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need to calculate the second moment of area, I,, about this axis. Thus. 200 x 30O3 ..... Thus the core of a circular section is a circle of radius R/4. Example 9.6 A ... 
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CHAPTER 9 Bending of Beams



We have seen in Chapter 3 that bending moments in beams are produced by the action of either pure bending moments or shear loads. Reference to problem P.3.4 also shows that two symmetrically placed concentrated shear loads on a simply supported beam induce a state of pure bending, i.e. bending without shear, in the central portion of the beam. It is also possible, as we shall see in Section 9.2, to produce bending moments by applying loads parallel to but offset from the centroidal axis of a beam. Initially, however, we shall concentrate on beams subjected to pure bending moments and consider the corresponding internal stress distributions.



9.1 Symmetrical bending Although symmetrical bending is a special case of the bending of beams of arbitrary cross-section, it is advantageous to investigate the former first, so that the more complex general case may be more easily understood. Symmetrical bending arises in beams which have either singly or doubly symmetrical cross-sections; examples of both types are shown in Fig. 9.1. Suppose that a length of beam, of rectangular cross-section, say, is subjected to a pure, sagging bending moment, M (see Section 3.2), applied in a vertical plane. The length of beam will bend into the shape shown in Fig. 9.2(a) in which the upper surface is concave and the lower convex. It can be seen that the upper longitudinal fibres of the beam are compressed while the lower fibres are stretched. It follows that between these two extremes there is a fibre that remains unchanged in length.



Fig. 9.1



Symmetrical section beams
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Fig. 9.2 Beam subjected to a pure sagging bending moment



Thus the direct stress varies through the depth of the beam from compression in the upper fibres to tension in the lower. Clearly the direct stress is zero for the fibre that does not change in length. The surface that contains this fibre and runs through the length of the beam is known as the neutral surface or neutral plane; the line of intersection of the neutral surface and any cross-section of the beam is termed the neutral axis (Fig. 9.2 (b)). The problem, therefore, is to determine the variation of direct stress through the depth of the beam, the values of the stresses and subsequently to find the corresponding beam deflection.



Assumptions The primary assumption made in determining the direct stress distribution produced by pure bending is that plane cross-sections of the beam remain plane and normal to the longitudinal fibres of the beam after bending. We shall also assume that the material of the beam is linearly elastic, i.e. it obeys Hooke’s law, and that the material of the beam is homogeneous. Cases of composite beams are considered in Chapter 12.



Direct stress distribution Consider a length of beam (Fig. 9.3(a)) that is subjected to a pure, sagging bending moment, M ,applied in a vertical plane; the beam cross-section has a vertical axis of symmetry as shown in Fig. 9.3(b). The bending moment will cause the length of



Fig. 9.3 Bending of a symmetrical section beam



202 Bending of beams beam to bend in a similar manner to that shown in Fig. 9.2(a) so that a neutral plane will exist which is, as yet, unknown distances y , and y , from the bottom and top of the beam, respectively. Coordinates of all points in the beam are referred to axes Oxyz (see Section 3.2) in which the origin 0 lies in the neutral plane of the beam. We shall now investigate the behaviour of an elemental length, 6z, of the beam formed by parallel sections MIN and PGQ (Fig. 9.3(a)) and also the fibre ST of cross-sectional area 6A a distance y from the neutral plane. Clearly, before bending takes place I"= IG = ST = NQ = 6 2 . The application of the bending moment M causes the length of beam to bend about a centre of curvature, C, with a radius of curvature, R , measured to the neutral plane (Fig. 9.4(a)). The previously parallel plane sections MIN and PGQ remain plane according to our assumption but are now inclined at an angle 6e to each other. The length M P is now shorter than 6z, while NQ and ST are longer. The length IG, being in the neutral plane, remains equal to 6z in length, although curved. Since the fibre ST is stretched, it suffers a direct tensile strain, E, (parallel to the z axis of the beam), and a corresponding stress, csz. From Fig. 9.4(a) it can be seen that the increase in length of ST is ( R + y)68 - 6z or ( R + y)& - R 68, since 6z = IG = R 68. Thus EL =



(R+y)60-R68 R 6e



y



=-



R



(9.1)



We have assumed that the material of the beam obeys Hooke's law so that the direct stress, a?,in the fibre ST is related to E~ by Eq. (7.7); thus



b I = E -Y R



(9.2)



The normal force on the fibre ST, i.e. on its cross-section, is oI6A. However, since



Fig. 9.4 Deflected shape of a symmetrical section beam subjected to a pure bending moment
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the direct stress is caused by a pure bending moment, the resultant normal force on the complete cross-section of the beam must be zero, i.e.



J



o,dA=O



(9.3)



Substituting for aZin Eq. (9.3) from Eq. (9.2) gives



FR JA y d A = O



(9.4)



in which both E and R are constants for a beam of a given material subjected to a given bending moment. Thus



J



A



ydA=O



(9.5)



Equation (9.5) states that the first moment of the area of the cross-section of the beam with respect to the neutral axis, i.e. the x axis, is equal to zero. Thus we see that the neutral axis passes through the centroid of area of the cross-section. Since the y axis in this case is also an axis of symmetry, it must also pass through the centroid of the cross-section. Hence the origin, 0, of the coordinate axes, coincides with the centroid of area of the cross-section. The moment about the neutral axis of the normal force o,6A, acting on the crosssection of the fibre ST is aZy6A.The integral of all such moments over the complete cross-section of the beam must equal the applied moment, M. Thus



which becomes, on substituting for oZfrom Eq. (9.2)



M=



E



-J



R A



y2dA



(9.6)



The term IAy2 dA is the second moment of area of the cross-section of the beam about the neutral axis and is given the symbol I . Rewriting Eq. (9.6) we have



M = -EI R



(9.7)



or, combining this expression with Eq. (9.2),



From Eq. (9.8) we see that 6. =



-



MY -



I



(9.9)



The direct stress, o,, at any point in the cross-section of a beam is therefore directly proportional to the distance of the point from the neutral axis and so varies



204 Bending of beams linearly through the depth of the beam as shown, for the section JK, in Fig. 9.4(b). Clearly, for a positive, or sagging, bending moment oris positive, i.e. tensile, when y is positive and compressive (Le. negative) when y is negative. Thus in Fig. 9.4(b) 02.1 =



MY (tension), -



MY2 oz,2= (compression) I



1



I



(9.10)



Furthermore, we see from Eq. (9.7) that the curvature, 1/R, of the beam is given by 1



M



R



EI



-=-



(9.1 1)



and is therefore directly proportional to the applied bending moment and inversely proportional to the product EI which is known as the flexural rigidity of the beam.



Elastic section modulus Equations (9.10) may be written in the form



M oz.l= -, Ze.1



M



oz.2=



-



(9.12)



Ze.2



in which the terms Ze.](=I/y1)and Ze.2(=I/y2)are known as the elastic section moduli of the cross-section. For a beam section having the x axis as an axis of symmetry y1= y2 and Ze.l= Ze.?= Z,, say, (9.13) Expressing the extremes of direct stress in a beam section in this form is extremely useful in elastic design where, generally, a beam of a given material is required to support a given bending moment. The maximum allowable stress in the material of the beam is known and a minimum required value for the section modulus, Z,, can be calculated. A suitable beam section may then be chosen from handbooks listing properties and dimensions, including section moduli, of standard structural shapes. The selection of a beam cross-section depends upon many factors; these include the type of loading and construction, the material of the beam and several others. However, for a beam subjected to bending and fabricated from material that has the same failure stress in compression as in tension, it is logical to choose a doubly symmetrical beam section having its centroid (and therefore its neutral axis) at middepth. Also it can be seen from Fig. 9.4(b) that the greatest values of direct stress occur at points furthest from the neutral axis so that the most efficient section is one in which most of the material is located as far as possible from the neutral axis. Such a section is the I-section shown in Fig. 9.1.



