






[image: PDFHALL.COM]






Menu





	 maison
	 Ajouter le document
	 Signe
	 Créer un compte







































COLLEGE

214 FUNDAMENTALS. OF COLLEGE. GEOMETRY. A. Fig,7.12. analogous ...... mAD: mDC = mBE : mEC'. Prove: (a) mCD : mDA = mCE ; mEB. (b) mAD: mBE ... 

















 Télécharger le PDF 






 15MB taille
 8 téléchargements
 476 vues






 commentaire





 Report




















Fundamentals



of



COLLEGE GEOMET SECOND



EDITION



~ I I



II.



Edwin M. Hemmerling Department Bakersfield



of Mathematics College



JOHN WILEY



& SONS,



New York 8 Chichisterl8



Brisbane I



8 Toronto



Preface



Copyright@ All rights



1970, by John



Wiley & Sons, Ine.



reserved.



Reproduction or translation of any part of this work beyond that permitted by Sections 107 or 108 of the 1976 United States Copyright Act without the permission of the copyright owner is unlawful. Requests for permission or further information should be Wiley & Sons, Inc. addressed to the Permissions Department, J.ohn



20 19 18 17 16 15 14 13 Library of Congress Catalogue Card Number: 75-82969 SBN 47]



37034



7



Printed in the United States of America



Before revlsmg Fundamentals of College Geometry, extensive questionnaires \rcre sent to users of the earlier edition. A conscious effort has been made in this edition to incorporate the many fine suggestions given the respondents to the questionnaire. At the same time, I have attempted to preserve the features that made the earlier edition so popular. The postulational structure of the text has been strengthened. Some definitions have been improved, making possible greater rigor in the development of the theorems. Particular stress has been continued in observing the distinction between equality and congruence. Symbols used for segments, intervals, rays, and half-lines have been changed in order that the symbols for the more common segment and ray will be easier to write. However, a symbol for the interval and half-line is introduced, which will still logically show their, relations to the segment and ray, Fundamental space concepts are introduced throughout the text in order to preserve continuity. However, the postulates and theorems on space geometry are kept to a minimum until Chapter 14. In this chapter, particular attention is given to mensuration problems dealing with geometric solids. Greater emphasis has been placed on utilizing the principles of deductive logic covered in Chapter 2 in deriving geometric truths in subsequent chapters. Venn diagrams and truth tables have been expanded at a number of points throughout the text. there is a wide vanance throughout the Ul1lted States in the time spent in geometry classes, Approximately two fifths of the classes meet three days a week. Another two fifths meet five days each week, The student who studies the first nine chapters of this text will have completed a well-rounded minimum course, including all of the fundamental concepts of plane and space geometry. Each subsequent chapter in the book is written as a complete package, none of which is essential to the study of any of the other last five chapters, vet each will broaden the total background of the student. This will permit the instructor considerable latitude in adjusting his course to the time available and to the needs of his students. Each chapter contains several sets of summary tests. These vary in type to include true-false tests, completion tests, problems tests, and proofs tests. A key for these tests and the problem sets throughout the text is available. Januarv



1969



EdwinM.



Hemmerling v
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Preface to First Edition



During the past decade the entire approach to the teaching of geometry has bccn undergoing serious study by various nationally recognized professional groups. This book reflects many of their recommendations. The style and objectives of this book are the same as those of my College Plane Geometry, out of which it has grown. Because I have added a significant amount of new material, however, and have increased the rigor employed, it has seemed desirable to give the book a new title. In Fundamentals of College Geometry, the presentation of the su~ject has been strengthencd by the early introduction and continued use of the language and symbolism of sets as a unifying concept. This book is designed for a semester's work. The student is introduced to the basic structure of geometry and is prepared to relate it to everyday experience as well as to subsequent study of mathematics. The value of the precise use of language in stating definitions and hypotheses and in developing proofs is demonstrated. The student is helped to acquire an understanding of deductive thinking and a skill in applying it to mathematical situations. He is also given experience in the use of induction, analogy, and indirect methods of reasoning. Abstract materials of geometry are related to experiences of daily life of the student. He learns to search for undefined terms and axioms in such areas of thinking as politics, sociology, and advertising. Examples of circular reasoning are studied. In addition to providing for the promotion of proper attitudes, understandings, and appreciations, the book aids the student in learning to be critical in his listening, reading, and thinking. He is taught not to accept statements blindly but to think clearly before forming conclusions. The chapter on coordinate geometry relates geometry and algebra. Properties of geometric figures are then determined analytically with the aid of algebra and the concept of one-to-one correspondence. A short chapter on trigonometry is given to relate ratio, similar polygons, and coordinate geometry. Illustrative examples which aid in solving subsequent exercises are used liberally throughout the book. The student is able to learn a great deal of t he material without the assistance of an instructor. Throughout the book he is afforded frequent opportunities for original and creative thinking. Many of the generous supply of exercises include developments which prepare for theorems that appear later in the text. The student is led to discover for himself proofs that follow. VII
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Contents The summary tests placed at the end of the book include completion, truefalse, multiple-choice items, and problems. They afford the student and the instructor a ready means of measuring progress in the course. Bakersfield,
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Basic Elements of Geometry



1.1. Historical background of geometry. Geometry is a study of the properties and measurements of figures composed of points and lines. It is a very old science and grew out of the needs of the people. The word geometry is derived from the Greek words geo, meaning "earth," and metrein, meaning "to measure." The early Egyptians and Babylonians (4000-3000 E.C.) were able to develop a collection of practical rules for measuring simple geometric figures and for determining their properties. These rules were obtained inductively over a period of centuries of trial Q, then P n Q = P. (j) If P => Q, then P n Q = Q. (k) If P C Q, then P U Q = P. (1) IfP C Q, then P U Q = Q. 8. What is the solution set for the statement a + 2 = 2, i.e., the set of all solutions,



(b) R' n S'
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must be a reversible



be simpler



than



the word



being



de-



Thus, for example, if "right angle" is defined as "an angle whose measure is 90," it is assumed that the meaning of each term in the definition is clear and that:



2. Conversely,



if we have an angle whose measure



is 90.



is 90, then we have a right,



~~.



Thus, the converse of a good definition is always true, although the converse: of other statements are not necessarily true. The above statement and its: converse can be written, "An angle is a right angle if, and only if, its measure
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in this text



1.7. Need for undefined terms. There are many words in use today that are difficult to define. They can only be defined in terms of other equally undefinable concepts. For example, a "straight line" is often defined as a line "no part of which is curved." This definition will become clear if we can define the word curved. However, if the word curved is then defined as a line "no part of which is straight," we have no true understanding of the definition of the word "straight." Such definitions are called "circular definitions." If we define a straight line as one extending without change in direction, the word "direction" must be understood. In defining mathematical terms, we start with undefined terms and employ as few as possible of those terms that are in daily use and have a common meaning to the reader. In using an undefined term, it is assumed that the word is so elementary that its meaning is known to all. Since there are no easier words to define the term, no effort is made to define it. The dictionary must often resort to "defining" a word by either listing other words, called synonyms, which have the same (or almost the same) meaning as the word being defined or by describing the word. We will use three undefined geometric terms in this book. They are: point, straight line, and plane. We will resort to synonyms and descriptions of these words in helping the student to understand them.



statement.



I. If we have a right angle, we have an angle whose measure



OF GEOMETRY



is 90. The expression "if and only if" will be used so frequently that we will use the abbreviation "iff" to stand for the entire phrase.



1.6. Need for definitions. In studying geometry we learn to prove statements by a process of deductive reasoning. We learn to analyze a problem in terms of what data are given, what laws and principles may be accepted as true and, by careful, logical, and accurate thinking, we learn to select a solution to the problem. But before a statement in geometry can be proved, we must agree on certain definitions and properties of geometric figures. It is necessary that the terms we use in geometric proofs have exactly the same meaning to each of us. MO,st of us do not reflect on the meanings of words we hear or read during the course of a day. Yet, often, a more critical reflection might cause us to wonder what really we have heard or read. A common cause for misunderstanding and argument, not only in geometry but in all walks of life, is the fact that the same word may have different meanings to different people. What characteristics does a good definition have? When can we be certain the definition is a good one? No one person can establish that his definition for a given word is a correct one. What is important is that the people participating in a given discussion agree on the meanings of the word in question and, once they have reached an understanding, no one of the group may change the definition of the word without notifying the others. This will especially be true in this course. Once we agree on a definition stated in this text, we cannot change it to suit ourselves. On the other hand, there is nothing sacred about the definitions that will follow. They might well be improved on, as long as everyone who uses them in this text agrees to it. A good definition in geometry has two important properties: I. The words in the definition must fined and must be clearly understood.



ELEMENTS



I



1.8. Points and lines. Before we can discuss the various geometric figures ,[:, sets of points, we will need to consider the nature of a point. ""Vhat is a point? Everyone has some understanding of the term. Although we can represent a point by marking a small dot on a sheet of paper or on a blackboard, it certainly is not a point. If it were possible to subdivide the marker, then subdivide again the smaller dots, and so on indefinitely, we still would not have a point. We would, however, approach a condition which most of us assign to that of a point. Euclid attempted to do this by defining a point as that which has position but no dimension. However, the words "position" and "dimension" are also basic concepts and can only be described by using circular definitions. We name a point by a capital letter printed beside it, as point "A" in Fig. 1.6. Other geometric figures can be defined in terms of sets of points which satisfy certain restricting conditions. We are all familiar with lines, but no one has seen one. Just as we can represent a point by a marker or dot, we can represent a line by moving the tip of a sharpened pencil across a piece of paper. This will produce an approximation for the meaning given to the word "line." Euclid attempted to define a line as that which has only one dimension. Here, again, he used
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Fig. 1.7.



Fig. 1.6.
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the undefined word "dimension" in his definition. Although we cannot define the word "line," we recognize it as a set of points. On page 11, we discussed a "straight line" as one no part of which is "curved," or as one which extends without change in directions. The failures of these attempts should be evident. However, the word "straight" is an abstraction that is generally used and commonly understood as a result of many observations of physical objects. The line is named by labeling two points on it with capital letters or by one lower case letter near it. The straight line in Fig. 1.7 is read "line AB" or "line l." Line AB is often written "AE." In this book, unless otherwise stated, when we use the term "line," we will have in mind the concept of a straight line. If BEl, A E I, and A =1=B, we say that l is the line which contains A and B. Two points determine Two straight lines



{A}.



a line (see Fig.' 1.7).



~



intersect



Thus



AB = BA.



in only one point.



In Fig. 1.6,



If we mark



three



IT.



13



---------Cylinder



AB n XC =



Cone



Pyramid



Fig. 1.9.
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What is AB n BC?



that RS = same line.
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R, S, and T (Fig. 1.8) all on the same line, we see



or more points are collinear iff they belong to the



s



represents plane 1'.11'1or plane M. We can think of the plane as being made up of an infinite number of points to form a surface possessing no thickness but having infinite length and width. Two lines lying in the same plane whose intersection is the null set are said to be parallel lines. If line l is parallel to line m, then l n m = (}. In Fig. 1.10,



,llJis parallel



to DC and AD is parallel to Be. The drawings of Fig. 1.12 and Fig. 1.13 illustrate various combinations points, lines, and planes.



Fig. 1.8. E



1.9. Solids and planes. Common examples of solids are shown in Fig. 1.9. The geometric solid shown in Fig. 1.10 has six faces which are smooth and flat. These faces are subsets of plane surfaces or simply planes. The surface of a blackboard or of a table top is an example of a plane surface. A plane can be thought of as a set of points. Definition. A set of points, all of which lie in the same plane, are said to be coplanar. Points D, C, and E of Fig. 1.10 are coplanar. A plane can be named by using two points or a single point in the plane. Thus, Fig. 1.11
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passed through any three distinct 7. Can two planes ever b~Il1tersect in asalTle single point? 8. Can three planes intersect in the 9- 17. Refer to the figure and indicate true and which are false.
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points? points?



straight line?following which of the statements



9. Plane AB intersects plane CD in line l. 10. Plane AB passes through line l.



I]. 12. ]3. 14.



Fig.I.I2.



Line r intersects plane R. Plane R contains line land m. Plane R passes through lines land m. Plane R does not pass through line r.



~



many many many many



points does a line contain? lines can pass through a given point? lines can be passed through two distinct points? planes can be passed through two distinct points?



~



18-38. Draw pictures (if possible) that illustrate the situations described. 18. land mare two lines and l n m= {P}. 19. 1and m are two lines, PEl, R E l, S E m and RS ~ ~ 20. C ~ AB, and A ¥' PRo ¥' B. 21. R E Sf.



Exercises How How How How



--



]6. ( p lane CD) n 1= G. ]7. (planeAB) n EF = EF.



Plane MN and Plane RS intersect in AB. Plane MN and Plane RS both pass through AlJ. AB lies in both planes. AB is contained in planes MN and RS.



1. 2. 3. 4.



Plane AB passes through EF. ~ Plane CD passes through Y. P E plane CD. (plane AB) n (plane CD) = EF.



15. l n EF= G.



, 8i



R B



A



Fig.I.I3. Ex..\'.9-17.
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s are two lines, and I'



23. rand s are two lines, and 24. P
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~ fl, PEl,



and 1 n Kl =



-4



.



We have now expanded numbers. Definition: integers.



B, and {A, B} = (l n m) U (n n m).



X' -.:



U



T



S



R



0



A



B



C



D



E



I



I



I



I



I



I



I



I



I



I



I



I



-6



-5



-4



-3



-2



-1



0



1



2



3



4



5



Fig. 1.14.
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~2



16



il



L 4



3



on the line to represent



all real rational



A rational number is one that can be expressed



as a quotient



of



Examples



of irrational



numbers



are



V2, -y'3,



be expressed decimal).



\Y5, and



1T.



as the



Approximate



locations of some rational and irrational numbers on a scaled line are shown in Fig. 1.16. The union of the sets of rational and irrational numbers form the set of real numbers. The line that represents all the real numbers is called the real number line. The number that is paired with a point on the number line is called the coordinate of that point. We summarize by stating that the real number line is made up of an infinite set of points that have the following characteristics. I. Every point on the line is paired with exactly one real number. 2. Every real number can be paired with exactly one point on the line. When, given two sets, it is possible to pair each exactly one element of the other, the two sets are correspondence. We have just shown that there is derKe between the set of real numbers and the set of



4=60



F X



I.



-
be? () is three times the measure of Le/>. What is the 18. The measure of angle measure of Le/>? c



M B



~ q)



T



A



19. CM bisects



Prob.17.



LACB;



mLACB



S



e



Prob. 18.



C



= 110.



Then mLBCM = -. 20. Angle a: is the complement of an angle whose measure is 38; L{3 is the supplement of La:. Then mL{3 = 50



V
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2.1. Logical reasoning. We have all heard the words "logic" and "logical" used. We speak of a person's action as being "logical," or of a "logical" solution to a problem A "logical" behavior is a "reasonable" behavior. The "illogical" conclusion is an "unreasonable" conclusion. When a person engages in "clear thinking" or "rigorous thinking," he is employing the discipline of logical reasoning. In this chapter we will discuss the meanings of a few words and symbols used in present-day logic and mathematics. We will then introduce some of the methods and principles used in distinguishing correct from incorrect argument. We will systematize some of the simpler principles of valid reasoning. Although the method of deductive logic permeates all fields of human knowledge, it is probably found in its sharpest and clearest form in the study of mathematics.



2.2. Statements. A discourse is carried on by using sentences. these sentences are in the form of statements. Definition: both.



A statement is a sentence



which is either



Some



of



true or false, but not



It should be noted here that the words "true" and "false" are undefined elements. Every statement is a sentence; but not every sentence is a statement. A statement is said to have a truth value T if it is true and F if it is false. Such things as affirmations, denials, reports, opinions, remarks, comments, and judgments are statements. Every statement is an assertion. The sentence "San Francisco is in California" is a statement with a truth value T. The sentence "Every number is odd" is a statement with a truth value F. 51
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All statements in the field of logic are either simple sentences or compound mtences. The simple sentence contains one grammatically independent tatement. It does not contain connecting words such as and, or, and but. A mpound sentence is formed by two or more clauses that act as independentand . . then, if ntences and are joined by connectives such as and, or, but, if. ly if: either. . . or, and neither. . . nor.



. . . . '.



Examples Every natural number is odd or even. I am going to cash this check and buy myself a new suit. The wind is blowing and I am cold. I will go to the show if John asks me. People who do not work should not eat.



It is customary in logic to represent simple statements by letters as p, q, r, :tc. Hence if we let p indicate the statement, "The wind is blowing" and indicate, "I am cold," we can abbreviate Statement 3 above as p and q. ~xercises
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Which are statements?



1. How many are there? 2. 3 plus 2 equals 5. 3. ;) X 2 equals 5. 4. Give me the text. 5. Tom is older than Bill. 6. All right angles have the same measure. 7. She is hungry. 8. Mrs.Jones is ill. 9. He is the most popular boy in school. 10. If I do not study, I will fail this course. 11. If I live in Los Angeles, I live in California. 12. x plus 3 equals 5. 13. Go away! 14. The window is not closed. 15. 3 X 2 does not equalS. 16. How much do you weigh?



It is hot and I am tired. Baseball players eat Zeppo cereal and are alert on the diamond. His action was either deliberate or careless. The composer was either Chopin or Brahms. The figure is neither a square nor a rectangle. Either Jones is innocent or he is lying. He is clever and I am not. Sue and Kay are pretty. Sue and Kay dislike each other. That animal is either dead or alive. Two lines either intersect or they are parallel. If this object is neither a male nor a female, it is not an animal. Every animal is either a male or a female. The cost is neither cheap nor expensive. I would buy the car, but it costs too much. A square is a rectangle.



Definition: If p and q are statements, the statement of the form p and q is called the conjunction of p and q. The symbol for p and q is "p II q." There are many other words in ordinary speech besides "and," that are used as conjunctives; e.g., "but," "although," "however," "nevertheless."



I. 2. 3. 4. 5.



(B)



In each of the following exercises there is a compound that can be interpreted as one. State the simple components



1. 2. 3. 4. 5. 6. 7. 8. 9. 10. II. 12. 13. 14. 15. 16.



2.3. COl;ljunction. We have seen how two statements can be connected to make another statement. Some of these forms occur repeatedly in logical discourse and are indispensable for purposes of analysis. We will define and discuss some of the more common ones in this chapter.



(A)



Consider the following sentences.



Exercises



LOGIC



GEOMETRY



statement or one of each sentence.



ExamPles It is daytime; however, I cannot see the sun. I am starved, but he is well fed. Mary is going with George and Ruth is going with Bill. Some roses are red and some roses are blue. Some roses are red and today is Tuesday.



Although the definition for conjunction seems simple enough, we should not accept it blindly. You will note that our definition takes for granted that "p and q" will always be a statement. Remember a sentence is not a statement unless it is either true or false, but not both. It becomes necessary, then, to formulate some rule which we can use to determine when "p and q" is true and when it is false. Without such a rule, our definition will have no meaning. Each of the following statements is in the form of "p and q." Check which ones are true and which ones are false, and then try to formulate a general rule for deciding upon the truths of a conjunction.



--------
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q are both false. It will be recalled that we interpreted sense in our definition of the union of sets.



1. 2+ 3 = 5 and 2 X 3 = 5. 2. 3. 4. 5.



2 is an even number and 3 is an odd number. 2 is an even number and 4 is an even number. 2 is an odd number and 4 is an odd number. A circle has ten sides and 0, 0 a triangle has three sides. -+



~



6. .113 U {A}



-



examples, you only when both



The truth



false or q is false (or both are false), then "p and q" is false. times shown most clearly by the truth table below. q



P /\ q



T T F F



T F T F



T F F F



This is some-



using



1. 2. 3. 4. 5.



the



Thus



contrary, statements



Mathematicians the



connective



do well as a student



of the form



have agreed that, unless it is explicitly "or"



should



"p or q" are true



IJVq



T T F F



T F T F



T T T F



be used



in the inclusive



in all cases except



The diamond is hard. Putty is soft. The statement is true. The statement is false. The two lines intersect. The lines are parallel. A ray is a half-line. A ray contains a vertex. There are 30 days in February. Five is less than 4.



three"plus zero equa1S3: Three tImes -zeroequals:r:----Some animals are dogs. Some dogs bark. A is in the interior of LA13C. C is on side AB of LABC. All women are poor drivers. My name is Mudd. The sun is hot. Dogs can fly. -5 is less than 2. 4 is more than 3. An angle is formed by two rays. An interval includes its endpoints. LA13C n LABC = LA13C. LA13C U LA13C = LABC. 15. The sides of an angle is not a subset of the interior of the angle. Chri~ mas occurs in December. 16. The supplement of an angle is larger than the complement of the angl The measure of an acute angle is greater than the measure of an obtu angle.



of the



when



stated sense.



p and!



A square has foul' sides.



7. H. 9. 10. 11. 12. 13. 14.



-



that he will see both. In the third sentence, it should be clear that the son should do well with either or both instruments. Thus we see that the common use of the word "or" often leads to ambiguity and not uniform meaning. Sometimes it indicates only one of the statements which make up the disjunction is true. Sometimes it is used to mean at least one of the statements and possibly both are true. In logic we cannot tolerate such varied meanings. We must agree on precisely what we mean when we to the



q



6. ~() triangle has four sides.



In the first sentence it is clear that the speaker will go either to the game or to the show but that he will not do both. It is not clear in the second sentence if the speaker will see only john or only Tom at the party. It might mean



say "p or q."



IJ



In each of the following exercises there are two statements. join the statements first to form a conjunction and then to form a disjunction. Detl mine the truth or falsity of each of the compound sentences.



Another way to combine statements is by between them. Consider the following sentences:



1. I plan to go to the- game-ortotJieilioW.~--~--~~~~~ 2. I expect to see john or Tom at the party. 3. The music teacher told my son that he could piano or the flute.



"p or q" follows:



Exercises



"p and q" is true (T) in only one case and false (F) in all others. It should be emphasized that truth tables cannot be proved. They represent agreements in truth values of statements that have proved useful to mathematicians and logicians. 2.4. Disjunction. connective "or"



table for the disjunction



should have discovered that p and q are true. If either p is



p



LOGIC



in the inclw



Definition: The disjunction of two statements p and q is the compm: sentence "p or q." It is false when both p and q are false and true in other cases. The symbol for the inclusive p or q is "p V q."



= A13 and ,113 U {A, B} = A13.



In studying the foregoing true "P and q" is considered



"or"



" 1



I



'1



2.5. Negation.



Statements



be made about other statements. One, statement of this type has the form "p is false Everyone has probably made a statement that he believed true only to ha1 someone else show his disagreement by saying, "That is not true."



the simplest



and most useful



can



L
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Definition: The negation of a statement means "p is false"; or "it is not true that p."



"P" is the statement "not-p." The symbol for not-p is "~ p."



8. It is not true that 2 plus four equals 6. 9. Two plus 4 equals 8. 10. Perpendicular lines form right angles. I]. All equilateral triangles are equiangular. 12. All blind men cannot see. 13. Some blind men carry white canes. 14. All squares are rectangles. 15. All these cookies are delicious. ] 6. Some of the students are smarter than others. 17. Every European lives in Europe. 18. For every question there is an answer. ] 9. There is at least one girl in the class. 20. Every player is 6 feet tall. 21. Some questions cannot be answered. 22. Some dogs are green. 23. Every ZEP is a ZOP. 24. Some pillows are soft. 25. A null set is a subset of itself. 26. l\' ot every angle is acute.



It



The negation of a statement, however, is not usually formed by placing a "not" in front of it. This usually would make the sentence sound awkward. Thus where p symbolizes the statement, "All misers are selfish," the various statements, "It is false that all misers are selfish," "Not all misers are selfish," "Some misers are not selfish," "It is not true that all misers are selfish" are symbolized "not-p." The negation of any true statement is false, and the negation of any false statement is true. This fact can be expressed by the truth table.



p



~ /}



T F



F T



In developing logical proofs, it is frequently necessary to state the negation of statements like "All fat people are happy" and "Some fat people are happy." It should be clear that, if we can find one unhappy fat person, we will have proved the first statement to be false. Thus we could form the negation by stating "Some fat people are not happy" or "There is at least one fat person who is not happy." But we could not form the negation by the statement "No fat person is happy." This is a common error made by the loose thinker. The negation of "all are" is "some are not" or "not all are." The word "some" in common usage means "more than one." However, in logic it will be more convenient if we agree it to mean "one or more." This we will do in this text. Thus the negation of the second statement above would be "No fat person is happy" or "Every fat person is unhappy." The negation of "some are" is "none are" or "it is not true that some are."



.



2.6. Negations of conjunctions and disjunctions. In determining the of the negation of a conjunction or a disjunction we should first recall u what conditions the compound sentences are true. To form the negati, "A chicken is a fowl and a cat is a feline," we must say the statement is We can do this by stating that at least one of the simple statements is \Ve can do this by stating "A chicken is not a fowl or a cat is not a fel The negation of "I will study both Spanish and French" could be "I wil study Spanish or I will not study French." It should be clear that the negation of "p and q" is the statement "not not-q." In truth table form:



Exercises In each of the following I. 2. 3. 4. 5. 6. 7.



form the negation



of the statement.



Gold is not heavy. Fido never barks. Anyone who wants a good grade in this course Aspirin relieves pain. A hexagon has seven sides. It is false that a triangle has four sides. Not every banker is rich.



LOG



must study hard.



To form information



/}



q



P 1\ q



~(Pl\q)



T T F F



T F T F



T F F F



F T T T



the negation is incorrect"



~q



~/}



F F T T



F T F T



~pV~q



F T T T



of the disjunction, "We are going to win or we write, "We are not going to win and my infO!
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tion is correct." Thus the negation of "p or q" is "not-(p means "not p and not q." In truth table form: p



q



p V q



T T F F



T F T F



T T T F



~(p V q)



~p



F F F T



~q



F F T T



ELEMENTARY



or q)," and this



I. If5x=20,thenx=4. 2. If this figure is a rectangle,



~pl\~q



F T F T



I. 2. 3. 4. 5. 6. 7. 8. 9. 10. II. 12. 13. 14. 15.



of each statement



below



F F F T



and determine



if it is true



The "if" statement does not have to come at the beginning of the can pound statement. It may come last. In other cases, the premise will 11 start with the word "if." For example:



or



An apricot is a fruit and a carrot is a vegetable. Lincoln was assassinated or Douglass was assassinated. Some men like to hunt, others like to fish. Some numbers are odd and some are even. No numbers are odd and all numbers are even. All lines are sets of points or all angles are right angles. The sides of a right angle are perpendicular and all right angles are congruent. The intersection of two parallel lines is a null set or each pair of straight lines has a point common to the two lines. Every triangle has a right angle and an acute angle. Every triangle has a right angle and an obtuse angle. Every triangle has a right angle or an obtuse angle. No triangle has two obtuse angles or two right angles. Some triangles have three acute angles and some have only two acute angles. designates a line and Alf designates a ray. A ray has one end-point or a segment has two end-points.



I. A good scout is trustworthy. 2. Apples are not vegetables. 3. The student in this class who does not study may expect Each of the above can be arranged



tion is "if-then." this



All mathematical



proofs



connective



employ



in logical deduc-



conditional



statements



of



type. The if clause, called hypothesis or premise or given is a set of one or more statements which will form the basis for a conclusion. The then clause which follows necessarily from the premises is called the conclusion. The statement immediately following the "if" is also called the antecedent, and the statement immediately following the "then" is the consequent. Here are some simple examples of such conditional sentences:



form as follows:



Other idioms that have the same meaning as "ifp, then q" are: "p only if q,' "p is a sufficient condition for q," "q, if p," "q, is a necessary condition for p,' "whenever p, then g," "suppose p, then q." Suppose your instructor made the statement, "If you hand in all yoUl homework, you will pass this course." Here we can let p represent the state. ment, "You hand in all your homework," and g the statement, "You will pas~ t he course." If both p and g are true, then p ~q is certainly true. Suppose p is true and q is false; i.e., you hand in all your homework but still fail the



course. The most common



to the "if-then"



to fail.



I. I f he is a good scout, then he is trustworthy. 2. If this is an apple, then it is not a vegetable. 3. If the student in this class does not study, then he will fail.



Ai



2.7. Logical implication.



it is a parallelogram.



A hypothetical statement asserts that its antecedent imPlies its consequel The statement does not assert that the antecedent is true, but only that ti consequent is true if the antecedent is true. It is customary in logic to represent statements by letters. Thus, we mig let p represent the statement, "The figure is a rectangle" and q the statemeI "The figure is a parallelogram." We could then state, "If p, then q" or implies q. " We shall find it useful to use an arrow for "implies. ' " We tht can write "p ~ q." Such a statement is called an imPlication.



Exercises Give the negation false.



then



LOGIC



: ;,



,j



\Text



Obviously, then,p



p



~



qis false.



shall we complete the truth table? If p is false and q is true, you do not hand in all your homework but you still pass the course. If p is false and q is false, you do not hand in all your homework and you do not pass the course. At first thought one might feel that no truth value should be given to such compound statement under those conditions. If We did so, we would violate the property that a statement must be either true or false. suppose



is false.



How



Logicians have made the completely



arbitrary



decision that p ~ q is true
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p is false,



regardless of the truth value of q. Thus, false only ifp is true and q is false. The truth table for p ~



when



p



q



p-7q



T T F F



T F T F



T F T T



P



~



q is considered



q is:



compound



sentences



indicate
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In applying the Rule of Inference, it does not matter what the content of the statements p and q are. So long as "p implies q" is true and p is true, we logic-



ally must conclude structure:



that q is true. 1. I)



~



If



This is shown by forming



or



~



1. f) ~ 3. :. q



the general



q. 2. E



3. :. q



Exercises In each of the following conclusion.



LOGIC



the premise



and the



I. The train will be late if it snows. 2. A person lives in California if he lives in San Francisco. 3. Only citizens over 21 have the right to vote. 4. Four is larger than three. 5. All students must take a physical examination. 6. I know he was there because I saw him. 7. Two lines which are not parallel intersect. 8. All right angles are congruent. 9. Natural numbers are either even or odd. lO He will be punished if he is caught. 11. Every parallelogram is a quadrilateral. 12. Good scouts obey the laws. 13. Birds do not have four feet. 14. Diamonds are expensive. 15. Those who study will pass this course. 16. The sides of an equilateral triangle are congruent to each other. 17. The person who steals will surely be caught. 18. To be successful, one must work. 19. The worke-r will be a success. 20. You must be satisfied or your money will be refunded. 21. With your looks, I'd be a movie star. 2.8. Modus ponens. An implication by itself is of little value. However, if we know "p implies q" and that p is also true, we must accept q as true. This is known as the Fundamental Rule of Inference. This rule of reasoning is called modus ponens. For example, consider the implication: (a) "If it is raining, it is cloudy." Also, with the implication consider the statement (b) "It is raining." If we accept (a) and (b) together, we must conclude that (c) "It is cloudy."



The symbol a syllogism. is called the not change written:



:. means "then" or "therefore." The three-step form is called Steps I and 2 are called the assumptions or premises, and step 3 conclusion. The order of the steps I and 2 can be reversed and the validity of the syllogism. Thus the syllogism could also be



1.



P



2. p~ 3. :.If A common type of invalid structure follows:



or q



reasoning



1. p. 2. P ~ q 3. :.q



is that of affirming the consequent.



Its



1. 1)\§>1



~~ .J. :. p



2.9. Modus tollens. A second syllogism denies the consequent of an inference and then concludes the antecedent of the conditional sentence must be denied. This mode of reasoning is called modus tollens. Modus tollem reasoning can be structured: I.p~q 2. not-q 3. :. not-f) Consider the conditional sentence (a) "If it is raining, it is cloudy." Then consider with the inference the statement (b) "It is not cloudy." If premises (a) and (b) hold, we must conclude by modus tollens reasoning that (c) "It is not raining. " The method of modus tollens is a logical result of the interpretation that I) ~ q means "q is a necessary condition for p." Thus, if we don't have q, we can't have p.
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when p is false, regardless of the truth value of q. Thus, P false only ifp is true and q is false. The truth table for p ~ q is: p



q



T T F F



T F T F



q is considered



compound



p~q



In applying the Rule ofInference, it does not matter what the content of the p and q are. So long as "p implies q" is true and p is true, we logically must conclude that q is true. This is shown by forming the general structure: 1. jJ ~



T F T T



sentences



indicate



q



or



1. fJ ~ 3. :.q



~



q. 2.12



3. :.q



the premise



and the



The symbol a syllogism. is called the not change written:



I. The train will be late if it snows. 2. A person lives in California if he lives in San Francisco. 3. Only citizens over 21 have the right to vote. 4. Four is larger than three. 5. All students must take a physical examination. 6. I know he was there because I saw him. I 7. Two lines which are not parallel intersect. 8. All right angles are congruent. 9. Natural numbers are either even or odd. 10. He will be punished if he is caught. 11. Every parallelogram is a quadrilateral. 12. Good scouts obey the laws. 13. Birds do not have four feet. 14. Diamonds are expensive. 15. Those who study will pass this course. 16. The sides of an equilateral triangle are congruent to each other. 17. The person who steals will surely be caught. 18. To be successful, one must work. 19. The worke-r will be a success. 20. You must be satisfied or your money will be refunded. 21. With your looks, I'd be a movie star. :



2.8. Modus ponens. An implication by itself is of little value. However, if we know "p implies q" and that p is also true, we must accept q as true. This is known as the Fundamental Rule of Inference. This rule of reasoning is called modus ponens. For example, consider the implication: (a) "If it is raining, it is cloudy." Also, with the implication consider the statement (b) "It is raining." If we accept (a) and (b) together, we must conclude that (c) "It is cloudy."



:. means "then" or "therefore." The three-step form is called Steps 1 and 2 are called the assumptions or premises, and step 3 conclusion. The order of the steps 1 and 2 can be reversed and the validity of the syllogism. Thus the syllogism could also be



1. P 2. p~ 3. :.q



I



~-~_.
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1. p. 2. P ~ q 3. :.q



or q



A common type of invalid reasoning structure follows: 1.



is that of affirming the consequent.



Its



p~



2~



't



:.f;



2.9. Modus tollens. A second syllogism denies the consequent of an inference and then concludes the antecedent of the conditional sentence must be denied. This mode of reasoning is called modus tollens. Modus tollens reasoning can be structured:



I.p~q 2. not-q 3. :. not-p Consider the conditional sentence (a) "If it is raining, it is cloudy." Then consider with the inference the statement (b) "It is not cloudy." If premises (a) and (b) hold, we must conclude by modus tollens reasoning that (c) "It is not raining. " The method of modus tollens is a logical result of the interpretation that f; ~ q means "q is a necessary condition for p." Thus, if we don't have q, we



can't have p.
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Another common type of invalid Its structure follows:



reasoning



is that of denying the antecedent.



f~~~-q Two other principles of logic should be mentioned here. The Law of the Excluded Middle asserts "p or not p" as a logical statement. The "or" in this instance is used in the limited or exclusive sense. For example, "A number is either an odd number or it is not an odd number." Another example, "Silver is heavier than gold or silver is not heavier than gold. It cannot be both. " The symbol for the "exclusive or" is "y.." The truth table for the "exclusive or" follows. q



P If. q



T T F F



T F T F



F T T F



17. IfB E XC, thenB



is expressed



1. P or q 2. not-q 3. :.p



schematically



by:



Jq..



