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Coherent acoustic wave propagation in media with pair-correlated spheres Mihai Caleap,a) Bruce W. Drinkwater, and Paul D. Wilcox Department of Mechanical Engineering, University of Bristol, Queens Building, University Walk, Bristol BS8 1TR, United Kingdom



(Received 21 April 2011; revised 10 November 2011; accepted 9 December 2011) Propagation of plane compressional waves in a non-viscous fluid with a dense distribution of identical spherical scatterers is investigated. The analysis is based on the multiple scattering approach proposed by Fikioris and Waterman, and is generalized to include arbitrary choice of the pair-correlation functions used to represent the distribution of the scatterers. A closed form solution for the effective wavenumber as a function of the concentration of pair-correlated finite-size spheres is derived up to the second order. In the limit of uncorrelated point-scatterers, this solution is identical to that obtained by Lloyd and Berry. Different pair-correlation functions are exemplified and compared, and the C 2012 Acoustical Society of America. [DOI: 10.1121/1.3675011] resulting differences discussed. V



I. INTRODUCTION



The problem of acoustic scattering by a distribution of scatterers is of great practical and theoretical interest. Many applications for such problems exist, for example, in the field of acoustics (Javanaud and Thomas, 1988; Anson and Chivers, 1992; Groenenboom and Snieder, 1995; Layman et al., 2006; Hahn, 2007) and non-destructive testing of materials (Achenbach, 2000). Multiple scattering problems have been widely researched, beginning with Foldy’s model of isotropic point scatterers (Foldy, 1945). Foldy’s approach, termed effective-field theory, is based on the assumption that the scatterers are distributed very sparsely and act independently. Many researchers have tried to improve this theory and extend its range of validity to spatially denser scatterer distributions by more rigorously modelling the multiple scattering. An improved model employing the “quasi-crystalline” approximation was proposed by Lax (1952), which results in the inclusion of two-particle or pair-correlation functions. These correlation functions describe the probability of the second scatterer being in a specific location, given the location of the first scatterer. Importantly, the pair-correlation function emerges as a critical underpinning assumption of multiple scattering theories and this paper describes how their choice strongly impacts the scattering coefficients. Initially the pair-correlation functions known as the “slab-correction” (Waterman and Truell, 1961) and “hole-correction” (Fikioris and Waterman, 1964; Bose and Mal, 1973) were used, which allowed the effective wavenumber of the coherent (ensembleaveraged) wave field in a medium with distributed scatterers to be calculated. More recently, other researchers have applied a number of more realistic pair-correlation functions (Twersky, 1977, 1978a,b; Tsang and Kong, 1980; Tsang et al., 1982; Varadan et al., 1985b; Vander Meulen et al., 2001) such as Virial series expansions (Green, 1952) and the Percus–Yevick approximation (Percus and Yevick, 1958). Reviews of multiple scattering theory and wave propagation
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in random media can be found in Martin (2006) and Ishimaru (1997), respectively. In this paper a detailed analytical derivation of the coherent acoustic wave in a half-space containing threedimensional disordered heterogeneities, such as particles or bubbles, is presented. For the majority of the paper the scatterers are generalized, the only assumption being that they are spherical scatterers, so they could be, for example, homogeneous spheres, layered, shell-like with encapsulated liquids or gas, non-absorbing, or absorbing. The equations are developed in order to determine the effective wavenumber (i.e., velocity and attenuation) for coherent propagation of acoustic waves. The development of equations initially follows that of Lloyd and Berry (1967) and Linton and Martin (2006). However, these previous works used the hole-correction paircorrelation function, which essentially describes a nonoverlapping condition. In this paper we hypothesize that the hole-correction pair-correlation function is inappropriate for high-scatterer concentrations (Tsang and Kong, 1980; Bringi et al., 1982; Tsang et al., 1982). Hence, pair distribution functions that describe the correlation in spatial positions of the scatterers more correctly are introduced. For reasons of generality, an arbitrary two-point pair-correlation function is used to derive and solve an implicit equation for the effective wavenumber. Note that previously this has been attempted by Dacol and Orris (2009), but for reasons that will be explained later their approach appears to be incorrect. Although this work refers to acoustic waves, various similar questions have been studied in relation to elastodynamics. In particular, Varadan et al. (1985a) compare various pair-correlation functions as in the current paper; Parnell et al. (2010) and Caleap et al. (2011) compare the accuracy of various multiple scattering approaches in the quasi-static regime; Conoir and Norris (2010) consider a generalization of the work of Linton and Martin (2005) for acoustic waves to elastic waves. The paper is organized as follows. In Sec. II, we start with an exact, deterministic theory for acoustic scattering by a finite number of spheres. The exact system of equations is



0001-4966/2012/131(3)/2036/12/$30.00



C 2012 Acoustical Society of America V



Author's complimentary copy



PACS number(s): 43.35.Bf, 43.20.Fn, 43.20.Hq [JAT]



II. FINITE CONFIGURATION OF SPHERES



Let O be the origin of three-dimensional Cartesian coordinates, so that a typical point has position vector r ¼ (x, y, z) with respect to O. Spherical polar coordinates (r, h, u) are defined from O, so that r ¼ r^ r ¼ r(sinh cosu, sinh sinu, cosh), where r ¼ |r|. We consider N identical spheres, Sj, j ¼ 1,2,…,N, of radius a. The sphere Sj has center Oj at r ¼ rj. We then define local spherical polar coordinates (qj, hj, uj) at Oj, so that r ¼ qj þ rj with   ^j ¼ qj ðsin hj cos uj ; sin hj sin uj ; cos hj Þ; qj ¼ qj : qj ¼ qj q (1) We assume that hj ¼ 0 is in the z-direction (h ¼ 0). Consider a plane wave incident on the array of spheres. The spheres are immersed in a non-viscous fluid of density q0 and sound-speed c0. The longitudinal wavenumber vector ^ satisfying k^  z^ ¼ 1, where k ¼ jkj and k is given by k ¼ kk, z^ ¼ (0,0,1) is a unit vector in the z-direction. The dynamics of the current multiple scattering problem may be expressed in terms of appropriate scalar potentials that can be represented by an infinite Fourier series whose unknown scattering coefficients are to be determined by imposing the proper boundary conditions. A phase factor for each sphere is defined by Ij ¼ exp(ik  rj). Accordingly, the incident wave field in the coordinate system of each sphere becomes /inc j ¼ Ij expðik  qj Þ ¼ Ij



X



^m Am n wn ðqj Þ;



(2)



n;m imuj m is a regular spherical where w^m n (qj) ¼ jn(kqj) Pn (coshj)e wavefunction, jn is a spherical Bessel function, and Pm n is an associated Legendre function. We have used the short-hand notation



X n;m



¼



1 X n X



:



n¼0 m¼n



The modal amplitudes Am n are given by n Am n ¼ i ð2n þ 1Þ



ðn  mÞ! : ðn þ mÞ!