Example 9.1 A simply supported beam, 6 m long, is required to carry a uniformly distributed load of 10 kN/m. If the allowable direct stress in tension and compression is 155 N/mm’, select a suitable cross-section for the beam.



Symmetrical bending



205



From Fig. 3.15(d) we see that the maximum bending moment in a simply supported beam of length L carrying a uniformly distributed load of intensity w is given by



M,,



=



wL2



8



Therefore in this case



M,,



=



10 x 62



--- 4 5 k N m 8



The required section modulus of the beam is now obtained using Eq. (9.13), thus



ze.



.= mln



M,,



-



--



45 x lo6 155



0 2 .x,



= 290323 m3



From tables of structural steel sections it can be seen that a Universal Beam, 254 mm x 102 mm x 28 kg/m, has a section modulus (about a centroidal axis parallel to its flanges) of 307 600 mm'. This is the smallest beam section having a section modulus greater than that required and allows a margin for the increased load due to the self-weight of the beam. However, we must now check that the allowable stress is not exceeded due to self-weight. The total load intensity produced by the applied load and self-weight is 10 +



28 x 9.81 1 o3



=



10.3 kN/m



Hence, from Eq. (i)



M,,



10.3 x 62 =



8



= 46.4 kN



m



Therefore from Eq. (9.13) a:.max



=



46.4 io3 io3 307 600



=



150-8 N / I ~ I ~ '



The allowable stress is 155 N/mm2 so 254 mm x 102 mm x 28 kg/m, is satisfactory.



that



the



Universal



Beam,



Example 9.2 The cross-section of a beam has the dimensions shown in Fig. 9.5(a). If the beam is subjected to a sagging bending moment of 100 kNm applied in a vertical plane, determine the distribution of direct stress through the depth of the section. The cross-section of the beam is doubly symmetrical so that the centroid, G, of the section, and therefore the origin of axes, coincides with the mid-point of the web. Furthermore, the bending moment is applied to the beam section in a vertical
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Direct stress distribution in beam of Ex. 9.2



Fig. 9.5



plane so that the x axis becomes the neutral axis of the beam section; we therefore need to calculate the second moment of area, I,, about this axis. Thus



I,



=



200 x 30O3



12



-



175 x 2603 12



= 193.7 x



106mm4(see Section 9.6)



From Eq. (9.9) the distribution of direct stress, oz.is given by 100x lo6 0:=



193.7 x lo6



y =0.52~



(9



The direct stress therefore varies linearly over the depth of the section from a value 0.52 x (- 150) = -78 N/mm2



(compression)



at the top of the beam to 0.52 x (+ 150) = +78 N/mm’



(tension)



at the bottom as shown in Fig. 9.5(b).



Example 9.3 Now determine the distribution of direct stress in the beam of



Ex.9.2 if the bending moment is applied in a horizontal plane and in a clockwise sense about Cy when viewed in the direction yG. In this case the beam will bend about the vertical y axis which therefore becomes the neutral axis of the section. Thus Eq. (9.9) becomes A4 o:=-x



I?



(i)



where I, is the second moment of area of the beam section about the y axis. Again
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from Section 9.6



I.. = 2 x



20 x 2003 12



+



260 x 253 12



= 27-0



Hence, substituting for M and I , in Eq. (i),



We have not specified a sign convention for bending moments applied in a horizontal plane; clearly in this situation the sagging/hogging convention loses its meaning. However, a physical appreciation of the problem shows that the left-hand edges of the beam are in tension while the right-hand edges are in compression. Again the distribution is linear and varies from 3.7 x (+ 100) = 370 N/mm* (tension) at the left-hand edges of each flange to 3.7 x (- 100) = -370 N/mm' (compression) at the right-hand edges. We note that the maximum stresses in this example are very much greater than those in Ex. 9.2. This is due to the fact that the bulk of the material in the beam section is concentrated in the region of the neutral axis where the stresses are low. The use of an I-section in this manner would therefore be structurally inefficient.



Example 9.4 The beam section of Ex. 9.2 is subjected to a bending moment of 100 kN m applied in a plane parallel to the longitudinal axis of the beam but inclined at 30" to the left of vertical. The sense of the bending moment is clockwise when viewed from the left-hand edge of the beam section. Determine the distribution of direct stress. The bending moment is first resolved into two components, M , in a vertical plane and M yin a horizontal plane. Equation (9.9) may then be written in two forms:



M., y o r =I,



and



M Y x o r =I Y



The separate distributions can then be determined and superimposed. A more direct method is to combine the two equations (i) to give the total direct stress at any point ( x , y) in the section. Thus (ii) Now



M , = 100 cos 30" = 86.6 kN m M , = 100 sin 30" = 50-0kN m



(iii)



M A is, in this case, a negative bending moment producing tension in the upper half of the beam where y is negative. Also M , produces tension in the left-hand half of the beam where x is positive; we shall therefore call M , a positive bending moment. Substituting the values of M , and M , from Eqs (iii) but with the appropriate sign in



208 Bending of beams Eq. (ii) together with the values of I , and I , from Exs 9.2 and 9.3 we obtain 6, = -



86.6 x lo6



50.0 x lo6



193.7 x lo6 '+ 27.0 x lo6



X



(iii)



or o , = -0*45y+ 1 . 8 5 ~ (iv) Equation (iv) gives the value of direct stress at any point in the cross-section of the beam and may also be used to determine the distribution over any desired portion. Thus on the upper edge of the top flange y = - 150 mm, 100 mm L x 3 - 100 mm, so that the direct stress varies linearly with x. At the top left-hand comer of the top flange



o r =-0-45



x



(-150)+ 1.85 x (+loo)= +252-5 N/mm2 (tension)



At the top right-hand comer 6,=



-0.45 x ( - 150) + 1.85 x (-100) = - 1173 N/mmz (compression)



The distributions of direct stress over the outer edge of each flange and along the vertical axis of symmetry are shown in Fig. 9.6. Note that the neutral axis of the beam section does not in this case coincide with either the x or y axis, although it still passes through the centroid of the section. Its inclination, a, to the x axis, say, can be found by setting oz= 0 in Eq. (iv). Thus 0 = - 0 . 4 5 ~+ 1 . 8 5 ~



which gives



Fig. 9.6



y



1.85



x



0.45



-=--



or



-4.11 = t a n a



a = 76.3"



Direct stress distribution in beam of Ex. 9.4



Combined bending and axial load 209 Note that a may be found in general terms from Eq. (ii) by again setting oz= 0. Hence



_Y -- --



MI[,



9.2



-tana



(9.14)



M,I.,



x



Combined bending and axial load



In many practical situations beams and columns are subjected to combinations of axial loads and bending moments. For example, the column shown in Fig. 9.7 supports a beam seated on a bracket attached to the column. The loads on the beam produce a vertical load, P , on the bracket, the load being offset a distance e from the neutral plane of the column. The action of P on the column is therefore equivalent to an axial load, P , plus a bending moment, P e . The direct stress at any point in the cross-section of the column is therefore the algebraic sum of the direct stress due to the axial load and the direct stress due to bending. Consider now a length of beam having a vertical plane of symmetry and subjected to a tensile load, P , which is offset by positive distances e, and e , from the x and y axes, respectively (Fig. 9.8). It can be seen that P is equivalent to an axial load P plus bending moments Pe, and P e , about the x and y axes, respectively. The moment P e , is a positive or sagging bending moment while the moment P e , induces tension in the region where x is positive; P e , is therefore also regarded as a positive moment. Thus at any point ( x , y ) the direct stress, oz,due to the combined force system is, using Eqs (7.1) and (9.9), P



Pe,



o,=-+-y+A 1,



Pe,



x



(9.15)



I,



Equation (9.15) gives the value of o, at any point (x, y) in the beam section for any combination of signs of P , e , , e , .