B E AC.



(a) "The number k is odd or the



21.



,j



number k is even," and (b) "The number k is not even," we must then conclude that (c) "The number k is odd." We will use these two principles in developing proofs for theorems later in this book. Exercises In the following exercises supply a valid conclusion, if one can be supplied by the method of modus ponens or modus tollens. Assume the "or" in the following exercises to be the exclusive or. (Note. You are not asked to determine whether the premises or conclusions are true.)



(I) IfB



Write



+ + 0--0 E AC, then B E AC. (2)



(3) Then B ~ AG. (I) Ifx = 4, theny



= 4.



(2) x = 4.



(3) Then (1) Ifx = y, then x =Pz. (2) x = y. 20. (3) Then



1. P or q 2. not-p 3. :.q



As an example, if we accept the statements



E AC.



Each of the following gives the pattern for arriving at a conclusion. the statements which complete the pattern. 18 .



The Rule for Denying the Alternative
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1. The taller of two men is always the heavier. Bob is taller than Jack. 2. All quadrilaterals have four sides. A rhombus has four sides. 3. Barking dogs do not bite. My dog barks. 4. Triangle ABC is equilateral. Equilateral triangles are isosceles. 5. Every parallelogram is a quadrilateral. Figure ABCD is a parallelogram. 6. If B E AC, then mAB + mCB = mAC. B E AC. 7.lfa=b,thena+c=b+c. a=b. 8. If a = b, then c = d. c = d. 9. Parallel lines do not meet. Lines I and m do not meet. 10. All women are poor drivers or I am mistaken. I am not mistaken. 11. Anyone handling a toad will get warts on his hand. I handled a toad today. 12. All goons are loons. This is a loon. 13. Jones lives in Dallas or he lives in Houston. Jones does not live in Dallas. 14. All squares are rectangles. This is not a rectangle. 15. If a = b, then ac = bc. ac =Pbc. +-+ ~ 0-0 16. If REST, then R E Sl. R ~ ST.



1. p-;\(JJ



p



LOGIC



(I)



(3) Then a = c. (I) This is an acute or an obtuse triangle. 22. (3) Then this is an obtuse triangle. (I) S E iff or S E lIT. (2) 23. (3) Then S E fIT (I) 24. (3) Then I n m=.0. 25. Qll is not parallel to m. (2)



(2) If a



26.



QLAIr-L Beor (3) Then



b, then a



c.



(2)



(3) I n m =P ,0.



.1



=P



mLABC =P90. (2) AiJ is not -LBe.



(2) I is parallel to m.
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of an implication. Many statements This is done by interchanging the The converse of



can be expressed in "if" and the "then"



p ~ q is q ~ p.



Frequently we are prone to accept a statement and, then without realizing it, infer the converse of the statement. The converse of a statement does not always have the same truth value as the statement. An obvious example is the true statement "All horses are animals," and the false converse "All animals are horses." Broken into parts, the "if' of the statement is, "This is a horse," whereas the conclusion is, "This is an animal." The converse of the statement "All Huftons are good radios" is "If a radio is a good one, it is a Hufton." In geometry, the converse of the statement "Perpendicular lines form right angles" is "If lines form right angles, they are perpendicular." In this case, both the statement and its converse are true. However, note the following syllogism.



1.



ELEMENTARY



Definition: The statements p and q are equivalent if p and q have the samt truth values and may be substituted for each other. If p and q are equivalent statements, we indicate this by writing p ~ q. This means p ~ q and q ~ p. The truth table for equivalence can be developed as follows:



P ~'"



Exercises



] 6.



Equilateral triangles are isosceles.



6



2.11. Logical equivalence. We have seen that the converse of a true implica tion does not have to have the same truth value as that of the statement but of course, it may. If two statements mutually imply each other, they an said to be logically equivalent. Logically equivalent statements presen the same information.



~..Jj~'v\ ~. :.p



In the following exercises determine, if possible, the truth or falsity of the given statement. Then write the converse of each statement and determine (if possible) the trlltI1orfalsityyftht:«)11\1~I'S~.-.--------I. Carrots are vegetables. 2. Every U.S. citizen over 21 years of age has the right to vote. 3. Fords are cars. 4. Half-lines are rays. 5. No journalists are poor spellers. 6. If two angles are each a right angle, they are congruent. 7. Only a moron would accept your offer. 8. Only parallel lines do not meet. 9. To succeed in school one must study. ] O. Only perpendicular lines form right angles. 1]. Diamonds are hard. 12. A geometric figure is a set of points. 13. An equilateral triangle has three congruent sides. ]4. If a is less than b, then b is larger than a. ] 5. If x - y = 1, then x is larger than y.



LOGIC



] 7. If a man lives in Los Angeles, he lives in California. 18. Parallel lines in a plane do not intersect. 19. Ifx = 5, thenx2 = 25. 20. If B is between A and C, then mAC = mAB + mBG.



The following



P



q



P~q



q~P



P-q



T T Y F



T F T F



T F T T



T T F T



T F F T



are equivalent



statements.



p: Line I is parallel to line m. q: Line m is parallel to line I. Logically equivalent sentences are often put in the form "if and only if." Th us we have, "I is parallel to m if and only if m is parallel to I." Another obvious equivalence is the double negation, since a double negation is equivalent to the corresponding positive statement. Thus, for every statement p, we have [not (not-f)] As an example,



negation



of



p



if



p



is stated



means



"Three



~ p.



is a prime



"It is false that three



two statements are equivalent.



number,"



is not a prime



then



the



number."



double



The
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19. p: If today is Saturday, then tomorrow is Sunday. q: Tomorrow is not S~nday; ~ence today is not Saturday.



In the following exercises determine which pairs are equivalent. Note that ,! I in some exercises jJ and q are simple statements; in others, p and q are implica- I j tions.



20. p: If a < ~, ther~



:1 -



b IS negatIve.



q: If fl- b IS pOSJtIV~, then a > b.



n m = cpo to each other.



21. p: land m are two lmes and l I. p: 5 is greater than 3. q: 3 is less than 5. 2. p: a + 2b = 4. q: 2a + 4b = 8. 3. p: Line l is perpendicular to line m. q: Line m is perpendicular to line l. 4. p: Lines land m are not parallel. q: Lines land m intersect. 5. p: If it is a dog, it has four legs. q: If it does not have four legs, it is not a dog. 6. p: Perpendicular lines form right angles. q: Right angles form perpendicular lines. 7. p: A diameter is a chord. q: A chord is a diameter. 8. p: x = y. q: y= x. 9. p: For numbers a, b, c, a = b. q: For numbers a, b, c, a+c = b+c. 10. 1): The present was expensive. q: It is not true that the present was expensive. II. p: If he is a native of Spain, he is a native of Europe. q: If he is not a native of Europe, he is not a native of Spain. 12. p: If two lines meet to form right angles, they are perpendicular. q: If two lines are not perpendicular, they do not meet to form righ~ angles. 13. p: PointsR and S are on opposite sides of line l. ! q: Line segment RS intersects line l. 14. jJ: B is between A and C. q: B E AC,B



IS. p: q: 16. p: q: 17. p: q: 18. p: q:



""



A,B



""



Lines I and m are parallel If r, then not-5. If s, then not-r. If not-r, then s. If not-s, then r. The figure is a triangle. The figure is that formed



i



by the union of three line segments.



2.12. Four rules of contraposition. Logically equivalent statements may be substituted for each other whenever they occur in a discourse. One particular type of equivalence has great value in the study of logic, namely, contraposition.



Definition: statement ofp



The statement ~



not-q



~



not-p is called the contrapositive of the



q.



There are four common types of contraposition. A study of the following four equivalences wjU reveal that the contrapositive is the negation of the clauses of the converse, as well as the converse of the negation of the clauses of the original implication.



c



~.



If not-p, then not-q ,



If q, then p



3. !.!), then not-q ; If q, th en not-p 4.



;



(jJ



(not-p~not-q)~(q~P).



~



not-q)



~



(q ~



not-p).



If not-p, then q Ifnot-q,thenp;



C.



land m are two lines and A E l n m. Line l and line m intersect at point A. R ~ Sf. +-+ R lies on one side of ST. LRST is an acute angle and LABC is an obtuse angle. mLABC > mLRST. Vertical angles are congruent. If the angles are not vertical angles, then they are not congruent.



q: 22. p: q: 23. p: q: 24. p: q:



(not-p~



q) ~



(not-q~



p).



The student should study the four types until he is satisfied that if you accept either one of a pair of contra positives as true, you must accept the ~ther as true also. The following examples illustrate the applications of the OUr types. I. I f he can vote, then he is over 21



. ag e. vote. If h e ISnot Years heof cannot over 21 years of age, then 2. I f land m are not perpendicular, they do not intersect at right angles.



~-~----
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If 3. If If 4. If If



land m intersect at right angles, they are perpendicular. he drives, he should not drink. he drinks, he should not drive. the natural number is not even, it is odd. the natural number is not odd, it is even.



The equivalence truth table. The step.



of contrapositive statements numbers under each column



Ifx



T T F F



~q)



-



18.



is shown by the following indicates the order of each



(~q~



19.



21.



T F T F



T T T T



F T F T



T F T T



F F T T



3



1



4



2



3



2



22.



Exercises



Each exercise contains a conditional (b) its contra positive, and (c) the converse I. 2. 3. 4. 5. 6. 7. 8. 9. 10. II. 12. 13. 14.



16.



(a) its



1fT E RX, then T E RX. ---+ ~ 1fT E RX, then T E RX. If~GE A&itflet1£'-Eu"1B.-If a + c = b + c, then a = b. If a + b = 0, then a = -b. If a + b = c, then c is greater than a. I will pass this course if I study. If he is an alien, he is not a citizen. Parallel lines will not meet. If this is not a Zap, it is a Zop. If the figure is not a rectangle, it is not a square. If he is not a European, he is not a native Italian. If the triangle is equilateral, it is equiangular. Good citizens do not create disturbances.



In the following 15.



statement. Form of its contrapositive.



exercises



determine



which of the conclusions



Good citizens do not create disturbances. I am a good citizen. If I study, I will pass this course. I will pass this course.



I study.



LOGIC



=)'2



If! do not study, I will not pass this course. If! study, I will pass this course. If this is rhombus,



are valid.



I do not create disturbances.



it is not a trapezoid.



If this is a trapezoid,



it is not a rhombus.



Ifo'/'



Ii, then c # d; a # b



Ife'/'



d,thena# a '/' b



~p)



T F T T



thenx2



17. Ifx2 = y2, then x = y'



20.



(p



=)',



c # d



b;c#



Ife



~



If e



E AB, then C E AB



d



AB, then C ~ A11 --.



23.



If I is not 11m,then I n m = a point . . If I n m ISnot a pomt, t h en III m .



24.



If III.. m, I n 11/= .0 . If! n 1I/=.0,lll m



Hit is Thanksgiving Day, the month 2::>. " It is Thanksgivi"ug Day.



is November.



It is not December



6~



The converse of a true statement is always true. The negation of a false sta.tement may result in a true statement. "January has 32 days or 4 IS less than 5" is a true statement. "not-not p" has t~e same meaning as "p." If P is true, not-p IS also true. negation of "No A isB" is "Every A is B." The The negation of "Every Lak is a Luk" is "Not every Luk is a Lak." 27. (P ~ Q) ~ (Q ~ P) 28. not (Por g) ~ (not p or not g). 0 ~l: 22. 23. 24. 25. 26.



0



29. not (P and g) ~ (not p and not g). 30. (P ~ g) ~ (not p ~ not g).



Summary Test



31. 32. 33. 34.



(not p ~ not g) ~ (P ~ g). (P ~ not g) ~ (g ~ not P). (not p ~ g) ~ (not g ~ P). jJ ~ if 35. P ~



q In each of the following indicate whether the statement is always true (mar T) or not always true (mark F). 1. Valid conclusions can result from false (untrue) basic assumptions. 2. The converse of "In triangle RST, if m(RT) > m(RS), then mLS > mLT is "In triangle RST, if mLS > mL T, then m(RS) > m(RT) .", 3. The converse of "If you eat toadstools, you'll get sick" is "You will g~ sick if you eat toadstools." 4. "Close the door!" is a statement. 5. "It is cold and I am freezing" is a statement. 6. Given



p is true,



g is false.



7. Given p is false, g is true. 8. Given p is true, g is false. 9. Given p is false, g is true.



Then



q



p



36.



P~ q notg



:.p



:.q



:. not p



37. P ~ q



p~q



39. jJ ~ q notp :.if 42. notp ~ q :onotq~ p



~ 40.



:.p p ~ q :. p ~ q and q ~ p



38.



~



:. not q p~qorq~p 41. :.p ~ q



"p and g" is false.



Then "p and g" is false. Then "p or g" is false. Then "p or g" is false.



10. "p or g" is called a conjunction I 1. If P isf alse, then not -p is true.



of



p and



g. '.'



12. A negation of the statement "Not every student is smart" is "Not eve~ ~ student is stu pid." 13. A negation ofthe statement "a equals 2 and b equals 3" is "a does not eq 2 and b does not equal 3." 14. A negation of "Some blind men can see" is "At least one blind man« see." 15. The negation "not (p or g)" has the same meaning as "not p or not go" 16. "Not (p and g)" means the same as "not (p or g)." 17. "Not p or not g" means the same as "not (p and g)." 18. If an implication is true, its converse is also true. 19. The converse 70



of "If ant



= cp, then a



II



t" is "If a



II



t, then ant
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Definition: A real number ilfit is less than zero.



\31



is positive iff it is greater



than zero; it is negative



We say that a > b iff a-b is a positive number. Similarly, a < b iff a-b a negative number. The symbol for "is not greater than" is "::I>" and for "is not less than" "" and for "is less than" is Thus, a > b is read "a is greater than b." It should be noted that a> ban. b < a are two ways of writing the same fact. They can be used interchang' ably.



,



~.



for an equi-



valent expression in an inequality without ing the trutb value of the inequality.



(c = a + b) 1\ (b > 0)



(Partition property).



The following "field properties."



--



--



additional



~



chang-



c >a.



Properties



of a field



properties



of the real number



F-5 (additive inverse property).



0) ~~=!l. the truth



For every pair of real numbers, a and b, exactly one of the following is true: a < b, a = b, a > b. (addition property). (a < b) 1\ (c (c-b).



system



Operations of Addition F-l (closureproperty). a + b is a unique real number. F-2 (associativeproperty). (a+b) +c = a+ (b+c). F-3 (commutative property). a+b=b+a. F-4 (additive property of zero). There is a unique real number



(reflexive property). a = a. (symmetricproperty). a = b ~ b = a. E-3 (transitiveproperty). (a = b) 1\ (b = c) ~ a = c. E-4 (addition property). (a=b) 1\ (c=d) ~ (a+c) = (b+d). E-5 (subtraction property). (a= b) 1\ (c= d) ~ (a-c) = (b-d). E-6 (multiplication property). (a=b) 1\ (c=d)~ac=bd. E-I E-2



E-7



(trichotomy property).



0-7



0-8



is



Properties



(multiPlication property). (a < b) 1\ (c > 0) ~ ac < bc; (a < b) 1\ (c < 0) ~ ac > bc. (division property). (a < b) 1\ (c> 0) ~ alc < blc 1\ cia> clb; (a < b) 1\ (c < 0) ~ alc > blc 1\ cia < clb. (transitive property). (a < b) 1\ (b < c) ~ a < c.



0-5



is



are called



0, the additive



identity element, such that a + 0 = 0 + a = a. For every real number a, there exists a real number (-a), the additive inverse of a, such that a+ (-a) = (-a) + {1= O.



Operations of Multiplication F-6 (closureproperty). is a unique real number. F-7 (associativeproperty).a' b(a. b) . c = a' (b' c). 73
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. (commutative property). a' b = b a. (multiplicative property of 1). There is a unique real number I, . the multiplicative identity element, such that a I = I. a = a.



EQUATIONS



1. 8- 3x = 2(x-6). 2. 8 - 3x = 2x - 12. 3. - 3x = 2x - 20. 4. -Sx = -20. 5. x= 4.



(multiplicative inverse property).



(distributive property).



For every real number a(a ¥- 0) there is a unique real number I/a, the multiplicative inverse of a, such that a' (1/a) = (1/a) . a = 1. . a (b + c) = a . b + a c.



Exercises 1-6. What property following?



of the real number



1. 4+3 = 3+4. 3. 6 + 0 = 6. 5. 2(5+4) = 2.5+2.4.



system is illustrated



by each of the



2. 5+ (-5) = O. 4.7' I = 7. 6. 5.2 = 2.5. II



7-24. Name the property indicated



7. 8. 9. 10. II. 12. 13. 14. 15. 16. 17. 18. 19. 20.



of the real number



the



conclusion.



lfx-2=5,thenx=7. lf3x = 12, then x = 4. lf7=5-x,then5-x=7. lfa+3=7,thena=4. 1[2a+5 = 9, then 2a = 4. lfa+b= 10,andb=3,thena+3= Ifix = 7, then x = 14. 5, (t) = 1. If a + 3 < 8, then a < 5. Ifx = y and y = 6, then x= 6. Ifx> yandz> x,thenz>y. Ifa-2 > 10,thena > 12. If-3x < 15, then x > -5. 1/2 + V4 is a real number.



10.



21. (S.t)'12=5.(t'12). 22. (17+ 18) + 12 = 17+ (18+ 12). 23. If tx > -4, then x > -12. 24. 3(y+S) =3y+IS. 25-30. Name the property of real numbers steps in the following problems.



which justify



IllustrativeProblem. 8 - 3x = 2(x + 6) . Solution



system which will support



each of the numbered
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REASONS



1. 2. 3. 4. 5.



Given. Distributive property Subtractive property Subtraction property Division property of



25. 1. 2. 3. 4.



5x-7 = 2x+ 8. 5x = 2x+ 15. 3x = 15. x= 5.



26. 1. 8 = 2(x-3). 2. 8 = 2x-6. 3.14=2x. 4. 2x = 14. 5. x= 7.



27. 1. 2. 3. 4. 5.



3(x-5) = 4(x-2). 3x-15 = 4x-8. 3x = 4x + 7. -x= 7. x=-7.



28. 1. 2. 3. 4.



5x-7 > 3x+9. 5x> 3x+ 16. 2x > 16. x> 8.



29. 1. 2. 3. 4.



3x-9 < 7x+ 15. 3x < 7x+ 24. -4x < 24. x > -6



30. 1. 2. 3. 4. 5.



2(x- 3) > 5(x+ 7). 2x-6 > 5x+35. 2x> 5x+ 41. -3x> 41. x< -'Y.



of equality. of equality. of equality. equality.



3.2. Initial postulates. In this course, we are interested in determining and praying geometric facts. We have, with the aid of the undefined geometric concepts, defined as clearly and as exactly as we could other geometnc concepts and terms. We will next agree on or assume certain properties that can be assigned to these geometric figures. These agreed-upon properties we will call postulates. They should seem almost obvious, even though they may be difficult, if not impossible, to prove. The postulates are not made up at random, but have been carefully chosen to develop the geometry we intend to deyelop. With definitions, properties of the real number system, and postulates as a foundation, we will establish many new geometric facts by giving logical proofs. When statements are to be logically proved, we will call them theorems. Once a theorem has been proved, it can be used with definitions and postulates in proving other theorems. It should be clear that the theorems which we can prove will, to a great extent, depend upon the postulates we agree to enumerate. Altering two Or ~hree postulates can completely change the theorems that can be proved in a gIven geometry course. Hence, we should recognize the importance of the selection of postulates to be used.
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we will agree on will in great



Definition: A statement called a postulate.



that



is accepted



part reflect the world about us. as being



true



without



proof



is



postulate 1. A line contains at least two points; a plane contains at least three points not all collinear; and space contains at least four points not all coplanar. Postulate points.



2.



Notice that unzqueness:



For every two distinct points, there is exactly one line that contains both this postulate



states



two things,



sometimes



called



1. There exists one line that contains the two given points. 2. This line is unique; that is, it is the only one that contains Postulate 3. For every three distinct noncollinear that contains the three points.



existence and



the two points.



points, there is exactly one plane



Postulate 4. If a plane contains two points of a straight line, then all points of the line are points of the plane. Postulate 5. If two distinct planes intersect, their intersection is one and only one line (see Fig. 3.1).



REASONING
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Theorem 3.1 3.3. If two distinct most, one point.



lines in a plane intersect,



then their intersection



is at



Supporting argument. Let I and m be two distinct lines that intersect at S. Csing the law of the excluded middle, we know that either lines I and m intersect in more than one point or they do not intersect in more than one point. If they intersect in more than one point, such as at Rand S, then line I and line m must be the same line (applying Postulate 2). This oR contradicts the given conditions that I and m are distinct lines. Therefore, applying the Theorem 3.1. rule for denying the alternative, lines I and m intersect in, at most, one point.



~



~



Theorem 3.2 3.4. If a point P lies outside a line I, exactly one plane contains the line and the point. Supporting argument. By Postulate I, line I contains at least two different points, say A and B. Since P is a point not on I, we have three distinct noncollinear points A, B, and P. Postulate 3, then, assures the existence and uniqueness of a plane M through line I and point P.



p.



~ Theorem 3.2.



Fig. 3.1. Theorem With the above postulates we can start proving some theorems. These first theorems will state what to most of us will seem intuitively obvious. Unfortunately, their formal proofs get tricky and not too meaningful to the geometry student beginning the study of proofs. Consequently, we will give informal proofs of the theorems. You will not be required to reproduce' them. However, you should understand clearly the statements of the) j theorems, since you will be using them later in proving other theorems.



3.3



3.5. If two distinct lines intersect, exactly one plane contains both lines. Supporting argument. Let Q be the point where lines I and m intersect. Postulate 1 guarantees that a line must contain at least two points; hence, there must be another point on I and another point on m. Let these points be lettered Rand P, respectively. Postulate 3 tells us that there is exactly one plane that contains points Q, R, and P. We also know that both I and m ll1ust lie in this plane by postulate 4.
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16. Explain how, with a straight edge, it is possible to determine whether all points of the tOR of a table lie in one plane. 17. If in plane MN, Xi3 .1 line ~, Ac .1 line m, and A is on m, does it neces-



+--+ ~ sarily follow thatAB = Ae? 18. Is it possible for the intersection of two planes to be a line segment? Ex plain your answer. 19. Using the accompanying diagram (a 3-dimensional figure), indicate which sets of points are (1) collinear, (2) coplanar but not collinear, (3) not coplanar.



Theorem].3.



Summarizing.



A plane is determined



F



(a) {A,C,D}



by



1. Three noncollinear points. 2. A straight line and a point not on the line. 3. Two intersecting straight lines.



(b) {D,A,F} (c) {F, G, A}



(d) {F, D, G}



Exercises 1. How many planes can be passed (a) through two points? through three points not in a straight line? 2. What figure is formed at the intersection of the front wall and the floor of a classroom? 3. Hold a pencil so that it will cast a shadow on a piece of paper. Will the shadow be parallel to the pencil? 4. How many planes, in general, can contain a given straight line and a point! not on the line? ' 5. How many planes can contain a given straight line and a point not on the line?] 6. Why is a tripod (three legs) used for mounting cameras and surveying instruments? 7. How many planes are fixed by four points not all lying in the same plane? 8. Why will a four-legged table sometimes rock when placed on a level floor? 9. Two points A and B lie in plane RS. What can be said about line AB?



10. If two points of a straight ruler touch a plane surface, how many other points of the ruler touch the surface? 11. Can a straight line be perpendicular to a line in a plane without being! perpendicular to the plane? 12. Can two straight lines in space not be parallel and yet not meet? Explain. 13. On a piece of paper draw a line AB. Place a point P on AB. In how many positions can you hold a pencil and make the pencil appear perpendicular to AB at P?



14. Are all triangles plane figures? Give reasons for your answer. 15. J:I°w ~nLd~rent ~nes are determined by pairs of the four different bnes AP, BP, CP, and DP no three of which are coplanar?



1



!



(e) {F,B,C,E}



c



B Ex. 19.



l Which of the following choices correctly com pletes the statement: Three distinct planes cannot have in common (a) exactly one point, exactly two points, (c) exactly one line, (d) more than two points.



(b)



J. Additional postulates. IuChapter 1 wedi!>cu!>sedthe real number line. e showed the correspondence between points on the number line and the 11 numbers. In order that we may use in subsequent deductive proofs the conclusions we arrived at, we will now restate them as postulates. Postulate 6. (the ruler postulate). The points on a line can be placed in a one-toone correspondence with real numbers in such a way that: I. For every point of the line there corresponds exactly one real number; 2. for every real number, there corresponds exactly one point of the line; and 3. the distance between two points on a line is the absolute value of the difference between the corresponding numbers. Postulate 7. To each pair of distinct points there corresponds number, which is called the distance between the points.



a unique positive



The correspondence between points on a line and real numbers is called ~he coordinate system for the line. The number corresponding to a given point IS called the coordinate of the point. In Fig. 3.2, the coordinate of A is -4, of B is -3, of Cis 0, of E is 2, and so on.



---
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C



D



. 0



E



.



.



as "the measure



F ~ 4



L 6



~



of the whole is equal to the sum of the measures



postulate



15. A segment has one and only one midpoint.



Fig.3.2.



postulate



16. An angle



Postulate 8. For every three collinear points, one and only one is between the other two. That is, if A, B, and C are (distinct) collinear points, then one and only one of the following statements is true: (a) A lies between Band C; (b) B lies between A and C; (c) C lies between A and B.



Exercises



-6



9.



Postulate



-5



If



A



-4



and



such that C E AB. least three points.



-3



B



are



-2



two



-1



distinct



1



2



points,



3



then



5



there



is at least



one



point



C



This is, in effect, saying that every line segment has at



1. 2. 3. 4. 5.



What What What What What



point is the is the is the is the



Postulate



n.



This is called the point plotting postulate.



Postulate 12. If AB is a rayon the edge of the half-plane h, thenfor every n be0 and



180



there



is exactly one ray AP, with P in h, such that mLP AB = n.



This is called the angle construction postulate. Postulate 13. (segment addition postulate). A set of points lying between the endpoints of a line segment divides the segment into a set of consecutive segments the sum of whose lengths equals the length of the given segment.



Thus.



in



Fig.



3.3, if A, B, C, D arc



.



A



collincar,



.



B



then



C



mAB + mBC + /fICD



=



mAD



=



D



Fig. 3.3. mAD.



Using



R



-6



-4



-2



the



symmetric



mAB + mBC + mCD. sum of its parts."



property



This postulate



of



equality



we



could



also



write



is often stated as "the whole equals the



Postulate 14. (angle addition postulate). In a given Plane, raysfrom the vertex of an angle through a set of points in the interior of the angle divide the angle into consecutive angles the sum of whose measures equals the measure of the given angle. Thus, in Fig. 3.4, if D and E lie in the interior of LABC, then mLABD + mLDBE + mLEBC = mLABC. Using the symmetric property of equality, we could also write mLABC = mLABD + mLDBE + mLEBC. This, too, is referred to



of BE?



C



D



0



2



E j 4



A Fig. 3.4.



F 6



6. What is the coordinate of the endpoint of FA? 7. What is the mBC + mCD + mDE? Does this equal the mBE? 8. What is the mBA? 9. Is the coordinate of point A greater than the coordinate of point D?



10. Does mBD = mDB? 11. a, b, c, are the coordinates of the corresponding points A, B, C. If a > c and c > b, which point lies between the other two? 12. If T is a point on RS, complete the following: (3) mlIT+ mTS = (b) mRS - mTS = r:r.- A, B, and C are three collinear points, mBC = 15, mAB = 11. Which point cannot lie between the other two? 14. R, S, T are three collinear points. If mRS < mST, which point cannot lie between the other two? 15-22. Given: mLAEB = 44, mLBED = 34, mLAEF = 120 EC bisects LBED. Complete the following: 15. /fILAEB+ mLBEC = mL E 16. /fILBED-mLCED= mL 17. /fILDEC+mLCEB+mLBEA = mL 18. mLBEC = 19. mLAED = 20. mLAEC = BCD A 21. mLDEF = Ex.\.15-22. 22. mLBEF =



~



B



of its parts."



Exs.l-IO.



For every AlJ and every positive number n there is one and only ani



point P of AB such that mAP = n. tween



has a coordinate of - 3? distance from B to E? mBD? mDA? coordinate of the midpoint A



81



has one and only one bisector.



I



Postulate 10. If A and B are two distinct points, there is at least one point D such that AB C AD.



REASONING



3.7. Formal proofs of theorems. A theorem is a statement accepted only after it has been proved by reasoning.



--



-----.--



--



-



--------------



F



or principle that is Every theorem in
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geometry consists of two parts: a part which states what is given or known, called the "given" or "hypothesis," and a part which is to be proved, called the "conclusion" or "prove. " Theorems can be written in either of two forms: (1) As a complex sentence. In this form the given is a clause beginning with "if" or "when" and the conclusion is a clause beginning with "then." For example, in the theorem, "If two angles are right angles, then the angles are congruent," "Two angles are right angles" is the given, and "The angles are congruent" is the conclusion. (2) As a declarative sentence. In this form the given and the conclusion are not so readily evident. For example, the above theorem could be written, "Two right angles are congruent." Frequently the simplest way to determine the given and conclusion of a declarative sentence is to rewrite it in the if-then form. The formal proof of a theorem consists of five parts: (1) a statement of the theorem; (2) a general figure illustrating the theorem; (3) a statement of what is given in terms of the figure, (4) a statement of what is to be proved in terms of the figure, and (5) a logical series of statements substantiated by accepted definitions, postulates, and previously proved theorems. Of course, it is not necessary to present proofs in formal form as we will fo~m.:1 do. The proofs ~ou~d be given just as con~lus~vely in paragraph



However,



the begmnmg



geometry



student



wIll lIkely find that by puttmg



statements of the proof in one column and reasons justifying the statements in a neighboring column, it will be easier for others, as well as himself, to follow his line of reasoning. Most of the theorems in this text hereafter will be proved fonnally. The student will be expected to give the same type of proofs in the exercises that follow. Theorem



3.4



3.8. For any real numbers, a, b, and c, if a = c, and b = c, then a = b. Given: a, b, and c are real numbers. Prove: a = b. Proof



3.9. For any real numbers a, b, and c, if c = a, c = b, then a = b. Hypothesis: a, b, and c are real numbers. c = a; c = b. Conclusion: a = b. Proof STATEMENTS



I. c



REASONS



= a; c = b.



1. Given 2. Symmetric property of equality. 3. Theorem 3.4.



2. (/ = c; b = c. 3. (l = b.



Theorem 3.6 3.10. For any real numbers a, b, c, and d if c = a, d = b, and c = d, then a = b. Hypothesis: a, b, c, and d are real numbers; c = a, d = b, c = d. Conclusion: a = b. Proof



-



ST ATEMENTS



REASONS



1. c = a; d = b; c = d. 2. c = b. 3. (/ = b.



1. Given. 2. Transitive property of equality.



3. Theorem 3.5 (c = a 1\ c = b ~ a = b).



v



Theorem 3.7 3.11. All right angles are congruent. Given: La and L{3 are right angles. Conclusion: La = L{3 Proof



a



Theorem



ST ATEMENTS



REASONS



1. a = c; b = c. 2. c = b. 3. a = b.



1. Given. 2. Symmetric property of equality. 3. Transitive property of equality (from Statements 1 and 2).
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Theorem 3.5



a = c; b = c.



STATEMENTS



REASONING



REASONS



1. La is a right angle. L{3 is a right angle. 2. mLa



=



3.7.



90; mL{3



1. Given.



= 90.



2. The measure of a right angle is 90. 3. If a = c, b = c, then a = b. 4. La = Lb ~ mLa = mLb.



3. mLa = mL{3. 4. La = L{3.



--



-



--



-



-



-



-



-



---



---------------



-



-



---



----------------
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3.15. Corollary congruent.



3.12. Complements ofthe same angle are congruent. Given: Lx and L(J are complementary angles. Ly and L(J are complementary angles. Prove: Lx == Ly.



LL



Given: Lx is the complement Conclusion: Lx == Ly. Proof



3.8.



Proof



Complements



REASONS



1. Lx and L(J are complementary Ly and L(J are complementary 2. mLx+



mL(J



Ai. Ai.



= 90.



mLy + mL(J = 90. 3. mLx+mL8 = mLy+mL8. 4. mLx = mLy. c-= L Y.



1. Given.



.



2. If two Ai are complementary, t sum of their measures equals 90';1 3.Ifa=c,b=c,thena=b. .



4. Subtractive



property



f). Lx == Ly ~ mLx



=



of equaliti mLy'.



It is important that each statement in the proof be substantiated by areas. for its correctness. These reasons must be written in full, and only abbrevi~ tions that are clear and commonly accepted may be used. The reader wi find in the appendix a list of the common abbreviations which we will use' this book. The student can easily prove the following theorems: Theorem



of



congruent



Theorem 3.10 3.14. Supplements of the same angle are congruent. These theorems will subsequently be used in proving new theorems. corollary of a geometric theorem is another theorem which is easily derivi from the given theorem. Consider the following:



are



~~ Corollary to Theorem 3.8.



of La; Ly is the complement



of Lb; La



==



Lb.



REASONS



1. Lx is the complement Ly is the complement 2. La == Lb 3. mLa = mLb.



of La. of Lb.



1. Given. 2. Given.



3. La



4. mLx+ mLa = 90.



==



Lb



~



mLa



= mLb.



5. mLx + IIlLb = 90.



4. If two angles are complementary, the sum of their measures is 90. 5. A quantity may be substituted for its equal in an equation.



7. Lx



angles = 90, they are complementary. 7. Complements of the same angle are congruent.



==



Ly.



In like manner 3.16. Corollary Congruent.



the student



can prove:



to Theorem



3.10.



Supplements



of congruent



3.9



3.13. All straight angles are congruent.



angles
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STATEMENTS



ST ATEMENTS



5. Lx



3.8.



~



L Theorem



to Theorem



REASONING



3.~7. Illustrative Example 1: Gzven: Collinear points A, B, C, D as shown; Prove: mAB = mCD. Proof"



mAC = mBD. -



L A



L c



~



L B I llustrath'e Example I.



L D



~



angles



are
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STATEMENTS



1. A, B, C, D are collinear shown. 2. mAC = mBD 3. mAC = mAB + mBG.



points



as



4. mBD = mBC + mCD. 5. mAB + mBC = mBC + mCD. 6. mAB =mCD.



3.18. Illustrative



2. Given. 3. Definition of betweenness (also b postulate 13). 4. Same as reason 3. 5. Substitution property (statement 3 and 4 in statement 2). 6. Subtractive property of equality.