(3)



We assume that the scattering properties of an isolated sphere are fully described by a set of coefficients Tn, which J. Acoust. Soc. Am., Vol. 131, No. 3, March 2012



are known. The scattered displacement potential /sc j in the fluid is X m Em (4) /sc j ¼ nj Tn wn ðqj Þ; n;m imuj m is an outgoing spheriwhere wm n (qj) ¼ hn(kqj)Pn (coshj)e ð1Þ cal wavefunction and hn : hn is a spherical Hankel function. This choice of outgoing wavefunction (rather than hð2Þ n ) corresponds to an implicit time-harmonic factor exp(ixt). The unknown coefficients Em nj in Eq. (4) characterize the displacement potential of the exciting wave on the sphere Sj. The simplest way to find the quantities Em nj is to consider the situation of “single scattering.” In this case, it is assumed that the exciting field on each sphere is equal to the incident field, thus any interaction between the spheres is ignored. Then, corresponding to the incident displacement potential (2), one finds that the modal coefficients are such that m Em nj ¼ IjAn . However, when interactions between spheres cannot be neglected, one must take into account multiple scattering effects. Multiple scattering means that each sphere in a deterministic configuration “sees” an exciting wave motion, which is caused by scattering processes of all orders (i.e., single, double, triple,…). We define the exciting displacement potential by



inc /ex j ¼ /j þ



N X



/sc i ¼



X



^m Em nj wn ðqj Þ:



(5)



n;m



i¼1 i6¼j



The scattering described in Eqs. (4) and (5) shows that the nth wave mode of amplitude Em nj is scattered away from the local origin qj ¼ 0, where the sphere Sj is centered, with amplitude Em nj Tn. The quantity Enj is an amplitude factor and is dimensionless. The far-field scattering amplitude of an isolated sphere is given by X



m Am n Tn wn ðrÞ ’



n;m



1



r!1 kr



eikr f ðhÞ:



(6)



The angular shape function f(h) is therefore a Fourier series with coefficients equal to the modal scattering amplitudes Tn, i.e., f ðhÞ ¼



1X ð2n þ 1ÞTn Pn ðcos hÞ; ik n



(7)



where Pn( ¼ P0n ) is a Legendre polynomial. Observe in Eq. (7) that there is an azimuthal dependence of m ¼ 0 in the spherical wavefunctions, owing to axial symmetry of the sphere. Note that relative to the incident wave, the forward direction corresponds to (h ¼ 0) and the backward direction to (h ¼ p). It follows that f(0) and f(p) are measures, in the forward and backward directions, of the displacement potential due to scattering by a single sphere. Substituting Eq. (4) into Eq. (5), we note that wm n (qj) is expressed in the (qj, hj, uj ) coordinate system. This term has to be transformed in the (qi, hi, ui) coordinate system by Caleap et al.: Acoustic waves through correlated spheres
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then subjected to ensemble averaging in Sec. III and the quasi-crystalline approximation is invoked. An implicit equation for the effective wavenumber is obtained for finite-size scatterers in Sec. IV. In Sec. V, an expansion of the effective wavenumber is obtained explicitly up to second-order terms in the concentration of finite-size scatterers with an arbitrary pair-correlation function. Numerical results are presented in Sec. VI for the wave speed and attenuation as functions of frequency and fractional volume of spheres. Different pair-correlation functions are exemplified and compared, and the resulting differences discussed.



application of some translational addition theorem, in order to fulfil orthogonality in the current problem. Thus, given vectors qi, qj, and qji ¼ qj  qi (the position vector of Oi with respect to Oj), the addition theorem for the outgoing spherical wavefunction wm n is (Cruzan, 1962) X ^l wm Sml (8) n ðqj Þ ¼ n ðqji Þwt ðqi Þ; qi < qji for all j;



number of fixed scatterers by one unit, we find an infinite number of equations, and then truncate the system. Thus, the volume containing the scatterers is regarded as a random medium, with certain average (homogenized) properties. In the reminder of the paper, we focus on determining the effective wavenumber, K, that can be used for modeling wave propagation through the scattering volume.



;l



A. Pair-correlation functions



where the separation matrix Slm n is given by X m n Slm ip n ðqij Þ ¼ ð1Þ ð2n þ 1Þi (9)



In this formula, G is a Gaunt coefficient (Gaunt, 1929) and the summation over p is finite, covering the range |n  | to (n þ ) in steps of 2, so that (p þ n þ ) is even. The Gaunt coefficients appear in the linearization expansion (Xu, 1996) l Pm n ðxÞP ðxÞ ¼



X



pðr2 jr1 Þ ¼ Gðm; njl;  jpÞPml ðxÞ; p



(10)



p



2p þ 1 ðp  m  lÞ! 2 ðp þ m þ lÞ! ð1 l mþl  Pm ðxÞdx: n ðxÞP ðxÞPn



gðq21 Þ ¼ 0 for q21 < 2a; and lim gðq21 Þ ¼ 1: q21 !1



(11)



1



Combining Eqs. (2), (4), (5), (8), (9), and using the orthogonality of the Legendre functions ð1 1



m Pm n ðxÞP ðxÞdx ¼



2 ðn þ mÞ! dn ; 2n þ 1 ðn  mÞ!