Example 9.5 A beam has the cross-section shown in Fig. 9.9(a). It is subjected to a normal tensile



force, P , whose line of action passes through the centroid of the horizontal flange.



Fig. 9.7



Combined bending and axial load on a column
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Fig. 9.8 Combined bending and axial load on a beam section



Fig. 9.9 Direct stress distribution in beam section of Ex. 9.5



Calculate the maximum allowable value of P if the maximum direct stress is limited to +150 N/mm’. The first step in the solution of the problem is to determine the position of the centroid, G, of the section. Thus, taking moments of areas about the top edge of the flange we have (200x20+200x20)j=200x20x10+200x20x120



y = 6 5 mm



from which



The second moment of area of the section about the x axis is then obtained using the methods of Section 9.6 and is



I, =



200 x 65’ 3



-



180 x 45’



3



+



20 x 155’ 3



= 37.7 x 106mm4



Combined bending and axial load 2 11 Since the line of action of the load intersects the y axis, e, in Eq. (9.15) is zero so that



P Pe, o-=-+Y - A I., Also e, = -55 mm so that Pe, = -55 P and Eq. (i) becomes



0 2 = P-(8; or



a r = P ( 1 . 2 5x



55 Y) 3 7 . 7 ~lo6



1.46~ lo-")



(ii)



It can be seen from Eq. (ii) that 6:varies linearly through the depth of the beam from a tensile value at the top of the flange where y is negative to either a tensile or compressive value at the bottom of the leg depending on whether the bracketed term is positive or negative. Therefore at the top of the flange



+ 150= P[1-25 x



1.46~ 10-6x (-65)]



which gives the limiting value of P as 682 kN. At the bottom of the leg of the section y = + 155 mm, so that the right-hand side of Eq. (ii)becomes P[1.25 x



1 . 4 6 10-6x ~ (+155)] = -1.01 x 10-4P



which is negative for a tensile value of P. Hence the resultant direct stress at the bottom of the leg is compressive so that, for a limiting value of P , -i50= -1.01 x ~ o - ~ P from which



P = 1485 kN



We see therefore that the maximum allowable value of P is 682 kN, giving the direct stress distribution shown in Fig. 9.9(b).



Core of a rectangular section In some structures, such as brick-built chimneys and gravity dams which are fabricated from brittle materials, it is inadvisable for tension to be developed in any cross-section. Clearly, from our previous discussion, it is possible for a compressive load that is offset from the neutral axis of a beam section to induce a resultant tensile stress in some regions of the cross-section if the tensile stress due to bending in those regions is greater than the compressive stress produced by the axial load. We therefore require to impose limits on the eccentricity of such a load so that no tensile stresses are induced. Consider the rectangular section shown in Fig. 9.10 subjected to an eccentric compressive load, P, applied parallel to the longitudinal axis in the positive xy quadrant. Note that if P were inclined at some angle to the longitudinal axis, then we need only consider the component of P normal to the section since the in-plane
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Fig. 9.10 Core of a rectangular section



component would induce only shear stresses. Since P is a compressive load and therefore negative, Eq. (9.15) becomes Q,



P -Pe, Pe, Y-A I, I,



= --



X



(9.16)



In the region of the cross-section where x and y are negative, tension will develop if



17y+-x I 13 IP p:



>



-



The limiting case arises when the direct stress is zero at the comer of the section, i.e. when x = - b / 2 and y = -d/2. Therefore, substituting these values in Eq. (9.16) we have 0 =--A p



?'



Pe I,



( ;)y ( :) -- - -



--



or, since A = bd, I , = bd7/12, I , = db3/12 (see Section 9.6)



0 = - bd + 6be, + 6de,, which gives



bd be,. + de, = 6



Rearranging we obtain



e



d e, + ? ' b 6 =--



d



(9.17)



Equation (9.17) defines the line AB in Fig. 9.10 which sets the limit for the eccentricity of P from both the x and y axes. It follows that P can be applied at any point in the regiol; GAB for there to be no tension developed anywhere in the section. Since the section is doubly symmetrical, a similar argument applies to the regions GBC, GCD and GDA; the rhombus ABCD is known as the core of the secrion and has diagonals BD = b / 3 and AC = d/3.
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Core of a circular section Bending, produced by an eccentric load P , in a circular cross-section always takes place about a diameter that is perpendicular to the radius on which P acts. It is therefore logical to take this diameter and the radius on which P acts as the coordinate axes of the section (Fig. 9.1 1). Suppose that P in Fig. 9.11 is a compressive load. The direct stress, o,, at any point ( x , y ) is given by Eq. (9.15) in which e, = 0. Hence (J



P



Pe,



A



I,



=----



X



(9.18)



Tension will occur in the region where x is negative if



l?xl



>



l j



The limiting case occurs when o L = 0 and x = -R; hence P



Pe,y



A



1,



o=----



(-R)



Now A = nRZand I , = 7cR4/4 (see Section 9.6) so that



O=--



1 nR2



from which



+-4 e , nR'



R e =.'- 4



Thus the core of a circular section is a circle of radius R / 4 .



Example 9.6 A free-standing masonry wall is 7 m high, 0.6 m thick and has a density of 2000 kg/m7. Calculate the maximum, uniform, horizontal wind pressure that can occur without tension developing at any point in the wall.



Fig. 9.1 1 Core of a circular section beam
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Fig. 9.12 Masonry wall of



Ex. 9.6



Consider a 1 m length of wall. The forces acting are the horizontal resultant, P , of the uniform wind pressure, p , and the weight, W, of the 1 m length of wall (Fig. 9.12). Clearly the base section is the one that experiences the greatest compressive normal load due to self-weight and also the greatest bending moment due to wind pressure. It is also the most critical section since the bending moment that causes tension is a function of the square of the height of the wall, whereas the weight causing compression is a linear function of wall height. From Fig. 9.10 it is clear that the resultant, R, of P and W must lie within the central 0.2 m of the base section, i.e. within the middle third of the section, for there to be no tension developed anywhere in the base cross-section. The limiting case arises when R passes through m, one of the middle third points, in which case the direct stress at B is zero and the moment of R (and therefore the sum of the moments of P and W ) about m is zero. Hence where and



3.5 P=0.1 w P = p x 7 x l N if p i s i n N / m 2



(0



W = 2 0 0 0 ~ 9 * 8~1 0 . 6 ~ 7 N



Substituting for P and W in Eq. (i) and solving for p gives p



= 336.3



N/m’



9.3 Anticlastic bending Consider the rectangular beam section in Fig. 9.13(a); the direct stress distribution in the section due to a positive bending moment applied in a vertical plane vanes from compression in the upper half of the beam to tension in the lower half (Fig. 9.13(b)). However, due to the Poisson effect (see Section 7.8) the compressive stress produces a lateral elongation of the upper fibres of the beam section while the tensile stress produces a lateral contraction of the lower. The section does not therefore remain rectangular but distorts as shown in Fig. 9.13(c); the effect is known as anticlastic berdirzg.



Strain energy in bending



Fig. 9.13
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Anticlastic bending of a beam section



Anticlastic bending is of interest in the analysis of thin-walled box beams in which the cross-sections are maintained by stiffening ribs. The prevention of anticlastic distonion induces local variations in stress distributions in the webs and covers of the box beam and also in the stiffening ribs.