Example 2:



STATEMENTS



REASONS



1. BE and BJj are rays drawn from from the vertex of LABC as shown. A, B, C, D, E are coplanar. 2. mLABD > mLEBC. 3. mLABD + mLDBE > mLEBC + mLDBE. 4. mLABD + mLDBE = mLABE; mLEBC + mLDBE = mLDBC. 5. mLABE > mLDBC.



1. Given.



Prove: LABC Proof



==



B Illustrative



ExamjJle 2.



Example 3.



STATEMEKTS



REASONS



l.BD..lAC. 2. LAEB is a right angle.



1. Given. 2. Perpendicular lines form angles. 3. Definition of right angle. 4. Given.



3. mLAEB = 90. 4. LEBC is the complement of LEBA. 5. mLEBC+ mLEBA = 90.



Illustrative



Given: BJj ..l AG.



right



5. Two angles are complementary iff the sum of their measures is 90. 6. Angle addition postulate. 7. Substitution property of equality (or Theorem 3.5). 8. (a=c) /\ (b=c)~a=b. 9. Angles with the same measure are congruent.



6. mLEBC + mLEBA = mLABC. 7. mLABC = 90. LABC =- mLAEB. 9. LABC == LAEB.



Exercises 2. Given. 3. Additive



property



of order.



4. Angle addition postulate. 5. Substitution



property of order.



In the fOllowing exercises complete the proofs, using for reasons only the . gIVen, definitions, properties of the real number system, postulates, theorems, and corollaries we have proved thus far. 1. Prove Theorem 3 .9 . 2 . Prove the corollary to Theorem 3.10. 3. Given: Collinear points A, B, C, D as shown; mAC = mBD. Prove: mAB = mCD.



Example 3: LEBC is the complement



LAEB.
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1. Given



Given: LABC with BE and jjjj as shown. A, B, C, D, E are coplanar points. mLABD > mLEBG. Prove: mLABE > mLDBC. Proof



3.19. Illustrative



REASONING



c



of LEBA.



--U



A



L B



L c Exs.3-4.



4 D
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4. Given: Collinear points A, B, C, D as shown; mAC > mBD. Prove: mAB> mCD. 10. Given:



5. Given: LABC with jjJj and liE as shown. A, B, C, D, E are coplanar; mLABD = mLEBe. Prove: mLABE = mLDBC. 6. Given:



LABC



with



Bl5



and



BE



prove:



Points D and E lie on sides AC and BC of LABC as shown; mAD = mBE; mDC = mEe. LABC is isosceles.



as shown.



A, B, C, D,E are coplanar; mLABE = mLDBC. Prove: mLABD = mLCBE.



A



B Ex. 10.



Exs.5-6. E



pAJ



7. Given: mPS = mPR; mTS = mQR. Prove: mPT = mPQ.



I]. Given: A, B, C, D are collinear points; mLEBC = mLECB. Prove: IIlLABE = mLDCE.



E



A



L



c



B



D



""



EX.n.



Q



Ex. 7.



8. Given: Prove:



= mLRST and mLABD = mLRSP. mLABC



mLDBC



= mLPST.



c



/m~__-



Points D and E on sides ACanclBC of LABC



R~



as shown;



mLBAC



=



mLABC; mLCAE = mLCBD. Prove: IIlLEAB = mLDBA.



A Ex. 8.



9. Given:



LABC



~ LRST;



Prove:



LABD



~ LRSP.



Lcf> ~ L8;



La



~/D



S Ex.9.



-



-----------------------------------------------------



EX./2.



~ L{3.



~/T



~~ BAR



A



13. Given:



Be



..l



AB; LBAC and LCAD



are complementary. Prove: mLDAB = mLABe.



DlLJC A



B Ex.13.



- ----------
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REASONING



Theorem 3.12



D



3.21. Vertical angles are congruent. 14. Given: AD 1- AB; BC 1- AB; LB Prove: LA == LC.



==



ci1!en: AB and CD are straight lines intersecting at E, forming vertical angles Lx and Ly. Conclusion: Lx == Ly.



LC.



A EX./4.



B



c



A



Proof



Theorem3/2



A Ex./5.



Theorem



3.11



3.20. Two adjacent are supplementary.



angles



whose



REASONS



STATEMENTS



15. Given: BC 1- AB; LC is the complement of LABD. Prove: mLC = mLDBC.



noncommon



sides



form a straight



1. Given. 2. Definition



1. AB and CD are straight lines. 2. LCED and LAEB are straight angles. . 3. Lx and Lr are supplementary angles. 4. Ly and Lr are supplementary angles.



5. Lx



LABD and LDBC are adjacent angles. LABC is a straight angle. Conclusion: LABD is a supplement of LDBC. Proof:



==



Ly.



of straight



3. Theorem



3.11.



4. Theorem



3.11.



angle.



5. Supplements of the same angle are congruent.



Given:



c erpendicular lines form four rightangles:-. A Theorem 3.1/.



STATEMENTS



REASONS



1. LABD and LDBC are adjacent angles. 2. LABC is a straight angle. 3. mLABC = 180.



1. Given.



4. mLABD + mLDBC = mLABC. 5. mLABD + mLDBC = 180. 6. LABD is a supplement of LDBC.



----------------------------------------------



Given: CD 1- AB at O. Conclusion: LAOC, LBOC, LEOD, and LAOD are right angles. Proof



A



B



0



D



2. Given. 3. The measure of a straight a is 180. 4. Angle addition postUlate. 5. a = b 1\ b = c ~ a = c. 6. If the sum of the measures o~ angles is 180, the angleS., su pplementary.



S'f A



Theorem 3./3. 'fEMENTS



---1. CD



1.



REASONS



AiJat



O.



1. Given. 2. 1- lines form a right angle. 3. The measure of a right angle 90.



2. L..BOC is a right angle.



3. 'fIlL..BOC



= 90.



-



-----------..-



---------



is
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4. LAOB is a straight angle. 5. LBOC and LAOC are adjacent angles. 6. LBOC and LAOC are supplementary. 7. mLBOC+mLAOC=180.



8. mLAOC = 90. 9. mLAOD = mLBOC; mLBOD = mLAOC. 10. mLAOD = 90; mLBOD = 90. 11. LAOC, LBOC, LBOD, LAOD are right angles.



DEDUCTIVE



4. Definition 5. Definition



of a straight angle. of adjacent angles.



6. Theorem



3.11.



Illustrative



3.23. If two lines meet to form congruent adjacent angles, they are perpendicular. +---i-



Given:



CD and AB intersect LAOC == LBOC. Prove: CD 1- }[jJ. Proof



at 0; A



Theorem



LBOC. 2. mLAOC = mLBOC. ==



3. mLAOC+mLBOC= mLAOB. 4. LAOB is a straight angle. 5. mLAOB = 180. 6. 7. 8. 9.



mLAOC+mLBOC = 180. mLBOC+mLBOC = 180. mLBOC = 90. LBOC is a right angle. ~



3.14.



D



REASONS



1. LAOC



~



10. CD 1- AB.



LGBC



== LBEF.



STATEMENTS



REASONS



1. AC is a straight line. 2. LABC is a straight angle. 3. LABG is the supplement of LGBC. :-DFis a 5. LDEF is a straight angle. 6. LDEB is the supplement of LBEF.



I. Given. 2. Definition 3. Theorem



0



1--



STATEMENTS



Exam/)le.



3.24. Illustrative Example: . Given: AC, DF and GH are straight lines. Prove: LABG == LDEB. Proof"



c



Theorem 3.14



F



D



10. Substitution property of equalit'l 11. Statements 2, 8, 9, and defi tion of right angle.
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c



A



7. The sum of the measures of tw.. supplementary angles is 180. 8. Subtraction property of equalit: 9. Vertical angles are congruent.



REASONING



1. Given. 2. Congruent sures. 3. Angle addition postulate. 4. Definition of straight angle. 5. The measure of a straight ani is 180. 6. a = b 1\ b = c ~ a = c. 7. Substitution property of equali'] 8. Division property of equality. 9. Definition of right angle. .



~



10. Definition lines.



of



perpendicuJ



7. LGBC 8. LABG



== ==



LBEF. LDEB.



of straight 3.11.



-+-'



5. 6. 7. 8.



angle. -



Same as reason 2. Theorem 3.11. Given. Supplements of congruent are congruent.



angles



Exercises In the following exercises . gIven statements, definitions,



give formal postulates,



1. Given: CD and CE are straight lines. Prove: LBAD



== LABE.



proofs,



using



theorems,



LCAB



==



LABE.



only the



and corollaries. ==



2. Given: AG, DE, and !iF as shown in the figure. of LBCF. Prove: LDCB



for reasons



LCBA. LA BE is the supplement
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6. Given:



c



JiB, t:JJ,and



U



are



straight lines;



D



La == Lb Prove: EFbisects



E~O/!



LBOD.



mLC.



Postulate 2. Vertical angles are congruent. S.A.S. Corresponding Ai of ==& are



==.



8. Postulate 14. 9. Substitution property.



10. c = a+ b A b > 0



~



c > a.



;? Fig. 4.15.



Definitions: If S is between Rand Q, then LQST is an exterior angle of f1RST (Fig. 4.15). Every triangle has six exterior angles. These exterior angles form three pairs of vertical angles. LR and L T are called nonadjacent interior angles of LQST.



mLCBE can be proved greater than mLA,in the midpoint of AB and drawing eM. Theorem



like manner,



by taking Mas



4.18



4.35. If two triangles have the three sides of one congruent respectively the three sides of the other, the triangles are congruent to each other.



to
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CONGRUENCE - CONGRUENT F



c



A



~ "



.



I



1. Given: RT //



I



""I



RU; TS



D~E



B



==



==



US.



~RUS.



(b) RS bisects LTRU.



R



///



I "" "I // "I'{-/



G'-



T ==



Prove: (a) ~RTS



K



i



s



//



"H"... "



TRIANGLES



Exercises (A)



u



Theorem4.I8.



Ex. I. Given:



~ABC



AB



and



==



~DEF



DE,BC



Conclusion: ~ABC



==



==



with



EF,AC



==



DF.



~DEF.



ST ATEMENTS



REASONS



1. AB == DE. 2. There is a ray



LBAH



AH



such



that



==



5. ~ABC == ~DEF. 6. AC == DF. 7. AG == AC. 8. BG == EF. 9. BC 11. 12. 13. 14.



== ==



(c) CD 1- AB.



A



EF. BC.



Draw segment CG. LACK == LACK. LBCK == LBCK. LACB == LACB.



15. LACB



==



16. LACB



LDFE.



==



17. ~ABC



==



LDFE. ~DEF.



D



postulate.



Ex. 2.



3. Point



plotting



postulate.



DF.



4. Draw segmentBG.



10. BG



1. Given. 2. Angle construction



LEDF, and such that



==



C and G are on opposite sides of AB. 3. There is a point G on AH such



thatAG



c



2. Given: Isosceles ~ABC with AC == BC; CD bisects LA CB. Prove: (a) ~ADC == ~BDC. (b) AD == BD.



Proof



4. 5. 6. 7. 8. 9. 10. II. 12. 13. 14. 15. 16. 17.



Postulate 2. S.A.S. Given. Theorem 3.4. Corresponding are ==. Given. Theorem 3.4. Postulate 2. Theorem 4.16. Theorem 4.16. Angle addition theorem. Reason 8. Congruence of ~ is transitive. S.A.S.



3. Given:



JM JL



==



KL;



KM. Prove: (a) LM == LL. (b) LLJK == L? (c) LLKM == L? ==



J~E Ex.3.



C 4. Given: AC



AD Prove:



==



==



BC; BD.



CD is the perpendicular bisector of AB.



A~B D Ex.4.



B
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5. Given: RT



==



R'T';



RS



==



R~;



median



TP



Prove: (a) L:.RPT (b) L:.RST



==



== ==



Lsp T'



L:.R'S'T'.



~s



R'



Ex.6. c 7. Given: IsosceTesL::L4BC~ith AC == BC: M, N, P, are midpoints of AC, BC, and AB respectively. Prove: LAPM == LBPN. B Ex. 7.



p ==



RS



LP;



==



LT;



PS == PT. Prove: (a) L:.RTP (b) LPSR



==



L:.LSP.



==



LPTL.



R



L Ex.S.



/'



,./



/'



'



-;;.:::': ........ P /'



,/



-.......



/'



/'



........



.........



-,



/'



N/'



N



~ Ex. 9.



=+=



.~



L



-L.



.--



~



+-



.



H



11. Prove that the median to the base of an isosceles triangle equals the altitude to that base. 12. Prove that the medians to the two congruent sides of an isosceles triangle are congruent. 13. Prove that, if the median of a triangle is also an altitude of that triangle, the triangle must be isosceles. 14. Prove that, if a point on the base of an isosceles triangle is equidistant =- from thenHdpeHHse!tfie'£ffflgt'ttefiHidcs, the point bisects tile base. 15. Prove that the intersection of the perpendicular bisectors of any two sides of a triangle are equidistant from the three vertices of the triangle.



G



A



--~s /



P



A~E L:.EDC.



(b) L:.AFC== L:.EGC.



8. Given: RP



;:~:;~ //////



_/~



10. Describe a means of, with ta pe and protractor, measuring roughly the distance GP across a stream. Prove the validity of the method.



6. Given: AE, BD, and FG are straight lines.



==
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R ~-::.~



P' Ex.5.



AC == EC; DC == Be. Prove: (a) L:.ABC



(B)



9. In the figure for Ex. 9 it is desired to determine the distance between two stations Rand S on opposite sides of a building. Explain how two men with only a tape measure can accomplish the task. Prove your method.



R



median T'P'. L:.R' p'T'.
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5. Given: RT



==



R'T';



RS



==



R~;



median



TP



Prove: (a) L:.RPT (b) L:.RST



==



== ==



Lsp T'



L:.R'S'T'.



~s



R'



Ex.6. c 7. Given: IsosceTesL::L4BC~ith AC == BC: M, N, P, are midpoints of AC, BC, and AB respectively. Prove: LAPM == LBPN. B Ex. 7.



p ==



RS



LP;



==



LT;



PS == PT. Prove: (a) L:.RTP (b) LPSR



==



L:.LSP.



==



LPTL.



R



L Ex.S.
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'
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11. Prove that the median to the base of an isosceles triangle equals the altitude to that base. 12. Prove that the medians to the two congruent sides of an isosceles triangle are congruent. 13. Prove that, if the median of a triangle is also an altitude of that triangle, the triangle must be isosceles. 14. Prove that, if a point on the base of an isosceles triangle is equidistant =- from thenHdpeHHse!tfie'£ffflgt'ttefiHidcs, the point bisects tile base. 15. Prove that the intersection of the perpendicular bisectors of any two sides of a triangle are equidistant from the three vertices of the triangle.



G



A



--~s /



P



A~E L:.EDC.



(b) L:.AFC== L:.EGC.



8. Given: RP



;:~:;~ //////



_/~



10. Describe a means of, with ta pe and protractor, measuring roughly the distance GP across a stream. Prove the validity of the method.



6. Given: AE, BD, and FG are straight lines.



==
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P' Ex.5.



AC == EC; DC == Be. Prove: (a) L:.ABC



(B)



9. In the figure for Ex. 9 it is desired to determine the distance between two stations Rand S on opposite sides of a building. Explain how two men with only a tape measure can accomplish the task. Prove your method.



R



median T'P'. L:.R' p'T'.
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I



:). Two triangles are congruent



if two sides and an angle of one are



== respec-



tively to two sides and an angle of the other.



4. Two triangles that have 5. The bisectors to each other. 6. The bisectors



==



bases and



of two adjacent of two angles



7. Two equilateral



==



altitudes are congruent.



supplementary



of a triangle



angles



are perpendicular



are perpendicular



triangles are congruent



to each other.



if a side of one triangle is



==



to a



side of the other.



8. If the sides of one isosceles triangle are 9. 10.



Summary Tests



11. 12.



Test 1 COMPLETION



13.



STATEMENTS



1. An angle of a triangle is an angle formed angle and the prolongation of another side through 2. A of a triangle is the line segment joining



3. Corresponding sides of congruent angles of the triangles.



triangles



by one side of the tr:i their common point. a vertex and the mid~



are found



opposite



14. 15.



==



to the sides of a second isosceles



triangle, the triangles are congruent. The altitude of a triangle passes through the mid point of a side. The measure of the exterior angle of a triangle is greater than the measure of either of the two nonadjacent interior angles. An exterior angle of a triangle is the supplement of at least one interior angle of the triangle. If two triangles have their corresponding sides congruent, then the corresponding angles are congruent. If two triangles have their corresponding angles congruent, then the corresponding sides are congruent. No two angles of a scalene triangle are congruent. The sides of triangles are lines.



16. There



is possible



a triangle



RST



in which



LR



=



L T.



t7:lIlift.') 1 = 6.') 1 ft, then 6H.') 1 IS eqUIlateral. 18. Adjacent angles are supplementary. 19. The supplement oran angle is always an ohtllse angle. 20. A perpendicular to a line bisects the line. 21. The median to the base of an isosceles triangle is perpendicular to the base. 22. An equilateral triangle is equiangular. 23. If two angles are congruent their supplements are congruent. 24. The bisector of an angle of a triangle bisects the side opposite that angle. 25. If two isosceles triangles have the same base, the line passing through their vertices bisects the base. c



th



dicular to the opposite side. 5. parts of congruent triangles are congruent. 6. The bisector of the vertex angle of an isosceles triangle is base. 7. The angles of an isosceles triangle are congruent. 8. If the median of a triangle is also an altitude, the triangle is9. The bisectors of two supplementary adjacent angles form a 10. The side of a right triangle opposite the right angle is called the



Test 3 Test 2 TRUE-FALSE



EXERCISES STATEMENTS



I



1. Two triangles are congruent if two angles and the side of one are can] gruent respectively to two angles and the side of the other. j 2. If two right triangles have the legs of one congruent respectively to th'



two legs of the other, the triangles are congruent.



11



1.



Supply the reasons for the statements . the following proof: GIven: AC == BC' AD ==BD. Prove: AB .1 CD: Proof



in



A~B EX.i. D



136



137 ----..-----



---------------



-------



~



STATEMENTS



1. AC



== BC;



REASONS



AD



/5/



1. 2.



== BD.



2. LCAE == LCBE; LDAE == LDBE. 3. LDAC == LDBC. 4. 6DAC == 6DBG. 5. LACE == LBGE. 6. CE == CEo 7. 6ACE == 6BCE. 8. LAEC == LBEC. 9. ... AB ..1 CD.



3. 4. 5. 6. 7. 8. 9.



Parallel and perpendicular



lines



T



K



G



R Ex. 2.



Ex. 3.



6GJK with HK == IK; GH Prove: GK == JK.



2. Given:



3. Given: == II



Isosceles 6RST with RT == ST; medians SM and RN.



Prove: SM



==



RN.



5.1. Parallel lines. Parallel lines are commonplace in the everyday experiences of man. Illustrations of parallel lines are the yard markers on a football field, the top and bottom edges of this page, a series of vertical fence posts, and the rails on which the trains run. (See Fig. 5.1.) Parallel lines occur in a number of geometric figures. These lines have certain properties that produce consequences in these figures. A knowledge of these consequences is useful to the craftsman, the artisan, the architect, and the engineer. list as we began our study of congruent triangles with a definition of congruent triangles and with certain accepted postulates, so we will begin OIl) study of parallel lines with a definition and a postulate. By means of this definition and postulate and the theorems already proved, we shall prove several additional theorems on parallel lines. Definition: meet.



Two lines are parallel iff they lie in one plane and will not



The symbol for "parallel" or "is parallel to" is "/1". As a matter of convenience, we will state that segments are parallel if the lines that contain them are parallel. We will similarly refer to the parallelism of two rays, a ray and a segment, a line and a segment, and so on. Thus, in Fig. 5.2, the statements ;W Ii DE, AC l/l2, AC II //l2. "DE, II DF, are each equivalent to the statement Two straight lines in the same plane must either intersect or be parallel. " However, it is possible for two straight lines not to intersect and yet not be Eara]Jel if they do not lie in the same plane. The front horizontal edge



~ (,



138



of the box of Fig. 5.3, for example, will not intersect because they do not lie in the same plane. These



the back vertical lines are termed



edge skew



139
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~1 L Fig. 5.4.



LINES
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~7



Parallel Planes.



We have already proved that two lines are perpendicuiar if they meet to form congruent adjacent angles. Perpendicular planes are defined in a similar way. Definition: Two planes are perpendicular iff they form congruent adjacent dihedral angles. Plane M and plane N (Fig. 5.5) are perpendicular iff LPQS = LPQR.



P



Fig. 5.1.



Parallel PiPeways at an oil refinery



R



lines.



Definitions: Two planes are parallel if their intersection line and a plane are parallel if their intersection is a null set.



is a null set.



G



.



-=-



.



..



D



.



.



E



11



Fig. 5.5.



D



C



B



A



Theorem



12



F



5.2. If two parallel are parallel.



A Fig. 5.2.



5.1.



Theorem 5.1



Fig. 5.3.



If planes M and N (Fig. 5.4) are parallel we write M II N. If line ~2 a plane M are parallel, we write l2 II M or M Ill2' Unless lines II and l2 of FIg. lie in a common plane, they are called skew lines.



planes are cut by a third plane, the lines of intersection



Given: Plane P intersecting lines of intersection. Prove: AB II CD. Proof"



parallel



planes



M and N, with



AB and CJj their



---------------
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REASONS



1. Plane P intersects planes M and N in AB and CD, respectively. 2. Plane M II plane N.



1. Given.



AB andCD lie in plane P. 4. AB n CD = O. 3.



5. AB CD. II



2. 3. 4. 5.



Given. Given. Definition of parallel planes. Definition of parallel lines.



5.3. Indirect method of proof. Thus far the methods we used in provil theorems and original exercises have been direct. We have considered t: information given in the problem, and, by using certain accepted truths' the form of definitions, postulates, and theorems, have developed a logic step-by-step proof of the conclusion. It has not been necessary to assume consider one or more other conclusions. However, not always is the information complete enough or sufficienl positive to enable us to reach a definite conclusion. Often the given fat and assumptions may lead to two or more possible conclusions. It then t comes necessary to know the exact number of possible conclusions whi, must be considered. Each of these conclusions must be investigated terms of previously known facts. If all the possible conclusions but 0: can be shown to lead to a contradiction or violation of previously proved accepted facts, we then can state with authority that the one remaining mu: be a correct conclusion. This method is called the indirect method of proOf! exclusion. It is used extensively by all of us. Suppose you turn on the switch to a floor lamp and the lamp does light. How might you find the cause of the difficulty? Let us consider d various possible causes for failure. They might be: unscrewed light bull bulb burned out, faulty wiring in lamp, lamp unplugged in wall socket, fut blown out, no current in your neighborhood, bad wiring in the hous Assume that in checking you find that other lights in the house will burn, t1 bulb is screwed in the socket, the lamp is properly plugged in the wall sock~. and the bulb will light when screwed in another floor lamp. By these te~ you have eliminated all but one possible cause for failure. Thus you muj conclude that the failure lies in the wiring in the lamp. A lawyer frequently uses the indirect method of proof in proving his diel innocent of misconduct. Let us suppose the client is accused of arm~ robbery of a theater at 21st and Main street at 7: 30 p.m. on a given nigt It is evident that the client was either (1) at that locality at the specified tin and date or (2) he was somewhere else. If the lawyer can prove that the die was at some other spot at the time of the robbery, only one conclusion cl result. His client could not have been the robber.
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The automobile mechanic in determining why an engine will not start must Suppose he concludes that first consider the various causes for such failure. the fault must be either (1) no gasoline reaching the cylinder or (2) no spark at the spark plug. If he can show that one of these definitely cannot be the fault, he then concludes that the other must be and acts on that basis. The stUdent may ask, "What if I cannot exclude all but one of the assumed possibilit!es?" All he can be certai~1 of in that event ~s that he has no proof. It is possible that one of the alternatives he has chosen IS actually true. There is no one way to determine which alternatives to select for testing in an indirect proof. Perhaps several examples will help here. A 5.4. Illustrative Example 1:



Given: mAB = mBC; mCD 0/=mAD. Prove: BD does not bisect LABC. Proof" c Illustrative ST ATEMENTS



1. mAB



= mBC.



2. mCD 7" mAD.



3. AB



==



BC.



4. Either jj]j bisects L ABC or jjjj does not bisect L ABC. 5. Assume ED bisects LABC.



6. LCBD



==



LABD.



==



LABD.



7. BD == BD. 8. 6CBD 9.



CD == AD.



]0. mCD = mAD. ] 1. Statement 10 contradicts statement 2. ]2. Hence assumption 5 is false and BDdoes not bisect LABC.



-------



ExamPle 1.



D



REASONS



I. Given. 2. Given. 3. Definition of congruent segments. 4. Law of the excluded middle.



5. Temporary assumption. 6. Definition of angle bisector. 7. Congruence of segments IS reflexive. 8. S.A.S. 9. Corresponding parts of congruent triangles are congruent. 10. Reason 3. II. Statements 10 and 2. 12. Rule for denying the alternative.
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C



5.5. Illustrative



Example 2:



Given: L.ABC with CD ..l AB; mAC =I'mBC. Prove: mAD =I'mBD. ProoF



REASONS



STATEMENTS



1. L.ABC with CD



..l



AB.



2. mAC =I'mBG. 3. Either mAD = mBD or mAD =I' mBD. 4. Assume mAD = mBD.



5. AD



==



BD.



6. CD



==



CD.



7. LA DC angles.



8. LADC



and ==



LBDC'



are



right



LBDC.



9. L.ADC == L.EDC'. 10. AC == BC. 11. mAC = mBC. ment 2. 13. Assumption 4 is false and mAD =I' mBD.



Exercises



A~'



3. A customer returned a clock to the jeweler, claiming that the clock would not run. He offered as evidence the fact that the clock stopped at 2 : 17 a.m. after his butler wound it before retiring a few hours earlier. When the jeweler checked the clock he could find nothing wrong with the clock except that it was run down. Upon winding the clock it functioned properly. What conclusion would you make if you were the jeweler?



D Illustrative



4. The story is told of Tom Jones asking permission of the local jailkeeper to see a prisoner. He was told that only relatives were permitted to see the inmate. Being a proud man, Mr. Jones did not want to admit his relationship to the prisoner. He stated, "Brothers and sisters have I none, but that man's father is my father's son." Whereupon the jailer permitted him to see the prisoner. Consider the following possible relationships between the prisoner and Mr. Jones: cousin, uncle, father, grandfather, grandson, son, brother. By indirect reasoning determine the true relationship between the prisoner and Mr. Jones. 5. Give an example either from your own experience or a hypothetical case in which the indirect method of proof was used.



ExamPle 2.



1. Given. 2. Given. 3. Law of the excluded



middle.



4. Temporary assumption. ! 5. Definition of congruent seg-:I ments. 6. Congruence of segments reflexive. 7. Perpendicular angles. 8. Right angles are congruent. 9. S.A.S. 10. Corresponding parts of congruent triangles are congruent. 11. Reason 5.



Exercises



(B)



Prove the following statements and then show that this assumption 6. If the measures



of two angles



by assuming that the conclusion leads to an impossible result. of a triangle



are unequal,



the measures



,id" 0 ppo.,ile lhem a,'e unequal.



13. Rule for denying the alternative. 'I



(A)j



,1 1. Tom, Jack, Harry, and Jim have just returned from a fishing trip inJim'sj car. After Jim has taken his three friends to their homes, he discovers a:; bone-handle d hunting knife which one of his friends has left in the car. He recalls that Tom used a fish-scaling knife to clean his fish and that, ' Harry borrowed his knife to clean his fish. Discuss how Jim could reason', whose knife was left in his car. Indicate what assumptions he would have'j to make to be definitely certain of his conclusion. 2. Two boys were arguing whether or not a small animal in their possession' was a rat or a guinea pig. What was proved if the boys agreed that guinea!1 pigs have no tails and the animal in question had a tail?



7. Given: mAC does not equal mBC; CD bisects LA CB. Conclusion: CD cannot be perpendicular toAB.



A



~.D Ex. 7.



'



'



'



,



"



,



, o.,



8. Given: mRT is not equal to mST;



,j,



M bisects RS. Conclusion: TM is not perpendicular to RS.



R~s



is not true



M Ex.8.



of



146



FUNDAMENT



ALS OF COLLEGE



PARALLEL



GEOMETRY



mLN oF mMN; PN is ..LLM. Conclusion: PN does not bisect LLNM.



~ii p



M



Ex. 9.



( I) There (2) There



C &ABC andA'B'C' with mAB = mA""7JT,mAC = mA"C', mLA oF mLA'. Conclusion: mBC oF mB"C'.
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5.6. Properties of existence and uniqueness. The definition of parallel lines furnishes us with an impractical, if not impossible, direct method of determining whether two lines are parallel. We must resort to the indirect method. But first we must prove two basic theorems about perpendicular lines. These proofs involve the properties of existence and uniqueness. We have asserted the idea of existence and uniqueness in several postulates and theorems in previous chapters. The student may refresh his memory on this by referring to postulates 2, 3, 5, 15, 16, and Theorems 3.1, 3.2, 3.3. The expressions "exactly one" or "one and only one" mean two things:



9. Given:



L



AND



is at least one of the things being discussed. is at most one of the things being discussed.



10. Given:



A~B



Statement (1) alone leaves open the possibility that there may be more than one such thing. Statement (2) leaves open the possibility that there are none of the things being discussed. Together, statements (1) and (2) assert there is exactly one thing having the given properties being discussed.



A~B



Theorem 5.2



Ex. 10.



11. What conclusions can you draw if the following statements are true? 1. fJ ~ q. 2. q~ w. 3. P is true. 12. What conclusions 1. fJ ~ q.



2. w~ 3. v~



B+



5.7. In a given plane, through any point of a straight line there can pass one and only one line perpendicular to the given line.



can



drawn



if the following



four statements



are true? Conclusion:



w.



m] (existence). 2. There is at most one line that P E m] (uniqueness).



4. q is false. 13. Given the following three true statements. 1. If x is a, then y is {3. 2. lEx is -y,then y is 8.



..L



m]



..L



A



/



t



m]



I such Theorem 5.2.



Proof



z is 1./1.



(a) ComPlete:x is a; then y is and z is -. (b) Can you draw any conclusions about x if you know y is 8? 14. What conclusions can be drawn from the following true statements? 1. Noone can join the bridge club unless he can play bridge. 2. No lobst~r can play bridge.. .j 3. No one IS allowed to talk at the bndge table unless he IS a member of; the bridge



m]



m2/



I such that P E



1. There is a line



h]



I / c=b / /



Giue/!. Line I, point P of I.



p.



3. If Y is {3, then



P ----,



1-



-c



/ / / / I /



club.



4. I always talk at the bridge table.



STATEMENTS



J



Proof of Existence: Let A be a point on I. I. There is a point B in half-plane such that mLAPB = 90. 2. Then PB (or m]) is ..L I.



REASONS



h]



1. Angle construction 2. Definition



of



..L



postulate.



lines.
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Proof of Uniqueness: 3. Either there is more than one line



through



P and



..1



..1



there



is a second



4. Temporary



line



Given: Line l.



assumption.



..1



/



'



.



/



/



I



/



'



._. ,



8. Rule for denying the alternative.



/



/ /



;/



~/ / "-



"-



""-



, "-



1



Theorem



perpendicular



to the plane



intersects



a plane



in exactly



is said to be oblique to the plane.



j



5.3.



STATEMENTS



REASONS



1. Let Q and R be any two points of l. Draw PQ. 2. LPQR is formed. 3. In the half-plane of l not containing P there is a ray, QJ, such that LRQS == LRQP. 4. There is a point Ton QJ such that QT == QP.



1. Postulate 2.



==



7. 6.PKQ 8. LPKQ



one point but is not~



S



Proof



6. QK



A line which



,



'",



5. Draw PT.



Fig. 5.6.



R



IK



T The condition "in a given plane" is an essential part of Theorem 5.2. If we~ did not stipulate "in a given plane," the existence part of the theorem\~ would be true, but the uniqueness of the perpendicular would not be true.J Fig. 5.6 illustrates several lines perpendicular to a line l through a point ofthet line. It can be proved that all perpendiculars to a line through a point on!_~ that line lie in one plane and that plane is perpendicular to the line. The; uniqueness of this plane can also be proved.



to l.



/



p/



~



8. This contradiction means that our Assumption 4 is false. Hence, there is only one line, satisfying the conditions of the theorem.
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Point P not contained in l.



5. Statement 1. .~ 6. Perpendicular lines form right ~,1 the measure of a right angle = 90.] 7. Statements 5 and 6 contradict the angle construction postulate.



7. This is impossible.



Definition:



LINES



ConclusirJn: At least one line can contain P and be perpendicular



to l at P. Let C be a point on m2 and in the half-plane hI, 5. mLAPB = 90. 6. mLAPC = 90. m2



PERPENDICULAR



5.8. Through a point not on a given line there is at least one line perpendicular to that given line.



P



to l.



4. Suppose



AND



Theorem 5.3



3. Law of excluded middle.



to l or there is'



not more than one line through



and



PARALLEL



9.



PT



..1



QK. ==



6.TKQ.



==



LTKQ.



l.



2. Definition of angle. 3. Angle construction postulate.



4. Point plotting



postulate.



5. Postulate 2. 6. Reflexive property ence. 7. S.A.S.



8. Corresponding,§ 9. Theorem



3.14.



of



of congru-



== &.



are



==.
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In each of the following indicate whether



5.9. Through a given external point there is at most one perpendicular to a given line. Given: Line l, point P not contained in l. Conclusion: No more than one line can contain P and be 1- to l.



1. 2. 3. 4.



ml Q



5. 6. Theorem



5.4.



7.



REASONS



STATEMENTS



1. Either there is more than one line through P 1- to 1 or there is not more than one line through P 1- to l. 2. Assume ml and ~ are two such lines and intersecting 1 at A and B respectively. ray



;rp con-



opposite



struct AQ such that AQ 4. Draw QB. 5. AB == AB. 6. 7. 8. 9. 10.
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~



a statement



is always true or not



always true.



Proof



the



PERPENDICULAR



Exercises



Theorem 5.4



3. On



AND



1. Law of excluded



8. 9.



middle.



10. 2. Temporary



assumption.



A triangle determines a plane. Two perpendicular lines determine a plane. Two planes either intersect or are parallel. In space there is one and only one line through a point P on line 1 that is perpendicular to l. More than one line in space can be drawn from a point not on line 1 perpendicular to l. If line 1 E plane M, line q E plane M, 1 n q = P, line r 1- line 1at P, then line r 1- plane M. If line 1 E plane M, line q E plane M, 1 n q = P, line r 1- l, r 1- q, then r 1- M. If line 1 1- plane M, then plane M 1- line l. If P E plane M, then only one line containing P can be perpendicular to M. If P E plane M, LAPB and LCPB are right angles, and mLAPC = 91, then PB 1- M. B



3. Point plotting postulate.



AP.