(12)



we obtain for j ¼ 1,2,…,N m Em nj ¼ Ij An þ



N X X



Eli T Slm n ðqij Þ;



i¼1 ;l j6¼i



n ¼ 0; 1; 2; … and ¼ n;…;n:



(13)



Relation (13) represents an infinite homogeneous system of linear algebraic equations for Em ni . III. RANDOM DISTRIBUTION OF SPHERES



Although Eq. (13) can be applied to an ensemble of any number of spheres, the size of the matrix becomes unmanageably large for a spatially dense distribution of spheres as N ! 1, thus rendering numerical analysis impractical. Scattering by a dense distribution of scatterers is commonly treated by utilizing the effective-field approach (Foldy, 1945) and quasi-crystalline approximation (Lax, 1952). More specifically, we consider an average wave, where all possible configurations of scatterers are weighted by an appropriate pair-correlation function. Taking a succession of averages over a fixed number of scatterers, each time increasing the 2038



(14)



where n0 is the number of spheres per unit volume, and the pair-correlation function g satisfies the conditions



and are defined by Gðm; njl;  jpÞ ¼



n0 gðq21 Þ; N
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(15)



The former condition holds for non-overlapping sets of spheres; the later condition is correct if the correlation of particles locations disappears when the distance between their centers tends to infinity. The simplest choice for the pair-correlation function is the “hole correction” (Fikioris and Waterman, 1964) gðq21 Þ ¼ Hðq21  bÞ;



(16)



where H is the Heaviside unit function: H(x) ¼ 1 for x > 0, and H(x) ¼ 0 for x < 0. The parameter b (the “hole radius”) satisfies b  2a so that spheres are not allowed to overlap. It should be noted that the Eq. (16), whilst physically reasonable for a sparse distribution, is a poor approximation for appreciable fractional volume of spheres, because at small separation g(q21) is not constant. Studies have been made to obtain more accurate paircorrelation functions using various approximate theories. For a random set of non-overlapping spheres, the most reliable two-point correlation function is the solution of the Percus–Yevick integral equation proposed in the molecular theory of fluids (Percus and Yevick, 1958). The analytic solution of the Percus–Yevick equation is expressed in terms of inverse Laplace transforms (Wertheim, 1963) gðxÞ ¼



i



1 X



~ 2p/x n¼1



ð1Þn



ð sþi1



tetðxnÞ



si1



  LðtÞ n dt; SðtÞ



(17)



where x ¼ q21/b and h  i LðtÞ ¼ 12/~ 1 þ 12/~ t þ 2/~ þ 1 ;



(18)
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p lm Gðl; jm; njpÞwp ðqij Þ:



In order to take the ensemble average of the multiple scattering equations of Sec. II, the conditional probability density function for the particle distribution must be specified in terms of a pair-correlation function (see Appendix A). The pair-correlation function describes the possibility of finding another particle near one fixed particle. If the centre of the first sphere is fixed at r1, the probability density p(r2|r1) that a sphere is located at r2 is given by



~ 2 t3 þ 6/ð1 ~  /Þt ~ 2 þ 18/~2 t SðtÞ ¼ ð1  /Þ ~ þ 2/Þ: ~  12/ð1



(19)



The constant /~ in Eqs. (17)–(19) is given by   4p b 3 : /~ ¼ n0 3 2



(20)



A series expansion can be obtained from the Percus–Yevick integral equation by integrating in powers of n0. The resulting pair-correlation function is known as the Virial series expansion (Green, 1952). For impenetrable spheres, g(q21) can be determined exactly to O(n30 ) given by (Twersky, 1977, 1978a,b) gðxÞ ¼ 0; x < 1;



  3x x3 ~ gðxÞ ¼ 1 þ 8/ 1  þ ; 4 16



1 < x < 2; and gðxÞ ¼ 1; x > 2;



(21)



where x ¼ q21/b. In Fig. 1, the Percus–Yevick result (17) and the Virial expansion (21) for g(r), for /~ ¼ 0.05, 0.1, and 0.3, are compared with the hole correction (16). All three cases differ significantly from the hole correction. The Virial series expansion and the Percus–Yevick result give similar values for /~ ¼ 0.05 and 0.1. We note that the Percus–Yevick paircorrelation function g(r) oscillates as a function of separation ~ r and the extent of oscillation increases with /. As an alternative to the analytical approximate solutions for the pair-correlation function, Monte Carlo techniques can be used to generate random distribution of particles and to obtain the pair distribution function from the computer generated samples. The pair-correlation function is calculated by using the definition of joint probability density functions and by counting the occurrence of pair separations as a function of separation distance. The counting is averaged over these realizations. The detailed procedure can be found elsewhere (e.g., Tsang et al., 2001) and will not be repeated here. In Fig. 2 we illustrate the pair distribution functions obtained using a Monte Carlo simulation for a volume with /~ ¼ 0.3. In Fig. 2(a), the pair correlation function is shown for one realization with 300 spheres. The average over 30



FIG. 2. Pair distribution functions obtained using Monte Carlo simulations for a volume with /~ ¼ 0.3. Results for (a) one realization with 300 spheres, (b) average over 30 realizations with 300 spheres, and (c) the average over three realizations with 3000 spheres. The Percus–Yevick result is also shown as circles.



realizations is shown in Fig. 2(b). Observe that the average curve is in good agreement with the Percus–Yevick result. In Fig. 2(c) we consider a volume with 3000 spheres and take only three realizations and the result is very similar to that shown in Fig. 2(b) indicating that the number of required realizations can be small if the number of spheres is large. As discussed above, for r < b, the pair distribution function is zero due to core exclusion. At large separation, the particles become uncorrelated and g(q21) ! 1. In the reminder of the paper, we shall assume that the  conditional probability density p r 2 jr1 satisfies Eqs. (14) and (15), and the pair-correlation function g(q21) is arbitrary. IV. WAVENUMBER EQUATION



We take ensemble averages (Foldy, 1945; Fikioris and Waterman, 1964; Bose and Mal, 1973; Linton and Martin, 2006) of the multiple scattering equations of Sec. II in order to calculate the average (coherent) motion. The effectivefield approach (Foldy, 1945) allows us to take into account the spatial distributions of scatterers via specific paircorrelation functions g(q21). This part of our paper follows a traditional route and the relevant equations are given in Appendix B. Under the quasi-crystalline approximation (Lax, 1952) the dispersion equation for the effective wavenumber K of the coherent acoustic field in the multiplyscattering medium can be determined. This equation follows from Eq. (B12) in Appendix B, and can be written in matrix form. This is the goal of this section.