9.4



Strain energy in bending



A positive bending moment applied to a length of beam causes the upper longitudinal fibres to be compressed and the lower ones to stretch as shown in Fig. 9.4(a). The bending moment therefore does work on the length of beam and this work is absorbed by the beam as strain energy. Suppose that the bending moment, M, in Fig. 9.4(a) is gradually applied so that when it reaches its final value the angle subtended at the centre of curvature by the element 62 is 68. From Fig. 9.4(a) we see that



R68=6z Substituting in Eq. (9.7) for R we obtain EI, M=-68 62



(9.19)



so that 68 is a linear function of M. It follows that the work done by the gradually applied moment M is M 68/2 subject to the condition that the limit of proportionality is not exceeded. The strain energy, 6U,of the elemental length of beam is therefore given by



6iJ=fM68



(9.20)



or, substituting for 68 from Eq. (9.19) in Eq. (9.20), 1 M2 6U=--& 2 El,



The total strain energy, U , due to bending in a beam of length L is therefore



u=J



c



M? -ddz 2EI,



(9.21)



2 16 Bending of beams



9.5



Unsymmetrical bending



Frequently in civil engineering construction beam sections do not possess any axes of symmetry. Typical examples are shown in Fig. 9.14 where the angle section has legs of unequal length and the Z-section possesses anti- or skew symmetry about a horizontal axis through its centroid, but not symmetry. We shall now develop the theory of bending for beams of arbitrary cross-section.



Assumptions We shall again assume, as in the case of symmetrical bending, that plane sections of the beam remain plane after bending and that the material of the beam is homogeneous and linearly elastic.



Sign conventions and notation Since we are now concerned with the general case of bending we may apply loading systems to a beam in any plane. However, no matter how complex these loading systems are, they can always be resolved into components in planes containing the three coordinate axes of the beam. We shall use an identical system of axes to that shown in Fig. 3.6, but our notation for loads must be extended and modified to allow for the general case. Figure 9.15 shows the symbols adopted, positive directions and senses for loads and moments applied externally to a beam and also the positive directions of the components u , v and w of the displacement of any point in the beam cross-section



Fig. 9.14



Unsymmetrical beam sections



Fig. 9.15 Sign conventions and notation



Unsymmetrical bending
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parallel to the x , y and z axes, respectively. The convention for axial load, P , and torque, T , is identical to that in Fig. 3.6 but externally applied shear loads are now given the symbol S with an appropriate suffix, x or y , to indicate direction; similarly for the distributed loads w , ( z ) and w,(z).The suffixes used to designate the components M,and M,of an applied bending moment indicate the axes about which they act. Thus M ,is a bending moment in a vertical plane acting about the x axis of the beam section. Although M , in Fig. 9.15 is a sagging bending moment and therefore in agreement with our previous convention, we need to extend the definition of a positive bending moment to include M, which is applied in a horizontal plane. Thus we shall define M ,and M, as positive when they each induce tensile stresses in the positive xy quadrant of the beam section. Although positive directions and senses for externally applied forces and moments have been fixed, it can be seen from Fig. 9.16 that positive internal forces and moments form one of two different systems depending on which face of an internal section is considered. Thus if we refer internal forces and moments to that face of a section that is seen when a view is taken in the direction z 0 , then positive internal forces and moments are in the same direction and sense as the externally applied loads, whereas on the opposite face they form an opposite system. The former system has the advantage that axial and shear forces are always positive in the positive directions of the appropriate axes whether they are internal or external. It must be realized, however, that internal stress resultants then become equivalent to externally applied forces and moments and are not in equilibrium with them as would be the case if the opposite face were considered.



Direct stress distribution Consider a beam having the arbitrary cross-section shown in Fig. 9.17. The face of the section shown is that which is seen when viewed in the direction z 0 so that the components M ,and M, of the internal bending moment are positive. Suppose that the origin 0 of our system of axes is positioned at some point on the neutral axis of the beam section; the location and inclination a of the neutral axis to the x axis are both, as yet, unknown.



Fig. 9.16 Positive internal force system
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Fig. 9.17 Bending of an unsymmetrical section beam



We have seen in Section 9.1 that a beam bends about the neutral axis of its crosssection so that the radius of curvature, R, of the beam is perpendicular to the neutral axis. Therefore by direct comparison with Eq. (9.2) it can be seen that the direct stress, az,on the element, 6A, a perpendicular distance p from the neutral axis, is given by



a , = E -P R



(9.22)



The beam section is subjected to a pure bending moment so that the resultant direct load on the section is zero. Hence



1, aZdA



=0



Replacing aZin this equation from Q. (9.22) we have P IAE;dA=O



or, for a beam of a given material subjected to a given bending moment, l,PdA=O



(9.23)



Qualitatively Eq. (9.23) states that the first moment of area of the beam section about the neutral axis is zero. It follows that in problems involving the pure bending of beams the neutral axis always passes through the centroid of the beam section. We shall therefore choose the centroid, G, of a section as the origin of axes. From Fig. 9.17 we see that p



sin a + y cos a



(9.24)



E - (x sin a + y cos a)



(9.25)



=x



so that from Eq. (9.22) 0, =



R
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The moment resultants of the direct stress distribution are equivalent to M, and M, so that



M, = jA o z y dA,



My=



IAolx dA



(9.26)



Substituting for o2from Eq. (9.25) in Eqs (9.26), we obtain



1, y2dA x dA+- EcosaI x y d A R A



M,= E s i n a / xydA+- E ‘Os a R



A



My= -



R



(9.27)



InEqs (9.27)



E sin a R



M,=-I ,



E cos a



+



1, R



(9.28)



E sin a E cos a M y =-I , + -I I, R R b



(9.29) Equation (9.29) may be written in the more convenient form



M.!y + -M, x o,= 1.v Ir



(9.30)



where (9.3 1)



In the case where the beam section has either Ox or Oy (or both) as an axis of symmetry, then I,, is zero (see Section 9.6) and Ox, O y are principal axes. Equations (9.31) then reduce to



M,= M,, M,= M ,
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M, + M,.x (compare with Eq. (ii) of Ex. 9.4)



6,= -y



(9.32)



I., I,v which is the result for symmetrical bending.



Position of the neutral axis The direct stress at all points on the neutral axis of the beam section is zero. Thus, from Eq. (9.30)



My 4



M,



0 = -YN.A. + -xN.A.



L



where x ~ .and ~ .YN,A, are the coordinates of any point on the neutral axis. Thus



k -@



y



XN.A.



I.,



R.x I y



or, referring to Fig. 9.17



R, I ,



ma=--



M., I.v



(9.33)



since Q is positive when Y , , ~ ,is negative and x , , ~ ,is positive.



9.6 Calculation of section properties It will be helpful at this stage to discuss the calculation of the various section properties required in the analysis of beams subjected to bending. Initially, however, two useful theorems are quoted.



Parallel axes theorem Consider the beam section shown in Fig. 9.18 and suppose that the second moment of area, I,, about an axis through its centroid G is known. The second moment of area, I,, about a parallel axis, NN, a distance b from the centroidal axis is then given by (9.34)



Fig. 9.18



Parallel axes theorem
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Theorem of perpendicular axes In Fig. 9.19 the second moments of area, I , and I , , of the section about Ox and Oy are known. The second moment of area about an axis through 0 perpendicular to the plane of the section (i.e. a polar second moment of area) is then



I,



= I,



+ I,



(9.35)



Second moments of area of standard sections Many sections in use in civil engineering such as those illustrated in Fig. 9.1 may be regarded as comprising of a number of rectangular shapes. The problem of determining the properties of such sections is simplified if the second moments of area of the rectangular components are known and use is made of the parallel axes theorem. Thus, for the rectangular section of Fig. 9.20,



I,=/



[IC2



y 2 d A = I4 2 6y2dy=b -42



which gives



I,=



bd 3 -



(9.36)



Similarly



db 3 I, = 12



(9.37)



12



Frequently it is useful to know the second moment of area of a rectangular section about an axis which coincides with one of its edges. Thus in Fig. 9.20, and using the parallel axes theorem, ],=-+bd-bd3 12



(J



=-



b:



(9.38)



Example 9.7 Determine the second moments of area, I , and I , , of the I-section shown in Fig. 9.2 1. Using Eq. (9.36) bd3 I,=-12



(b - tw)dw3



Fig. 9.19 Theorem of perpendicular axes



12
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Fig. 9.20 Second moments of area of a rectangular section



Fig. 9.21 Second moments of area of an I-section



Alternatively, using the parallel axes theorem in conjunction with Q. (9.36)



I,



=2



Also, from Q. (9.37).