LPAB and LQAB are right Ai. LPAB == LQAB. LPAB == LQAB. LQBA == LPBA. LPBA is a right angle.



11. LQBA is a right angle. 12. BQ 1- l.



13. Statements 12 and 2 contradict Theorem 5.2. 14. Assumption 2 must be false; then there is at most one perpendicular from P to l.



4. Postulate 2. 5. Congruence of reflexive. 6. Theorem 3.13. 7. Theorem 3.7.



segments



8. S.A.S. 9. Corresponding



p A .



&,are ~.i == lines form righl Ai of



10. Perpendicular angles. 11. Substitution property. 12. Definition of perpendicul lines. 13. Statements 5.2. 14. Rule for denying the alternatiVI



c



Ex.lO. 11. Any number of lines can be drawn perpendicular to a given line from a point not on the line. 12. When we prove the existence of some thing, we prove that there is exactly one object of a certain 13-18. 13. 14. 15. 16.



kind.



In the figure (Exs. 13-18), plane M d- plane N, plane M n plane N = RS, AG lies in M, BDlies in N, AC n lID = P.



RS 1- AC: liJj 1- AG. mLAPB = 90. mLCPD = 90.
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21. 22. 23. 24.



B



AND
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LINES



bisector of PQ. If PA == QA and PC == QC, then AC is the perpendicular QA andPA IfPA == == BA, thenDA == BA. IfL-.DB-Q == L-.DBP, thenPA == QA. If DC is the perpe'1dicular bisector of PQ, then PD == QD.



.§. I I I I



A



i I I I



R



Theorem



5.5



5.10. If two lines in a plane are perpendicular to the same line, they are parallel to each other.



m



Given: m and n are coPlanar, m ..1 I, n ..1 I; Conclusion: m II n.



P



n



=:::::.



Proof Exs.13-18. Theorem



is the measure of a dihedral angle. 18. LBPS and LBPR are adjacent dihedral angles.



17. IIlLCPD



19-24.



In the figure



(Exs. 19-24), A, B, C, D are points in plane M; Pc! n M



c.



19. PC and ClI determine a unique plane. 20. PJj and DQ determine a unique plane.



STATEMENTS



REASONS



1. m and n are coplanar, m ..1 I, n ..1 I. 2. Either III II nor m % n. 3. Assume III % n.



1. 2. 3. 4.



4. m and n must meet, say at P. p



5. Then m and n are two lines passing through an external point and ..1 to the same line. 6. Statement 5 contradicts Theorem



5.5.



Given. Law of excluded middle. Temporary assumption. Nonparallel coplanar lines intersect.



5. Statements 1 and 3.



6. Statements 5 and Theorem



5.4.



5.4. 11/II n is the only possible sion remaining.



conclu-



Either



p or



not-p; not (not-p)



~



fl.



Theorem 5.6 5.11. Two planes perpendicular to the same line are parallel. GlVen: Plane M ..1 line I; plane N ..1 line I. COnclusion:Plane M II



Q Ex.I.19-24.



plane N.



(This theorem is proved eXercise for the student.)



by the indirect



method



of proof



and is left as an
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....... ...... ...... ...... ......



I



.......



I



.......



'>-



.- .-



.....



:::



....-



"""".......



~p



.....



.....



IB I I



'



'- -'



Theorem 5.6.



Theorem 5.7 5.12. In a plane containing a line and a point not on the line, there is at. least one line parallel to the given line. Given: Line l with point P not contained t ml in l. I Conclusion: I n the plane of P and l there is at least one line It that can be drawn through P and parallel to l.