Let us consider the system A0n ¼ 0 for n ¼ 0,1,2,…. We introduce the constant vector e ¼ (1,1,…)t, and the infinite e and Q with elements square matrices R Ren ¼



X



Gð0;  j0; njpÞRp ðKbÞ;



(22)



p



Qn ¼ FIG. 1. The Percus–Yevick result (a) and the Virial series expansion (b) for g(r) for /~ ¼ 0:05, 0.1, and 0.3 and compared with the hole-correction approximation (c). J. Acoust. Soc. Am., Vol. 131, No. 3, March 2012



1 ~ T dn ; ik



(23)



where Caleap et al.: Acoustic waves through correlated spheres
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A. Matrix formulation



P p ðKbÞ  1 K2  k2



(24)



and T~ ¼ ð2 þ 1ÞT :



(25)



Let x be an infinitely long column vector of the unknown coefficients Xn0 . Then, the wavenumber equation that follows from Eq. (B12) can be written in matrix form: 



eet ~ (26) I  eRQ  e Q x ¼ 0; n



e ¼ 4pn0 ;



(27)



n ¼ K2  k 2 :



(28)



P Note that we have used the result that p Gð0;  j0; njpÞ ¼ 1 (Xu, 1996). A simpler from of the wavenumber equation can be obtained by multiplying Eq. (26) from the left by Q1=2 . Then, rearranging the terms and defining the infinite vectors y ¼ Q1=2 x;



(29)



and the matrix 1=2 ~ RðnÞ ¼ Q1=2 RðnÞQ ;



(30)



yields ½nðI  eRÞ  eqqt y ¼ 0:



(31)



A solution y = 0 can only exist for the particular value of n that makes the matrix premultiplying y in Eq. (31) singular. B. Implicit equation



We shall use the condition y = 0 in order to obtain an implicit equation for the effective wavenumber K. By multiplying Eq. (31) from the left by (I  eR)1 and introducing the infinite vector s ¼ (I  eR)1 q, we obtain 







e I  sqt y ¼ 0: n



(32)



Taking the determinant of the infinite matrix premultiplying y yields the desired equation for n. Noting that det ðI  ðe=nÞsqt Þ ¼ 1  ðe=nÞqt s, we infer that n can be expressed implicitly as n ¼ eqt ðI  eRÞ1 q



(33)
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where the effective scattering amplitude F is given by (36)



e is a regular Despite the apparent pole at K ¼ k, the matrix R function of n at the origin since the limit and its derivatives exist as K ! k. Note that Eq. (35) is generic in nature and has been used with minor variations by many workers including Foldy (1945), Fikioris and Waterman (1964), Henyey (1999), Derode et al. (2006), Caleap and Ariste´gui (2010), etc. The important part of the equation is the function F , which describes the effective scattering amplitude for it is this that contains the details of the scattering process. The major contribution in this paper is the correct function F for an arbitrary pair-correlation function. V. SOLUTION OF THE WAVENUMBER EQUATION



By using the expansion (1  x)1 ¼ 1 þ x þ x2 þ   , Eq. (36) implies F ¼ qt q þ eqt Rq þ e2 qt R2 q þ    e e RQe e ¼ et Qe þ eet QRQe þ e2 et QRQ þ :



(37)



Based on this expansion, the implicit equation (35) has the following leading order expansion in n0: K2 ¼ k2 þ 4pn0 f ð0Þ;



(38)



where f(h) is the angular shape function, given by Eq. (7) (where we have used the result that Pn(1) ¼ 1). Equation (38) is the Foldy’s well-known formula for the effective wavenumber (Foldy, 1945; Lax, 1951). The Foldy-approximation is therefore equivalent to neglecting all terms of order n20 and higher. The reminder of this section considers asymptotic expansions of the solution, valid in two limits: low concentration and point scatterers, respectively. A. Asymptotic expansion



(34)



Either of the identities (33) or (34) may be used to determine the solution for n. Note that the formula (34) separates the 2040



(35)



At low concentration (e  1), we assume a formal asymptotic expansion in e as follows:



or, equivalently, e 1 e: n ¼ eet ðQ1  eRÞ



K 2 ¼ k2 þ eF ðKÞ;



e 1 e: F ðKÞ ¼ qt ðI  eRÞ1 q ¼ et ðQ1  eRÞ



where I is the identity matrix and the scalars e and n are



q ¼ Q1=2 e;



implicit form of the effective wavenumber into two distinct parts. One part is defined by the scattering matrix Q, which describes the response of a single scatterer to a plane incie is defined by the spadent harmonic wave. The other part, R, tial arrangements of the scatterers and accounts for multiple scattering. More conventionally, the effective wavenumber can be expressed explicitly as



n ¼ en1 þ e2 n2 þ e3 n3 þ    :



(39)



Substituting n from Eq. (39) into Eq. (35), we obtain Caleap et al.: Acoustic waves through correlated spheres
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Rp ðKbÞ ¼



n1  F þ en2 þ e2 n3 ¼ 0:



(40)



where



The coefficients in the expansion (39) follow by taking derivatives of Eq. (40) with respect to e at e ¼ 0. The leading order term is found by setting e ¼ 0, yielding n1  F je¼0 ¼ 0:



n1 ¼



n2 ¼ 



(41)



Hence, n1 ¼ trQ:



(42)



For the second order, Eq. (40) implies  dF  e 0 Qe; ¼ et Q R n2 ¼ de e¼0



(43)



(44)



The derivative is once again evaluated using the expansion (37). We have



0



Results in classical multiple scattering theories are usually defined in terms of the angular shape function f(h) defined in Eq. (7). In the reminder of this section, we express the effective wavenumber of Eq. (49) in terms of the angular shape function f(h) rather than its Fourier series. We recover then expressions for the effective wavenumber of the Lloyd–Berry type (1967). 1. Finite-size spheres



By using the definition of the Gaunt coefficients (11) and the angular shape function (7), Eq. (51) becomes 1 n2 ¼ 2



ðp



HðhÞSðhÞ sin hdh;



(52)



0



(45) where



0



e ð0Þ. Higher order terms in the expansion (39) e ¼R where R 0 can be determined using the same procedure [see also Norris and Conoir (2011)]. Collecting the above results, the wavenumber expansion up to the third order in the small parameter e is e 0 Qe n ¼ e trQ þ e2 et QR  



2 e 0 Q e þ ðtrQÞet QR e 0 Qe þ    : þ e3 e t Q R 0



(51)



The third order term follows in a straightforward manner from Eq. (45) but is too long to warrant including here.