[ y;



-+ btf



(- +dw;tr)l



tfb3 I,.=2-+12



d,t,



Ldw 3 12



3



12



It is also useful to determine the second moment of area, about a diameter, of a circular section. In Fig. 9.22 where the x and y axes pass through the centroid of the section, I, =



I,yz dA



=



-;[:



2(:



cos 0)y’ dy



(9.39)
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Fig. 9.22



Second moments of area of a circular section



Integration of Eq. (9.39) is simplified if an angular variable, 8, is used. Thus



(:.



I , = J ” ~ ’ dcose -sine 4 2



i.e.



d4 I, =8



r:



-cosede



J;‘’ cos2e sin’ e de nd4 I, = -



which gives



(9.40)



64



Clearly from symmetry 7td4



I, =64



(9.41)



Using the theorem of perpendicular axes, the polar second moment of area, I,, is given by nd4 I, =I , + I , = 32



(9.42)



Product second moment of area The product second moment of area, I,,, of a beam section with respect to x and y axes is defined by



I,,



=I,



X Y dA



(9.43)



Thus each element of area in the cross-section is multiplied by the product of its coordinates and the integration is taken over the complete area. Although second



224 Bending of beams moments of area are always positive since elements of area are multiplied by the square of one of their coordinates, it is possible for I,, to be negative if the section lies predominantly in the second and fourth quadrants of the axes system. Such a situation would arise in the case of the Z-section of Fig. 9.23(a) where the product second moment of area of each flange is clearly negative. A special case arises when one (or both) of the coordinate axes is an axis of symmetry so that for any element of area, &A, having the product of its coordinates positive, there is an identical element for which the product of its coordinates is negative (Fig. 9.23(b)). Summation (Le. integration) over the entire section of the product second moment of area of all such pairs of elements results in a zero value for I,). We have shown previously that the parallel axes theorem may be used to calculate second moments of area of beam sections comprising geometrically simple components. The theorem can be extended to the calculation of product second moments of area. Let us suppose that we wish to calculate the product second moment of area, I , , of the section shown in Fig. 9.23(c) about axes xy when I,, about its own, say centroidal, axes system GXY is known. From Eq. (9.43) I,, or



Fig. 9.23



I,, =



=I,



XY



dA



1, ( X - a)(Y -



Product second moment of area



b ) dA
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I-r,,,=/ A XYdA-b/ A XdA-a/



Y d A + a b / A dA



If X and Y are centroidal axes then j A X dA = JA Y dA = 0. Hence



I,,



= I,,



+ abA



(9.44)



It can be seen from Eq. (9.44) that if either GX or GY is an axis of symmetry then I,, = 0 and



I ,~ = abA



(9.45)



Thus for a section component having an axis of symmetry that is parallel to either of the section reference axes the product second moment of area is the product of the coordinates of its centroid multiplied by its area.



Example 9.8 A beam having the cross-section shown in Fig. 9.24 is subjected to a hogging bending moment of 1500 Nm in a vertical plane. Calculate the maximum direct stress due to bending stating the point at which it acts. The position of the centroid, G, of the section may be found by taking moments of areas about some convenient point. Thus (120~8+80~8)j=120~8~4+80~8~48



which gives



j = 2 1 . 6 mm (120 x 8 + 80 x 8 ) i = 80 x 8 ~4



and giving



+ 120 x 8 x 24



P = 16 mm



The second moments of area referred to axes Gxy are now calculated.



I, =



120 x (8)) 12



= 1-09 x



I, =



+ 120 x 8 x (17-6)'+



8 x (80)3 12



+ 80 x 8 x (26-4)*



lo6mm'



8 x (120)' 12



+ 120 x 8 x (8f + 80 x (8)' + 80 x 8 x (12)2 12



=1-31 x 10hmm4



I,,



=



120 x 8 x (-8) x (-17.6)



+ 80 x 8 x ( + 12) x ( + 26.4)



=0.34 x 10' mm4



Since M ,= - 1500 N m and M ,= 0 we have, from Eqs. (9.31)



R,=-1630Nm



and



HI=+505 N m



Substituting these values and the appropriate second moments of area in Eq. (9.30), we obtain +~tw(d-2tf)*]



Fig. 9.35



Beam section of Ex. 9.12



(iii)



Plastic bending 239 Comparing Eqs (9.67) and (iii) we see that 2, is given by



Zp= btf(d- t f )



+a t,(d - 2tf)’



(iv )



Alternatively we could have obtained Z, from Eq. (9.68). The second moment of area, I, of the section about the common neutral axis is



bd3 I=-12



(b-rw)(d-2rf)3



[”



12



so that the elastic modulus 2, is given by I = 2, = -



d/2



2 d



1



- ( b- r,)(d - 2tf)3



12



12



(VI



Substituting the actual values of the dimensions of the section in Eqs (iv) and (v) we obtain Z P = l 5 0 x 1 2 ( 3 0 0 - 1 2 ) + ~x 8 ( 3 0 0 - 2 x 12)2=6.7x10Smm3 and



2, =



1



150 x 30O3 - (150 - 8)(300 - 24)3 ’ [ 12 12 300



= 5.9 x 10’



m3



Therefore from Eqs (9.69)



M, M~



f=-=-=



Z,



6.7 x 10’



z,



5 . 9 10’ ~



= 1.14



and we see that the fully plastic moment is only 14% greater than the moment at initial yielding.



Example 9.13



Determine the shape factor of the T-section shown in Fig. 9.36.



In this case the elastic and plastic neutral axes are not coincident. Suppose that the former is a depth ye from the upper surface of the flange and the latter a depth y,. The elastic neutral axis passes through the centroid of the section, the location of



Fig. 9.36 Beam section of Ex. 9.13



240 Bending of beams which is found in the usual way. Hence, taking moments of areas about the upper surface of the flange (150~10+190~7)~,=150~10~5+190~7~105



which gives ye = 52.0 mm The second moment of area of the section about the elastic neutral axis is then, using Eq. (9.38) I=



Therefore



150 x 52’ 3



-



143 x 42’ 3



z, =



7 x 148’



+



3



11.1 x lo6 148



=



11.1



io6mrn4



= 75 000 mm3



Note that we choose the least value for Z, since the stress will be a maximum at a point furthest from the elastic neutral axis. The plastic neutral axis divides the section into equal areas (see Eq. (9.65)). Inspection of Fig. 9.36 shows that the flange area is greater than the web area so that the plastic neutral axis must lie within the flange. Hence 150yp= 150(10-yp)+ 190x7 yp= 9.4 mm



from which



Equation (9.68) may be interpreted as the first moment, about the plastic neutral axis, of the area above the plastic neutral axis plus the first moment of the area below the plastic neutral axis. Hence Zp= 150 x 9-4x 4.7 + 150 x 0.6 x 0.3 + 190 x 7 x 95.6 = 133 800 mm’ The shape factor f is, from Eqs (9.69) Mp