~



~



~~~



I I



PI



Proof



I I I I



t



Theorem



ST ATEMENTS



2. Let m be a line through



P and



..1



1. Given. 2. Theorem
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5.7.



;



must assume that, if CD passes through P, CD cannot be parallel to AB; or, on the other A B ,,;.. ~ hand, if CD is parallel to n, CD cannot pass Fig.5.? through P. Postulate 18 was assumed by Euclid. Since that time many mathematicians have tried to prove or disprove this postulate by means of other postulates and axioms. Each effort met with failure. As a consequence, mathematicians have considered what kind of geometry would result if this property were not assumed true, and several geometries different from the one which we are studying have been developed. Such a geometry is known as nonEuclidean geometry. During the nineteenth cenrary Nicholas Lobachevsky (1793-1856), a Russian mathematician, developed a new geometry based upon the postulate that through a given point there can he any number of lines parallel to a given line. In 1854 a still different non-Euclidean geometry was developed by Bernhard Rieman (1826-1866), a German mathematician, who based his development on the assumption that all lines must intersect. A geometry somewhat different from any of these was used by Albert Einstein (1879-1955) in developing his Theory of Relativity. These geometries are quite complex. Euclidean geometry is much simpler and serves adequately for solving the common problems of the surveyor, the Contractor, and the structural engineer. Theorem



5.8



~-----



REASONS



1. P is a point not on line l.



LINES



postulate 18 (the parallel postulate or Playfair's postulate). * Through a given point not on a given line there is at most one line which can be drawn parallel to the given line. Thus in Fig. 5.7, if in a plane we know that S RS is parallel to AB and passes through P, we R



.....



.......



""'



PERPENDICULAR



5.13. The parallel postulate. Having proved the existence of a line through an external point and parallel to a second line, it would seem that the next step would logically be to prove its uniqueness. Strange as it may seem at first, this cannot be done if we are to use only the postulates we have stated thus far. We must assume this uniqueness as a postulate.



....



,A



AND



5.3.



to l. 3. Let II be a line through P in the plane of land P and ..1 to m.



3. Theorem



5.2.



4. II III.



4. Theorem



5.5.



5.14. Two lines parallel to the same line are parallel to each other. Given: III n, m II n. Conclusion: 111m. Proof



m



:::>eP



~



n Theorem 5.8.



*This statement matician.



is attributed



to John



Playfair



(1748-1819),



--------



brilliant



Scottish



-------



physicist



and mathe-
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STATEMENTS



REASONS



1. 2. 3. 4.



1. 2. 3. 4.



5. Then same same 6. This 7. :.lll



land m pass through the point and are parallel to the line. is impossible. m.



PERPENDICULAR



6. Postulate 18. 7. Rule for denying the alternative..; Either POI' not-p; not(not-p)



~



p.



Theorem 5.9



5.16. A line perpendicular the other.



to one of two parallel planes is perpendicular
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---~----



- - - -1--



~:,.-~ m



PI



to



Given: Plane M is parallel to plane N; JiB is perpendicular to plane M. Conclusion: JiB is perpendicular to plane N. Proof



5.15. In a plane containing two parallel lines, if a line is perpendicular to one of the two parallel lines it is perpendicular to the other also.



LINES



Theorem 5.10



Given. Law of the excluded middle. Temporary assumption. Two nonparallel lines lying in the same plane intersect. 5. Statements 1 and 3.



III rz, m IIrz. Either III m or I ,.Jr m. Assume 1,./1'm. Then land m meet at, say P.



AND



D



N I I I



n



IC



IE I



I I I I



Given: m II n, l in the plane of m and n, l .1 n. Conclusion: I



.1



A



m.



.----J



Proof Theorem



STATEMENTS



2. I .1 n(or n



.1



3. Either l



mol'



.1



1. Given. 2. Given. (Definitions are ible. ) 3. Law of excluded middle. 4. Temporary assumption.



I).



4. Assume l is not



l is not .1 to m. .1 to m (or m is not



to l).



5. Then



plane



Theorem 5.10.



REASONS



1. rn /I n; llies in plane of m and n.



.1



5.9.



there



is a line



mj



of m and n that is



.1



in



the



5. Theorem



5.2.



to l at



the point P where m intersects i. 6. Then mj II rl.



6. Theorem 5.5. 7. Postulate 18. 8. Rule for denying the alternative. Either POI' not-p; not(not-p) ~ p.



7. This is impossible. 8. :. l .1 m.



------------------------------------



---



STATEMENTS



REASONS



I. Plane M II plane N; JiB .1 plane M. 2. Through JiB pass plane R intersecting planes M and N in GFand DC, respectively; also through AiJ pass plane S intersecting planes M and N in GF! and DE, respectively. 3. CF IIDe and GF! 15E.



1. Given.



4. AB 5.



GF:, AB.1



AB .1 DC; Ai!



6. A1f



--



.1



.1



plane N.



-----------



.1



~ :r



-.



DE.



2. Postulate 5.



3. Theorem 5.1. 4. Definition of perpendicular plane. 5. Theorem 5.9. 6. Reason 4.



--



to
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5.17. Transversals and special angles. A transversal is a line which intersects two or more straight lines. In Fig. 5.8, t is a transversal of lines land m. When two straight lines are cut by a transversal, eight angles are formed. There are four angles each of which is a subset of t U l. Two of these (Lx and Lw) contain both A and B. There are also four angles each of which is Fig. 5.8. a subset of t U m. Two of these (Ls and Lk) contain both A and B. Thei four angles (Lx, Lw, Ls, Lk) which contain both A and B are called interiorj angles. The other four (Ly, Lz, Lr, Lq) are called exterior angles. I The pairs of interior angles that have different vertices and contain points! on opposite sides of the transversal (such as Ls and Lw or Lx and Lk) are:1 i called alternate interior angles. The pairs of exterior angles that have different vertices and contain points I on opposite sides of the transversal (such as Lr and Lz or Lq and Ly) ard called alternate exterior angles.J Corresponding angles are a pair consisting of an interior angle and ani exterior angle which have different vertices and lie in the same closed half-j plane determined by the transversal. Examples of corresponding angles are; . Lq and Lw. There are four pairs of corresponding angles in Fig. 5.8. Since we will use the term "transversal" only when the lines lie in one pia we will not repeat this fact in each of the following theorems. Theorem



STATEMEKTS



Lf3.



1. 2. 3. 4.



5. 6. 7. 8, 9.



5. 6. 7. 8. 9.



==



6RSP is formed. Lf3 is an exterior L of 6RSP. Lf3 > La. This is impossible. :./llm.



not(not-p)



Given: Lines land m cut by transversal t at Rand S; La ==Lf3. Conclusion: III m.



~



Theorem 5.12 5.19. If two straight lines are cut by a transversal so as to form a pair of congruent corresponding angles, the lines are parallel. Given: Lines land transversal Conclusion: 111m. Proof



m



m cut by t; La == L y.



5.12.



interior angles when they!



aV m
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p.



Theorem



alternate



LINES



Given. Law of the excluded middle. Temporary assumption. Nonparallel lines in a plane must intersect. Definition of a triangle. Definition of exterior L of a 6. Theorem 4.17. Statements 1 and 7 conflict. Rule for denying the alternative.



5.11



5.18 If two straight lines form congruent are cut by a transversal, they are parallel.



PERPENDICULAR



REASONS



2. Either III m or I % m. ;). Assume I % m. 4. Then l must meet m, say, at P.



1. La



AND



STATEMENTS



REASONS



1. La 2. Ly 3. La



1. Given. 2. Vertical angles are ==. 3. Congruence of angles tive. 4. Theorem 5.11.



== Ly. == Lf3. == Lf3.



4. :. III m.



is transI-



!":JQ



Proof Theorem



5.11.



5.20. Corollary: If two lines are cut by a transversal so as to form interior S.upplementary angles in the same closed half-plane of the transversal, the hnes are parallel. (The proof of this corollary is left to the student.)
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Exercises



5. Given: LM ==NT, LT ==NM.



1. In the following figure list the pairs of angles of each of the following types. (a) (b) (c) (d) (e)
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LINES



.



I~N



Prove: TN II LM.



Alternate interior angles. Alternate exterior angles. Corresponding angles. Vertical angles. Adjacent angles.



PERPENDICULAR



AND



Ex.5. C



F



6. Given: A, D, B, E are collinear; BC == EF;AD == BE; AC



Ex. I.



Prove: BC



== II



DF.



A~'



EF.



Ex.6. 2. In the figure, if the angles are of the measures indicated, which lines would be parallel?



n 7. Given: l" m; n 1- l; k 1- m. Prove: n" k.



m3 92°



k



m



Ex. 2. Ex. 7. C



3. Given: B is the midpoint CD. Prove: AC DE.



of AE and A~B



II



D



E



~



C



[]



Ex.3.



A



N1



4. Given: RT and PS are diagonals;



Prove:



PQ



==



RQ



==



QS; QT.



PTII RS; RP IIST.



Ex. 8.



S



R Ex. 4.



B



Ex. 9.



8. A collapsible ironing board is constructed to that the supports bisect each other. Show why the board will always be parallel to the floor. 9. The draftsman frequently uses a device, called a parallel ruler, to draw



parallel lines. The



The ruler is so constructed



pins at the vertices



permit



the ruler



that AB



==



to be opened



DC and AD



==



BC.



up or collapsed.



162



FUNDAMENTALS



OF COLLEGE



GEOMETRY PARALLEL



If line AB is superimposed on a given line m, the edge DC will be parallel to m. Show why this is true. 10. A draftsman frequently draws two B D lines parallel by placing a straight edge (T -square) rigid at a desired point on the paper. He then slides a celluloid triangle with base flush with the straight edge. With triangles in positions I and II he is then able to draw line AB II line CD.



Why?



AND



PERPENDICULAR



Theorem 5.13 5.21. If two parallel lines are cut by a transversal, the alternate interior angles are congruent. Given: m n; transversal and m atA. Conclusion: La ==Lf3. II



t cutting n at B



m



n



Theorem



KL



==



NL, mLMLN =



mLK + mLN; LQbisects LMLN.



Prove:



rQ



II



KN.



K



U
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Proof



Ex. 10.



II. Given: K, L, M are collinear;



LINES



5.13.



Q



a {3 L



EX.n.



12. Given: AC ==BC' DC ==Ee. Prove: DE AB.' (Hint: Draw CG in a manner which will help your proof.)



M



STATEMENTS



REASONS



I. mil n. 2. Either La == Lf3 or La is not == Lf3. 3. Assume La is not == Lf3. 4. Let I be a line through A for which the alternate angles' are congruent, i.e., La == L y. 5. Then III n. 6. This is impossihle.



I. Given. 2. Law of the excluded middle



7. ... La == Lf3.



3. Temporary assumption. 4. Angle construction postulate.



5. Theorem 5.11. 6. Statements I and 5 contradict Postulate 18. 7. Rule for denying the alternative.



II



Theorem



5.22. If two parallel lines are cut by a transversal, the corresponding angles are congruent. (The proof of this theorem is left as an exercise for the student.)



EX.i2.



13. Given: EF bisects DC and AB; LB; AD == Be. Prove: DC AB. (Hint: Use Theorem 5.5)



D LA



F



5.14



C



A



c



D



R



==



Theorem



Theorem



II



A/bB



E EX.i3.



5.14.



5.15



5.23. If two parallel lines are cut by a transversal, same side of the transversal are supplementary. exercise for the student.)



the interior angles on the (The proof is left as an
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6. Given:



Exercises



1. Given: Prove:



AND



BA II DC;



PERPENDICULAR
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LINES



A(



= 40; mLBPD = 70. the number of degrees in LD. (Hint: Draw auxiliary line through P to CD.)



B



mLB



AB CiJ; /fEIIEF. II



La



Find:



L y.



==



A



B



:



J~+








n



marks



(x) whenever



n



the polygon n_n --



==



LCDA.



7. AB



==



8. LB



==



LD.



Rclationshi ps



9. LA



==



LC.



Parallelogram



DC;AD



==



BC.



All sides are



Rectangle



6.6. Corollary: triangles.



Either diagonal divides a parallelogram into two congruent



6.7. Corollary: mentary.



Any two adjacent angles of a parallelogram



Rhombus Square



6.8. Corollary: Segments of a pair of parallel of parallel lines are congruent. 6.9. Corollary: 6.10. Corollary:



are supple-j



Two parallel The diagonals



lines cut off by a second pair



lines are everywhere of a rectangle



equidistant.



are congruent.



Trapezoid Isosceles trapezoid



-



Opposssite sides are -



II



Diagonals bisect Opposite each the .1 of .1 are other



polygon



-



Diagonals are -



.1
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(B)



D



==



C 6. Given: RS == QT;



1. Given: ABCD is a 0; DR 1.. AC; BT 1.. AC.



Prove: DR



POLYGONS - PARALLELOGRAMS Q T



GEOMETRY



RS II QT. Prove: QRSTis aD.



A~



BT.



R



.-- .--



-



...-



QRST is a 0;



NT. Prove: QM == SN. RM



==



R



I



S



Ex. 6.



T



~ ~



D



II



==



8. Prove that the diagonal QS of rhombus QRST bisects LQ and LS.



B



Ex. 8.



9. Prove that if the base angles of a trapezoid are congruent, the trapezoid is isosceles. ]0. Prove that if the diagonals of a parallelogram are perpendicular to each



C



D



other, the parallelogram is a rhombus. Prove that if the diagonals of a parallelogram rectangle. ]2. Prove that the bisectors of two consecutive angles perpendicular to each other.



4. Given: ABCD is an isosceles Prove: LA == LB. (Hint: Draw CE



II



==



] ].



Be.



EDB



Ai



DA. )



s



T



Ex.3.



trapezoid with AD



B



E



Ex. 7.



ZLF



ALl E



CF.



C



A



C



Prove: DE



F



~ Qn



7. Given: ABCD is aD; DE bisects LD; BF bisects LB. Prove: DE BF.



Ex. 2.



3. Given: ABCD is a 0; DE 1.. AB; CF 1.. AB produced.



-



......-----.----



EX.i.



2. Given:



191



are



congruent,



it is a



of a parallelogram



are



Ex.4. Theorem C



D



5. Given: AB AD



== ==



..------...-...-



CD; BC.



Prove: ABCD is aD.



A



-----



..-...-./



Ex.5.



-----



...- ,/'



6.4



6.13. If the opposite ~ilateral are congruent, IS a parallelogram.



Given: Quadrilateral ABCD CD; AD == BC.



Prove:



ABCD



D



sides of a quadthe quadrilateral



C



y--s ~~~~~~~~~~



with



AB



==



A



r....----x B Theorem 6.4.



is aD.



--



,
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Proof



2. AE 1. AB == CD; AD == BC. 2. Draw diagonal Ae.



3. AC



==



AC.



4. LABC == LCDA. 5. Lx == Ly; Lr == Ls.



1. 2. 3. 4.



Given. Postulate 2. Reflexive property of congruence. S.S.S.



5. Corresponding parts of



== &.



==



3. Lx == 4. LA BE 5. AB



are



6. Lr



==



II



II



.I



Theorem 6.5 6.14. If two sides of a quadrilateral are congruent and parallel, the quadrilateral is a parallelogram.



!



""-/



J



////



/// /



x



A



Given: Quadrilateral ABCD with AB == CD; AB CD. Conclusion: ABCD is a D. II



==



==



at E.



DE.



LCDE.



Theorem



I



6.5.



5. Corresponding parts of



CD.



== &.



congruent. 6. Same as 4. 7. Theorem 5.11. 8. Theorem 6.5.



CD.



are



Theorem 6.7 m



6.16. If three or more parallel lines cut off congruent segments on one transversal, they cut off congruent segments on every transversal.



n



Given: Parallel lines t, m, and n cut by transversals rand s;AB == BC. Conclusion: DE == EF. Prn°f"



T.



STATEMENTS



The proof is left to the student.



REASONS



1. Through



D and E draw DG II



and EH



2. 3. 4. 5.



6.6



6.15. If the diagonals of a quadrilateral bisect is a parallelogram. each 0 ther, the quadrilateral



C



D



s! y



Given: Quadrilateral ABCD with AC and BD bisecting each other at E. -



Conclusion:



Given. Definition of bisector. Vertical angles are congruent. S.A.S.



REASONS



STATEMENTS



Theorem



1. 2. 3. 4.



" 8. ABCD is a D.



6. Theorem 5.11. 7. Definition of D.



6. AB CD; AD BC. 7. :. ABCD is a D.



CE;BE Ly.



Ls.



==



7. AB
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REASONS



1. A C and BD bisect each other



REASONS



STATEMENTS



-



ABCD is a D.



[;jjQ E



Theorem 6.6.



Proof



- ------.--------



----------



>'



II



CF.



" :ADGB andBEHC AB == DG andBC 6. AB == Be. 7. DG == EH. ==



9. LDCE 10. LDGE II. DE



--



==



L{3 and L"y == LEHF. ==



EF.



r



I. Postulate 18; Theorem



5.7.



r.



EH.



AD IllfE



8. La



x



ArB



DC



II



LEHF.



are m. ==



EH.



==



LB.



2. 3. 4. 5. 6. 7. 8. 9. 10. 11.



Theorem 5.8. Given. Definition of D. Theorem 6.2. Given. Theorem 3.5 and transitive property of'congruence. Theorem 5.14. ~ 5.28. A.S.A. § 4.28.
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P



1. Given: ABCD is aD; M is midpoint of AD; N is midpoint of Be. Prove: MBND is a D.



A



f::::IC



6. Given: LMNP is aD. PR 1- LN; MS1-LN. Prove: RMSP is aD. L



19.f1



N



[S



r



D Ex. 5.



7.36. Corollary: The measure of the angle formed by two tangents drawn from an external point to a circle is half the difference of the measures of the intercepted arcs.



Ex. 6.



A 80°



A Corollary



A



B



7.36.



Exercises Find the number a circle.'



of degrees



measure



in La, Lf3, and in arc s. 0 is the center



c



of,



B



i



Ex. 7.



Ex. 8.



CD



AB.



p



Ex. 2.



Ex. I.



D D



s



c



p



R



D



Ex.3.



II



Ex. 4.



Ex. 9.



Ex. 10.



l
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A



p



c



0 lC) ,



,j



0 Lf')



p



A



p



Ex.17.



Ex.12.



Ex. 11.



..



Ex. IS.



i '



, \', ,



II



a .-... '"



A



',-



Ex. 14.



Ex.l3.



p



c



Ex.19.



A



c



iF'



Ex.15.



Ex. 20.



Ex.16.



Test2 TRUE-FALSE STATEMENTS



Summary Tests



Test 1 COMPLETION



1. In 00



STATEMENTS



the diameterAOB



and tangent



AT are-.



2. A central angle of a circle is formed by two -' 3. An inscribed



angle of a circle is formed



4. An angle inscribed ina 5. The greatest number IS_. 6. Tangent



segments



semicircle of obtuse



drawn



by two



is a(n) angles



to a circle



from



-'



angle.



~



an



inscribed



an outside



triangle point



can



are_.



of the circle. 7. The largest chord of a circle is the 8. An angle is inscribed in an arc. If the intercepted arc is increased by the inscribed angle is increased by -' 9. The opposite angles of an inscribed quadrilateral are-. 10. A line through the center of a circle and perpendicular to a chord the chord and its arc. to a radius at its point on the circle, it is tangent to 11. If a line is circle. of t 12. If two circles intersect, the line joining their centers is the common chord. 13. In a circle, or in congruent circles, chords equidistant from the center circle are_. 14. An angle formed by two tangents drawn from an external point 1 of its intercepted arcS. circle is equal in degrees to one-half the -



-
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I. If a parallelogram is inscribed in a circle, it must be a rectangle. 2. Doubling the minor arc of a circle will double the chord of the arc. 3. On a sphere, exactly two circles can be drawn through two points which are not ends of a diameter. 4. An equilateral polygon inscribed in a circle must be equiangular. 5. A radius of a circle is a chord of the circle. 6. If an inscribed angle and a central angle subtend the same arc, the measure of the inscribed angle is twice the measure of the central angle. 7. A straight line can intersect a circle in three points. 8. A rectangle circumscribed about a circle must be a square. 9. The angle formed by two chords intersecting in a circle equal in degrees to half the difference of the measures of the intercepted arcs. 10. A trapezoid inscribed in a circle must be isosceles. ] I. All the points of an inscribed polygon are on the circle. 12. Angles inscribed in the same arc are supplementary. 13. A line perpendicular to a radius is tangent to the circle. 14. The angle formed by a tangent and a chord of a circle is equal in degrees to one-half the measure of the intercepted arc. 15. The line joining the midpoint of an arc and the midpoint of its chord is perpendicular to the chord. 16. fhe angle bisectors of a triangle meet in a point thatisequictisranrfrofh the three sides of the triangle. 17. Two arcs are congruent if they have equal lengths. 18. If two congruent chords intersect within a circle, the measurements of the segments of one chord respectively equal the measurements of the segments of the other. 19. The line segment joining two points on a circle is a secant. 20. An angle inscribed in an arc less than a semicircle must be acute. 21. The angle formed by a secant and a tangeilt intersecting outside a circle is measured by half the sum of the measures 22. If two chords of a circle are perpendicular they are congruent.



of the intercepted arcs. to a third chord at its endpoints,



~3. An acute angle will intercept an arc whose measure is less than 90. A ch~rd of a ~ircle is a.diameter. 2:. . The mtersectwn of a lme and a Circle may be an empty set. 26. Spheres are congruent iff they have congruent diameters. 27. . If.a plane and a sphere have more than one point in common, POints lie on a circle.



these



243



Test 3
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PROBLEMS



Find the number



of degrees



in La, Lf3, and s in each of the following:



Proportion



- Similar Polygons



Prob.2.



Prob.1.



Prob.4.



100°



Prob.3.



105°



Prob.5.



35°



Prob.6.



8.1. Ratio. The communication of ideas today is often based upon comparing numbers and quantities. When you describe a person as being 6 feet tall, you are comparing his height to that of a smaller unit, called the foot. When a person describes a commodity as being expensive, he is referring to the cost of this commodity as compared to that of other similar or different commodities. If you say that the dimensions of your living room are 18 by 24 feet, a person can judge the general shape of the room by comparing the dimensions. When the taxpayer is told that his city government is spending c!~ per cent of each tax dollar for education purposes, he knows that 42 cents Ollt or every 100 cents are used for this purpose. The chemist and the physicist continually compare measured quantities in the laboratory. The housewife is comparing when measuring quantities of ingredients for baking. The architect with his scale drawings and the machine draftsman with his working drawings are comparing lengths oflines in the drawings with the actual corresponding lengths in the finished product. Definition: The ratio of one quantity to another like quantity is the quotien t of the first divided by the second. It is important for the student to understand that a ratio is a quotient of measures of like quantities. The ratio of the measure of a line segment to that of an angle has no meaning; they are not quantities of the same kind. We can find the ratio of the measure of one line segment to the measure of a second hne segment or the ratio of the measure of one angle to the measure of a second angle. However, no matter what unit oflength is used for measuring two segments, the ratio of their measures is the same number as long as the same unit is used for each. I n like manner, the ratio of the measures of two 245
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GEOMETRY



ngles does not depend upon the unit of measure, so long as the same unit is sed for both angles. The measurements must be expressed in the same. nits. A ratio is a fraction and all the rules governing a fraction apply to ratios. \Ie write a ratio either with a fraction bar, a solidus, division sign, or with the ymbol : (which is read "is to"). Thus the ratio of 3 to 4 is to 3/4, 3 --;-4, or 3: 4., the 3 and 4 are called terms of the ratio. The ratio of 2 yards to 5 feet is 6/5. The ratio of three right angles to two' straight angles is found by expressing both angles in terms of a common unit \' (such as a right angle). The ratio then becomes 3/4. A ratio is always an abstract number; i.e., it has no units. It is a number-) considered apart from the measured units from which it came. Thus in Fig.:J 8.1, the ratio of the width to the length is 15 to 24 or 5: 8. Note this does no~-1



:). 4. :J. 6. 7.



-



SIMILAR
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(b) 3 inches to 2 feet? (c) 3 hours to 15 minutes? (d) 4 degrees to 20 minutes? Mary is 5 years and 4 months old. Her mother is 28 years and 9 months old. What is the ratio of Mary's age to her mother's? What is the ratio of the lengths of two lines which are 7 feet 8 inches and 4 feet 4 inches long? What two complementary angles have the ratio 4: I? What two supplementary angles have the ratio 1 : 3? Gear A has 36 teeth. Gear B has 12 teeth. What is the ratio of the circumference length of gear A to that of B? 36 teeth



1 I



24"



15"



Fig.B.l. n



----



--



Exs. 7, B.



Exercises 1. Express in lowest terms the following (a) 8 to 12. (b) 15 to 9. (c) i~ . (d) 2x to 3x. ( e) l~Sto t. 2. What is the ratio of: (a) 1 right L to 1 straight



--



L?



ratios:



8. If gear A turns 400 times a minute, how many times a minute will gear B turn? 9. In a school there are 2200 pupils and 105 teachers. What is the pupilteacher ratio? 10. Express 37 per cent as a ratio. 11. The specific gravity of a substance is defined as the ratio of the weight of a given volume of that substance to the weight of an equal volume of water. If one gallon of alcohol weighs 6.8 pounds and one gallon of water weighs 8.3 pounds, what is the specific gravity of the alcohol? 12. One mile = 5280 feet. A kilometer = 3280 feet. What is the ratio of a kilometer to a mile? 13. What is the ratio of the length



of the circumference



length of its diameter? 14. The measures of the acute angles of a right triangle 8. How large are the measures of the angles?



of a circle to the are in the ratio of 7 to



~
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15. Draw 6ABC, as in the figure for Ex. 15, with mAB = 8 centimetetj mCB = 6 centimeters, mLC = 1 right Land CD ..l AB. Measure CD, AD. and BD accurately to ~ centimeter. Express the ratio, Al mAB I mAC and mBC I mCD to the nearest tenth. B



PROPORTION



POLYGONS - SIMILAR 249 The fourth proportional to three quantities is the fourth term of the roportion, the first three terms of which are taken in order. Thus in the Proportion a: b = e :d, d is the fourth proportional to a, b, and e. P When the second and third terms of a proportion are equal, either is said to be the mean proportional between the first and fourth terms of the proportion. Thus, if x: y = y: z, y is the mean proportional between x and z. If three or more ratios are equal, they are said to form a series of equal ratios. Thus a/x = b/y = e/z is a series of equal ratios and may also be written in the form a: b : e = x: y : z.



c



6em



A



8.3. Theorems about proportions. Since a proportion is an equation, a]] axioms which deal with equalities can be applied to a Proportion. Algebraicthe manipulation of proportions which change the form occur so frequently wherever proportions are used that it wi]] be useful to list them as fo]]ows:



A



8em Ex. 15.



16. Draw 6ABC



Ex. 16.



with mLA = 50, mAC



Then draw MN



1/



AB.



tenth of a centimeter. to the nearest tenth.



= 8 centimeters,



mAB = 10 centimete



Theorem 8.1. In a proportion, product of the means.



the product of the extremes is equal to the



Measure AM, MC, BN, and NC to the neart



Express



the ratios of mAM ImMC and mBN 1m.



17. Draw 00 with radius = 5 centimeters. Draw chords AD = 6 centimeters, CB = 8 centimeters any place on the circle. Draw AB and CD. Measure AE, EB, CD, and DE accurately to I;) centimeter. Express the ratios of mDE ImBE and mAE ImCE tu the nearest tenth.



a



Given:



e



b =;j'



Conclusion: ad



= be.



A



Proof STATEMENTS



D Ex. 17.



8.2. Proportion. A proportion is an expression of equality of two ratios. example, since 6/8 and 9/12 have the same value, the ratios can be equated proportion, 6/8 = 9/12 or 6: 8 = 9: 12. Thus, if ratios a: band e: d are eq.~ the expression a: b = e: d is a proportion. This is read, "a is to b as e is to:j or "a and b are proportional to e and d". In the proportion, a is referre< as the first term, b as the second term, e as the third term, and d as the fo term. The first and fourth terms of a proportion are often called the extn, and the second and third terms are often called the means. It should;i noted that four terms are necessary to form a proportional. Therefore should be taken not to use such a meaningless expression as "a is proportij to b."



REASONS



---a e 1. -- b d' 2. bd = bd. a e 3. bXbd=dXbd,orad=be.



1. Given. 2. Reflexive property.



--



3. Multiplication



property.



Theorem 8.2*. In a proportion, the second and third terms may be interchanged to obtain another valid proportion. r~is property is called proportion by alternation. It can easily be proved by USIngTheorem 8.1. Thus, if a: b = c: d, then a: c = b: d. For example, since



2: 3



= 8:



12, then 2: 8 = 3: 12.



-----------*lhe first and fourth



terms



in a given proportion



also may be interchanged.



250



FUNDAMENTALS



OF COLLEGE



In a proportion,



Theorem 8.3.



PROPORTION - SIMILAR POLYGONS



GEOMETRY



the ratios may be inverted.



This transformation can be proved by using the division property of equality: . Thus if alb = eld, then bla = die. For example, since t = )82'then t = 1j. Theorem 8.4. If the product of two quantities is equal to the product two other quantities, either pair of quantities can be used as the means ani the other pair as the extremes of a proportion.



Conclusion:



a -;:



d



=



a+e+e+... -:.!. b + d +/+ . . . - b'



Gonclusion: Proof"



REASONS



STA TEMENTS



a



1. Lety; = k.



1. Definition of k.



e e 2. :'71= k,]= k. 3. (/ = kb, e = kd, e = kf, . . . 4. (/+ e + e + . . . = kb + kd +kf+... = k(b+d+f.. .).



ab = cd.



Given:



y;.



251



2. Transitive property. 3. Multiplication property. 4. Addition property.



Proof" ST ATEMENTS



REASONS



1. ab = cd. 2. be = be. ab cd a d or -;.= y;. 3. be = be'



1. Given. 2. Reflexive 3. Division



. ;J.



property.



6.



a+e+e+,.. b+d+f+...



a+e+e+,.. b+d+j+...



k.



5. Division



a =y;.



property.



6. Substitution



property.



property. Theorem 8.8. If four quantities are in proportion, the terms are in proportion by addition or subtraction; that is, the sum (or difference) of theUfirst .musecond terms is to the second term as the sum (or difference) of the third and fourth terms is to the fourth term. Given:



Given:



a cae b = -x and -b = -.y



-



Conclusion: x = y. Theorem 8.7. In a series of equal ratios the sum of the numerators is the sum of the denominators as the numerator of anyone of the ratios is the denominator of that ratio. Given:



a y;



e_~-



= 71



f



a



e



h = 71'



a+b e+d a-b Conclusz"on . = and b d b '



e-d d .



= -



PrO(1: (The proof is left to the student.) S wr!J"estzo "a ,""', n .' -



e



a+b



e+d



1 - + 1b + = d' b =- d .



Exercises I. Find the value of x which satisfies the following proportions: (a) 2: x = 5: 8. (d) 3: 5 = x: 8.
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(b) 2x:3=4:5. (c) 8: 3 = 4: x. 2. Change the following proportions terms are respectively x and y: y 3 (a)



~= 4'



x Y (b) --:;= :J 7' (c)



2
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3



~= y



(e) Ufeet: 3 inches = 2 yards: x inches. (f) 30 inches: x feet = 3 yards: 2 feet to another whose first and second (d)



~ ~ x'



y =



(e) x:3=y:7.



(f) y: 2 = x: 6.



3. Find the ratio of x to y in each of the following: (a) 2x = 5y. (c) ix = 1-1y. (e) ax = by. (j) ry = sx. (b) 9x = 4y. (d) x = !y. 4. Find the fourth proportional to 3, 5, and 8. 5. Find the mean proportional between: (a) 9 and 16. (b) 14 and 9. 6. Form five different proportions from each of the following (a) 3 X 12 = 4 X 9. (b) xy = rs. c



7. In LABC it is given that mAD: mDC = mBE : mEC'. Prove: (a) mCD : mDA = mCE ; mEB. (b) mAD: mBE = mDC : mEG. (c) mAC : mAD = mBC : mBE.



12. At noon a 6-foot man casts a shadow 10 feet long. How high must a tree bc at noon to cast a shadow of 240 feet? I\fPORT ANT. It has been the conscious effort of this text thus far to emphasize the distinction between a geometric figure and its measure. Often, hO\l'cvcr, the symbolism involving the measures of line segments can be so involvcd as to be distracting. This would be true in this and in subsequent chapters if we were not to introduce another way of indicating the measure of a scgment. Each time the letters AB has been used thus-lar, it has had an added symbolism above it. Thus we have written AJf, AB, A:B, Alf, and J[B to represent a line, ray, segment, interval, and an interval closed at one end. Hereafter, when AB appears in this text with no mark above it, it will represent the measure of the line segment AB. Thus,



AB = mAR The studcnt will note that, hereafter, the following ments: mAB = mCD; AB ~ CD; AB = CD. Theorem



are equivalent



state-



8.9



c equal products:



8.3. If a line parallel to one side of a triangle cuts a second side into segments which have a ratio with integer terms, the line will cut the third side into segments which have the same ratio.



E Given:



B



A
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Ex. 7.



8. In a draftsman's scale drawing i inch represents 1 foot. What length will be represented by a line 2i inches long on the drawing? 9. If a car can travel 120 miles on 8 gallons of gasoline, how many gallons will be required for ajourney of 450 miles? 10. If a machine can manufacture 300 objects in 40 minutes, how many objects can the machine manufacture in 8 hours?' 11. The model of a church is to be built to a scale of inch to 1 foot. HOW,j * high will the model of the church spire need to be if the actual spire is 90 feet high?



LABC



with



Mil



E A



)[iJ.



B Theorem



8.9.



. CD CE Conclusz, on . ' DA =- EB' Pror1: STATEMENTS



REASONS



---I.



Let CF be a unit of measure, comrnon to CD and DA, contained III times in CD and n times in DA. ... CD DA



=



m



;;



1. Definition



of ratio.
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2. At points of division on AC, draw lines II to AB. 3. These lines divide CE into m congruent parts and EB into n congruent parts. CE m 4. =~. EB CD CE 5. DA = EB'



PROPORTION - SIMILAR POLYGONS



2. Postulate



18.



Theorem 8.11



3. Theorem



6.7.



8.7. If a line divides two sides of a triangle proportionally, the third side.



4. Substitution 5. Theorem



property.



Given: Lo.ABCwith DE intersecting



- andBC - so that CD CE AC DA = EB'



3.4.



AB. "



to one side of a triangle



segments



as the other



Suggested proof



is to its corresponding



Use Theorem



8.9 and Theorem



8.6. Corollary: Parallel lines cut off proportional segments on two transversals. Suggested proof



and intersec



.



segment.



8.8.



STA TEMENTS



I. Either DE



II



AB or DE II AB.



FB = EB. F falls on E. DF coincides with DE. This is impossible. :.DE AB.



1. Law of the excluded middle. 2. Temporary assumption. 3. Postulate 18; theorem 5.7. 4. §8.5.



Corollary.



I) (~ivpn



6. Theorem



8.8.



7. Theorem



8.6.



8. Definition of



==



segments.



9. Postulate 2. 10. Statements 2 and 3. 11. Substitution property.



II



n



8.8. Corollary: If a line divides two sides of a triangle so that either side is to one of its segments as the other side is to its corresponding segment, the line is parallel to the third side.



Draw f5H II AC; DC CH-



)



8.11.



REASONS



2. Assume DE JI'AB. 3. Then let DF IIAB and intersecting BC at F. CA CB 4. DA= FB' CD CE 5. DA = -E/3' CA CB hH' DA = EB'



7. 8. 9. 10. II.



m



B Theorem



Theorem 8.10. A line parallel to one side of a triangle and intersecting! ,i the other two sides divides these sides into proportional segments.



,



A



Proof



Note: Statement 1 assumes there is a common unit which will be containec integral times in CD and DA. When this is true, the segments are said to h commensurable with each other. The proof of the incommensurable case i difficult, since it requires a knowledge about limits.' Mathematics courses in calculus can prove the more general theorem:



If a line is parallel



it is parallel to



c



Conclusion: DE



8.5. Corollary:
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DE EF"



Exercises



AB DE Then = BC EF"



1-8. In the following Corollary



8.6.



lengths of three exercise.



exercises segments



----------------------



it is given that DE are



given.



Find"AB.the



In eachof exercise the value x in each



- ---------------
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1



2



3



4



CD



x



6



8



12



DA



12



x



16



15



CE



9



6



x



18



EB



15



8



20



x



5 8



--



-



8



x



10



20



15 .-12



15 -



---------..-



7



9



18



I~ x



BC



6



10



AC



B



A
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GEOMETRY



x



-



40 -



POLYGONS



x



Exs.1-8.



T 9. If MT=12,



RM=8,



TS = 25, is MN



II



TN=15,



RS?



and



Why?



10. If RM = 5t, MT = 24, TN = 36, and



TS = 44, isMN



II



RS?



Why?



R



~



S Exs. 9,10.



11-16.



Given:



mil n IIfJ.



Find the value of x in each of the following.



Exs.1l-16.



8.9. Similar polygons. In Chapter 4 we studied figures, called congruency. Congruent figures are they have the same shape and the same size. Now that have the same shape, but may differ in size. similarfigures.



-



---------------



--
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A photograph of a person or of a structure shows an image which is considerably smaller than the object photographed, but the shape of the image is just like that of the object. And when a photograph is enlarged, this shape is maintained (see Fig. 8.2); that is, all parts of the photograph are enlarged bv the same factor. In mathematical terms, we say the images in the two photographs are similar.



30



._-~



-SIMILAR



a relationship between alike in every respect; we will consider figures Such figures are calledj



j'1



Fig. 8.2.



The professional photographer



is using an auto focus enlarger.
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Design engineers and architects are continually dealing with similar figures.! A newly designed structure is first drawn to scale on paper. The design i much smaller than the structure itself, but all parts have the shape of th finished product. Blueprints of these drawings are made. The blueprin~ can be read by the manufacturer. By using a ruler and a scale, he can deter~ mine the true dimensions of any part of the structure represented in the blue~ print. In the automotive and airplane industry, small models of new cars an4 airplanes are generally first constructed. These models will match in sha and detail the final product. The surveyor continually uses the propertiesi of similarity of triangles in his work.



Definition: Two polygons are similar if there is a matching of theit vertices for which the corresponding angles are congruent and the corr-:; sponding sides are proportional. The



symbol



polygon ABCDE



for "similar ~



to"



or "is similar



is



B



5



10 Fig.8.4.



A and rectangle B have the angles of one congruent to the corresponding angles of the other, but obviously are not similar. In Fig. 8.5, the ratio of similitude of the two polygons is 2: 1, but the corresponding angles are not congruent. They are not similar.



c



~



S2



polygon PQRST if:



LP, LB == LQ, LC == LR, LD AB BC CD DE EA 2. PQ = QR = RS = ST = Tp. 1. LA



to"



5



50



==



10 E ==



LS, LE



==
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LT. A



B



8



T 3 P



L]



R



5



4



Q



Fig. 8.5.



D



s c R



We will prove, however, that in the case of triangles the angles of one angle cannot be congruent to the angles of a second triangle without corresponding sides being in proportion. Conversely, we will prove that triangles cannot have their corresponding sides proportional without corresponding angles being congruent.



trithe two the



Theorem 8.12 B Fig. 8.3.



Conversely, if two polygons are similar, their corresponding angles arcii equal, and their corresponding sides are proportional. The ratio of any two corresponding sides of two similar polygons is calle! . the ratio of similitude. It is important to note that the definition of similar polygons has two parts. In order for two polygons to be similar, (1) the corresponding angles must b4 congruent and (2) the corresponding sides must be proportional. In general, when one of these conditions is fulfilled, it does not necessariI~,i follow that the second condition is also fulfilled. Consider Fig. 8.4. Squar,.:



8.10. If two triangles have the three angles of one congruent respectively to the three angles of the other, the triangles are similar. (A.A.A. Similarity Theorem.)



A



~



T



B Theorem 8.12.



R~



S



260



FUNDAMENT



Given:



ALS OF COLLEGE



PROPORTION



GEOMETRY



A



L.ABC and L.RST with



LA



==



Conclusion:



LR, LB



==



LS, LC



==



LT.



~ L.RST.



L.ABC



A



Proof REASONS



STATEMENTS



1. LA == LR, LB == LS, LC == LT. 2. Let D and E be points of CA and Efj such that DC == RT and EC ==



I. Given. 2. Postulate



ST. 3. Draw DE.



4. L.CDE 5. LCDE



== ==



3. 4. 5. 6. 7.



L.RST. LR.



6. LCDE == LA. 7. DE II AB.



AC BC 8. DC= EC' AC BC 9. RT= ST" 10. In like manner, by taking points F and G on AB and BC such that BF == SR and BG == ST. we can RS = ST" AC BC AB II. Then an d RT = ST = RS' ~ L.RST.



A'



II.



The procedure



I. Find two triangles each of which has two of the four segments as sides. 2. Prove these two triangles are similar. :). Form a proportion involving these four sides as pairs of corresponding sides of the two triangles. 4. I f necessary, use theorems about proportion to transform the proportion to the desired form.



8. § 8.5. 9. E-8 property. 10. Reasons 3 through 8.



c 8.16. Illustrative II. E-8 property;



Theorem



3.4.



Example



1:



Given: AC 1- AD and DE 1- AD. A



12. Definition of similar polygons. = AB:BD.



STA TEMENTS



REASONS



1. AC 1- AD; DE 1- AD. 2. LCAB and LEDB are right ,6.



1. 2. 3. 4. 5.



which are similar to each other.



8.14. Corollary: Corresponding altitudes same ratio as that of any two corresponding ~ L.A'D'C'.)



Thus far we have The student at this its two corollaries, used extensively in



then would be:



8.12. Corollary: If two right triangles have an acute angle of one co gruent to an acute angle of the other, they are similar.



L.ADC



B'



this and succeeding chapters. It might be restated thus: "To prove that four segments are proportional, prove that they are corresponding sides of similar , triangles.'



Postulate 2. S.A.S. § 4.28. Theorem 3.4. Theorem 5.12.



Proof"



proof



261



8.14.



8.11. Corollary: If two triangles have two angles of one congruent to tWI angles ofthe other, the triangles are similar. (A.A. Similarity Corollary.)



(Suggested



D'