0



n3 ¼ qt R20 q þ ðqt qÞqt R0 q  2 e 0 Q e þ ðtr QÞet QR e 0 Qe; ¼ et Q R 0



1X~ ~ X Gð0;  j0; njpÞRð0Þ T Tn p ðkbÞ: k2 ;n p



(50)



C. The Lloyd–Berry formula generalized



e e 0 ¼ Rð0Þ. Taking the second derivative of Eq. (40) where R and setting e ¼ 0 yields  1 d2 F  : n3 ¼ 2 de2 e¼0



1X~ T ; ik 



SðhÞ ¼



X



ð2p þ 1ÞPp ðcos hÞRð0Þ p ðkbÞ



and HðhÞ ¼ ½f ðhÞ2 :



(46)



(53)



p



(54)



Combining the above expressions for n1 and n2 yields, in terms of n0, K2 ¼ k2 þ d1 n0 þ d2 n20 þ    ;



(55)



B. Low-concentration



Expanding the function P p ðKbÞ for small ðKb  kbÞ yields X Gð0;  j0; njpÞRð0Þ (47) Re0n ðkbÞ ¼ p ðkbÞ; p



where d1 ¼ 4pf ð0Þ; ð4pÞ2 d2 ¼ 2



ðp



(56) HðhÞSðhÞ sin hdh:



(57)



0







ib2 ð0Þ pðp þ 1Þ  x2 hp ðxÞjp ðxÞ Rp ðxÞ ¼ 2x  h 0 i 0  x xhp ðxÞ þ hp ðxÞ j p ðxÞ þ Np ðxÞ:



The result in Eq. (55) is the second order in its concentration expression for the effective wavenumber with finite-size spheres with an arbitrary correlation function g(r) between the positions of any two spheres. (48) 2. Point-like scatterers



Using the above results, the asymptotic expansion of the effective wavenumber to O(e2) may be written as K2 ¼ k2 þ en1 þ e2 n2 þ    ; J. Acoust. Soc. Am., Vol. 131, No. 3, March 2012



(49)



So far we have not made any assumptions about the size of ka or kb, though clearly kb  2ka. Now we will assume that kb is small. The leading order terms in kb for Np ðkbÞ ¼ N p þ iN p ðwith N p ; N p 2 RÞ are Caleap et al.: Acoustic waves through correlated spheres
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where



N0 ; N0 ’ Np ’ 2p þ 1 



ð1



r½gðrÞ  1dr;



(58)



b 



2 ð 1



kp 2p p! r2pþ2 ½gðrÞ  1dr; ð2p þ 1Þ! b ð1 N0 ’ k r2 ½gðrÞ  1dr: Np ’ k



(59)



The result in Eq. (65) is the second order in terms of concentration expansion term for the effective wavenumber with point-like scatterers with an arbitrary two-point correlation function g(r). It is worth noting that although Eq. (65) was derived in the limit of small kb(  2ka), it often appears that this point-scatterer approximation gives reasonable agreement for arbitrary ka (Derode et al., 2006).



b



p Rð0Þ þ Np ðkbÞ: p ðkbÞ ’ 2k2



(60)



Note that Eq. (60) could as well have been derived if Eq. (49) were used. By means of this approximation, Eq. (54) simplifies. Combining Eqs. (58)–(60) and using the generating function for Legendre polynomials, we obtain 1 2k2



SðhÞ ¼











 @ @  ð1  2z cos h þ z2 Þ1=2  2 2þ3 @z z¼1 @z 2



þ N 0 ð2  2 cos hÞ1=2 þ iN 0 :



(61)



Then, using Eq. (61) in Eq. (57), and performing an integration by parts, we obtain the following integrals of H ¼ f 2 : I 1 ¼ HðpÞ  Hð0Þ 



ðp 0



I 2 ¼ HðpÞ 



(62)



d HðhÞdh; dh



(63)



ðp sinðh=2Þ 0



I3 ¼



1 d HðhÞdh; sinðh=2Þ dh



ðp sin hHðhÞdh:



(64)



0



In the point-scatterer limit, the low concentration expansion (55) becomes, up to O(n20 ), K2 ¼ k2 þ d1 n0 þ d2 n20 þ    ;



(65)



where d1 ¼ 4pf ð0Þ;   d2 ¼ ð2pÞ2 k12 I 1 þ 4N 0 I 2 þ 2iN 0 I 3 :



(66) (67)



The Lloyd–Berry effective wavenumber (Lloyd and Berry, 1967) is recovered from Eqs. (65)–(67) in the limit of uncorrelated point scatterers. Indeed, by imposing the nonsuperposition correlation (16), the terms containing N0 and N 0 in Eq. (67) vanish and d2 reduces to the second-order correction for the effective wavenumber as given by the Lloyd–Berry formula (Lloyd and Berry, 1967). 2042
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VI. NUMERICAL RESULTS AND DISCUSSION



In the following, the numerical algorithm used to compute the effective wavenumber is summarized. Equation (35) is an implicit transcendental equation for K which can be solved by iteration, for instance. The effective wavenumber can be obtained by employing the following iterative procedure: K2jþ1 ¼ k2 þ 4pn0 F ðKj Þ;



(68)



K20 ¼ k2 þ 4pn0 f ð0Þ:



(69)



By solving either of the following algebraic equations for s or t: h i e t ¼ e; ½I  eRs ¼ q; Q1  eR