Zp



133800



My



Z,



75000



f=-=--



- 1.78



Moment-curvature relationships From Eqs (9.8) we see that the curvature k of a beam subjected to elastic bending is given by (9.70) At yield, when M is equal to the yield moment, M y ky



MY



=-



El



(9.71)



Plastic bending 241 Thus the moment-curvature relationship for a beam in the linear elastic range may be expressed in nondimensional form by combining Eqs (9.70) and (9.71), i.e. M



-MY



k



--



(9.72)



ku



This relationship is represented by the linear portion of the moment-curvature diagram shown in Fig. 9.37. When the bending moment is greater than MY part of the beam becomes fully plastic and the moment-curvature relationship is non-linear. As the plastic region in the beam section extends inwards towards the neutral axis the curve becomes flatter as rapid increases in curvature are produced by small increases in moment. Finally, the moment-curvature curve approaches the horizontal line M = M, as an asymptote when, theoretically, the curvature is infinite at the collapse load. From Eqs (9.69) we see that when M = M,, the ratio M/M,= f, the shape factor. Clearly the equation of the non-linear portion of the moment-curvature diagram depends upon the particular cross-section being considered. Suppose a beam of rectangular cross-section is subjected to a bending moment which produces fully plastic zones in the outer portions of the section (Fig. 9.38(a)); the depth of the elastic core is de. The total bending moment, M, corresponding to the stress distribution of Fig. 9.38(b) is given by M = 2 0 y b - 1( d - d e ) - 1 (-d+ 2 2 2



);



;;;;



+2-b---



which simplifies to oybd’



M



=



(-1 $) 7 (-1 $)



12 -



-



=



-



(9.73)



Note that when de = d, M = My and when de = 0, M = 3MY/2= M, as derived in Ex. 9.11. The curvature of the beam at the section shown may be found using Eq. (9.2) and applying this equation to a point on the outer edge of the elastic core. Thus de



o,=E 2R



Fig. 9.37



Moment-curvature diagram for a beam
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Fig. 9.38 Plastic bending of a rectangular-section beam



1



or



k=-=-



R



2Qy Ed,



(9.74)



The curvature of the beam at yield is obtained from Eq. (9.71),i.e.



ky=-=MY EI



20,



(9.75)



Ed



Combining Eqs (9.74)and (9.75)we obtain



-k- --d ku de



(9.76)



Substituting for d,/d in Eq. (9.73)from Eq. (9.76)we have



M=M 2 ,(3-$)



whence



_k -kv



1



Jm



(9.77)



Equation (9.77)gives the moment-curvature relationship for a rectangular section beam for M ya M a M,, i.e. for the non-linear portion of the moment-curvature diagram of Fig. 9.37 for the particular case of a rectangular section beam. Corresponding relationships for beams of different section are found in a similar manner. We have seen that for bending moments in the range M yG M a M, a beam section comprises fully plastic regions and a central elastic core. Thus yielding occurs in the plastic regions with no increase in stress whereas in the elastic core increases in deformation are accompanied by increases in stress. The deformation of the beam is therefore controlled by the elastic core, a state sometimes termed contained plastic flow. As M approaches M, the moment-curvature diagram is asymptotic to the line M = M, so that large increases in deformation occur without any increase in moment, a condition known as unrestricted plastic flow.
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Plastic hinges The presence of unrestricted plastic flow at a section of a beam leads us to the concept of the formation of plastic hinges in beams and other structures. Consider the simply supported beam shown in Fig. 9.39(a); the beam carries a concentrated load, W , at mid-span. The bending moment diagram (Fig. 9.39(b)) is triangular in shape with a maximum moment equal to WL/4. If W is increased in value until WL/4 = M,,the mid-span section of the beam will be fully plastic with regions of plasticity extending towards the supports as the bending moment decreases; no plasticity occurs in beam sections for which the bending moment is less than My.Clearly, unrestricted plastic flow now occurs at the mid-span section where large increases in deformation take place with no increase in load. The beam therefore behaves as two rigid beams connected by a plastic hinge which allows them to rotate relative to each other. The value of W given by W = 4 M P / Lis the collapse load for the beam. The length, L,, of the plastic region of the beam may be found using the fact that at each section bounding the region the bending moment is equal to My.Thus



My=-(1)w L - L , 2 Substituting for W ( =4M,/L) we obtain



from which



(



L,=L I-or, from Eqs (9.69), L,=L(i



:)



--:)



(9.78)



For a rectangular section beam f = 1-5 (see Ex. 9.1 l ) , giving L,= L / 3 . For the Isection beam of Ex. 9.12, f = 1.14 and L , = O . 12L so that the plastic region in this case is much smaller than that of a rectangular section beam; this is generally true for I-section beams. It is clear from the above that plastic hinges form at sections of maximum bending moment.



Plastic analysis of beams We can now use the concept of plastic hinges to determine the collapse or ultimate load of beams in terms of their individual yield moment, M,, which may be found for a particular beam section using Eq. (9.67).
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Fig. 9.39



Formation of a plastic hinge in a simply supported beam



For the case of the simply supported beam of Fig. 9.39 we have seen that the formation of a single plastic hinge is sufficient to produce failure; this is me for all statically determinate systems. Having located the position of the plastic hinge, at which the moment is equal to M,,the collapse load is found from simple statics. Thus for the beam of Fig. 9.39, taking moments about the mid-span section, we have



-wu - -L - M 2



2



P



wu=-4Mp



(as deduced before) L where W , is the ultimate value of the load W. Example 9.14 Determine the ultimate load for a simply supported, rectangular section beam, breadth b , depth d , having a span L and subjected to a uniformly distributed load of intensity w. The maximum bending moment occurs at mid-span and is equal to wL2/8 (see Section 3.4). Thus the plastic hinge forms at mid-span when this bending moment is equal to M,, the corresponding ultimate load intensity being wu. Thus or



W,L' -- MP



8



From Ex. 9.1 1 , Eq. (ii) bd' Mp=oy-



4



8M, 2oybd2 wu=-- L2 L2 where oyis the yield stress of the material of the beam.



so that



(9
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Ex. 9.15



Example 9.15 The simply supported beam ABC shown in Fig. 9.40(a) has a cantilever overhang and supports loads of 4 W and W . Determine the value of W at collapse in terms of the plastic moment, M,,of the beam. The bending moment diagram for the beam is constructed using the method of Section 3.4 and is shown in Fig. 9.40(b). Clearly as W is increased a plastic hinge will form first at D, the point of application of the 4 W load. Thus, at collapse



so that



:W,L



=M ,



W,=-



4MP 3L



where W , is the value of W that causes collapse. The formation of a plastic hinge in a statically determinate beam produces large, increasing deformations which ultimately result in failure with no increase in load. In this condition the beam behaves as a mechanism with different lengths of beam rotating relative to each other about the plastic hinge. The terms failure mechanism or collapse mechanism are often used to describe this state. In a statically indeterminate system the formation of a single plastic hinge does not necessarily mean collapse. Consider the propped cantilever shown in Fig. 9.41 (a). The bending moment diagram may be drawn after the reaction at C has been determined by any suitable method of analysis of statically indeterminate beams (see Chapter 16) and is shown in Fig. 9.41 (b). As the value of W is increased a plastic hinge will form first at A where the bending moment is greatest. However, this does not mean that the beam will collapse. Instead it behaves as a statically determinate beam with a point load at B and a moment M , at A. Further increases in W eventually result in the formation of a