8.15. Method of proving line segments proportional. learned four ways to prove line segments proportional. time should review these methods under Theorem 8.10, and § 8.9. The last method is very common and will be



Prove: AC:DE



8.13. Corollary: Two triangles two similar triangles are similar



SIMI LAR POLYGONS



Lh



B Corollary



prove



12. L.ABC



D



-



to the same



of two similar sides.



triangle



I



3. LABC triangles



have



111u.strative



==



LDBE.



4. L.ABC ~ L.DBE. 5. :.AC:DE=AB:BD.



Example



1.



Given. 1- lines form right ,6. Theorem 3.12. §8.12. If two .& are ~, their corresponding sides are proportional.
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Example 2:



/1\



Given: L.ABC with right LACB; CD 1- AB. Prove: CD: CB = AC:AB.



4. Given: 00 with AC a diameter; DE 1- AD. Prove:



A



Proof



Illustrative



D



L.ABC



A



~ L.EDC.



B



Example 2.



Ex. 4.



REASONS



ST ATEMENTS



1. LACB is a right L. 2. CD 1- AB. 3. LA DC is a right L.



4. In &ADC and ACB, LA



~



LA.



5. L.ADC ~ L.ACB. 6. :. CD:CB = AC:AB.



I. 2. 3. 4. 5. 6.



Given. Given. § 1.20. Reflexive property. § 8.12. § 8.9.



p



5. Given: Prove:



00, with diameter and PS intersecting L.RPQ



RS; chords at Q.



RT



~ 6.STQ.



s



R



c



/\



Exercises 1. Given: L.ABCwithDE Prove:



6.DEC



IIAB.



~ L.ABC.



A



/



'\ Ex. I.



2. Given: Prove:



Ex. 5. B



I



c



6. Given: L.ABC with altitudes Prove: 6.BDF ~liCEF. .



m



CD and BE. un



~rl A



L.RSTwith ST 1- RS; MN 1- RT. L.RMN



~ L.RST.



D



B



Ex.6. Ex. 2.



7. Given:



00 with diameter BC, secantAB. Prove: L.BDC ~ L.BCA.



3. Given: 00 with chords AB, CD, AD,BC. Prove:



L.ABE



AC,



tangent



B



A



~ L.CDE. Ex. 3.



Ex.7.



l
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12.Gi"m'Right"ARCwithLABCaeightL; -



AX; DE ..l AX.



BC DE Prove: AC = AE"



Prove: A



B



AD
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B



BD



and (BDF = AD X DC. BD = DC



B~



D Ex. 12.



A



D



Ex. 8.



C



13. To find the height of a flag pole, a boy scout whose eyes are 5 feet 6 inches from the ground placed a lO-foot rod in the ground 50 feet from the flag pole. Then stepping back 8 feet 6 inches, he found that he could just sight the top of the flag pole in line with the top of the rod. How high is the flag pole?



9. Given: Secants AB and AC intersecting at A. AC AD Prove: AB = AE' Ex. 9.



10. Given: 00 with tangent TP and secant SP intersecting at P. PS PT Prove.. -=-and PT PR (PT)2 = PS X PRo



11. Given: BD bisects LABC; chords BD intersecting at E. AE CD Prove: AB = BD'



Ex. 13. 50'



14. A boy notices that the shadow of a tree is 52 feet 3 inches long while his shadow is 6 feet 6 inches long. If the boy is 5 feet 9 inches tall, how tall is the tree? (Note: we assume the sun's rays are parallel.)



AC and



Ex.1I.



~



~L 6'-6"



L



52'-3"



Ex. 14.



r



PROPORTION



266



FUNDAMENTALS



OF COLLEGE



.



Theorem



-



GEOMETRY



Gwen:



8.13



8.18. If two triangles have an angle of one congruent to an angle of the other and the sides including these angles proportional, the triangles are similar.



.



andFGHwnh



&ABC



Conclusion: LABC



~
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AB BC AC = GH= FH FG



LFGH.



Proof



Theorem



8.13.



~



A



1. LC == LH. 2. Let D and E be points of CA and CB such that DC == FH and EC == GH. 3. Draw DE. 4. LCDE == LFGH. 5. LCDE == LF. 6. AC:FH = BC:GH. 7. AC:DC = BC:EC.



8. DE



II



==



AB. LCD£. 10. LA == LF. 11. :. LABC



CB such



= BC: GH.



~ LFGH.



1. Given. 2. Postulate



that CD



==



HF, CE



3. Given. 4. E-2 and E-8 properties. 5. Reflexive property. 6. Theorem 8.12.



6. LABC ~ LDEC. AC AB AC AB 7. or FH= DE" CD = DE



11.



7. § 8.9; E-2.



AC AB FH = FG' 9. FG=DE. 8. But



3. 4. 5. 6. 7. 8. 9. 10. 11.



Postulate 2. S.A.S. § 4.28. Given. E-2 and E-8 properties. § 8.8. Corollary. Theorem 5.14. E-3 property. § 8.11. Corollary.



] n. LDFC



11. :. LABC



==



1. Postulate 11.



==



2. Postulate 2.



8. Given. 9. Theorem 8.6. 10. S.S.S. 11. §8.13. Corollary.



LFGll.



~ LFGH.



Exercises In Exs. I through tions.



10, prove two triangles similar and complete the propor-



c



Theorem 8.14 8.19. If two triangles



have their corresponding



sides proportional,



they are')°,



A



similar.



Theorem



CA and



HG. 2. Draw DE. AC BC 3. FH= GH' AC BC 4. CD = CE" 5. LC == LC.



REASONS



STATEMENTS



9. LA



~



REASONS



1. Let D and E be points 0 n



F



B



Given: &ABC and FGH with LC == LH; AC: FH Conclusion: LABC ~ LFGH. Proof



STATEMENTS



8.14.



~



A



B



~



F



R



A EX.1.



DC



II



AB;



DF EF . ? = ?



7



S3 T



ST VT Ex.2. " ?=T'
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In Exs. I I through



B



H



A EX.3.



DoC



=



BC . ?



Ex. 4.



KL
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16, find the length of line segment x.



15



I



KJ IIHI. 'KL



SIMILAR



-



HI =



?



12



c



J ~



20



Ex.1J.



Ex. 12.



F C



D



A~B Ex. 5.



T



nfl'



10 E



BC Ex. 6. A.C = . ?



CE BE = BD'



V



u



/\



V



\



s RP PT PT-T'-



M



30



N



Ex. 14.



c



A



P



S



IIRS.



Ex. 13. UV



T



Ex. 7.



x 24



R



c



R



K



EX.8.



1>1



AE ED ? -T'



R



s



A



R



P Ex. 15.



Ex. 16.



P



Theorem 8.20. The



P



triangles Ex. 9.



PJ =~. HP SH



~~------



8.15



Ex. 10.



AP pc-To-



PC



Given:



altitude which



6ABC



on the



are similar with



CD .1 AB.



LACB



hypotenuse



of a right



to the given



triangle



a right



L;



triangle



and similar



forms



two



right



to each other.
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C



Conclusion:



Right L.ADC



right L.CDB right L.ADC



~



~



~



c



right L.ACB;



right L.ACB; right L.CDB.



Given: L.ABC with LACB a right L. Conclusion: c2 = a2 + b2.



A/1\B D



Proof



1. 2. 3. 4. 5. 6. 7. 8.



1. 2. 3. 4.



5. §8.12. 6. Reflexive



property.



property.



D Corollary



Drop a 1- from C to AB; L.BCA by Theorem L.BDC ~



ThenAB



= cs+ cr. ([2+b2=c(s+r). s+r= c. ([2+ fi = c2. c2 = a2+b2.



Theorem 5.3; theorem 5.4. § 8.22. Theorem 8.1. E-4. Factoring (distributive law). § 1.13. E-8. E-2.



8.24. Corollary: The square of the measure of the leg of a right triangle is equal to the square of the measure of the hypotenuse minus the square of the measure of the other leg.



8.21.



8.22. Corollary: Either leg of a right triangle is the mean proportional.'. between the measure of the hypotenuse and the measure of the segment of ! . the hypotenuse cut off by the altitude which is adjacent to that leg. Suggestions:



1. 2. 3. 4. 5. 6. 7. 8.



8.16.



Theorem 8.16 is known as the Pythagorean theorem. Although the truths of the theorem were used for many years by the ancient Egyptians, the first formal proof of the theorem is attributed to the Pythagoreans, a mathematical society which was founded by the Greek philosopher Pythagoras. Since that time manv other proofs of this famotls theorem have been discovered.



8.21. Corollary: The altitude on the hypotenuse of a right triangle is the mean proportional between the measures of the segments of the hypotenuse. A



1. Draw CD 1- AB. 2. c: a = a: sand c: b = b: r. 3. a2 = cs, b2 = cr.



5. 6. 7. 8.



c



~



REASONS



4. ([2 + b2



7. Reason 5. 8. §8.13.



L.CDB Suggestions: L.ADC by Theorem 8.15. Then AD:CD = CD:DB.



STA TEMENTS



B



J



c Theorem



Given. Given. § 1.20. Reflexive



S



D



Proof



REASONS



LACB is a right L. CD 1- AB. LADC and LBDC are right A. In right &ADC and ACB, LA == LA. :. L.ADC ~ L.ACB. In right &BDC and ABC, LB == LB. :. L.CDB ~ L.ACB. :. L.ADC ~ L.CDB.



/1:\ r



AI.



Theorem 8.15. ST ATEMENTS
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:BC = BC:BD.



Illustrative



Example



1: T



Given: Right L.RST with SQ 1- to hypotenuse RT; RQ = 3 and QS = 5. Find QT. Solution: From § 8.21, RQ: QS = QS: QT. Substituting, 3: 5 = 5: QT. Therefore, 3QT = 25; QT= ¥'



Theorem 8.16



R



8.23. The square of the measure of the hypotenuse of a right triangle is equal) to the sum of the squares of the measures of the legs.



I llustrative Example 1.



~



(
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18-25.



2:



Given: Right 6H]K with hypotenuse



HK = 17, leg H] = Ej.



Find the length if necessary.



of segment



- SIMILAR



x in each diagram.



POLYGONS



Draw a perpendicular



Find]K. T



Solution: By § 8.24, (jK)2 = (HKF-



Substituting, (jK)2 = (17F-



(Hj)2. (15)2



= 289-225 = 64. :.]K = 8.



C



H~~ Illustrative



~~ '"



A



30



B



i



~J



R



Ex. 18.



Example 2.



x



S



Ex. 19.



Exercises c



In 6ABC, LACB is a right L, and CD ..LAB. 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12.



Find CD if AD = 9 andBD = 4. Find BC if AB = 16 and BD = 4. FindBCifAD= 12,AC= 15,andCD=9. Find AC if AD = 24, CD = 18, and BC = 22.5. FindACifBD=9,BC= 15,andCD= 12. Find CD if AC = 20, and BC = 15. FindBDifAC=21,andCD= 15. Find AC if BD = 12, BC = 13, and CD = 5. FindBD if AD = 2 and CD = 4. Find CD if AD = 16 and BD = 4. FindBCif/lB=20andBD=5. Find AC if AB = 18 and AD = 8.



13. Given: AB is a diameter of 0O, CD



..L



C



16



A/1\BD



12



"u H



B



R



20



J



Ex. 21.



Ex. 20.



Exs.1-12.



16



E



s



AB.



If AD == 3 and BD = 27, find CD. (Hint: Draw chords AC and BC.)



A



A 36 Ex. 22.



Ex. 23.



Ex. 13.



In 6MNT, 14. 15. 16. 17.



LMNTis



a right L.



FindMTif MN = 16 and NT = 12. Find NT if MN = 24 and MT = 30. Find MN if MT = 13 and NT = 5. FindNTifMN= 15andMT= 17.



M~~ Exs.14-17. I



G



p Ex. 24.



Ex. 25.
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A



Given: 00 with chords AB and CD intersecting atE. I Conclusion: AE X EB = CE X ED.



D



I



Theorem



8.17.



STATEMENTS



REASONS



1. 2. 3. 4. 5.



1. 2. 3. 4. 5. 6. 7.



Draw chords I'A and TB. /IlLTAP = tmfB. /IlLBTP = tmfB. LTAP == LBTP. LP == LP.



6. L,.TAP



~ L,.BTP.



7. PB : PI' = PI': PA.



Proof STATEMENTS



REASONS



1. 2. 3. 4. 5. 6.



1. 2. 3. 4. 5. 6.



Draw chords CB and AD. LDAE == LBCE. LA ED == LCEB. :. L,.AED ~ L,.CEB. AE:CE = ED:EB. :. AE X EB = CE X ED.



Postulate 2. § 7.17. Theorem 3.12. §8.11. § 8.9. Theorem 8.1.



8.26. Segment of a secant. When a circle is cut by a secant, as AP in Fig. 8.6, we speak of the segment AP as a secant from P to 00. PB is the external segment of the secant and BA is the internal segment of the secant.
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Postulate 2. Theorem 7.3. Theorem 7.14. Theorem 3.4. Reflexivity. § 8.11. § 8.9.



Theorem 8.19 8.28. If two secants are drawn from the same point outside a circle, the product of the measures of one secant and its external segment is equal to the product of the measures of the other secant and its external segment.



Given:



00 with secants PA and PC drawn from P. Conclusion: PA X PB = PC X PD.



p D



Proof Fig. 8.6. Theorem8.19.



STATEMENTS



REASONS



8.27. If a tangent and a secant are drawn from the same point outside a circle, the measure of the tangent is the mean proportional between the measures of the secant and its external segment.



I. 2. 3. 4. 5. 6.



Given: 00 with tangent PI' and secant PBA drawn from P. Conclusion: PB: PI' = PI': PA.



7. PA :PC = PD:PB. 8. PA X PB = PC X PD.



1. 2. 3. 4. 5. 6. 7. 8.



----------



POLYGONS



Proof



8.17



8.25. If two chords intersect within a circle, the product of the measures of the segments of one chord is equal to the product of the measures of the segments of the other.



Theorem



- SIMILAR



8.18



-----------



Theorem8.18.



Draw chords AD and Be. mLDAP = trnBD. mLBCP = trnBD. LDAP == LBCP. LP == LP. L,.DAP ~ L,.BCP.



Postulate Theorem Theorem Theorem Reflexive § 8.11. § 8.9. Theorem



2. 7.3. 7.3. 3.4. property.



8.1.
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14. 15. 16. 17. 18. 19. 2(). 2!.



Exercises



In the following



n



exercises,



= = = = =



0 is the center



of the circle.



4, CE = 8,ED = 5. 12, CE = 8, EB = 6. 20, EB = 15, ED = 7. 9,EB = 3, BD = 5. 6, AB = 18, ED = 8.



1. 2. 3. 4. 5.



FindAE if EB Find ED ifAE Find CE ifAB FindAC ifCE Find CD if EB



6. 7. 8. 9. 10.



Find PT if PS = 4, PR = 9. FindPRifPS=5,PT=8. FindPTifRS = 7, PR = 16. Find RT ifPT = 18, 1'S = 9, PS = 12. Find PTifRS = 24, PS = 8.



11. Find Pi' if OA =15,



Find PA if PC = 24, PB = 10, PD = 8. Find PB if AP = 18, PC = 24, PD = 6. Find PC if PD = 6, PB = 8, BA = 10. Find AD if AP = 16, BC = 12, PC = 20. Find PD if PB = 8, AD = 10, BC = 16. Find ED ifOA = 8, OE = 3, CE = 10. Find BD if OA = 8, CD = 3, AD = 5. FindOAifAD=8,BD=5,CD=4.



Exs.I-5.



POLYGONS - SIMILAR ...----------..



C Exs. 20,21.



P/l = 10.



12. Find AP if PT = 12, OA = 9. 13. Find OA if PT = 8, PA = 4.



T Exs.ll-I3.



p



Exs.14-18.



B



A



Ex. 19.



------



------------
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Test 2 TRUE-FALSE



Summary Tests



Test 1 COMPLETION



STATEMENTS



I. Given right /:::.MNP with LN a right angle and NT the altitude on MP. Then NP is the mean proportional between and MP. 2. A statement of equality of two ratios is termed a 3. If two polygons have the same shape, they are4. If chords AIN and RS of 00 intersect at P, then RP: MP = 5. If ABC and Ei5C are secants from external point C to 00, then AC X BC X . 6. If fiR is a tangent and fiTS is a secant of 00 drawn from external point X P through points T and S of the 0, then P S X PT = 7. The perimeter of a rhombus having diagonals of 6 inches and 8 inches is inches. 8. The square of a leg of a right triangle equals the square of the hypotenuse the square of the other leg. x a x+y 9. If- = ~ theny y., = b' 10. Ifxy = 1'5,thenx:s = II. The mean proportional between 4 and 9 is 12. The fourth proportional to 6, 8,12 is 13. If7a=3b,thena:b= 14. b:5=a:1O~a:b= 15. 8:x=5:y~x:y= 16. ay=bx~x:y=



STATEMENTS



1. A proportion has four unequal terms. 2. If two triangles have their corresponding sides congruent, then their corresponding angles are congruent. 3. If two triangles have their corresponding angles congruent, then their corresponding sides are congruent. 4. The mean proportional between two quantities can be found by taking the square root of their product. 5. Two isosceles triangles are similar if an angle of one is congruent to a corresponding angle of the other. 6. The altitude on the hypotenuse of a right triangle is the mean proportional between segments of the hypotenuse cut off by the altitude. 7. Of two unequal chords of the same circle, the greater chord is the farther from the center. 8. If a line divides two sides of a triangle proportionately, it is parallel to the third side. 9. If two polygons have their corresponding sides proportional, they are similar. 10. Two isosceles right triangles are similar. 11. The square of the hypotenuse of a right triangle is equal to the sum of the legs. 12. If a line divides two sides of a triangle proportionately, it is equal to half the third side. 13. The diagonals of a trapezoid bisect each other. 14. If two triangles have two angles of one congruent respectively to two angles of the other, the triangles are similar. 15. Corresponding altitudes of similar triangles have the same ratio as that of any two corresponding sides. 16. Congruent polygons are similar. 17. If two chords intersect within a circle, the sum of rhe segments of one chord equals the sum of the segments of the other. 18. If a tangent and a secant are drawn from the same point outside a circle, the tangent is equal to one-half the difference of the secant and its external segment. 19. If two right triangles have an acute angle of one congruent to an acute angle of the other, the triangles are congruent. 20. Two triangles congruent to the same triangle are similar to each other. Test 3 PROBLEMS
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SUMMARY



Find the value of x in each of the following:



c



A



y



~



TESTS
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E



T



\6



B



Prob.i. DE IIAB.



R



~ Prob.2.



5



10\



m



~15 \



S



c



A n



9 PQ



IIRS.



D Prob. 9. III In II n.



Prob. 10. ED = 20; BD = x.



D



Prob.4.



Prob.3.



x



B Prob. ii. BD bisects LA DC; AD = 24; DC = 25; DE = 20; AE 16; BC = = x.



Prob.i2.



x Prob.5.



Prob. 6.



23



~ Prob. 7.



20 18



12 -



Prob.8.



Prob.i3.



- ----------------------------------..-------------



Prob.i4.



-



~



-J



est4
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XERCISES



u



Given: 0 Prove:



URSTwith diagonal RT.



PM:SM



P



T



[/(J



= MT:RM. R



S Ex.i.



Inequalities



L



~



2. Given: HK = LK; IK bisects LHKJ. Prove: LH: HI = KI: IJ.



[



H



9.1. Inequalities are commonplace and important. In our study thus far we have found various ways of proving things equal. Often it is equally important to know when things are unequal. In this chapter we study relationships between unequal line segments, angles, and arcs.



J



I Ex. 2.



E



3. Given: AOB a diameter of 00; DE 1- AOB extended. L.ACB. Prove: L.ADE ~



A



D



Ex. 3.



9.2. Order relations. Since we will use the order relations given in Chapter 3 as operating principles in this chapter, the student is advised to review them at this time. The student will note the relation between Postulates 13 and 14 and the partition property (0-8). In Fig. 9.1, we use Postulate 13 to justify the relationship mAB+mBC=mAC (or AB+BC=AC). Postulate 14 can be cited to express the relation mLABC = mLABD + mLDBC. By using the partition property, it immediately follows that 1. mAC> mAB and mAC > mBG. 2. mLABC > mLABD and mLABC > mLDBC. Often AB and BC are referred to as the parts of AC, while LABD and LDBC are the parts of LABC. Thus the partition property could be stated as: "The whole is greater than its parts." ~ 1~IPORT ANT. Hereafter we will frequently follow the practice of referring to a given segment as being "equal to" or "greater than" another segment instead of stating that the "measure of one segment is equal to" or "the measure of one segment is greater than" the measure of a second segment. The student is reminded that we are now using mAB and AB interchangeably, and we are now accepting mAB = mCD, AB ~ CD, and AB = CD as equivalent statements. Also "AB > CD" will be considered equivalent



282



283



[



284



FUNDAMENT



ALS OF COLLEGE



GEOMETRY



to mAB > mCD and AB + BC and the same thing. This practice will be followed



..



A



B



INEQUALITIES



mAB + mBC will be two ways used in order



.



C



to shorten



B



(a)



otherwise



Exercises



to say;



long



and



Answer each question. possible. "



A (b)



Fig,9.1.



cumbersome statements. The student should keep in mind, however, thatthe measures of geometricfigures are being compared in these instances. ~'' '



9.3. Sense of inequalities. Two inequalities are of the same sense if the same ' symbol is used in the inequalities. Thus a < band c < d are inequalities of : :



,,



.



the same sense. Two inequalities are of the opposite sense if the symbol of one" :,j inequality is the reverse of the symbol in the other. Thus a < band c > dare> of opposite sense. .' A study of the basic properties of and theorems for inequalities will revearl~ processes which will transform an InequalIty to another InequalIty of the same~ sense. Some of them are: ,



I
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(A)



If no answer



is possible,



indicate



with "no answer



1. Bill has more money than Tom. Each earned an additional 10 dollars. How do Bill's and Tom's total amounts compare? 2. Bill has more money than Tom and Frank has less than John. How do Bill's and John's compare? 3. Bill has the same amount of money as Alice. Alice spends more than Bill. How then do their remaining amounts compare? 4. John has more money than Tom. John loses half his money. How do their remaining amounts compare? 5. Bill has less money than Mary. Each decides to give half of his money to charity. How do the amounts they have left compare? 6. John has more money than Tom. Each doubles his amount. Who, then, has the more money? 7. Ann is older than Alice. Mary is younger than Alice. Compare Mary's and Ann's ages. R. Mary and Alice together have as much money as Tom. Compare Tom's and Alice's amounts. 9. Ann and Bill are of different ages. Mary and Tom are also of different ages. CompoTe the ages of Ann and Tom. 10. John has twice as much mOTleY;j mLB.



I. Given. 2. Postulate II. 3. 4. 5. 6. 7. 8. 9.



--



-



-----.--



Postulate Theorem Postulate 0-8. 0-7. Theorem 0-6.



2. 4.16. 14.



4.17.



---



FUNDAMENTALS



288



Theorem



OF COLLEGE



289



INEQUALITIES



GEOMETRY



9.8. The sum of the measures measure of the third side. Given: L.ABC. Conclusion: AB + BC > AC. Proof



9.2



9.5. If two angles of a triangle are not congruent, the side opposite the larger of the two angles is greater than the side opposite the smaller of the two angles.



of two sides of a triangle



is greater than the



C STATEMENTS



Given: L.ABC with mLA > mLB. Conclusion: BC > AC. Theorem



9.2.



I. Let D be the point on the ray opposite ifC such that DB = AB. 2. Draw AD. 3. DC = DB+BC. 4. DC = AB+BC. 5. mLDAC = mLDAB + mLBAC. 6. mLDAC > mLDAB. 7. mLDAB = mLADB. 8. mLDAC > mLADB. 9. DC > AC. IO. AB + BC > AC.



A~B



Proof STA TEMENTS



REASONS



I. mLA > mLB. 2. In L.ABC, since BC and AC are real numbers, there are only the following possibilities: BC = AC, BC < AC,BC > AC. 3. Assume BC = AC. 4. Then mLA = mLB. 5. Statement 4 is false.



1. Given. 2. Trichotomy



r-



6. 7. 8. 9.



Next assume BC < .1.c. Then mLA < mLB. Statement 7 is false. The only possibility remaining isBC > AC.



9.6. Corollary: The shortest perpendicular segment.



REASONS



property.



I. Postulate II. 2. 3. 4. 5. 6. 7. 8. 9. 10.



This theorem may be used to show that points is the straight line route. Theorem



Postulate 2. Postulate 13. £-8. Postulate 14. 0-8. Theorem 4.16. 0-7. Theorem 9.2. Substitution property.



the shortest



route



between



two



9.4



9.9. If two triangles have two sides of one congruent respectively to two sides of the other and the measure of the included angle of the first greater than the measure of the included angle of the second triangle, the third side of the first is greater than the third side of the second.



is



segment



joining



a point



to a line



F



c



Note. Here we can prove what we stated in §1.20. 9.7. Corollary: The measure of the hypotenuse of a right triangle is greater than the measure of either leg.



D \'--- '........ \ I I



A~R



\:~ I



Theorem



----------------



9.3.



A



A



-......B .



Theorem 9.3



D~E



\:



.



(!



1.. .



Theorem 9.4.



B
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9.11. Illustrative Example 1: Given: D a point in the interior of LABC; AC = CD. Prove: DB < AB. Proof



Given: LABC and LDEF with AC = DF, CB = FE, and mLC > mLF. Conclusion: AB > DE. Proof REASONS



S1;'ATEMENTS



1. Draw



EK (see third figure) with



K on the same side of Be as A and such that LACK == LDFE. 2. take a point G such that



cK



CG = FE. 3. Draw AG. 4. AC = DF. 5. LACG == LDFE. 6. AG = DE. 7. Bisect LBCK and let H be the point where the bisector intersects AR. 8. La == Lf3. 9. 10. 11. 12.



Draw CH = CB = CG =



HG. CH. FE. CB.



13. LCHG



==



LCHB.



~-l4,L#u=B-ti . 15. GH+AH > AG. 16. BH+AH > AG. 17. BH+AH=AB. 18. AB > AG. 19. AB > DE.



r



GEOMETRY



1. Postulate



12. A



~B Illustrative



2. Postulate



3. 4. 5. 6. 7.



Postulate 2. Given. S.A.S. §4.28. 0-1.



8. 9. 10. 11. 12. 13.



§1.l9. Postulate 2. Reflexive property. Given. Theorem 3.4. S.A.S.



lL§428_-



15. 16. 17. 18. 19.



Example 1.



11.



- -



Theorem 0-7. Postulate 0-7. 0-7.



STATEMENTS



REASONS



1. 2. 3. 4. S. 6.



1. 2. 3. 4. 5. 6.



AC (of LABC) = CD (of LDBC). BC (of LABC) = BC (of LDBC). D is in the interior of LACB. mLACB = mLDCB + mLACD. mLDCB < mLACB. :.DB < AB.



Given. Reflexive property. Given. Postulate 14. 0-8. Theorem 9.4. T



9.12. Illustrative Example 2: Given: S1' = R1'; K any point on RS. Prove: ST'?-KT.



. . .



9.3. Proof 13.



s



R illustrative



Theorem



9.5



9.10. If two sides of the the second, greater than



triangles have two sides of one congruent respectively to tWO other and the third side of the first greater than the third side of -~ the measure of the angle opposite the third side of the first is_, the measure of the angle opposite the third side of the second. .'



(Note: This theorem the student.)



is proved



by the indirect



method.



The



proof



is left tOi!



STATEMENTS



REASONS



I. 2. 3. 4. 5. 6.



1. 2. 3. 4. 5. 6.



S1' = RT. mLS = mLR. mLRK1'> mLS. mLRK1'> mLR. R1' > KT. S1' > KT.



Given. 4.16. 4.17. 0-7. Theorem 0-7.



Example 2.



9.2.



--
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7. Given: Prove: 8. Given: Prove: 9. Given: Prove: 10. Given: Prove:



Exercises



I. In LABC, mLA = 60, mLB = 70. shortest side?,



Which is (a) the longest side; (b) the I



2. Is it possible to construct triangles with sides the lengths (a) 6, 8,10; (b) 1,2,3; (c) 6,7,8; (d) 7, 5, I.



of which



are:



C



3. Given: AC = Be. Prove: AC> DC.



A



~BD



pc A Exs.7-1O.



11. Given: RP = RS; PT = ST; PT > RP. Prove: mLPRS> mLPTS.



C



T



R



s



II



A6B Ex.4.



I



D



5. Given: DA -1 RS; AC> AB. Prove: DC> DB.



D



p



Ex. 3.



4. Given: BC> AC; AD bisects LBAC; BD bisects LABC. Prove: BD > AD.



DC = Be. mLADC > mLA. DC = BC. AD > BD. DC = Be. mLCDB> mLA. DC = Be. AC> De.



293



~ A



Ex.n.



c



12. Given: AM is a median of LABe. Pmv" AM d, then a+d_b+c. 14. Ifx < y, thenx-a_y-a. 15. Ifx < y and z > y, then z_x. 16. Ifxy < Oandx > 0, theny_O. 17. In quadrilateral PQRS, if PQ = QR, and mLP > mLR, then PS _RS _RS, 18. In quadrilateral PQRS, if PQ > QR, and mLP = mLR, then PS



'



c



the':



.,



.



STATEMENTS



I. The shortest distance from a point to a circle is along the line joining that point and the center of the circle. 2. The measure of the perpendicular segment from a point to a line is the shortest distance from the point to the line. 3. Either leg of a right triangle is shorter than the hypotenuse. 4. If two triangles have two sides of one equal to two sides of the other, and the third side of the first less than the third side of the second, the measure of the angle included by the two sides of the first triangle is greater than the measure of the angle included by the two sides of the second. 5. :-../0two angles of a scalene triangle can have the same measure. 6. The measure of an exterior angle of a triangle is greater than the measure of any of the interior angles. 7. If two sides of a triangle are unequal, the measure of the angle opposite the greater side is less than the measure of the angle opposite the smaller side. 13- I[:L\,'.'(\ chnrds in the same circle are unequal, the smaller chord is nearer the center. 9. If John is older than Mary, and Alice is younger than Mary, John is older than Alice. 10. Bill has twice as much money as Tom, and Tom has one-third as much as Harry. Then Bill has more money than Harry. II. Angle Q is the largest angle in 6.PQR. Then the largest side is PQ. 12. Ifk> mandm< t,thenk> t. 13. lfx> 0 andy > 0, then xy < O. 14. Ifx < y and z < 0, then xz < yz. 15. In a circle or in congruent circles, if two central angles are not congruent, the greater central angle has the greater major arc.



16. x < Y ~ Y > x.



.



17. The difference between the lengths of two sides of a triangle is less than the length of the third side. IS. The perimeter of a quadrilateral is less than the sum of its diagonals. 19. If a triangle is not isosceles, then a median to any side is greater than the altitude



to that side. 301



l



20. The diagonals



of a rhombus



that is not a square



1101



are unequal.



Test 3 EXERCISES



c



I. Supply the reasons for the statements in the following proof: Given: LABC Prove: AC>



with CD bisecting AD.



LACB. A



/T\ D



Proof



Geometric Constructions



Ex. I.



REASONS



STATEMENTS



1. mLACD



B



= mLBCD.



2. mLADC > mLBCD; mLBDC > mLACD. 3. mLADC > mLACD. 4. AC > AD.



1. 2.



3. 4.



p



2. Given: PR = PT. Prove: mLPRS > mLS. R Ex. 2.



3. Prove that the shortest chord through a point within a circle is perpendicular to the radius drawn through that point.



c Ex. J.



10.1. Drawing and constructing. In the previous chapters you have been drawing lines with a ruler and measuring angles with the protractor. Mathematicians make a distinction between drawing and constructing geometric figures. Many instruments are used in drawing. The design engineer and the draftsman in drawing blueprints for airplanes, automobiles, machine parts, and buildings use rulers, compasses, T-squares, parallel rulers, and drafting machines. Any or all of these can be used in drawing geometric figures (Fig. 10.1). When constructions are. made, the only instruments permitted are the MFaight cdgc (an unmarked ruin) and a compass. TIle ~11di~IIL ed~e is used for constructing straight lines and the compass is used for drawing circles or arcs of circles. It is important that the student distinguish between drawing and constructing. When the student is told to construct a figure, he must not measure the size of angles with a protractor or the length of lines with a ruler. He may use only the compass and the straight edge. If we are told to construct the bisector of an angle, the method used must be such that we can prove that the figure we have made bisects the given angle. 10.2. Why use only compass and straight edge? The restriction to the use of only a compass and straight edge on the geometry student was first established by the Greeks. It was motivated by their desire to keep geometry simple and aesthetically appealing. To them the introduction of additional instruments would have destroyed the value of geometry as an intellectual exercise. This ~ntroduction was considered unworthy of a thinker. The Greeks were not Interested in the practical applications of their constructions. They were 303
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r A



B



Fig. 10.2.



Fig. 10.1. fascinated by exploring the many constructions possible the instruments to which they had limited themselves.



with the use of only



The constructions which we will consider in this chapter should serve:- -objectives similar to those set by the early Greeks. We, too, will restrict ourselves



to the use of only the straight



10.3. Solution of a construction be solved by steps as follows: Step Step Step Step



.



3. Two coplanar nonparallel lines intersect in a point (Theorem 3.1). 4. Two circles 0 and P with radii a and b intersect in exactly two points if the distance c between their centers is less than the sum of their radii but greater than the difference of their radii. The intersection points will lie in different half-planes formed by the line of centers (Fig. 10.3). 5. A line and a circle intersect in exactly two points if the line contains a point inside the circle.



'



a



edge and the compass.



problem.



Every construction



problem



can a



~~



I: A statement of the problem which teLL,what is to be coilstructed. II: A figure representing the given parts. III: A statement of what is given in the representation of Step II. I IV: A statement of what is to be constructed, that is, the ultimate result to be'1



through



any two given points



c



Fig. 10.3. a + b > c. a



Most constructions will involve the intersection properties of two lines, of a:~ line and a circle, or of two circles. In the developments of our constructions,~ ,j we will assume the following: I line can be constructed



p b



I.



obtained. Step V: The construction, with a descriPtion of each step. An authG in the construction must be given. Step VI: A proof that the construction in Step V gives the desired results.



1. A straight ate 2).:J



b



(PostUl~!



The student will find the solution to a construction problem easier to follow if, in the solution, he is able to distinguish three different kinds oflines. We will employ the following distinguishing lines: (a) Given lines, drawn as heavy full black lines. (b) Construction lines, drawn as light (but distinct) lines. (c) Lines soughtfor in the problems, drawn as heavy dash lines. COnstruction



2. It is possible to construct a circle in a plane with a given point Pas cente and a given segmentAB as radius [see Fig. 10.2 (Postulate 19)].



--



- b < c.



1



10.4. At a point on a line construct



an angle congruent



to a given angle.
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/ S//



T /'



iT-j--'R Construction



\



Given: LABC. To construct: The bisector



"N



of LABG.



1.



B



P as vertex



and



PFIas



REASONS



ST ATEMENTS



1. With B as center and any radius, construct an arc intersecting



1. Postulate 19.



atD.



2. With P as center and radius = BD, construct RT intersecting MN at R. 3. With R as center and a radius = DE, construct an arc intersecting RT at S. 4. Construct ?S. 5. LRPS == LABG.



2. Postulate 19. 3. Postulate 19.



Construction



REASONS



1. 2. 3. 4.



1. 2. 3. 4. 5.



the bisector



REASONS



1. With B as center and any radius, construct an arc intersecting D and BC atE.



lfA at



2. With D and E as centers and any radius greater than one-half the distance from D to E, construct arcs intersecting at F. 3. Construct BF. 4. BF is the bisector of LABC.



1. Postulate 2. Postulate



19. 19.



3. Postulate



2.



Postulate 2. § 7.3. § 7.3. S.S.S. § 4.28.



STA TEMENTS



REASONS



1. Draw DF and EF. 2. BD=BE;DF=EF. 3. BF=BF.



I. 2. 3. 4. 5. 6.



4. L.DBF



of an angle.



==



5. La == Lf3. 6. :. BFbisects



Construction



2



10.5. To construct



2.



Proof:



ST ATEMENTS



Construction



A



4. Postulate 2.



Proof



Draw ED and RS. BE = PR; BD = PS. ED=RS. L.RPS == L.EBD. 5. LRPS == LABC.



D



Construction: STATEMENTS



Construction:



andBC
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Given: LABC, line MN, and a point P on MN. To construct: An angle congruent to LABC having side.



BA atE



CONSTRUCTIONS



L.EBF. LABC.



Postulate 2. § 7.3. Theorem 4.1. S.S.S. § 4.28. § 1.19.



3



10.6. To construct line.



a perpendicular



to a line passing



through



a point



on the
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9. Repeat Ex. 8 with a given right triangle. 10. Repeat Ex. 8 with a given obtuse triangle. 11. Draw a vertical line. At a point on this line construct a perpendicular to the line. 12. Using a protractor, draw LABC whose measure is 45. At any point P on side BA construct a perpendicular to /[11. Label R the point where this perpendicular intersects side Be. AtR construct a line perpendicular to Be. Label S the point where the second perpendicular intersects



t Given: Line 1and a point P of the line. To construct: A line containing P and perpendicular to I. Construction: (The construction and proof are left to the student. The student will recognize this to be a special case of Construction 2.)



CONSTRUCTIONS



What kind of triangle is t:,SPR?



lB



Construction 4 10.7. To construct the perpendicular bisector of a given line segment.



3.



Exercises 1. Draw an obtuse angle. Then, with a given ray as one side, an angle congruent to the obtuse angle. 2. Draw two acute angles. Then construct a third angle whose measure is equal to the sum of the measures of the two given angles. 3. Draw a scalene triangle. Then construct three adjacent angles whose measures equal respectively the measures of the angles of the given triangle. Do the three adjacent angles form a straight angle?



B



A



:



Given: Line segmentAB. To comtruct: The perpendicular bisector of AB.



I



t



C



A



~



Construction:



Construction



STATEMENTS



REASONS



1. With A and B as centers and with a radius greater than one-half AB, construct arcs intersecting at C andD.



1. Postulate 19.



2. Construct



2. Postulate 2.



B Ex. 3.



1



4. Draw a quadrilateral. Then construct an angle whose measure is equal~ to the sum of the measures of the four angles of the given quadrilateral':;i 5. Draw two angles. Then construct an angle whose measure is the differ"! ..~ ence of the measures of the given angles. Label the new angle La. 6. Draw an obtuse aI1Kle. Then construct the bisector of the given angle~ Label the bisector RS.1 7. Construct an angle whose measure is (a) 45, (b) 135, (c) 67t. 8. Draw an acute triangle. Construct the bisectors of the three angles the acute triangle. What appears to be true of the three angle bisecto



CD intersecting



AB



at



M.



3.



CD



is



the



sector ofAB.



Proof:



perpendicular



bi-



4.
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1. 2. 3. 4. 5. 6. 7. 8. 9. 10.



1. Draw AC, AD, BC, BD. 2. AC=BC;AD=BD. 3. CD = CD.



4. LACD 5. LADM



== ==



LBCD. LBDM.



6. DiU = DiVl. 7. LADA1 == LBDM. 8. AA1 = BM. 9. LAMD == LBMD. 10. ...CD is 1- bisectorAB. Construction



GEOMETRIC



REASONS



STATEMENTS



Postulate § 7.3. Theorem 5.5.5. § 4.28. Theorem S.A.S. § 4.28. § 4.28. Definition



2.



4.1.



of 1- bisector.



t



I11)



10.8. To construct a perpendicular to a given line from a point not on the line.



I I I



~~A



Construction



I



H



I



~



I



/



6



10.9. Through a given point to construct a line parallel to a given line.



~//



~



I



I



~



STATEMENTS



REASONS



(;iz'en: Line l and point P not on the line. To construct: A line through Pill.



I. With P as center and any convenient radius, construct an arc intersecting-l at A and B. 2. With A and B as centers and a radius whose measure is greater than the measure of one-half segment AB, construct arcs intersecting at C. 3. Construct PC. 4. PC is 1- to line l.



1. Postulate 19.



Construction:



Construction:



Proof



(The



CUIi.\tlllction5.



proof



is left to the student.)



/.t.~



2. Postulate



' .



19.



Construction



6.



STATEMENTS



I. Through



3. Postulate 2. -Hint: See proof



of Construction



Discussion: Point C can be either on the same side of l as is P or on the opposi side.
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1. Draw a line segment. By construction, divide the segment into four congruent segments. :2. Draw an acute scalene triangle. Construct the three altitudes of the triangle. 3. Repeat Ex. 2 for an obtuse scalene triangle. 4. Draw an acute scalene triangle. Construct the perpendicular bisectors of the three sides of the triangle. S. Repeat Ex. 4 for an obtuse scalene triangle. 6. Draw an acute scalene triangle. Construct the three medians of the triangle. 7. Repeat Ex. 6 for an obtuse scalene triangle. 8. Construct a square. 9. Construct an equilateral triangle ABC. From C, construct the angle bisector, altitude, and median. Are these separate segments? If not, which are the same?



4.1.



5



Given: Line l and point P not on l. To construct: A line 1- to l from P.



CONSTRUCTIONS



Exercises



~ .



T REASONS



P construct



any line ST



intersecting l at R. Label Sf so that P is between Sand T. 2. With P as vertex and PS as a side



Construct Lf3 3. iii III.



==



1. Postulate



2.



2. § lOA.



La.



-----------



---



----------------



----
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Proof:



~. Perform Construction



6 by using Theorem
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CONSTRUCTIONS



5.5. ~



STATEMENTS



1. La



==



Lf3.



2. mill.



1. By construction. 2. Theorem 5.12.



10.10. Impossible constructions. Many geometric constructions are impossible if only the unmarked straight edge and compass are used. Among these impossible constructions are three famous ones. These three construction problems were very popular in Greece. Greek mathematicians spent long years of labor in attempting to solve these problems. These problems are called "trisecting the angle," "squaring the circle," and "doubling the cube." The first problem required the dividing of any angle into three congruent parts. The second required the construction of a square the area of which was equal to that of a given circle. The third problem required constructing a cube the volume of which doubled that of a given cube. Greek mathematicians made repeated efforts to solve these problems, but none succeeded. Mathematicians for the past 2000 years have persistently attempted theoretical solutions without success. In the past half century it has been proved that these three constructions never can be accomplished. The proof of this fact is beyond the scope of this book. In spite of this fact, many people are stilJ chalJenged to attempt theoretical constructions. Occasionally, a suggested solution to oneofttie problems has appeared, but in each case the solution involved the introduction of modifications of the two instruments permitted. Each of these constructions can easily be performed by using more complicated instruments. For instance, the angle can he trisected if we are permitted to make just two marks at any two points on the straight edge. The reader may question the value of the rigor and persistence of these mathematicians. However, it can be shown that the search for solutions to such "impractical" problems has led to a deeper insight and understanding of mathematical concepts as well as to the advanced stage of mathematical science existing today. Exercises 1. Construct a line passing through a point paraJleJ to a gIven constructing a pair of congruent alternate interior angles.



------------------------------------



. Draw a scalene i'iABC. Through C construct a line II AB. 4. Draw a scalene i'iABG. Bisect side AB. Label the point of bisection M. Through M construct a line IIBe. 5. Construct a quadrilateral the opposite sides of which are paraJlel. 6. Draw i'iABG. Through each vertex construct a line paraJlel to the opposite side. 7. Construct a quadrilateral with two sides both congruent and paraJlel. 8. Inscribe a square in a circle. 9. Circumscribe a square about a circle. 10. Inscribe a regular octagon in a circle. 11. Inscribe a regular hexagon in a circle. (Hint: The measure of the central Ai drawn to the vertices of an inscribed hexagon is equal to 60.) 12. Construct a right i'iABC with mLB = 90. Bisect AB at At. Bisect BC at N. Th~gh' M construct a line III to Through N construct a line mil AB. Where do lines land m appear to intersect?



REASONS



Be.



Construction 7 10.11. Divide a segment into a given number of congruent segments. (;iven: SegmentAB. To construct: Divide AB into n congruent segments. (In this figure, we show the case n = 5.)



.



'



:



A



'



QI



Q2



Q3



."



Construction:



,I,



:.,



:



,.



Construction



. ST.\TEMENTS



REASONS



1. Construct any ray AP not on line AB. 2. Starting at A, layoff congruent segments API, PIP2, P2P:J,..., P,HPI/ (any length, as long as the segments are of the same length). 3. Construct P;;B. 4. Through points PI, P2, P:I. . ., PI/-l construct lines paraJlel to PI/B, intersecting AB in points Qb Q2,



1. Construction.



Q:b' . . , QI/-I'



2. Construction.



3. Postulate 2. 4. Construction 6.



7.



Q4



B
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Proof REASONS