(70)



the effective scattering amplitude F in Eq. (68) can be obtained at a given K, i.e., F ¼ qts or F ¼ ett. The iterative procedure was found to converge very rapidly (typically less than five iterations for the concentrations and frequencies studied). Moreover, in the situations studied here, if Kj is replaced by K0 (i.e., Foldy’s effective wavenumber) in the right-hand side of Eq. (68), the resulting error for the real and the imaginary part of K is always less than 0.2%. In such a case, Eq. (68) [or Eq. (35)] can be transformed into an explicit expression for K. Note that for dense collection of scatterers such as colloidal suspensions, two modes of propagation have been observed experimentally in some frequency bands (Jing et al., 1991). From the numerical point of view, the dispersion equation (35) may have more than one solution. However, in the present paper, the dispersion branch of the acoustic propagating mode is followed using the iterative scheme (68),(69). We consider spherical inclusions of radius a, mass density q1, and Lame´ coefficients k1 and l1. The volume fraction / is then defined by / ¼ 43n0 a3 p. The upper limit is / ¼ p=6, which corresponds to a close-packed simple cubic array of spheres. In the case of steel spheres in water, the parameter values are q1 ¼ 7:9; q0



cL ¼ 3:97; c0



cT ¼ 0:55; cL



(71)



where cL and cT denote the speeds of longitudinal and transverse waves in the spheres, respectively. Let us write the effective wavenumber in the form KðxÞ ¼



x þ iaðxÞ; cðxÞ



(72)
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The next order terms are O(k2) for N p and O(k2nþ3) for N p . These integrals, as well as the ones that arise for higher powers of k may be evaluated explicitly for simple enough forms of g(r). For an example where this is done see Twersky (1977, 1978a,b). As kb ! 0 we have, using Eq. (B14), Mp ðKbÞ ’ ðK=kÞp . Then, it follows from Eq. (24) that



~ ¼ ka ¼ x



2pa ; K



(73)



where K is the wavelength of the plane incident wave in ~ ’ 1, the incident wavewater. Therefore, for a value of x



FIG. 3. Wave speed c/c0 and attenuation aa versus the dimensionless ~ for two values of volume fraction / ¼ 0.1 and 0.3. Comparison frequency x between the implicit equation for the effective wavenumber and its two approximations: low-concentration–finite-size spheres and lowconcentration–point-scatterers. Dotted lines denote results obtained with the implicit equation (35); solid lines—with the low concentration expansion (54), and dashed lines—with the point-scatterer approximation (64). The Percus–Yevick result is used for the pair-correlation function. J. Acoust. Soc. Am., Vol. 131, No. 3, March 2012



length is approximately equal to three times the diameter of the sphere. It is therefore a fairly long wavelength. We observe from Fig. 3 that the wave speed and attenuation values predicted via the implicit equation (35) and the low concentration expansion (55), are similar to each other, but differ from results based on point-scatterer approximation (65). Notice that both low-concentration formulations ~ ¼ 0) values of the (55) and (65) give the same static (x wave speed, as expected. The results for c/c0 and aa, obtained with the low-concentration expansion (55), follow closely those based on the implicit equation (35). We note that the dispersion and attenuation curves presented in Fig. 3 display some local maxima and minima in the high frequency range as a result of resonance effects associated with the individual particles (Flax et al., 1978; Gaunaurd and Uberall, 1983). As the distribution becomes denser (/ ¼ 0.3), predictions obtained with the implicit equation (35) and its low concentration expansion (55) (finite-size spheres), show an oscillating behavior for intermediate frequencies. The point scatterer formulation does not share this behavior. This does not indicate the resonance of one sphere, which could occur even without the others; otherwise, similar oscillation would be always observed on the curves obtained with the pointscatterer approximation (which requires the angular shape function of an isolated scatterer). The oscillating behavior might be attributed to the effect of finite scatterer sizes (more accurately, finite exclusive volume of scatterers), which would be stronger for denser scatterer distributions (Kawahara et al., 2010). The point-scatterer approximation (65) for the effective wavenumber is seen to be a poor approximation for large volume fractions. The lowconcentration expansion includes the finite size of the scatterers and clearly illustrates this oscillatory behavior, even though it slightly deviates from the true predictions based on the implicit equation (35). In the following, the low concentration expansion of the effective wavenumber, Eq. (55), is used in order to calculate the wave speed and the attenuation. In Fig. 4, the Percus– Yevick and the Virial series expansion results are compared with the hole correction result. The hole correction for the pair-correlation function is a common approximation employed in multiple scattering problems (Fikioris and Waterman, 1964; Bose and Mal, 1973; Linton and Martin, 2006; Conoir and Norris, 2010). It is noted that all three results agree very well for small volume fraction / ¼ 0.1. They are close to each other even for large volume fraction / ¼ 0.3, however, the results obtained employing the hole correction distinguishes itself from the other two in the lowfrequency range. It can be observed that the effective attenuation aa assumes negative values. A zoom of this region is presented in Fig. 5. Negative values of the effective attenuation indicate that the amplitude of the coherent wave grows with propagation distance which is not physical. In Fig. 6, the wave speed and attenuation are shown as ~ ¼ 0:5. The Virial functions of the volume fraction / for x expansion and the Percus–Yevick results are compared with the hole-correction result. All three results agree very well for small / (up to ’ 0.05). The Virial expansion and Caleap et al.: Acoustic waves through correlated spheres
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where c is the speed of the coherent acoustic wave and a is the effective attenuation. In order to illustrate the nature and general behavior of the solution, some numerical examples are presented. Results are presented for the normalized phase velocity c/c0 and effective attenuation aa, for the case when the paircorrelation function g(r) is given by the Percus–Yevick relation (17), and satisfying the conditions (15). The effective wavenumber is calculated by using the implicit equation (35) and its two approximations: low-concentration–finite-size scatterers and low-concentration–point-scatterers, Eqs. (54) and (64), respectively. Note that, when using Eqs. (35), (55), and (65) to calculate the effective wavenumber, the exclusion distance b (i.e., the distance of closest approach between centers of adjacent spheres) needs to be specified. We have chosen b ¼ 2a, which is physically reasonable. The comparison between these three formulations is shown in Fig. 3, for two volume fractions / ¼ 0.1 and ~ is defined as / ¼ 0.3. On the horizontal axis, the parameter x



FIG. 6. Wave speed c/c0 and attenuation aa versus the fractional volume of ~ ¼ 0.5. The Virial series expansion (dashed lines) and the spheres / for x Percus–Yevick (solid lines) results are compared with the hole-correction result (dotted line). The low concentration expansion (54) for the effective wavenumber is used.



Percus–Yevick results are in good agreement for volume fractions up to ’ 0.16, for both c/c0 and aa. A noticeable feature for the wave speed is that the hole correction and Percus– Yevick results are close to each other over the entire range of /. However, the effective attenuation obtained with the hole-correction approximation, becomes negative for volume fractions / larger that ’ 0.2, which is not physically acceptable. The hole correction approximation is therefore a poor approximation for appreciable volume fractions /. Adopting a pair-correlation function properly describing the scatterer distributions is necessary to recover agreement with experiments (Derode et al., 2006).