246 Bending of beams



Fig. 9.41



Plastic hinges in a propped cantilever



second plastic hinge at B (Fig. 9.41 (c)) when the bending moment at B reaches the value M,. The beam now behaves as a mechanism and failure occurs with no further increase in load. The bending moment diagram for the beam is now as shown in Fig. 9.41 (d) with values of bending moment of -M, at A and M , at B. Comparing the bending moment diagram at collapse with that corresponding to the elastic deformation of the beam (Fig. 9.41(b)) we see that a redistribution of bending moment has occurred. This is generally the case in statically indeterminate systems whereas in statically determinate systems the bending moment diagrams in the elastic range and at collapse have identical shapes (see Figs 9.39(b) and 9.40(b)). In the beam of Fig. 9.41 the elastic bending moment diagram has a maximum at A. After the formation of the plastic hinge at A the bending moment remains constant while the bending moment at B increases until the second plastic hinge forms. Thus this redistribution of moments tends to increase the ultimate strength of statically
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indeterminate structures since failure at one section leads to other portions of the structure supporting additional load. Having located the positions of the plastic hinges and using the fact that the moment at these hinges is M,, we may determine the ultimate load, W,, by statics. Therefore taking moments about A we have Mp



=W,



L - - RCL 2



(9.79)



where R , is the vertical reaction at the support C. Now considering the equilibrium of the length BC we obtain



L R,-=Mp 2



(9.80)



Eliminating R , from Eqs (9.79) and (9.80) gives



6MP Wu=L



(9.8 1)



Note that in this particular problem it is unnecessary to determine the elastic bending moment diagram to solve for the ultimate load which is obtained using statics alone. This is a convenient feature of plastic analysis and leads to a much simpler solution of statically indeterminate structures than an elastic analysis. Furthermore, the magnitude of the ultimate load is not affected by structural imperfections such as a sinking support, whereas the same kind of imperfection would have an appreciable effect on the elastic behaviour of a structure. Note also that the principle of superposition (Section 3.7), which is based on the linearly elastic behaviour of a structure, does not hold for plastic analysis. In fact the plastic behaviour of a structure depends upon the order in which the loads are applied as well as their final values. We therefore assume in plastic analysis that all loads are applied simultaneously and that the ratio of the loads remains constant during loading. An alternative and powerful method of analysis uses the principle of virtual work (see Section 15.2), which states that for a structure that is in equilibrium and that is given a small virtual displacement, the sum of the work done by the internal forces is equal to the work done by the external forces. Consider the propped cantilever of Fig. 9.41 (a); its collapse mechanism is shown in Fig. 9.41 (c). At the instant of collapse the cantilever is in equilibrium with plastic



Fig. 9.42 Virtual displacements in propped cantilever of Fig. 9.41



248 Bending of beams hinges at A and B where the moments are each M, as shown in Fig. 9.41(d). Suppose that AB is given a small rotation, 8. From geometry, BC also rotates through an angle 8 as shown in Fig. 9.42; the vertical displacement of B is then 8 L / 2 . The external forces on the cantilever which do work during the virtual displacement are comprised solely of W, since the vertical reactions at A and C are not displaced. The internal forces which do work consist of the plastic moments, M,,at A and B and which resist rotation. Hence



L 2



W,8 - = (MP)*8+ (M,),28



(see Section 15.1)



6MP from which Wu = -as before. L We have seen that the plastic hinges form at beam sections where the bending moment diagram attains a peak value. It follows that for beams canying a series of point loads, plastic hinges are located at the load positions. However, in some instances several collapse mechanisms are possible, each giving different values of ultimate load. For example, if the propped cantilever of Fig. 9.41(a) supports two point loads as shown in Fig. 9.43(a), three possible collapse mechanisms are possible (Figs 9.43(b), (c) and (d)). Each possible collapse mechanism should be analysed and the lowest ultimate load selected.



Fig. 9.43 Possible collapse mechanisms in a propped cantilever supporting two concentrated loads
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Plastic design of beams It is now clear that the essential difference between the plastic and elastic methods of design is that the former produces a structure having a more or less uniform factor of safety against collapse of all its components, whereas the latter produces a uniform factor of safety against yielding. The former method in fact gives an indication of the true factor of safety against collapse of the structure which may occur at loads only marginally greater than the yield load, depending on the crosssections used. For example, a rectangular section mild steel beam has an ultimate strength 50% per cent greater than its yield strength (see Ex. 9.1 l), whereas for an Isection beam the margin is in the range 10-20% (see Ex.9.12). It is also clear that each method of design will produce a different section for a given structural component. This distinction may be more readily understood by refemng to the redistribution of bending moment produced by the plastic collapse of a statically indeterminate beam. Two approaches to the plastic design of beams are indicated by the previous analysis. The most direct method would calculate the working loads, determine the required strength of the beam by the application of a suitable load factor, obtain by a suitable analysis the required plastic moment in terms of the ultimate load and finally, knowing the yield stress of the material of the beam, determine the required plastic section modulus. An appropriate beam section is then selected from a handbook of structural sections. The alternative method would assume a beam section, calculate the plastic moment of the section and hence the ultimate load for the beam. This value of ultimate load is then compared with the working loads to determine the actual load factor, which would then be checked against the prescribed value.



Example 9.16 The propped cantilever of Fig. 9.41(a) is 10 m long and is required to carry a load of 100 kN at mid-span. If the yield stress of mild steel is 300 N/mm*,suggest a suitable section using a load factor against failure of 1-5. The required ultimate load of the beam is 1-5x 100 = 150 kN. Thus from Eq. (9.81) the required plastic moment M, is given by MP=



150x 10



6



=250kNm



From Eq. (9.67) the minimum plastic modulus of the beam section is



Refemng to an appropriate handbook we see that a Universal Beam, 406 mm x 140 mm x 46 kg/m, has a plastic modulus of 886.3 cm3. This section therefore possesses the required ultimate strength and includes a margin to allow for its self-weight. Note that unless some allowance has been made for self-weight in the estimate of the working loads the design should be rechecked to include this effect.
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Effect of axial load on plastic moment We shall investigate the effect of axial load on plastic moment with particular reference to an I-section beam, one of the most common structural shapes, which is subjected to a positive bending moment and a compressive axial load, P, (Fig. 9.44(a)). If the beam section were subjected to its plastic moment only, the stress distribution shown in Fig. 9.44(b) would result. However, the presence of the axial load causes additional stresses which cannot, obviously, be greater than oy.Thus the region of the beam section supporting compressive stresses is increased in area while the region subjected to tensile stresses is decreased in area. Clearly some of the compressive stresses are due to bending and some due to axial load so that the modified stress distribution is as shown in Fig. 9.44(c). Since the beam section is doubly symmetrical it is reasonable to assume that the area supporting the compressive stress due to bending is equal to the area supporting the tensile stress due to bending, both areas being symmetrically arranged about the original plastic neutral axis. Thus from Fig. 9.44(d) the reduced plastic moment, Mp,R, is given by MP.R = G Y ( Z P



- Z,)



(9-82)



where 2, is the plastic section modulus for the area on which the axial load is assumed to act. From Eq. (9.68)



(4+ f)=&



z,=2atw 2



Also



P = 2at,oy



so that



P a=2tWOY



Fig. 9.44 Combined bending and axial compression



Problems 251 Substituting for Z,, in Eq. (9.82)and then for a, we obtain Mp.R



= CJT~



(



Zp



P’ -4twCJy4



(9.83)



Let 6 ,be the mean axial stress due to P taken over the complete area, A , of the beam section. Then



P =o,A Substituting for P in Eq. (9.83) 2



Mp.R



=by



( 4: Zp



--



(9.84)



:2)



Thus the reduced plastic section modulus may be expressed in the form Zp,R= Zp- Kn’



(9.85)



where K is a constant that depends upon the geometry of the beam section and 11 is the ratio of the mean axial stress to the yield stress of the material of the beam. Equations (9.84)and (9.85)are applicable as long as the neutral axis lies in the web of the beam section. In the rare case when this is not so, reference should be made to advanced texts on structural steel design. In addition the design of beams carrying compressive loads is influenced by considerations of local and overall instability, as we shall see in Chapter 18.