1. APt = PtP2 = P2P3 = . . . = Pn-IP", 2. PIQt II P2~ II P3QJ II... II PI/B. 3. AQI = Qt~ = Q.2~='" = Q"-IB.



1. By construction. 2. By construction. 3. Theorem 6.8.



STATEMENTS



REASONS



1. Bisect two angles of LoABC. 2. Let 0 be the point of intersection of the bisectors. 3. Construct OD from 0 perpendicular to AC. 4. With 0 as center and mOD as as radius, construct 0 O. :'J. 00 is the inscribed O.



1. Construction 2. 2. Theorem 3.1.



(The proof of this construction



Construction



B_-....



8



10.12. Circumscribe



"



a circle about a triangle.



Given: LoABC. To construct: Circumscribe



Exercises



\



\ \ I



Construction: Comtruction



A'



8.



I I



,



I .~



II



"



SL\TDIE,\;TS



RF "SONS



1. Construct the perpendicular bisectors of two sides of the Lo. 2. The two lines meet at a point O. 3. With () as the center and mOA as the radius construct the circle O. 4. 0 () is the circumscribed circle.



1. Construction



Construction



,



a 0 about LoABC.



(The proof of this construction



2. Theorem 3. Postulate



---"""



4. 3.1. 19.



10.13. To inscribe a circle in a given triangle. Given: LoABC. To construct: Inscribe a circle in LoABC. A 9.



/



'C



4. Postulate



5. 19.



is left as an exercise.)



(B)



1. Draw two points 3 inches apart. Locate by construction all the points 2 inches horn each of these given points. 2. Draw two lines intersecting at 45° and two other parallel lines which are ] inch apart. Locate by construction all the points equidistant from the intersecting lines and equidistant from the parallel lines. :3. Draw two lines /1 and /2 intersecting at a 60° angle. Locate by construction all the points that are 1 inch from II and 12, 4. Draw a circle 0 with a radius length of 2 inches. Draw a diameter AB. Lucale by cunstruction the puints that are I inch from the diameter AB and equidistant horn A and O. :'J. Draw a triangle ABC with measures c of the sides equal to 2 inches, 2t inches, and 3 inches. Locate by construction the points on the altitude from B that are equidistant from Band C. 6. In the triangle of Ex. 5, locate by construction all the points on the altitude from C that are equidistant from sides AB and BC. 7. In the triangle of Ex. 5, locate by construction all the points on the median from C that are equidistant from A and C. ~. In the triangle of Ex. 5, locate by construction all the points equidistant from sides AC and BC at a distance oft inch from side AB. 9. Draw a triangle ABC. Locate by construction the point P that is equidistant from the vertices of the triangle. With P as center and mPB as



Q



B



9



/



3. Construction



A



is left as an exercise.)



Construction
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Construction:



5. The points QI> Q2, Q:J, . . . , Q,,-t divide AB into n congruent segments.



ST ATEMENTS



CONSTRUCTIONS



3



Ex.\'. 5-8.



B



radius, construct a circle. (This circle is said to be circumscribed about the triangle.) 10. Draw a triangle ABC. Locate by construction the point P equidistant the triangle. Construct the segment PM from P perfrom the sides pendicular to AB. With P as center and mPM as radius, construct a circle. (This circle is said to be inscribed in the triangle.)



2I



Summary



Test



Constructions



Test



1-4. With ruler is 40. ]. Construct



and



protractor



an isosceles



draw AB



triangle



=



3 inches



with base equaling



and La whose



measure



AB and base angle with



measure equaling mLa. 2. Construct an isosceles triangle with leg equaling AB and vertex angle with measure equaling mLa. j. Construct an isosceles triangle with altitude to the base equaling AB and vertex angle with measure equaling mLa. 4. Construct an isosceles triangle with base equaling AB and vertex angle with measure equaling mLa.



5-9. With ruler and protractor draw segments AB = 2 inches, CD = 3 inches, EF = 4 inches, and La whose measure is 40. 5. Construct DPQRS 6. Construct DPQRS 7. Construct DPQRS



with PS = AB, PQ = CD and PR = EF. with PS = AB, PR = EF, and SQ = CD. with PS = AB, PR = CD, and LSPR



8. ConstructD PQRS with PQ = AB, ~J. ConstructD PQRS with PQ = CD, ]0. Construct an angle whose measure ] I. Draw a line 5 inches long. Then using only a compass



and straight



==



La.



PR = EF, and altitude on PQ = CD. LSPQ == La, and altitude on PQ = AB. is 75. divide



it into five congruent



segments



edge.
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12. Draw any f:..ABC. Let P be a point outside the triangle. From P construct perpendiculars to the three sides of f:..ABC. 13. Draw an obtuse triangle. Then construct a circle which circumscribes the triangle.:i 14. Dra~ a triangle. 15. Draw an obtuse triangle. 16. Draw a triangle.



Ill/



'~



Then construct a circle which is inscribed in the triangle.~1 triangle. Then construct the three altitudes of the Then



construct



the three



medians



of the triangle.



Geometric



.



11



II



.



Loci



11.1. Loci and sets. The set of all points is space. A geometric figure is a set of points governed by one or more limiting geometric conditions. Thus, a geometric figure is a subset of space. In Chapter 7 we defined a circle as a set of points lying in a plane which are equidistant from a fixed point of the plane. Mathematicians sometimes use the term "locus" to describe a geometric figure. -



Definition: A locus of points is the set of all the points, and only those points, which satisfy one or more given conditions. Thus, instead of using the words "the set of points P such that. . . ," we could say "the locus of points P such that. . . ." A circle can be defined as the "locus of points lying in a plane at a given distance from a fixed point of the plane." Sometimes one will find the locus defined as the path of a point moving according to some given condition or set of conditions. Consider the path of the hub of a wheel that moves along a level road (Fig. 11.1). A, B, C, D represent positions of the center of the wheel at different instants during the motion of the wheel. It should be evident to the reader that, as the wheel rolls along the road, the set of points which represent the positions of the center of the hub are elements of a line parallel to the road and at a distance from the road equal to the radius of the wheel. We speak of this line as "the locus of the center of the hub of the wheel as the wheel moves along the track." In this text locus lines will be drawn with 319
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Step IV: Prove your conclusion by proving that the figure meets the two characteristics of loci listed in § 11.1. One of the difficulties encountered by the student of geometry is that of describing the geometric figure which represents the locus. These descriptions must be precise and accurate. ~ ~ Il.3. Illustrative Example 1. What / f\ R2 is the locus of the center of a circle with radius R2 that rolls around the outside of a second circle the radius of which is RI? Conclusion: The locus is a circle the center of which is the same as that of the second circle and the radius measure of which equals the sum of the measures of radii Rt and R2.



-8f?faAFig. 11.1. from given and construction long dash lines to distinguish them QI As a second simple illustration of a Q2/ ~ locus, consider the problem of finding / ~4 the locus of points in a plane 2 inches from a given point 0 (Fig. 11.2). Let us first locate several points, such Pit .0 ~Q4 as Pt, P2, P3, P4,..., which are 2 I inches from O. Obviously there are an infinite number of such points. Next draw a smooth curve through / '--.P2 these points. In this case it appears Q3 that the locus is a circle with the cenFig. 11.2. ter at () and a radius whose measure is 2 inches. Q;j, Q4' . . . , each om" If now, conversely, we select points such as Qt, Q2' of which meets the requirement of being 2 inches from 0, it is evident thai' me circle. Thus, to prove that a line is a locus, it is necessary to prove the followmsll. two characteristics:'



--



I



\



\



\



~



-



/



h3



Exercises



i '



I



'.' I. A ny point on the line satisfies the given condition or set of conditions. 2. fj thu (a) any paint that wNlji" th, ginn. wnditian "' ,,' of ",nditia'" " ""~.



'



,:



the line or (b) any point not on the line does not satisfy the condition.



'~ The word locus (plural loci, pronounced "10' -si") is the Latin word mea~in( "place" or "location." A locus may consist of one or more points, hnes,; ' surfaces, or combinations of these. 11.2. Determining a locus. Let us use the example the general method of determining a locus.



of Fig.



Step I: Locate several points which satisfy the given conditions. Step II: Draw a smooth line or lines (straight or curved) through these points.



'



':



MI '
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Step III: Form a conclusion as to the locus, and describe accurately the geome.] figure which represents your conclusion." ".,



...



Illustrative



Example 1,



U sing the method outlined in § 11.2, describe the locus for each of the following exercises. No proof is required. Consider only 2-dimensional geometry in these exercises. I. The locus of points equidistant from two parallel lines It and 12, 2. The locus of points which are i inch from a fixed point P. 3, The locus of points ~ inch from a given straight line I. 4. The locus of the mIdpomts of the radIi of a gIven Circle O. 5. The locus of points equidistant from sides BA and BC of LABC. 6. The locus of points equidistant from two fixed points A and B. 7. The locus of points one inch from a circle with center at 0 and radius equal to 4 inches. 8. The locus of points less than 3 inches from a fixed point P. 9. The locus of the center of a marble as it rolls on a plane surface. 10. The locus of points equidistant from two intersecting straight lines It, and 12, II. The locus of the midpoints of chords parallel to a diameter of a given circle. 12. The locus of the midpoints of all chords with a given measure of a given circle. 13. The locus of the points equidistant from the ends of a 3-inch chord drawn in a circle with center at 0 and a radius measure of2 inches. 14. The locus of the centers of circles that are tangent to a given line at a given point.
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15. The locus of the vertex of a right triangle with a given fixed hypotenuse as base.



Ie



/



Theorem 11.1. The locus of points in a plane at a given distance from a fixed point is a circle whose center is the given point and whose radius measure is the given distance.
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.
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Theorem



............



I



1



M



'" "



B



11.4.



I



Given: Ci5 1. AB; AM = MB; Pis any point on CD, I' ¥=M. Conclusion: AI' = BP. Proof



1-, ,-:.



ST ATEMENTS



- -I



REASONS



I. CD 1. AB; AM = MB. I ~-j



2. LAMP and LBMP 3. Draw PA and PB. 4. Pi\1=PM.



are right L:i.



I. 2. 3; 4. 5. 6.



Given. § 1.20. Postulate 2~ Theorem 4.1. Theorem 4.13. § 4.28.



PARTI I: A ny point equidistant from two points lies on the perpendicular bisector of the line segmentjoining those two points. Given: I' any point such that AI' = BP; CM 1. AB; AM = BM. Conclusion: Plies on eM. ProOf



11.3.



ST ATEMENTS



Theorem



A



1'""



II



-f-~l



-;---



/



\



PARTI: Any point on the perpendicular bisector of the line segment joining two points is equidistant from the two points.



5. DAMP == f':,.BMP. 6. :.AP = BP. Theorem 11.3. The locus of points in a plane equidistant from two given parallel lines is a line parallel to the given lines and midway between them.
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JD Theorem
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11.1.



d
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/



/



Theorem
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Theorem 11.2. The locus of points in a plane at a given distance from a given line in the plane is a pair of lines in the plane and parallel to the given line and at the given distance from the given line.



//



/
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11.4. Fundamental locus theorems. The following three theorems can easily be discovered and proved by the student. The proofs will be left to the student. /----.......... / "",p



LOCI



1. Plies on CM or I' does not lie on +--,)0 CM. 2. Assume I' does not lie on CM. 3. Draw PM.



11.4



.



11.5. The locus of points in a plane which are equidistant from two giv< points in the plane is the perpendicular bisector of the line segment joi the two points.



..



REASONS



I. Law of excluded



middle.



2. Temporary assumption. 3. Postulate 2.
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5. Given. 6. Theorem



7. ,6.AJvlP == ,6.BiHP. 8. LAMP == LBMP.



4.1. Given: BFbisects



7. S.S.S. 8. § 4.28.



9. JWP 1. AB. 10. CM 1. AB. 11. There are two distinct lines passing through P and perpendicular toAB. 12. This is impossible. 13. :.P must lie on CM.



PART



I:



11. Statements



12. Theorem



9 and 10.



STATEMENTS



1. PE



5.2.



p or



not-p;



[not(not-p)]



6. La



BA, PD 1. BC.



1.



==



==



Lf3.



.~ '



BFb sects



LABC; point P # Bon BF; PE 1. 1M; PD 1. EG. . n: PE = PD. {J



~ -~f



I~& Thi: locu~ AB



is aD. is a right L. is a D. CF; AD = Be. ==



11. AreaEBCD



1--2.5"



11-



Ex. 12.



5. DE II CF. Ex. 9.



--------------------------



H~"



12.1



D



+--+



Jt



EX.B.



I



12.5. The area of a parallelogram altitude.



-~



!>.2"



1~"



j~1



Ii



1" 1-



f,



12. Compute the cross-sectional area of the Z-bar.



6BFC. = areaEBCD.



] 2. Area EBCD + area AED = area EBCD + area BFC. 13. Area ABCD = area EBCD + area AED; area EFCD = area EBCD + area BFe. ]4. AreaABCD = areaEFCD. 15. AB = b; DE = h. ]6. AreaEFCD bh. ] 7. Area ABCD = = bh.



3. . --4.



5. 6. 7. 8. 9. 10. 11. 12.



§6.3. Thcon:m



5.3.



Theorem 5.5. Definition of aD. Definition of -LJines. Definition of aD. Theorem 6.2. Theorem 5.20. Reflexive property. Additive property.



13. Postulate 22.



14. 15. 16. ] 7.



Substitution property. Given. Postulate 24. Substitution property.



II.
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Parallelograms



AREAS
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with equal bases and equal altitudes



Exercises



are



1. Find the area of a parallelogram the base of which is 16 inches and the altitude of which is 10 inches. 2. Find the area of a parallelogram the base of which is 16.4 feet and the altitude of which is 11.6 feet. 3. Find the altitude of the parallelogram the area of which is 204 square inches and the base of which is 26 inches. 4. Find the area of DABCD if AB = 24 yards, AD = 18 yards, and mLA = 30. 5. Find the area of 0 ABCD if AD = 12 inches, AB = 18 inches, mLA = 60.



2.7. Corollary: The areas of two parallelograms having equal bases have he same ratio as their altitudes; the areas of two parallelogr~ms having equal altitudes have the same ratio as their bases. Theorem



12.2



12.8. The area of a triangle is equal to one-half the product C it~ altitude. . Gwen: ,6.ABC wIth base AB = band



l



of its base and D 7



~ I



altitude CE = h. Conclusion: Area of ,6.ABC = tbh.



I



c



/ / /



,:h



/



Ak



/



/



/



't"



i:



I.



~B



b



\



Theorem 12.2,



Proof



1. ,6.ABC has base = b, altitude CE = h. 2. Draw CDIIAB and BDIIAC, meeting. at.D.



4. ,6.ABC == ,6.DCB. 5. Area ABDC = area ABC + area DCB. 6. Area ABDC = area ABC + area ABC. 7. Area ABDC = bh. 8. 2 AreaABC = bh. 9. Area of ,6.ABC = tbh. 12.9. Corollary: in area.



Triangles



..



.' ~J



REASONS



ST ATEMENTS



.



\



5.7.



tlnition of aD. 4. §6.6. 5. Postulate 22.



!



.'~



I



property.



12.1. 3.5.



with equal bases and equal altitudes



II



M



ABC



Ex. 7.



are equal



The area of a rhombus is equal to one-half the product of



...



the diagonals



of which



are 35 inches



and



7. Given: GF AE; CF AG; CG EF; GF = 14 inches; BG = 12 inches; AB = DE = 7 inches. Find the area of (a) 0 ACFG; (b) 0 CEFG; (c) uBDFe; (d) L,ABe; (e) L,GCF; (}) ,6.CEF. 8. Find the area of L,RTK if RK = 15, KS = 12, ST = 18. /I



12.10. Corollary: The areas of two triangles having equal bases have the same ratio as their altitudes; the areas of two triangles having equal altitudes have the same ratio as their bases. 12.11. Corollary: its diagonals.



B



6. Find the area of the rhombus, 24 inches.



2. Postulate 18; Theorem



7. Theorem 8. Theorem 9. E-7.



A Exs. 4,5.



1. Given.



6. Substitution
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OF POLYGONS



II



K



D



E



R



~



12 18



s



T Ex.B.



9. Given: L,ABC with CD 1.. AB, AE 1.. BC, AB = 24 inches, CD = 15 inches, BC = 21 inches. Find AE. 10. How long is the leg of an isosceles right triangle the area of which is 64 square feet? II. Find the area of trapezoid ABCD. 12. Find the area of trapezoid RSTQ.



-----------
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OF POLYGONS



C



14"



STATEMENTS



c



B



18" Ex.n.



Ex. 9.



REASONS



1. Draw diagonal AC dividing the trapezoid into &ABC and ACD. 2. Area of f::::.ABC= tblh. 3. Area of f::::.DAC = tb2h. 4. Area of f::::.ABC + area of f::::.DAC = tb]h+tb2h = th(bl + b2). 5. Area of f::::.ABC + area of f::::.DAC



}-



Ai



B



A



= area of trapezoid ABCD. 6. :. Area of trapezoid th (bl + b2) . R



s



24' Ex. 12.



13. Given: D is the midpoint Find the area of f::::.ABF.J 14. K is the midpoint of RS.



f::::.RKL= 7 square inches.



of AF, area of DABCD



= 36 square inches.



I j



Area



of f::::.RST= 30 square



inches.



ABCD



=



1. Postulate 2.



2. Theorem 3. Theorem 4. £-4.



12.2. 12.2.



5. Postulate 22. 6. Theorem



3.5.



12.13. Other formulas for triangles. In this section we shall develop some important formulas which are used quite extensively in solutions of geometric problems. It is assumed in this discussion that the student has a basic knowledge of square roots and radicals. A table of square roots can be found on page 421 of this text.



Area of



Find area of f::::.LST.



.~



Formula I:



Relate the diagonal d and the side s of a square.



F



T



A~



Ex.13.



Theorem



B



R



~



d2



K



:.d



S



= S2+S2 = 2S2 = sV2



s



Ex. 14.



12.3



s



12.12. The area of a trapezoid the sum of its bases. Given:



Trapezoid
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Proof



is equal to half the product



of its altitude and



I



I



i~



ABCD with altitude



D



b2



Formula 2:



Relate the side s and the diagonal d of a square.



'



C



s\!'2 = d (Formula



CE = h, base AB = bl, and base DC = b2. Conclusion: Area of trapezoid ABCD = th(bl + b2). Theorem



Formula 1.



s=



12.3.



A



d V2



= ~x v2



bl



~



1)



V2= V2



dV2 2
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D



Relate altitude h and side s of an equilateral triangle.



mLRTM



= 30; TM 1- RS.



T



h2 = s2_(~r



A



C



~60'



3S2 4



D



R



s



/



2



18



C



~i



B



A



Ex.5.



sV3 2



h=



15



B



Ex. 6.



LL M



Formula 3. D 1'10" C



Formula 4:



Re late the area A and the side s of an equilateral triangle.



s2Y3 = 4



.



Exercises



Ex. 2.



9-14.



Air E



26



D



15



!:5.



~B 24



A(



~B



C



,



A



~



Ex. 9.



C K



~o



8



D



~R



-------------



--------------



10



A~



Given: ABCD is a 0.



R Ex. 10.



--------



24



S



Given: KRST is a 0.



c



N



C



~B Ex. 4.



EX.3.



F~~ccc~c



B



12



T



20



T



Ex. 2.



Ex. 1.



Ai



E~8,



--------------------



D



:8'



C



Bl



4'3"



Solve for x in each of the following figures.



~I



16



A



----



I;



1-8. Find the area of each of the following trapezoids.



JB



A~



y.1



xsV3 = ts 2



D



Q,t



18/



A = tRS X TM



--------------------------------------



c



20



L



A



Ex. 11. Given: L/HNT is aD.



-------------------------



B Ex. 12.



-----
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It can be shown



J



constant.



A~



I



B



Ex. 14.



Find the areas of the following



15-16.



x



equilateral



triangles.



C



N



5 A



M



L



B



D Ex. 16.



Ex. 15.



17. The area of a trapezoid



is 76 square



inches.



is represented



of a circle to its diameter is a



by the Greek letter



1T



(Pi).



Thus, in



12.15. Historical note on '1T. The above fact was known in antiquity. Various values, astoundingly accurate, were found by the ancients for this constant. Perhaps the first record of an attempt to evaluate 1T is credited to an Egyptian named Ahmes, about 1600 B.C. His evaluation of 1T was 3.1605. Archimedes (287-212 B.C.) estimated the value of 1T by inscribing in and circumscribing about a circle regular polygons of 96 sides. He then calculated the perimeters of the regular polygons and reasoned that the circumference of the circle would lie between the two calculated values. From these results he proved that 1T lies between 3+ and 3j~. This would place 1T between 3.1429 and 3.1408. Ptolemy (?1O0-168 A.D,) evaluated 1T as 3.14166. Vieta (1540-1603) gave 3.141592653 as the value of 1T. Students of calculus can prove that 1Tis what is termed an irrational number; i.e., no matter to what degree of accuracy the constant is carried, it will never be exact. It can be shown in advanced mathematics work that1T = 4 (1 - i +! -t+tA . . .). The right-hand expression is what is termed an infinite senes. By using the modern calculating machines of today, the value of 1Thas been found accurate to more than 100,000 digits. This is a degree of accuracy which has no practical value. The value of 1Taccurate to 10 decimal places is



~lO



K Ex. 13.



that the ratio of the circumference



This constant
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Fig. 12.8, CIID! = C2/D2 = 1T,



C



H



OF POLYGONS



GEOMETRY



The bases are 11 inches and



8 inches. Find the altitude. ,', 18. Find the area of the isosceles trapezoid the bases of which are 9 yards 1



and



23yard:nttldthediagonalofwhichi£11~¥ards'nu



19. Find the 20, Find the inches, 21. Find the inches. 22. Find the



,-'



n



diagonal of a square of side (a) 6 inches; (b) 15 inches.-side of a square the diagonal of which is (a) 16 inches;



. '



(b) 32,:



~), 1415926536. - -.-



12.16. Ciiciiriiferenceof a-C1rae:~Sriice-T71r~-1T,we -c-an--riowderivc a formula for the circumference. If we multiply each side of the equation by D, we obtain C = 1TD. Since the diameter D equals two times the radius, we



can substitute in the equation and get C = 21TR. area altitude



of a square



the diagonal



of an equilateral



of which



triangle



is (a) 12 inches;



(b) 52



the side of which is (a) 8 inches;i~



Thus, the circumference of a circle is expressed by theformula C = 1TD,or C = 21TR. ,3



(b) 17 inches, 23. Find the area (b) 52 inches.



of an equilateral



triangle



the side of which is (a) 7 inches;



12.14. Formulas for the circle. Finding the length and area of a circle have been two of the great historic problems in mathematics. In this text we will not attempt to prove the formulas for the circle. The student has courses. already:, had



many



occasions



to use



these



formulas



in his other



mathematics



We will review these formulas and use them in solving problems.;~



~



J



0



~



Definition: The circumference of a circle is the length of the circle (some-'1 times called its perif!leter).



Fig.12.8.



r
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1.



Find



the circumference



= 17.898



Solution:



of a circle the dia-



Answer: 17.9 inches.



12.18. Illustrative Example ference of which is 8.25 feet.



2.



Find the radius



of a circle the circum-



C = 21TR



R=~



21T



E



8.25 -



440'



D



2(3.142)



= 1.313



Answer:



F



1.31 feet. '



12.19. Area of a circle. It can be shown that the ratio of the area of a circle to the square of its radius is a constant. This is the same constant 1T, which equals the ratio of the circumference and the diameter of a circle. In Fi~. 12,9.



c A



B Exs. 10, 11.



;1



12. Find the area of asernicirclethe pCl:imctcl' of which i£ 36.43. 13. Fmd the shaded area. 14. Find the area of the shaded portion of the semicircle.



",



i!L RJ2



--



A2 R22



=



R2/: .



1T



~



.,



,.1,, 8,.,.,:,



,~ ':1



Fig.



Thus,



the area of a circle is given by the formula A = 1TR2. in the formula and get A = (1TD2/4).



12,9.



Ex. 13.



Exercises of a circle the radius of which is (a) 5.2; (b) 2.54;;.~



(c) 32.58. 2. Find the area of a circle the radius



0



Since R = D/2, we



can substitute



1. Find the circumference



355



3. Find the diameter of a circle the circumference of which is (a) 280; (b) 87.54; (c) 68.3562. 4. Find the radius of a circle the circumference of which is (a) 140; (b) 26.38; (c) 86.6512. 5. Find the radius of a circle the area of which is (a) 24.5; (b) 37.843; (c) 913.254. 6. Find the diameter of a circle the area of which is (a) 376; (b) 62.348; (c) 101.307. 7. If the radii of two circles are 2 and 3 inches respectively, what is the ratio of their areas? 8. If the radii of two circles are 3 and 5 inches respectively, what is the ratio of their areas? 9. Find the area of a circle the circumference of which is 28.7 feet. 10. Find the perimeter of the track ABCDEF in the figure. 11. Find the area enclosed by the track ABCDEF in the figure.



In using this formula, it is best to use 1T rounded off to one more digit than the data, D or R, it is used with. Then round off the answer to the degree of accuracy of the given data. 12.17. Illustrative Example meter of which is 5.7 inches. Solution: C = 1TD C = 3.14(5.7)



OF POLYGONS



of which is (a) 7.0; (b) 8.34; (c) 25.63.



...



15. Find the area of the shaded portion in the figure. 16. Find the perimeter of the figure. 17. Find the total area enclosed in the figure.



Ex. 14.



Summary Ex. 16, 17



Ex. 15.



18. Find the length



Tests



of the belt used joining



wheels 0 and 0'.



Test 1 COMPLETION



he---



15"--



-k



I



lQ"



i



;_1



Ex. lB.



19. Find the area of the shaded portion. 20. Find the total area enclosed in the figure, equilateral 6 are diameters of the semicircles.



given



that the ,idc, of the'



STATEMENTS



1. The ratio of the circumference to the diameter of a circle is 2. The area of a rhombus is equal to one-half the product of rhombus. 3. The area of an equilateral triangle with sides equal to 8 inches is square inches. 4. The area of the square with the diagonal eqmil t~_~il~ches is square inches. ,



,



,n



.



',..



n



n



5. The number 1Trepresents the ratio of the area of a circle to its6. If the altitude of a triangle is doubled while the area remains constant, the base is multiplied by 7. Doubling the diameter of a circle will multiply the circumference by 8. The ratio of the circumference square is



24"



of the



of a circle to the perimeter



of its inscribed



Test 2 TRUE-FALSE



1s.rA



1. 2. 3. 4.



36" Ex. 19.



Ex. 20.



STATEMENTS



The median of a triangle divides it into two triangles with equal areas. Two rectangles with equal areas have equal perimeters. The area of a circle is equal to 21TR2. If the radius of a circle is doubled, its area is doubled. 357



356



------------------------------------
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SUMMARY
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5. The area of a trapezoid is equal to the product of its altitude and its median. 6. Triangles with equal altitudes and equal bases have the same areas. 7. The area of a triangle is equal to half the product of the base and one of the sides. 8. If the base of a rectangle is doubled while the altitude remains unchanged, the area is doubled. 9. A square with a perimeter equal to the circumference of a circle has an area equal to that of the circle. 10. Doubling the radius of a circle will double its circumference. 11. If a triangle and a parallelogram have the same base and the same area, their altitudes are the same. 12. The line joining the midpoints of two adjacent sides of a parallelogram cuts off a triangle the area of which is equal to one-eighth that of the parallelogram. 13. The sum of the lengths of two perpendiculars drawn from any point on the base to the legs of an isosceles triangle is equal to the altitude on a leg.



PROBLEMS



--~



16,/1



4. Find the area of the trapezoid.



~ Prob.4.



5. Find the shaded 6. Find the shaded



area. area.



12'



.Ii



"'.



i



..



I



1. Find the area of the I -beam. 2. Find the area of the trapezoid.
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20"



""



Test 3



TESTS



-



20' Prob.5.



Prob.6.



7. Find the perimeter of the figure. 8. Find the ratio of the circumferences



of 00



and Q.



~ ;.'



'r-



I



~" -1 8"



--



l



~"



'2"3



Dt



I



'



'



.



l.'



:



~;:



_,',



,



:



"...



.



'



, ,



----...-----



0



24'



It



40'



Prob.2.



Prob. 1.



30' Prob.7.



3. Find the area of the triangle.



Prob.3.



~ ~ Prob.8.



12'



----



~



l



a half-line which does not include the number -I as a member of the set it represents. In Fig. 13.3, we see the graph of the set of all real numbers from -1 to 2 inclusive. Mathematicians have developed a concise way to describe sets such as the one shown in Fig. 13.3. It is written {xl- I :s::x :s:: 2} and is read "the set of all real numbers x such that x ~ -1 and x :s:: 2."



1131



I



I



-3



-2



...:



.A



-1



I



I



,B



I



0



1



2



3



)



Fig.13.3. {xl-I'" x 2}. '"



Coordinate



Geometry



The intersection of the set of all real numbers x such that x is less than 2 and the set of all real numbers x such that x is greater than or equal to -1 can be written as {xix < 2} n {xix ~ -I}. The graph of such a set is shown in Fig. 13.4. ~



13.1. The nature of coordinate geometry. Up to this point the student has received training in algebra and geometry, but probably had little occasion to 1study the relationship between the two. In the year 1637 the French philosopher



0



L



"""""-



Rene Descartes



1



.



'' ,



,



the figures.



figures



by examining



various



equations



The study of geometric



properties



of figures



,



is.~



!



13.2. Plotting on one axis. In Chapter 1 we discussed the one-to-one cor- I; respondence that exists between real numbers and points on a line. A given set of points on the line is the graph of the set of numbers which correspond to the points. The number line is called the axis. The diagram of Fig. 13.1 I



.



.



.



.



L



-1



0



1



2



3



B



L 3



{xix < 2} n {xix ~ I}.



Exercises '



In Exercjs~s



I-:-t.>... use set n()ta~if, .,~> ,I, ",,,, "',, "



.Y
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3.10. The graph of a condition. The graph of a condition imposed on two variables is the set of points whose coordinates (x, y) satisfy the condition. Often the condition is given in equation or inequation form. To graph an equation (or inequation) or condition in x and y means to draw its graph. To obtain it, we draw the figure which represents all the points whose coordinates satisfy the condition. The graph might be lines, rays, segments, triangles, circles, half-planes, or subsets of each. There follow examples which illustrate the relationship between a condition and its graph.



In Ex. 13-15 prove the points are collinear. 13. A (3,4), B(4, 6), C(2, 2). 14. A(-3, O),B(-I, I), C(3, 3). IS. A(-4,-6),B(0,-7),C(-8,-5). Prove the following your proofs):



GEOMETRY



.Y



' .



'



\



"



,



' ,



C(b, c)



D(d,c)



~.



C (b, b)



D (0, b)



,



,



1 ,



,



, ,



,



B (b, 0)



A (0, 0) B (a, 0)



A(O, 0)



0



x



0 x



x



',u



i



Example (a).



Example (b).



-



Ex. 18



Ex.n.



19. The lines joining bisect



each



the midpoints



of the opposite



sides of a quadrilateral



'



.Y



'~ ~Ii: ,



other.



20. The diagonals



of a rhombus



intersect



.



at right angles.



y



.Y 0



C(a + b, c)



H(a,bJ x A (0, 0)



x



----------------------



ExamPle (c).



Ex. 20.



Ex. 19.



---



..



x



x



.-



, .
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Example



(d).



y ....



.
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' '



?~:



.



.1. ~ '
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Exercises Draw and describe



1. 3. 5. 7. 9. 11. 13. 15.



x



-1 a -1



COORDINATE



the graphs



x ~ O. x > 0 and y > O. x > 0 and y < O. x>Oorx 2andy O. -1 < x < 2. Y < 1 or y > 4. 2 ~ x ~ 4 and 3 ~ y ~ 5. Ixl = 3. Iyl > 2. x> O,y > O,andy=x.



13.11. Equation of a line. The equation of a line in a plane is an equation in two variables, such as x and y, which is satisfied by every point on the line and is not satisfied by any point not on the line. The form of the equation will depend upon the data used in determining the line. A straight line is determined geometrically in several ways. If two points are used to determine the line, the equation of the line will have a different form than if one point and a direction were used. We will consider some of the more common forms of the equation for a straight line. 13.12. Horizontal then every point



Fxrrmple



and vertical lines. If a line II is parallel to the y-axis, on II has the same x-coordinate (see Fig. 13.13). If this x-coordinate is a, then the point P (x, y) is on II if and only if x = a. In like manner. y = b is the equation of (0, b) parallel to 1"2'a line through the x-axis.



(e).



y



x



Fig. 13.13. 13.13. Point-slope form of equation of a line. One of the simplest ways in which a line is determined is to know the coordinates of a point through which it passes and the slope of the line.



Example ({).



~ -----------



Ii
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Consider a nonvertical line I passing through PI (Xb YI) with a slope (see Fig. 13.14). Let P(x, y) be any point other than Plan the given line.



Solution: We must



m p'



follows:



COORDINATE first



reduce



our



equation



to the



GEOMETRY



point-slope



381



form,



as



5x-2y = 11 5x-11 = 2y (Why?) 2y=5x-II (Why?) =5(x-V)



y



y = t(x - V)



(Why?)



or



x



y-O=t(x-li) Comparing this equation with the standard point-slope form find that the line passes through (¥, 0) and has a slope on.



only



if the



slope of WI is m; that is P (x, y) is on I ~



slope of



y-y



P(x,y)isonl~~=m



Y-YI



X-XI .~ ~? = m(x-xI)'



XI-X2



ExamPle. Find the equation of the line which ordinates (2, -3) and has a slope of5. Solution:



Y-YI = Y- (-3) = y+ 3 = 5x-y-I3 =



contains



the point



1. 2. 3. 4. 5. 6. 7. 8.



with co-



m(x-xI) 5(x-2) 5x - 10 0



Find the slope of the line whose equation



of a straight



line.



Exercises Find an equation



Theorem 13.6. For each point PI (Xb YI) and for each number m, the equation of the line through PI with slope m is Y - YI = m (x - XI)' This equation is called the point-slope form of an equation of a line.



Example.



YI-Y2 =-(X-XI)



This is called the tu'o-point form of the equation



and



P(X, y) is on I ~ Y-YI



The line The line The line The line The line The line The line The line inclination



for each of the lines described.



contains the point with coordinates (7, 3) and its slope is 4. contains the point with coordinates (-2, -5) and has a slope of3. has a slope of -2 and passes through (-6, 8). has an inclination of 45 and passes through (3, 5). passes through (-9, -3) and is parallel to the x-axis. contains the point (5, -7) and is perpendicular to the x-axis. contains the points with coordinates (4, 7) and (6,11). contains the point whose coordinates are (-1, 1) and has an of 90.



In Exs. 9-16 find the slope of each of the lines with the following



9. 3x-y = 7. 11. 5x + 3y = 9.



is 5x - 2y = 11.



I, ..



we



13.14. Two-point form of equation of a line. The equation of a straight line that passes through two points can be obtained by use of the point-slope form and the equation for the slope of a line through two points. Thus, if PI (Xb 1"1) and P2 (X2' Y2) are coordinates of two points through which the line passes, the slope of the line is m= (YI-Y2)/(XI-X2) and substituting this value for m in the point-slope form, we get the equation



Fig. 13.14.



will lie on I ifand WI is m, or



equation,



10. 2x+y = 8. 12. Y = x.



equations.
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13.2x=y. 15. y = -3. In Exs. 17-22, points A (-2,4), 17. 18. 19. 20. 21. 22.



Find Find Find Find Find Find



the the the the the the



equation equation equation equation equation equation



of n. of BC. of the of the of the of the



COORDINATE



GEOMETRY



14. y=2x-7. 16. x = 6. B (2, -4), C(6, 6) are vertices of ,6,ABe.



median drawn median drawn perpendicular perpendicular



y-b=_b This may be reduced



-x a



to



'11 ':i



bx



+ ay = ab



and by dividing both sides of the equation by ab, we get ,..



x Y .a-+- b = 1



;;~



~,



C(6,6)



y
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b-O y-b=-(x-O) O-a



or



from C. from A. bisector of AB. bisector of Be.



GEOMETRY



,:r(



~



I ' ".; ''.' . '



which is the interceptform of the equation of a line.



c



' '~



. , ,I " .:, . :,I' :'



I . ,



,.'



~.



.



x



X'



ExamPle.



Draw the graph



Solution:



3x-4y-12



of the line L whose equation



is 3x - 4y -



12 = O.



= O.



Adding 12 to both sides, 3x-4y = 12. Dividing both sides by 12,



::_~ = 4 Y'



or x



Exs.17-22.



13.15. Intercept form of equation of a line. of a line are defined as the coordinates of the points where the line crosses the x-axis and the y-axis respectively. The terms are also used for the distances these points are from the origin. The context of the statement will make clear if a coordinate or distance is meant. If the x-intercept and y-intercept of a line are respectively a and b (Fig. 13.15), the coordinates of the points of intersection of the line and axes are (a,O) and (0, b). Using the two-point form,



Y



4+ (-3) = 1 The



x-intercept



and y-intercept



y



Hence the x-intercept is 4 and the y-intercept is -3. 13.16. Slope and y-intercept form of the equation of a line. If the y-intercept of a line is b and the slope of the line is m, we can determine the equation of the line by using the point-slope form. Thus, x



0



y-b



= m(x-O)



or "";"



'



1i



Fig. 13.15.



\ i



y = mx+b



:



This is called the slope y-intercept form.



"



'I , ":"°"



:.1",.,..".



--------



]



~
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What are the x- and y-intercepts of the graphs of the following equations? What are the slopes of each equation? Draw graphs of the equations. 1. 2. 3. 4.



2x - 5y - 17 = 0 2x-I7=5y (Why?) 5y=2x-I7 (Why?) y=~x-~ (Why?)



!



!



5. 6. 7. 8. 9. 10. II. 12. 13. 14. IS. 16. 17. JR.



The most general form



= 0



ii,



where A and B are not both zero. If B op 0, we can solve for y to g et .'



,



y=--x--



-



Thi, equation straight



h" the fonn y



~



A



C



B



B



3x+4y = 12. 2x-3y-6 = O. x+5=O. y -7 = o.



Determine the equations, lines are graphs.



The slope of the line is ~.



Ax+By+C
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Exercises



Theorem 13.7. The graPh of the equation y = mx + b is the line with slope m and y-intercept b. Example. What is the slope of the line whose equation is 2x - 5y - 17 = O. Solution: Reduce the equation to y = mx+ b form, as follows



13.17. The general form of the equation of a line. of an equation of the first degree in x and y is



GEOMETRY



'



,1. ',:



' '



mx+b and, hence, m u" he the eqoarion of .1



line with



""



The The The The The The The The The The The The The The



in Ax + By + C = 0 form, of which the following



line through (2, 3) with slope 5. line through (-5,1) with slope 7. line through (4, -3) with slope -2. line through (1, 1) and (4, 6). line through (2, -3) and (0, -9). line through (-10, -7) and (-6, -2). line with y-intercept 5 and slope 2. line withy-intercept-3 and slope 1. line with y-intercept - 4 and slope - 3. x-axis. y-axis. vertical line through (-5, 7). vertical line through (3, -8). line through (2, 5) and parallel to the line passing through



(-2, -4)



b (p. 73).



a and b, exactly



(a+e) < (b+d) (p. 73). 0-3 (subtraction property): (a < b) 1\ (e?o 0) ~ (a-c) < (b-e) (p. 73). (a < b) 1\ (e ?o 0) ~ (e-a) > (e-b) (p. 73). 0-4 (multiplication property): (a < b) 1\ (e > 0) ~ ae < be (p. 73). 0-2



(addition



property):



(a < b) 1\ (e ~ d)



~



(a < b) 1\ (e < 0) ~



0-5 (division property): 422



(a < b) 1\ (e> 0) ~ (a < b) 1\ (e < 0)



,, ,



;,",



ae > be(p. 73).



ale < ble 1\ cia> elb (p. 73). ~



property



for multiplication):



a . b = b . a (p. 74). F-9 (multiplicative property of I): There is a unique real number I, the multiplicative identity element, such that a . I = I . a = a (p. 74). F-IO (multiplicative inverse property): For every real number a (a ¥= 0), there is a unique real number I/a, the multiplicative inverse of a, such that a . (ljt4-=--(ltaJ-n'-4=-1--{p.74).m.F-ll (distributive property): a(b+e) = a' b+a' e (p. 74).



LIST OF POSTULATES



Order Properties 0-1



F-8 (commutative



ale> ble 1\ cia < elb(p. 73).



.



1. A line contains at least two points; a plane contains at least three points not all collinear; and space contains at least four points not all coplanar (p. 76). 2. For every two distinct points, there is exactly one line that contains both points (p. 76). 3. For every three distinct noncollinear points, there is exactly one plane that contains the three points (p. 76). 4. If a plane contains two points of a straight line, then all points of the line are points of the plane (p. 76). 5. If two distinct planes intersect, their intersection is one and only one line (p.76).



"



l
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corresponds a unique region (p. 342).



6. (The ruler postulate): The points on a line can be placed in a one-to-one correspondence with real numbers in such a way that



positive



number,



which



is called



22. The area of a polygonal region is the sum of the area measures of component regions into which it can be cut (p. 342).



(1) for every point of the line, there corresponds exactly one real number; (2) for every real number, there corresponds exactly one point of the line; and (3) the distance between two points on a line is the absolute value of the difference between the corresponding numbers (p. 79).



23. If two polygons are congruent, have the same area (p. 343).



their



corresponding



425



the area of the



polygonal



of any set regions



24. The area of a rectangular region is equal to the product of the length of its base and the length of its altitude (p. 343). 25. There is exactly one pair of real numbers assigned to each point in a given coordinate system. Conversely, if (a, b) is any ordered pair of real numbers, there is exactly one point in a given system which has (a, b) as its coordinates (p. 363).