VII. CONCLUSIONS



FIG. 5. Zoom of the attenuation coefficient shown in Fig. 4, in the low frequency regime. 2044



J. Acoust. Soc. Am., Vol. 131, No. 3, March 2012



A multiple scattering analysis in a non-viscous fluid is developed in detail in order to predict the coherent acoustic wave in a half-space containing disordered heterogeneities, such as particles or bubbles. Scatterers can be homogeneous spheres, layered, shell-like with encapsulated liquids or gas, non-absorbing, or absorbing. The analysis is based on the multiple scattering approach proposed by Fikioris and Waterman (1964), and employs suitable pair-correlation functions to analyze the interaction of densely distributed scatterers. Three different expressions for the effective propagation constant are presented. The first expression rests on the validity of quasi-crystalline approximation (Lax, 1952) and is given in implicit form; the second is an expansion of this formula in the parameter n0, and the third is the point-scatterer limit of the later expression. The numerical examples presented in this paper illustrate the general behavior of these three (one implicit and two explicit) solutions. To the best of our knowledge, no rigorous comparison has been made between implicit and explicit methods in the literature. For the cases considered, the low-concentration—finite-size scatterer formulation is in reasonable agreement with the implicit result, and the point-scatterer approximation is less good. We have also highlighted differences in effective wavenumber (velocity and attenuation) due to choice of pair-correlation function. It was noted that the hole correction result yielded some unphysical results in some cases, whereas the Virial Caleap et al.: Acoustic waves through correlated spheres
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FIG. 4. Wave speed c/c0 and attenuation aa versus the dimensionless fre~ for two values of volume fraction / ¼ 0.1 and 0.3. The Virial sequency x ries expansion (dashed lines) and the Percus–Yevick (solid lines) results are compared with the hole-correction result (dotted line). The low concentration expansion (54) for the effective wavenumber is used.



expansion and the Percus–Yevick results are, in the cases considered, physically reasonable. The pair-correlation function is therefore an important factor in the accuracy of the effective wavenumber, given other approximations that have been made (in particular the quasi-crystalline approximation). However, the appropriate choice of correlation function requires further experimental investigation. APPENDIX A: CONDITIONAL PROBABILITY DENSITY FUNCTION



Suppose we have N spheres randomly distributed inside a region BN. Thus, the locations of the spheres are known in a probabilistic sense only. The statistics of a random medium may be described by a function p(r1, r2,…,rN) which represents the probability density that the medium has spheres located at r1,r2,…,rN. The probability density function may be decomposed as pðr 1 ; r 2 ; …; r N Þ ¼ pðr 1 Þpðr2 jr1 Þpðr3 ; …; rN jðr 1 ; r 2 ÞÞ; (A1) where p(r1) is the probability density that a sphere is located at r1, and pðr2 jr1 Þ is the probability density that a sphere is located at r2 given that one is already fixed at r1. The joint probability distribution p (r1,r2,…,rN) is normalized so that h1i ¼ 1. In addition, we assume that the spheres have no points of contact and that they are exchangeable [so that Eq. (A1) is valid for any combination of i ¼ 1 and j ¼ 2]. We define the average of any quantity V (e.g., displacement or stress component or potential) by ð



 BN



ð



pðr1 ; r2 ; …; rN ÞVðrjKN Þdt1    dtN ;



BN



(A2) where KN ¼ {r1,r2,…,rN} indicates the dependence on the configuration of spheres. Similarly, the average of V over all configurations such that the first sphere is fixed at r1 is given by hVðrÞi1 ¼



ð







BN



pðr 2 ; …; r N jr1 ÞVðr jKN Þdt2    dtN : BN



If two spheres are fixed, say the first and the second, we can define ð BN







ð



pðr3 ; …; rN jr1 ; r 2 ÞVðrjKN Þdt3    dtN : BN



(A4) Since the distribution is uniform, the probability that any sphere is located in the region BN at a given position is equal to one over the volume of BN. Thus, one has pðrÞ ¼



The analysis of Sec. II applies to a specific configuration of spheres. Following the work by Bose and Mal (1973) we take ensemble averages. Specifically, setting j ¼ 1 in Eq. (13) and then taking the conditional average, using Eq. (14), we obtain ð X l   m m E2 12 T Slm En1 1 ¼ I1 An þ n0 gðq21 Þ n ðq21 Þdt2 ; ;l



(B1) for n ¼ 0,1,2,… and m ¼ n,…,n. This involves the unknown conditional average when two spheres are held fixed. If, in a similar manner, we take the conditional average of Eq. (13) with two spheres held fixed, the resulting equation will contain the conditional average with three spheres held fixed, and so on. We break this hierarchy by making the Lax quasi-crystalline approximation (1952), which can be written as 



El2



 12



  ’ El2 2 :



(B2)



Equation (B2) is strictly valid in a close-packed crystalline solid: fixing one crystal determines the position of all the others. By doing this, any fluctuation of the scattered field due to a deviation of a sphere at r1 from its average position is eliminated. Hudson (1980) mentioned that the quasicrystalline approximation is accurate to second order (double scattering). However, at the time of writing, it is still rather unclear what the regime of validity of the quasi-crystalline approximation is. Substituting Eq. (B2) into (B1), we obtain 



ð X l   m ¼ I A þ n E2 2 T Slm Em 1 n 0 gðq21 Þ n1 1 n ðq21 Þdt2 ; ;l



(B3)



ð



(A3)



hVðrÞi12 ¼



APPENDIX B: AVERAGED EQUATIONS



n0 ¼ jBN j1 ; N



J. Acoust. Soc. Am., Vol. 131, No. 3, March 2012



for n ¼ 0,1,2,… and m ¼ n,…,n. Note that the volume of integration in Eqs. (B1) and (B3) consists of the space z > 0 less a hole of radius b at the point r1. When dealing with a half-space containing scatterers, we know from the work of Lloyd and Berry (1967) that the boundary of the half-space can cause difficulties. We adopt here the treatment employed by Linton and Martin (2006) and hence do not assume  that the exciting fields hEm nj ij are proportional to exp iKzj everywhere inside the half-space, zj > 0, but only in zj > ‘, away from the boundary. The width of the boundary layer, ‘, need not to be specified if one only  wants  to calculate the effective wavenumber. Since Ij ¼ exp ik  rj ¼ exp(ikzj) we seek D E m m Em nj ¼ Xn expðiKzj Þ  Un ðzj Þ; j



(A5)



(B4)



for sufficiently large zj (say zj > ‘) so that Caleap et al.: Acoustic waves through correlated spheres
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hVðrÞi ¼



where jBN j is the volume of BN, and n0 is the number of spheres per unit volume. In the reminder, n0 is constant, we let N ! 1 and BN becomes the half-space z > 0.