Problems P.9.1 A girder 10 m long has the cross-section shown in Fig. P.9.1(a) and is simply supported over a span of 6 m (see Fig. P.9.1(b)). If the maximum direct stress in the girder is limited to 150 N/mm’, determine the maximum permissible uniformly distributed load that may be applied to the girder. Ans.



84.3N/m.



Fig. P.9.1
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P.9.2 A 230 mm x 300 mm timber cantilever of rectangular cross-section projects 2.5 m from a wall and carries a load of 13 300 N at its free end. Calculate the maximum direct stress in the beam due to bending. Ans. 9.6 N/mm’.



P.9.3 A floor carries a uniformly distributed load of 16 kN/m2 and is supported by joists 300 mm deep and 110 mm wide; the joists in turn are simply supported over a span of 4 m. If the maximum stress in the joists is not to exceed 7 N/mm2, determine the distance apart, centre to centre, at which the joists must be spaced. Ans. 0.36 m.



P.9.4 A wooden mast 15 m high tapers linearly from 250 mm diameter at the base to 100 mm at the top. At what point will the mast break under a horizontal load applied at the top? If the maximum permissible stress in the wood is 35 N/mm2, calculate the magnitude of the load that will cause failure. Ans. 5 m from the top, 2320 N.



P.9.5 A main beam in a steel framed structure is 5 m long and simply supported at each end. The beam cames two cross-beams at distances of 1.5 m and 3 m from one end, each of which transmits a load of 20 kN to the main beam. Design the main beam using an allowable stress of 155 N/mm2; make adequate allowance for the effect of self-weight. Ans. Universal Beam, 254 mm x 102 mm x 25 kg/m.



P.9.6 A short column, whose cross-section is shown in Fig. P.9.6 is subjected to a compressive load, P , at the centroid of one of its flanges. Find the value of P such that the maximum compressive stress does not exceed 150 Nlmm’. Ans. 845 kN.



Fig. P.9.6
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P.9.7 A vertical chimney built in brickwork has a uniform rectangular crosssection as shown in Fig. P.9.7(a) and is built to a height of 15 m. The brickwork has a density of ZOO0 kg/m3 and the wind pressure is equivalent to a uniform horizontal pressure of 750 N/m2 acting over one face. Calculate the stress at each of the points A and B at the base of the chimney. Ans.



(A) 0.11 Nlmm’ (compression), (B) 0.48 N/mm2 (compression).



Fig. P.9.7



P.9.8 A cantilever beam of length 2 m has the cross-section shown in Fig. P.9.8. If the beam carries a uniformly distributed load of 5 kN/m together with a compressive axial load of 100 kN applied at its free end, calculate the maximum direct stress in the cross-section of the beam. Am.



121-5N/mm’ (compression) at the built-in end and at the bottom of the leg.



Fig. P.9.8



P.9.9 The section of a thick beam has the dimensions shown in Fig. P.9.9. Calculate the section properties I,, I, and I,, referred to horizontal and vertical axes through the centroid of the section. Determine also the direct stress at the point A due to a bending moment M y= 55 N m. Ans.



114 N/mm’ (tension).
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Fig. P.9.9



P.9.10 A beam possessing the thick section shown in Fig. P.9.10 is subjected to a bending moment of 12 kNm applied in a plane inclined at 30" to the right of vertical and in a sense such that its components M , and M , are both negative. Calculate the magnitude and position of the maximum direct stress in the beam cross-section. Ans.



89-6 N/mm* (tension) at A.



Fig. P.9.10



P.9.11 The cross-section of a beamMoor slab arrangement is shown in Fig. P.9.11. The complete section is simply supported over a span of 10 m and, in addition to its self-weight, carries a concentrated load of 25 kN acting vertically downwards at mid-span. If the density of concrete is 2000 kg/m3, calculate the maximum direct stress at the point A in its cross-section. Ans.



5-4 N/mm' (tension).
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Fig. P.9.11



P.9.12 A precast concrete beam has the cross-section shown in Fig. P.9.12 and carries a vertically downward uniformly distributed load of 100 kN/m over a simply supported span of 4 m. Calculate the maximum direct stress in the cross-section of the beam, indicating clearly the point at which it acts. Am.



-27.2 N/mm* (compression) at B.



Fig. P.9.12



P.9.13 A thin-walled, cantilever beam of unsymmetrical cross-section supports shear loads at its free end as shown in Fig. P.9.13. Calculate the value of direct



Fig. P.9.13



256 Bending of beurns stress at the extremity of the lower flange (point A) at a section half-way along the beam if the position of the shear loads is such that no twisting of the beam occurs.



Ans.



194 Nlmm' (tension).



P.9.14 A thin-walled cantilever with walls of constant thickness r has the crosssection shown in Fig. P.9.14.The cantilever is loaded by a vertical force P at the tip and a horizontal force 2 P at the mid-section. Determine the direct stress at the points A and B in the cross-section at the built-in end. Ans.



(A)- 1.84PL/td', (B)0.1 P L / t d 2 .



Fig. P.9.14



P.9.15 A cold-formed, thin-walled beam section of constant thickness has the profile shown in Fig. P.9.15. Calculate the position of the neutral axis and the maximum direct stress for a bending moment of 350 lcNm applied about the horizontal axis Gx.



*



Ans. a = 5 1"40', 10 N/mmz.



Fig. P.9.15



P.9.16 Determine the plastic moment and shape factor of a beam of solid circular cross-section having a radius r and yield stress oY. Ans.



M,= 1-33csyr3,f = 1.69.



Problems 257 P.9.17 Determine the plastic moment and shape factor for a thin-walled box girder whose cross-section has a breadth b, depth d and a constant wall thickness t . Calculate f for b = 200 mm, d = 300 mm. Ans.



Mp=o,td(2b+d)/2, f = 1-17.



P.9.18 A beam having the cross-section shown in Fig. P.9.18 is fabricated from mild steel which has a yield stress of 300 N/mm*. Determine the plastic moment of the section and its shape factor. Ans.



256-5 kNm, 1-52.



Fig. P.9.18



P.9.19 A cantilever beam of length 6 m has an additional support at a distance of 2 m from its free end as shown in Fig. P.9.19. Determine the minimum value of W at which collapse occurs if the section of the beam is identical to that of Fig. P.9.18. State clearly the form of the collapse mechanism corresponding to this ultimate load. Atis.



128.3 kN, plastic hinge at C.



Fig. P.9.19



P.9.20 A beam of length L is rigidly built-in at each end and carries a uniformly distributed load of intensity w along its complete span. Determine the ultimate strength of the beam in terms of the plastic moment, M , , of its cross-section. Ans.



16 M,fL’.
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P.9.21 A simply supported beam has a cantilever overhang and supports loads as shown in Fig. P.9.21. Determine the collapse load of the beam, stating the position of the corresponding plastic hinge. Ans.



2 M p / L ,plastic hinge at D.



Fig. P.9.21



P.9.22 Determine the ultimate strength of the propped cantilever shown in Fig. P.9.22 and specify the corresponding collapse mechanism. Am.



W = 4 M , / L , plastic hinges at A and C.



Fig. P.9.22



P.9.23 The working loads, W, on the propped cantilever of Fig. P.9.22 are each 150 kN and its span is 6 m. If the yield stress of mild steel is 300 N/mm*, suggest a suitable section for the beam using a load factor of 1.75 against collapse. Ans.



Universal Beam, 406 mm x 152 mm x 67 kg/m.
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