7. To each pair of distinct points there corresponds a unique positive number, which is called the distance between the two points (p. 79). 8. For every three collinear points, one and only one is between the other two (p. 80). 9. If A and B are two distinct points, then there is at least one point C such that C E AB. (p. 80). 10. If A and B are two distinct points, there is at least one point D such that AB C AD (p. 80). 11. (Point plotting postulate): For every AB and every positive number n, there is one and only one point of AB such that mAB = n (p. 80). 12. (Angle construction postulate): If AB is a rayon the edge of the halfplane h, then for every n between 0 and 180 there is exactly one ray AP, with P in h, such that mLP AB = n (p. 80). 13. (Segment addition postulate): A set of points lying between the endpoints of a line segment divides the segment into a set of consecutive segments thp slim of whose lengths equals the length of the given segment (p. 80).



3-1. If two distinct lines in a plane intersect in a point, then their intersection is at most one point (p. 77). 3-2. If a point P lies outside a line t, exactly one plane contains the line and the point (p. 77). 3-3. If two distinct lines intersect, exactly one plane contains both lines (p. 77). 3-4. For any real number, a, b, and c, if a = c, and b = c, then a = b (p. 82). 3-5. For any real numhers fl, h, ;mcJ r. if ( - a and ( - b, then a - b (p. 83).



14. (Angle addition postulate): In a given plane, rays from the vertex of an angle through a set of points in the interior of the angle divides the angle into consecutive angles the sum of whose measures equals the measure of the given angle (p. 80). 15. A segment has one and only one midpoint (p. 81). 16. An angle has one and only one bisector (p. 81). 17. (The S.A.S. postulate): Two triangles are congruent if two sides and the included angle of one are, respectively, congruent to the two sides and the included angle of the other (p. 113). 18. (The parallel postulate): Through a given point not on a given line, there is at most one line which can be drawn parallel to the given line (p. 155). 19. In a plane one, and only one, circle can be drawn with a given point as center and a given line segment as radius (p. 2] 0). 20. (Arc addition postulate): If the intersection of iii and BC of a circle is the single pointB, then mAR + mBC = mAC (p. 2]4). 21. (Area postulate): Given a unit of area, to each polygonal region there



3-6. For any real numbers a, b, c, and d, if a = c, b = d, and c = d, then a = b (p. 83). 3-7. All right angles are congruent (p. 83). 3-8. Complements of the same angle are congruent (p. 84). Corollary: Complements of congruent angles are congruent (p. 85). 3-9. All straight angles are congruent. (p. 84). 3-10. Supplements of the same angle are congruent (p. 84). Corollary: Supplements of congruent angles are congruent (p. 85). 3-11. Two adjacent angles whose noncommon sides form a straight angle are supplementary (p. 90). 3-12. Vertical angles are congruent (p. 9]). 3-13. Perpendicular lines form four right angles (p. 9]). 3-14. If two lines meet to form congruent adjacent angles, they are perpendicular (p. 92). 4-1. (Reflexive property): Every segment is congruent to itself (p. 1(2).
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4-2. (Symmetric



property):



If AB



4-3. (Transitive



property):



==



If AB



CD, then CD



AB. (p. 1(2). CD and CD == EF, then AB



==



APPENDIX 427 5-2. In a given plane, through any point of a straight line, there can pass one and only one line perpendicular to the given line (p. 147).



==



==



EF



(p. 1(2).



4-4. (Addition



if AB



==



property):



DE and BC



4-5. (Subtractive



AC



==



If B is between



property):



DE, and BC



4-6. (Reflexive



==



property):



==



A and C, E between



EF, then AC



==



If B is between



EF, then AB



==



5-3. Through a point not on a given line, there dicular to that given line (p. 14Q).



D and F, and



DF (p. 1(2). A and C, E is between



5-4. Through a given external a given line (p. 150).



D and F,



DE (p. 10;)).



Every angle is congruent



5-5. If two lines are perpendicular each other (p. 153).



to itself (p. 1(3).



4-7. (Symmetric property): If LA == LB, then LB == LA (p. 1(3). 4-8. (Transitive property): If LA == 'LB and LB == LC, then LA == LC (p. Hn). 4-9. (Angle addition property): If D is in the interior of LABC, P is in the



interior of LRST, LABD LRST (p. 1m). 4-10. (Angle subtraction



==



LRSP, and LDBC



property):



the interior of LRST, LABC LDBC == LPST (p. 1m).



==



LPST, then LABC



5-6. Two planes



LRST,



and



4-11. IfAC == DF, B bisects AC, E bisects DF, then AB 4-12. If LABC == LRST, BDbisects LABC, sPbisects



LABD ==



==



LRSP,



5-8. Two lines parallel



==



LRSP (p. 1(5). 4-13. If the two legs of one right triangle are congruent, the two legs of another right triangle, the triangles (p. 114).



5-10. A line perpendicular the other (p. 157).



==



An equilateral



triangle



are congruent



is also equiangular



4-18. If two triangles have the three the three sides of the other, other(p.I3I).



plane,



the lines



to the same line are parallel



to



(p. 15:)).



to each other



is at



(p. 155).



two parallel lines, if a line is perpendicular to lines, it is perpendicular to the other also (p.15fi). to one of two parallel



planes



is perpendicular



to



angles when they



5-14. If two parallel lines are cut by a transversal, are congruent (p. 16;)).



the corresponding



5-15. If two parallel lines are cut by a transversal, same side of the transversal are supplementary



the interior (p. 1(3).



5-16. The measure the measures



(p. 126). the



angles



angles on the



of an exterior angle of a triangle is equal to the sum of of the two nonadjacent interior angles (p. 1(7).



5-17. The sum of the measures Corollary: Only one obtuse angle (p. 168).



sides of one congruent, respectively, to the triangles are congruent to each



5-1. If two parallel planes are cut by a third section are parallel (p. 141).



line, they are parallel



Corollary: If two lines are cut by a transversal so as to form interior supplementary angles in the same closed half-plane of the transversal, the lines are parallel (p. 159). 5-13. If two parallel lines are cut by a transversal, the alternate interior angles are congruent (p. 16;)).



(p. 126).



4-17. The measure of an exterior angle of a triangle is greater than measure of either of the two nonadjacent interior angles (p. 13 I).



to



5-12. If two straight lines are cut by a transversal so as to form a pair of congruent corresponding angles, the lines are parallel (p. 159).



respectively, to are congruent



4-15. If a leg and the adjacent acute angle of one right triangle are congruent, respectively, to a leg and the adjacent acute angle of another, the right triang-Ies are congruent (p. 120). Corollary:



to the same



5-11. If two straight lines form congruent alternate interior are cut by a transversal, they are parallel (p. 158).



4-14. If two triangles have two angles and the included side of one congruent to the corresponding two angles and the included side of the other, the triangles are congruent (p. II ~)).



4-16. The base angles of an isosceles triangle



is at most one perpendicular



to the same line are parallel



5-9. In a plane containing one of the two parallel



then



DE (p. 1(4). LRST, then LABD



perpendicular



there



line perpen-



5-7. In a plane containing a line and a point not on the line, there least one line parallel to the given line (p. 154).



If D is in the interior of LABC, P is in ==



point,



is at least.one



of the angles of a triangle angle



of a triangle



is 180 (p. 1(7).



can be a right



angle



or an



Corollary: If two angles of one triangle are congruent, respectively, to two angles of another triangle, the third angles are congruent (p. 1(8).



of inter-



Corollary: (p. 1(8).



AI



The



acute



angles



of a right



triangle



are complementary
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to the third side and its measure is one-half the measure of the third side (p. 198). 6-11. A line that bisects one side of a triangle and is parallel to a second side bisects the third side (p. 199).



5-18. If two angles of a triangle are congruent, the sides opposite them are congruent (p. 172). Corollary: An equiangular triangle is equilateral (p. 173). 5-19. If two right triangles have a hypotenuse and an acute angle of one congruent, respectively, to the hypotenuse and an acute angle of the other, the triangles are congruent (p. 173).



6-12. The midpoint of the hypotenuse its vertices (p. 199). 7-1. If two central angles then their intercepted



5-20. If two right triangles have the hypotenuse and a leg of one congruent to the hypotenuse and a leg of the other, the triangles are congruent (p. 173).



of a right triangle



is equidistant



of the same or congruent circles arcs are congruent (p. 214).



from



are congruent,



7-2. If two arcs of a circle or congruent circles are congruent, then the central angles intercepted by these arcs are congruent (p. 215). 7-3. The measure of an inscribed angle is equal to half the measure of its intercepted arc (p. 217). Corollary: An angle inscribed in a semicircle is a right angle (p. 218). Corollary: Angles inscribed in the same arc are congruent (p. 218). Corollary: Parallel lines cut off congruent arcs on a circle (p. 218).



5-21. If the measure of one acute angle of a right triangle equals 30, the length of the side opposite this angle is one-half the length of the hypotenuse (p. 175). 6-1. All angles of a rectangle are right angles (p. 186). 6-2. The opposite sides and the opposite angles of a parallelogram are congruent (p. 188). Corollary: Either diagonal divides a parallelogram into two congruent triangles (p. 188). Corollary: Any two adjacent angles of a parallelogram are supplementary(p.188). Corollary: Segments of a pair of parallel lines cut off by a second pair of parallel lines are congruent (p. 188). Corollary: Two parallel lines are everywhere equidistant (p. 188). Corollary: The diagonals of a rectangle are congruent (p. 188). 6-3. The diagonals of a parallelogram bisect each other (p. 189). Corollary: The diagonals of a rhombus are perpendicular to each other (p. 189). 6-4. If the opposite sides of a quadrilateral are congruent, the quadrilateral is a parallelogram (p. 191). 6-5. If two sides of a quadrilateral are congruent and parallel, the quadrilateral is a parallelogram (p. 192). 6-6. If the diagonals of a quadrilateral bisect each other, the quadrilateral is a parallelogram (p. 192). 6-7. If three or more parallel lines cut off congruent segments on one transversal, they cut off congruent segments on every transversal (p. 193). 6-8. If two angles have their sides so matched that corresponding sides have the same directions, the angles are congruent (p. 196). 6-9. If two angles have their sides so matched that two corresponding sides have the same direction and the other two corresponding sides are oppositely directed, the angles are supplementary (p. 197). 6-10. The segment joining the midpoints of two sides of a triangle is parallel



7-4. In the same circle, or in congruent congruent arcs (p. 222).



circles,



7-5. In the same circle, or in congruent congruent chords (p. 223). 7-6. In the same circle, they have congruent



congruent



circles,



or in congruent circles, central angles (p. 223).



7-7. A line through the center of a circle bisect5 the EflBnl-ttttd-tts-iiH:-fp-, ~ft.



and



congruent



chords



chords



have



arcs



have



are congruent



perpendicular



iff



to a chord



7-8. If a line thorugh the center of a circle bisects a chord that is not a diameter, it is perpendicular to the chord (p. 227). Corollary: The perpendicular bisector of a chord of a circle passes through the center of the circle (p. 227). 7-9. In a circle, or in congruent from the center (p. 227). 7-10. In a circle, or in congruent of the circle are congruent



circles,



congruent



circles, chords (p. 228).



chords



equidistant



are equidistant from the center



7-11. If a line is tangent to a circle, it is perpendicular to the radius drawn to the point of tangency (p. 230). Corollary: if a line lying in the plane of a circle is perpendicular to a tangent at the point of tangency, it passes through the center of the circle (p. 231). 7-12. If a line lying in the plane of a circle is perpendicular to a radius at its point on the circle, it is tangent to the circle (p. 231). 7-13. Tangent



I:



....



segments



from



an external



point



to a circle are congruent



at



l
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and make congruent angles with the line passing and the center of the circle (p. 232). 7-14. The measure of the angle from the point of tangency (p. 2:HJ).



through



the point



formed by a tangent and a secant drawn is half the measure of its intercepted arc



7-15. The measure of an angle formed by two chords intersecting a circle is half the sum of the measures of the arcs intercepted and its vertical angle (p. 236).



within by it



7-16. The measure of the angle formed by two secants intersecting outside a circle is half the difference of the measures of the intercepted arcs (p. 237). Corollary: The measure of the angle formed by a secant and a tangent intersecting outside a circle is half the difference of the measures of the intercepted arcs (p. 2:~H). Corollary: The measure of the angle formed by two tangents drawn from an external point to a circle is half the difference of the measures of the intercepted arcs (p. 23H).



If



t h('



prndllct



{if tW{i q'l,mtitics



is equal



quantities, either pair of quantities other as the extremes of a proportion



to the



pruduct



8-13. If two triangles have an angle of one congruent to an angle of the other and the sides inclllding these angles pruportiunal, thc tIiaIl~les are similar (p. 266).



uf twu utheL



can be used as the means (p. 250).
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8-12. If two triangles have the three angles of one congruent, respectively, to the three angles of the other, the triangles are similar (p. 259). Corollary: If two triangles have two angles of one congruent to two angles of the other, the triangles are similar (p. 260). Corollary: If two right triangles have an acute angle of one congruent to an acute angle of the other, they are similar (p. 260). Corollary: Two triangles which are similar to the same triangle or two similar triangles are similar to each other (p. 260). Corollary: Corresponding altitudes of two similar triangles have the same ratio as any two corresponding sides (p. 260).



8-1. In a proportion, the product of the extremes is equal to the product of the means (p. 249). H-2. In a proportion, the second and third terms may be interchanged to obtain another valid proportion (p. 24!». 8-3. In a proportion, the ratios may be inverted to obtain another valid proportion (p. 250). H-.1



APPENDIX



8-10. A line parallel to one side of a triangle and intersecting the other two sides divides these sides into proportional segments (p. 254). Corollary: If a line is parallel to one side of a triangle and intersects the other two sides, it divides these sides so that either side is to one of its segments as the other is to its corresponding segment (p. 2:")4). Corollary: Parallel lines cut off proportional segments on two transversals (p. 254). 8-11. If a line divides two sides of a triangle proportionally, it is parallel to the third side (p. 255). Corollary: If a line divides two sides of a triangle so that either side is to one of its segments as the other side is to its corresponding segment, the line is parallel to the third side (p. 2:")5).



and the



8-14. If two triangles have their similar (p. 266).



corresponding



sides proportional,



they are



8-5. If the numerators of a proportion are equal, the denominators are equal and conversely (p. 250). H-6. If three terms of one proportion are equal to the corresponding three terms of another proportion, the remaining terms are equal (p. 250). H-7. In a series of equal ratios the sum of the numerators is to the sum of the denominators as the numerator of anyone of the ratios is to the denominator of that ratio (p. 2:")0). 8-8. If four quantities are in proportion, the terms are in proportion by by addition or subtraction; that is, the sum (or difference) of the first and second terms is to the second term as the sum (or difference) of the third and fourth terms is to the fourth term (p. 251).



8-15. The altitude on the hypotenuse of a right triangle forms two right triangles which are similar to the given triangle and similar to each other (p. 269). Corollary: The altitude on the hypotenuse of a right triangle is the mean proportional between the measures of the segments of the hypotenuse (p. 270). Corollary: Either leg of a right triangle is the mean proportional between the measure of the hypotenuse and the measure of the segment of the hypotenuse cut off by the altitude which is adjacent to that leg (p. 270).



8-9. If a line parallel to one side of a triangle cuts a second side into segments which have a ratio with interger terms, the line will cut the third side into segments which have the same ratio (p. 25:~).



8-16. The square of the measure of the hypotenuse of a right triangle equal to the sum of the squares of the measures of the legs (p. 270). Corollary: The square of the measure of the leg of a right triangle



~



is is
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equal to the square square of the measure



of the measure of the hypotenuse of the other leg (p. 27\).



8-17. If two chords intersect within a circle, the product the segments of one chord is equal to the product the segments of the other (p. 274).



minus



the



of the measures of the measures



8-18. If a tangent and a secant are drawn from the same point circle, the measure of the tangent is the mean proportional the measures of the secant and its external segment (p. 274).



of of



outside a between



8-19. If two secants are drawn from the same point outside a circle, the product of the measures of one secant and its external segment is equal to the product of the measures of the other secant and its external segment (p. 275). 9-1. If two sides of a triangle are not congruent, the angle opposite the longer of the two sides has a greater measure than does the angle opposite the shorter side (p. 287). , 9-2. If two angles of a triangle are not congruent, the side opposite the . larger of the two angles is greater than the side opposite the smaller of the two angles (p. 288). Corollary: The shortest segment joining a point to a line is the perpendicular segment (p. 288). Corollary: The measure of the hypotenuse of a right triangle is greater than the measure of either leg (p. 288).



[



9-3. The sum of the measures of two sides of a triangle the measure of the third side (p. 2WJ).



is greater
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Il-4.



The locus of points in a plane which are equidistant from two given points in the plane is the perpendicular bisector of the line segment joining the two points (p. 322). Il-5. The locus of points in the interior of an angle which are equidistant from the sides of the angle is the bisector of the angle minus its endpoint. (p. 324). Corollary: the locus of points equidistant from two given intersecting lines is the pair of perpendicular lines which bisects the vertical angles formed by the given lines.(p. 325). 11-6. The locus of all points such that 6APB is a right triangle having AB a fixed line segment as hypotenuse is a circle having AB as a diameter, for points A andB themselves (p. 325).



than the



9-4. If two triangles have two sides of one congruent, respectively, to two sides of the other and the measure of the included angle of the first greater than the measure of the included angle of the second triangle, the third side of the first is greater than the third side of the second (p. 289).



12-1. The area of a parallelogram is equal to the product of its base and its altitude (p. 345). Corollary: Parallelograms with equal bases and equal altitudes are equal in area (p. 346). Corollary: The areas of two parallelograms having equal bases have the same ratio as their altitudes; the areas of two parallelograms having equal altitudes have the same ratio as their bases (p. 346).



9-5. If two triangles have two sides of one congruent, respectively, to two sides of the other and the third side of the first greater than the third side of the second, the measure of the angle opposite the third side of the first is greater than the measure of the angle opposite the third side of the second (p. 290). 9-6. In a circle or in congruent circles, if two central angles have unequal measures, the greater central angle has the greater minor arc (p. 294).



12-2. The area of a triangle is equal to one-half the product of its base and its altitude (p. 346). Corollary: Triangles with equal bases and equal altitudes are equal in area (p. 346). Corollary: The areas of two triangles having equal bases have the



9-7. In a circle or in congruent circles, if two minor arcs are not congruent, the greater arc has the greater central angle (p. 295). 9-8. In a circle or in congruent circles, the greater chords has the greater minor arc (p. 295).



APPENDIX



9-9. In a circle or in congruent circles, the greater of two noncongruent minor arcs has the greater chord (p. 296). 9-10. In a circle or in congruent circles, if two chords are not congruent, they are unequally distant from the center, the greater chord being nearer the center (p. 296). 9-11. In a circle or in congruent circles, if two chords are unequally distant from the center, they are not congruent, the chord nearer the center being the greater (p. 296). 11-1. The locus of points in a plane at a given distance from a fixed point is a circle whose center is the given point and whose radius measure is the given distance (p. 322). 11-2. The locus of points in a plane at a given distance from a given line in the plane is a pair of lines parallel to the given line and at the given distance from the given line (p. 322). Il-3. The locus of points in a plane equidistant from two given parallel lines is a line parallel to the given lines and midway between them (p. 322).



:J



of two noncongruent i,~.j~.;



j.



; ,.



.I.



-
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same ratios as their altitudes; the areas of two triangles having equal altitudes have the same ratio as their bases (p. 346). Corollary: The area of a rhombus is equal to one-half the product of its diagonals (p. :WJ). 12-3. The area of a trapezoid is equal to half the product the sum of its bases (p. :\48). 13-1. (The distance



formula).



PQ = V(XQ-Xp)2



of its altitude



f:



14-6. If two lines are perpendicular (p. :\~)I). \4-7.



and



(p. 368).



14-9. Two parallel



13-2. (The midpoint XJ1 = t(XA



+ XR)



formula). M is the midpoint and YJl = t(YA + YR) (p. 3(9).



of AB if and only if



14-10. Through



(p.372).



it, then



the intersection



line can be drawn



one straight



are everywhere



equidistant



line any number



of planes



is



from these



(p. 39:2). may be passed



(p. :\~):2).



line in one of to the other



plane,



to one their



14-14. Every point in a plane bisecting a dihedral angle is equidistant from the faces of the angle (p. :\9:\). 14-15. The set of points equidistant from the faces of a dihedral angle is the plane bisecting the dihedral angle (p. :\94).



is a



14-2. All the perpendiculars drawn through a point on a given line lie in a plane perpendicular to the given line at that point (p. :\9\). 14-3. Through a given point, there passes one and only one plane perpendicular to a given line (p. :\9\). 14-4. One and only one perpendicular point not on the line (p. :\9\).



planes



the other



points of a plane is equidistant of the plane is equidistant from



14-13. If two intersecting planes are perpendicular to a third intersection is also perpendicular to that plane (p. :\93).



13-7. (Slope y-intercept formula). The graph of the equation Y = mx+b is the line with slope m and y-intercept b (p. :\84). 13-8. The graph of every linear equation in x and Y is always a straight line in the XY-plane (p. :\81). ]3-9. Every straight line in a plane is the graph of a linear equation in x and Y (p. 384). not containing



noncollinear every point



to a plane,



to each other



14-12. If two planes are perpendicular to each other, a perpendicular of them at their intersection lies in the other (p. :\~)3).



13-4. Two nonvertical lines [1 and [2 are parallel if and only if their slopes ml and m2 are equal (p. 374). 13-5. Two nonvertical lines [1 and [2 are perpendicular if and only if their slopes are negative reciprocals of each other (p. :)75). ]3-6. (Point-slope formula). For each point P1(Xl,Yl) and for each number m, the equation of the line through P with slope m is Y - Y1 = m(x - Xl). (p. :\80).



14-1. If a line intersects a plane single point (p. :\9\).



they are parallel



14-11. If two planes are perpendicular to each other, a straight them perpendicular to their intersection is perpendicular (p.392).



13-3. (Slope formula). If P ~ Q are any pair of points on a line not parallel to the y-axis of a rectangular coordinate system, then there is a unique real number m, called slope, such that YQ-Yp m=-. XQ-Xp



to a plane,



If one of two parallel lines is perpendicular also perpendicular to the plane (p. :\~):2).



14-8. If each of three two points, then points (p. :\9:2).



For any two points P and Q.



+ (YQ- yp)2 = V(xp -XQ)2 + (YI' - YQ)2.



APPENDIX 435 14-5. The perpendicular from a point not on a plane to the plane is the shortest line segment from the point to the plane (p. ;\91).



to a plane from a



...



l



Answers to Exercises Pages 4-5



1. Ten. None. 3. No. E is not a set; F is a set with one element. 5.1,2,3,4,5 7. A,B,C,E,F,G 9. There are none. b.



~



~



~



II.



a. E



13. IS. 17. 19. 21. 23. 25. 27.



{Tuesday, Thursday} {O} {1O,Il,I2,...} Uanuary,June,July} {vowels of the al phabet} {colors of the spectrum} {even numbers greater than I and less than II} {negative even integers}



c.



E



d.



e.



f.



E



Pages 8-9 1. 3. 5. 6. 7. 9.



a. {3, 6, 9} b. {2, 3, 4, 5, 6, 7, 8, 9, !O} a. Q b. P {2, 4, 6, . . .} a. B c. 0 e. A a. true c. true e. false g. false i. false the null set



k. false
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11.



13.



15.



17.



ANSWERS



27.



TO



EXERCISES



29.



Pages 14-16 1. an infinite number 3. one 5. no 11. true 13. false 15. true 17. true



7. no



~



19.



9. false



R



21. p



s



T



Draw points R, S, T of a line in any order.



R



~



~



19. 23.



r



25.



s



27. 23.
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p ~



Q



R



s



29. Not possible.



Draw a line; label points P, Q, R, S (any order) on that line.



25.



31. Not possible.



33.



A



B



c



n.



E



A, B, C, E are collinear (any order); D does not lie on the line.



'""



' ~ .:



.. 1



,'.",,



:'.,



, " FUNDAMENTALS



440



l



3'



OF COLLEGE



GEOMETRY



'f



37.



L L



ANSWERS TO EXERCISES



27.



B7 *



441



29. Q ...



p



R



~



"'" m



oE



co between P and R)



~



n



D7



~



"'" (t, m, n are 311 lines K



31.



R



L



taken



in any order)



M



Pages 19-20



1. 17. 9



4;



2



5. 2



3. -5 19. 7



21.



2



-



H



7.



23. 8



9. 4 25. 8



13. 2



11. -3



IS. 3



Pages 28-30



1. LDMC; LCiVID; L{3 7. LABF; LAMC; LBMD



Page 23 3. yes



I. yes



13.



5. no



c



B



A



9. {



7. yes



D



}



11. AB (or AC or AD )



R



IS.



~



21.



p



Q ....



R



Q



..



G



R



13.



I



)..




 35. < 39. 2



7,8,9}



LCBD



CE; BE BD



==



DE Test 2 I.T 17. F 33. F 49. F



Pages 44-46



Exercises



(A)



I. no conclusion; dog may be barking for a reason other than the presence of a stranger. 3. Mary Smith must take an orientation class. 5. no conclusion; the given statement docs not indicate that only college students will be admitted free. 7. Mr. Smith is a citizen of the United States. 9. Bill Smith will not pass geometry. 11. no conclusion; the given statement does not indicate that only those who eat Zeppo cereal are alert on the diamond. 13. It is not customary to bury living persons. 15. A five-cent and fifty-cent piece. 17. It is not stated that the men played five games against each other. 19. Two. 21. Coins are not stamped in advance of an uncertain date.



3. T 19. F 35. F



5. T 21. T 37. F



7. T 23. F 39. T



9. F 25. F 41. T



13. F 29. F 45. T



9. 50



II.



15. T 31. F 47. T



Test 3



I. 3 15. llO



.



3.



4



17.95;95



5. .~ 19. 55



7. I



20



13. 55



Pages 52-53



Exercises I. no



3. yes



5. yes



7. yes



Exercises



Exercises



11. F 27. T 43. T



(A) 9. yes



11. yes



15. yes



(B)



(B)



I. Bob is heavier than Jack. 3. '\;[isfortune will befall Mr. Grimes. 5. I will get a wart on my hand. 7. (a) yes; (b) yes; (c) doesn't logically follow; (d) not true 9. (a) yes; (b) yes; (c) doesn't logically follow; (d) doesn't



logically



1. 3. 5. 7. 9. II.



follow. '~' ~.'



':



'



.. .



,



.



~



It is hot. I am tired. His action was deliberate. His action was careless. The figure is not a square. The figure is not a rectangle. He is clever. I am not clever. Sue dislikes Kay. Kay dislikes Sue. Two lines intersect. Two lines are parallel.



-



(
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13. The animal is a male. 15. I would buy the car.



GEOMETRY



ANSWERS TO EXERCISES 7. 9. 11. 13. 15. 17. 19. 21.



The animal is a female. The car costs too much. Page 55



I. true; true 11. false; true



3. false; true 13. false; true



5. false; false 15. true; true



7. false; true



9. false; false



The two lines are not parallel; the two lines intersect. The numbers are natural numbers; the numbers are either It is a parallelogram; it is a quadrilateral. It is a bird; it does not have four feet. He studies; he will pass this course. The person steals; the person will be caught. He is a worker; he will be a success. I have your looks; I will be a movie star.



Pages 56-57 1. 3. 5. 7. 9. 11. 13. 15. 17. 19. 21. 23. 25.



Gold is heavy. Not everyone who wants a good grade in this course A hexagon does not have seven sides. Every banker is rich. Two plus 4 does not equal 8. Not all equilateral triangles are equiangular. No blind men carry white canes. Not all these cookies are delicious. Not every European lives in Europe. There are no girls in the class. Every question can be answered. Not every ZEP is a z~p. I t is not tme that a null set is a subset of itself.



445



even or odd.



Page 63



needs



1. Bob is heavier thanJack. 3. My dog does not bite. 5. Figure ABCD is a quadrilateral. 7.a+c=b+c. 9. No conclusion. 11. I will get warts on my hand. 13. .Jones lives in Houston. 15. a ¥ b. 17. No conclusion. 19.y=4. 21. a ¥ b. 23. S iliff. 25. If l is not parallel to m, thenl n m ¥ 0.



to study hard.



Pages 58-59



Pages 64-65 1. 3. 5. 7. 9. 11. 13. 15.



An apricot is not a fruit or a carrot is not a vegetable. False. No men like to hunt or no men like to fish. False. Some numbers are odd or not every number is even. True. The sides of a right angle are not perpendicular or not all right angles are congruent. False. Not every triangle has a right angle or not every triangle has an acute angle. True. Not every triangle has a right angle and not every triangle has an obtuse angle. True. No triangles have three acute angles or none have only two acute angles. False. A ray does not have one endpoint and a segment does not have two endpoints. False.



1. 3. 5. 7. 9. 11. 13.



True. True. False. Don't Don't True. True. if you 15. True. 17. True 19. True.



Vegetables are carrots. False. Cars are Fords. Flase. If he is not a poor speller, then he is a journalist. False. know. If he is a moron, then he will accept your offer. Dont' know. know. If a person studies, then he will succeed in school. False. If it is hard, then it is a diamond. False. If it has three congruent sides, then it is an equilateral triangle. are talking about triangles; otherwise it is false. Ifxislargerthany,thenx-y= 1. False. (?). If he lives in California, then he lives in Los Angeles. False. If X2 = 25, then x = 5. False.



True,



Page 60



Pages 66-67 1. Premise: It is snowing. Conclusion: The rain will be late. 3. He is a citizen; he has the right to vote. 5. He is a student; he must take a physical examination.



1. yes 17. no



..Ai



3. yes 19. yes



5. yes 7. no 9. yes 11. yes 21. no (in space geometry) 23. yes



13. no



15. yes
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ANSWERS TO EXERCISES 44';7 23. multiplicative property of order 25. given; addition property of equality; subtraction property of equality; division property of equality 27. given; distributive property; addition property of equality; subtraction property of equality; division property of equality 29. given; addition property of order; subtraction property of order; division property of order



Pages 68-69



then T E RX. ~ jfX, then T ~ RX. (c) IfT ~ RX, then T ~ RX.



1. (a) 1fT (b) IfT



E ~,



3. (a) IfC E AB, then C E AlJ. (b) IfC ~ AB, then C ~ AB.



(c) If C ~ An, then C ~ AB. 5. (a) If a = -b, then a+b = O. (b) Ifa ~ -b,thena+b ~ O. (c) Ifa+ b ~ 0, then a ~ -b.



Pages 78-79 1. (a) any natural number (b) one 3. not necessarily 5. one 7. four 9. Line AB lies entirely in one plane. II. yes 13. any nonnegative whole number IS. six 17. yes 19. collinear: d coplanar but not collinear: a, b, C not coplanar: e



7. (a) If! pass this course, then I have studied. (b) If I do not pass this course, then I have not studied. (c) If I do not study, then I will not pass this course. 9. (a) If lines do not meet, then they are parallel. (b) If lines meet, then they are not parallel. (c) If lines are not parallel, then they will meet. , II.



13.



IS. 19. 23.



(a) If this (b) If this (c) If this (a) If the (b) If the (c) If the not valid valid valid



is not a square, then it is not a rectangle. is a square, then it is a rectangle. is a rectangle, then it is a square. triangle is equiangular, it is equilateral. triangle is not equiangular, then it is not equilateral. triangle is not equilateral, then it is not equiangular. 17. not valid 21. valid 25. not valid



Page 81 I.B IS. AFC



3. 5 17. AED



5. I 19. 78



7. 8 21. 42



9. no



II.



C



13. C



Pages 7U-71 Pages 98-100



1. T 17. T 33. T



I. 3. 5. 7. 9. II. 13. IS. I 17. 19. 21.



r



3. F 19. F 35. T



5. T 21. T 37. F



9. F 25. F 41. F



7. T 23. T 39. F



II. T 27. F



13. F 29. F



IS. F 31. F



Test 1 I.T 19. F



3. T 21. T



5. F 7. F 9. T II. T 13. TIS. T 23. T (except if one of the angles has a measure of zero)



Pages 74-75 Test 2 commutative property under addition additive property of zero distributive property addition property of equality symmetric property of equality subtraction property of equality multiplication property of equality subtraction property of order transitive property of order division property of order associative property of multiplication



I. 7. 13. 19.



postulate 132 60 line



3. perpendicular 9. congruent IS. plane



5. obtuse II. right 17. complementary



Pages 105-107 Exercises (A) l. F 17. T



i



iiiiiiiiiii



3. F 19. F



5. T 21. T



7. F



9. F



II. T



13. T



IS. T



17. F 25. T



l



I



,
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Exercises I. AC



ANSWERS



(B)



11. q and ware true bisector and Theorem



3. AG 5. LDAG'= LCBE. Angle subtraction property. 7. AE '= BG. Transitive property of congruence.



CHJ CH.J CH.J GHi



KA1L LKM A1LK MKL



1.'1' 17. F



--- ----



LF AF AC



CD



FC



AD



BD AB



ABC ACB BAC BCA CAB CBA



9. LFAC LACF



LBCD LACD BD AD BC AC



CD



11. LDAB LADB LABD



--------



ABC



5. yes; no LB 7. LA LBDC LA DC



15. F



13. (a) (3; t/1 (b) no Pages 151-153



3. ABC ABC ABC ABC ABC



KLM



13. F



3. T 19. T



5. F 21. T



7. 'I' 23.



11. F



9. 'I'



F



Pages 168-170 1. 90



3. 150



5. 45



7. 80 Pages 178-181 Test 1



LEBD LBDE



1. 180 9. isosceles 17. parallel



LF BE BD



3. parallel 11. complementary 19. obtuse



ED



5. indirect 7. perpendicular 13. right 15. parallel 21. vertical; congruent



Test 2



LCBA LBCA



1. F 17. F



LBAC



3. F 19. F



5. F 21. T



7. F 23. F



9. 'I' 25.



F



11. F 27. 'I'



13.



11. T



13. F



'I'



15.



'I'



BC



Test 3



AC AB



1. yes



3. no



Pages 116-117 1. 55 5. no



7. no



9. yes



3. 18



5. 50



7. 50



11. no



Pages 187-188 Pages 122-123



Exercises (A) 1. yes



3. no



7. no



5. yes



9. yes



1.'1' 17. T



Pages 136-137



3. 'I'



5. T



19. F



21. 'I'



7. T 23. F



Test 1 1. exterior



3. corresponding



9. T 25. F Exercises



5. corresponding



7. base



I. 360 7. 120



9. right



3. (a) four (b) 720 9. 144



(B)



15. F



r@jQ



5. 1800 11.



Test 2



\§!)0



Pages 203-205 Test 2



1. F 17. 'I'



3. T 19. F



5. 'I'



21. T



7. F 23. T



9. F 25. 'I'
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Pages 109-110



---



EXERCISES



Page 146



property. '= FD. Segment FG.addition Definition of segment BG GE '= '= '=



1. CHJ



TO



11. 'I'



13. F



15. F 1.'1'



..&.



3. 'I'



5. F



7. 'I'



9. F



11. F



13. 'I'



15. F
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27. F



25. T



23. T



21. F



19. F



(c) 5/3



29. T



(d) 1/3



(e) b/a



(f) r/s



9. 5



7. 13 in.



5. 14 in.



3. 120 17. 36



11. 4



1. 7.2



13. 5



5. T 21. 110



3. T 19. T



9. F 11. F 13. T 25. (a) 90 (b) 120



7. F 23. 60



3. (a) 50 (b) 50



1. 100; 140; 66; 54



5. 20



3. 10



7. 16



13. 15



15. 24



Pages 267-269 1. DF:AB = EF:AE 7. RP: PT = PT: PS



7. 50



5. 40



9. 60



1. 6 17. 8



1.10 17. 9.6



5. one 13. congruent



3. lli 19. 24



5. 20 21. 8



7. 15.3 23. 30.6



5. 17 21. 7



3. 10f 19. 5.5



7. diameter



11. F



13. F



1. PT



15. T



3. similar



13. 6



15. 8



- -----------------.-



a+b



11. 6



9'b



13. 3: 7



Test 2 1. F 19. F



3. mLa = 88; mLf3 = 65; s = 46. 7. mLa = 17.5; mL{3 = 72.5; s = 110



3. F



5. T



7. F



(e) 10 2/7



11. F



9. F



13. F



15. T



17. F



Test 3



1.10



(f) 5/9



3. (a) 5/2



3. 13.856



5. 9.798



7. 8



9. 30



11. 20



13. 13



Pages 285-287



Pages 251-252 (d) 4.8



11. 20



15. 8:5



1. (a) 2:3 (b) 5:3 (c) 3:5 (d) 2:3 (e) 4:5 3.64:345 5.72; 18 7.3:1 9.440:21 11. 68/83=0.819 13.7T:l 15. AB:AC=1.25:1; BC:CD=2.1:1 17. DE:BE = AE:CE = a constant



(c) 3/2



9. 13!



7. 20



5. ECXDC



Pages 246-248



(b) 6/5



15. 18



Pages 278-281



Test 3 1. mLa = 70; mL{3 = 80; s = 60 5. mLa = 72; mLf3 = 55.5; s = III



13. 9



TesfI



9. F 25. T



7. F 23. F



11. 10



9. 8 25. 16



7. 12.8



Test 2 5. F 21. F



15. 16



Pages 276-277



Test 1 3. chords 11. perpendicular



5. CE:BE=AC:BD 11. 8! 13. 18



Pages 272-273



Pages 242-244



1. perpendicular 9. supplementary



3. DC:AE = BC:AB 9. PJ:HP = RJ:SH



11. (a) 65 (b) 65



25; mLf3 = 90 1. 60 3. 25 5. 160 7. 50 9. 30 11. 40 13. mLa = 80; mL{3 = 35 70 19. mLa = 70; s = 15. mLa = 30; mLf3 = 60 17. mLa = 45; mL{3 =



1. (a) 16/5



11. 15



9. yes



15. F



Pages 238-241



1. T 17. F



11. lUin.



13. 36.5 [t



Pages 219-221



3. T 19. F



9. 30 gal



5. (a) 12 (b) vTI6



Page 265 Pages 215-216



1. F 17. F



451



EXERCISES



Pages 255-256



Test 3 1. 30 15. 108



TO



GEOMETRY



11. a+c > b+d 19. AD > BE



(b) 4/9



'. .&



13. x < r 21. BD < AC



15. z > x 17. mLABC > mLDEF 23. mLa > mLA



[
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(b) 3.4248; (c) 17.0499 7.4:9 15. 123.84 ft2 17. 6949.3 ft2



Page 297 I. /TILB > mLA



3. NM



> rnLC



Test 1



Test 1 5. 




3. circle 11. circle



7. 157ft



5. 114 in.2



Pages 337-339



1. perpendicular 9. bisector



]3. F



11. F



9. F



5. 2 13. two points



7. 3



7.



-2}



3. {-2,O,2}



5. {



L -3



'""



}



L



6---L---1 -2 -1



4



0



2



Test 2



9. 1. (d)



3. (d)



7. (c)



5. (d)



9. (d)



11. (e)



13. (b)



Page 344 1. (a) 28 ft2; 9. 10 in.2



(c) 77/8 ft2



(b) 12.5 ft2;



5. 30



7. 30



11. 15 in.2



3. 71!-in.



(d)



I 6



I 0



I



-2



-4



I



base of, 37 congruent, 111,113, 114,119, 120, 131 equiangular, 37,173 equilateral, 37,173,350 exterior angle of, 130, 167 exterior of, 36 interior of, 36 isosceles, 36 labeling of, 36 median of, 130 obtuse, 37 right, 37, 173, 175 rigidity of, 110 scalene, 36 similar, 259-269 vertex angle of, 36 Trisection of angle, 312 Truth,44 value, 51
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Union, 7 Uniqueness, 147 Unit of measurement, Universal set, 5 Validity, 44 Venn diagram, 5 Vertex, of angle, 24 of cone, 404
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responding to massification - Boston College 

expand their enrollment rates to 50% or more as is common in the developed world. At the same time, the ...... (46% Male). Source: Information and Documentation Centre (IDC) â€“ Ministry of Higher Education (MOHE) SPU/MOHE 2016 ... postsecondary educ










 


[image: alt]





responding to massification - Boston College 

fronting powerful lobbies with political clout. The challenge in most countries is how the private sector might contribute to the demand for higher education but regulated in a way that the public interest is protected. The crisis of quality assuranc
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2014 wagner college baseball schedule 

25-Tue. at Monmouth. 3:00 pm. 28-Fri. at Villanova. 3:15 pm. 29-Sat. at Villanova. 1:15 pm. 30-Sun. at Villanova. 12:15 pm. APRIL. 2-Wed. ST. JOHN'S. 3:00 pm.
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Swarthmore College Bulletin (December 1999) 

5 dÃ©c. 1999 - share of rough times, but playing alongside these guys has been a very positive experience,â€� he said. Ellis is the prize-winning product of an ...
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COLLEGE EL MANSOUR EDDAHBI, SIS 

23 juil. 2017 - Liste nominative des candidats présélectionnés par ordre alphabétique. LIEU DE DEROULEMENT DE L'EPREUVE ECRITE : COLLEGE EL ...
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Trinity College Dublin - ISWIM .fr 

WIM systems. Currently director of information research at IMOXIN Data. Plc.. .... have extended the theory to in-motion systemsâ€� or â€œKellser's theory for WIM ... The reference list style should be as follows (the first is a book, the second and 










 


[image: alt]





SNC Magazine - St. Norbert College 

... to visit D.C. memorials with some of the veterans in whose name they were built. ... modified or improved as a result of the self-study process.â€� Self-study ...
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SNC Magazine - St. Norbert College 

His students watch a French news broadcast, describe the topics covered and reflect on the cultural differences evident. These differences may be as obvious as ...
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Swarthmore College Bulletin (December 1999) 

5 dÃ©c. 1999 - teams showed up with automated sharks ... ination process very high marks. ... when they reflect back upon the process, they say that the.
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