V2



for n ¼ 0,1,2,…, m ¼ n,…,n, and qsj ¼ qs  qj. The volume of integration V2 is defined by V2 ðr1 Þ ¼ fr 2 2 R3 : q21 > b; z2 > ‘g:



(B6)



Next, write gðq21 Þ ¼ 1 þ ½gðq21 Þ  1. If z1 > ‘ þ b, so that the interval jz21 j < b (with z21 ¼ z2  z1) is entirely within the range z2 > ‘, then Eq. (B5) becomes X ð ‘ ikz1 e þ n T Ul ðz2 ÞLlm Xnm eiKz1 ¼ Am 0 n ðz21 Þdz2 n ;l



 l



0



lm þ eiKz1 X Mlm n þ N n







 ;



(B7)



with



Mlm n ¼



¼ ð V2



ð1 ð1 1 1



gðq21 ÞSlm n ðq21 Þdx2 dy2 ;



iKz21 Slm dt2 ; n ðq21 Þe



(B8) (B9)



and lm



N n ¼



ð V2



iKz21 ½gðq21 Þ  1Slm dt2 : n ðq21 Þe



(B10)



Since we deal with normal incidence on a half-space of randomly distributed spheres, the non-axisymmetric spherical harmonics will drop out. Only terms independent of the azimuthal angle u21 contribute in Eqs. (B7)–(B10) owing to the axial symmetry of the volume of integration. The integral (B8) can be solved exactly only for simple choices of pair-correlation functions g(q21); the result gives a contribution to (B7) proportional to eikz1 (Linton and Martin, 2006). The volume integral (B9) can be evaluated exactly by using Green’s theorem and the plane-wave expansion (e.g., Fikioris and Waterman, 1964; Linton and Martin, 2006), and the result consists of two types of terms. One type of term contributes to the Mlm vn term which is proportional to eiðKkÞz1 , which in turn gives a contribution to (B7) proportional to eikz1 . The remaining term is independent of z1, and is just a constant depending only on K and k. Finally, the integral (B10) is independent of z1. We find that the system (B7) can be written A0n eiKz1 þ B0n eikz1 ¼ eikz1 ; for n ¼ 0; 1; 2;…and z1 >‘ þ b; (B11) where 4ipn0 X ð2 þ 1ÞT X0 kðK2  k2 Þ  X  Gð0;  j0njpÞP p ðKbÞ;



A0n ¼ Xn0 þ



p



2046



(B13)



Mp ðzÞ ¼ ikb½hp ðkbÞzj0p ðzÞ  kbh0p ðkbÞjp ðzÞ;



(B14)



;l



(B5)



Llm vn ðz21 Þ



P p ðzÞ ¼ Mp ðzÞ þ ðK2  k2 ÞNp ðzÞ;
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(B12)



Np ðzÞ ¼ ik



ð1



r 2 ½gðrÞ  1hp ðkrÞjp ðzr=bÞdr:



(B15)



b



The system (B12) is equivalent to the system of equations obtained by Tsang et al. (1982). Using the hole-correction pair-correlation function (16) in Eq. (B15), this system reduces to that obtained by Fikioris and Waterman (1964). From Eq. (B11) we immediately obtain A0n ¼ 0 for n ¼ 0,1,2,…. These equations yield an infinite homogeneous system of linear algebraic equations for Xn0 . Note that further information can be obtained by balancing the other exponential term in Eq. (B11), however, this information is not needed here. It is worth mentioning that Dacol and Orris (2009) have attempted to extend the Fikioris–Waterman dispersion equation to accommodate arbitrary pair-correlation functions. Noticing that P p : Jp in Dacol and Orris (2009), they obtain [see Eq. (11) in Dacol and Orris, (2009)], using our notation, ð1 @ ½1  gðrÞ P p ¼ ik @r  0 



 @jp ðKrÞ @hp ðkrÞ  jp ðKrÞ  r2 hp ðkrÞ dr: @r @r However, rather than starting from the volume integrals described by Eqs. (B9) and (B10), Dacol and Orris attempted to work back from the Fikioris–Waterman result for the hole-correction to develop the general solution for arbitrary pair-correlation functions. They consequently obtain a different result that is neither consistent with the methodology of Fikioris and Waterman or the same as our result. Indeed, our general result (B13) (for arbitrary pair-correlation functions) looks in no respect like the equivalent Eq. (12) in Dacol and Orris (2009), which is (using our notation) 



P p ðzÞ ¼ ikb½1  gðbþ Þ hp ðkbÞ zj0p ðzÞ  kbh0p ðkbÞjp ðzÞ ð1 @jp ðzr=bÞ 2 @gðr Þ  ik hp ðkr Þ r @r @r bþ 



@hp ðkrÞ dr: (B16)  jp ðzr=bÞ @r Note that the second term in Eq. (B16) includes, in particular, the derivative @g=@r, whereas the second term in Eq. (B13) [given by Eq. (B15)] involves the function g(r). Achenbach, J. D. (2000). “Quantitative nondestructive evaluation,” Int. J. Solids Struct. 37, 13–27. Anson, L. W., and Chivers, R. C. (1992). “Ultrasonic velocity in suspensions of solids in solids—A comparison of theory and experiment,” J. Phys. D 26, 1566–1575. Bose, S. K., and Mal, A. K. (1973). “Longitudinal shear waves in a fiberreinforced composite,” Int. J. Solids Struct. 9, 1075–1085. Bringi, V. N., Varadan, V. V., and Varadan, V. K. (1982). “The effects of pair correlation function on coherent wave attenuation in discrete random media,” IEEE Antennas Propag. AP-30, 805–808. Caleap, M., and Ariste´gui, C. (2010). “Coherent wave propagation in solids containing various systems of frictional shear cracks,” Waves Random Complex Media 20, 551–568. Caleap et al.: Acoustic waves through correlated spheres
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