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Fig. 6.12 Adaptive three-dimensional solution of compressible inviscid flow around a high speed (Mach 2) aircraft.16 Nodes: 70000, elements: 125 000.



methods. In this particular multigrid applications three meshes of different refinement were used and the iteration is fully described in reference 26. In this example the total number of unknown quantities was 1 616 000 in the finest mesh and indeed the details of the subdivision are given in the legend of the plate.
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Fig. 6.13 Supersonic car, THRUST SSC.27 (a) car and (b) finite element surface mesh (Image used in (a) courtesy of SSC Programme Ltd. Photographer Jeremy C.R. Davey.)



6.8.2 THRUST - the supersonic car27.28,72 A very similar problem to that posed by the analysis of the whole aircraft was given much more recently by the team led by Professor Morgan. This was the analysis of a car which wdS attempting to create the world speed record by establishing this in the
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supersonic range. This attempt was indeed successfully made on 15 October 1997. Unlike in the problem of the aircraft, the alternative of wind tunnel tests was not available. Whilst in aircraft design, wind tunnels which are supersonic and subsonic are well used in practice (though at a cost which is considerably more than that of a numerical analysis) the possibility of doing such a test on a motor car was virtually non-existent. The reason for this is the fact that the speed of the air flow past the body of the car and the speed of the ground relative to the car are identical. Any test would therefore require the bed of the wind tunnel to move at a speed in excess of 750+ miles an hour. For this reason calculations were therefore preferable. The moving ground will of course create a very important boundary layer such as that which we will discuss in later sections. However the simple omission of viscosity permitted the inviscid solution by a standard Euler-type program to be used. It is



Fig. 6.14 Supersonic car, THRUST SSC2’ pressure contours (a) full configuration, (b) front portion.
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well known that the Euler solution is perfectly capable of simulating all shocks very adequately and indeed results in very well defined pressure distributions over the bodies whether it is over an aircraft or a car. The object of the analysis was indeed that of determining such pressure distributions and the lift caused by these pressures. It was essential that the car should remain on the ground, indeed this is one of the conditions of the ground speed record and any design which would result in substantial lift overcoming the gravity on the car would be disastrous for obvious reasons. The complete design of the supersonic car was thus made with several alternative geometries until the computer results were satisfactory. Here it is interesting however to have some experimental data and the preliminary configuration was tested by a rocket driven sled. This was available for testing rocket projectiles at Pendine Sands, South Wales, UK. Here a 1 : 25 scale model of the car was attached to such a rocket and 13 supersonic and transonic runs were undertaken. In Fig. 6.13(a), we show a photograph27 of the car concerned after winning the speed record in the Nevada desert. In Fig. 6.13(b) a surface mesh is presented from which the full three-dimensional mesh at the surrounding atmosphere was generated (surface mesh, nodes: 39 528, elements: 79 060; volume mesh, nodes: 134 272, elements: 887 634). We do not show the complete mesh as of course in a three-dimensional problem this is counterproductive. In Fig. 6.14, pressure contoursz7 on the surface of the car body are given and somewhat similar contours are shown on the covers of this book. In Fig. 6.15, a detailed comparison of C F D results27 with experiments is shown. The results of this analysis show a remarkable correlation with experiments. The data points which do not appear close to the straight line are the result of the sampling point being close to, but the wrong side of, a shock wave. If conventional correlation techniques for inviscid flow (viscous correction) are applied, these data points also lie on the straight line. In total, nine pressure points were used situated on the upper and



Fig. 6.15 Supersonic car, THRUST SSC27 comparison of finite element and experimental results.
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lower surfaces of the car. The plot shows the comparison of pressures at specific positions on the car for Mach numbers of 0.71, 0.96, 1.05 and 1.08.



6.8.3 Other examples - ~ - - ~ ~ - - - - -~ - -~ ~ ----- ~There are many other three-dimensional examples which could at this stage be quoted but we only show here a three-dimensional analysis of an engine intake16 at Mach 2 . This is given in Fig. 6.16.



Fig. 6.16 Three-dimensional analysis of an engine intake16 at Mach 2 (14000 elements).



~
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