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(b) (i) (X < a) denotes that the point is inside the circle of radius a. Since the dart is ..... (a) Calculate the probability of more than one error in 10 received digits. 
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Chapter 2



2.1 INTRODUCTION In this chapter, the concept of a random variable is introduced. The main purpose of using a random variable is so that we can define certain probability functions that make it both convenient and easy to compute the probabilities of various events.



2.2 RANDOM VARIABLES A. Definitions: Consider a random experiment with sample space S. A random variable X(c) is a single-valued real function that assigns a real number called the value of X([) to each sample point [ of S. Often, we use a single letter X for this function in place of X(5) and use r.v. to denote the random variable. Note that the terminology used here is traditional. Clearly a random variable is not a variable at all in the usual sense, and it is a function. The sample space S is termed the domain of the r.v. X, and the collection of all numbers [values of X ( [ ) ] is termed the range of the r.v. X. Thus the range of X is a certain subset of the set of all real numbers (Fig. 2-1). Note that two or more different sample points might give the same value of X(0, but two different numbers in the range cannot be assigned to the same sample point.



x (0 Fig. 2-1 EXAMPLE 2.1



R



Random variable X as a function.



In the experiment of tossing a coin once (Example 1.1), we might define the r.v. X as (Fig. 2-2) X(H) = 1



X(T)=0



Note that we could also define another r.v., say Y or 2, with Y(H)= 0, Y ( T )= 1 or Z ( H ) = 0, Z ( T ) = 0



B. Events Defined by Random Variables: If X is a r.v. and x is a fixed real number, we can define the event (X



= x) as



(X = x) = {l: X(C) = x) Similarly, for fixed numbers x, x,, and x, , we can define the following events: (X 5 x) = {l: X(l) I x) (X > x) = {C: X([) > x) (xl < X I x2) = {C: XI < X(C) l x2)
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Fig. 2-2 One random variable associated with coin tossing.



These events have probabilities that are denoted by P(X = x) = P{C: X(6) = X} P(X 5 x) = P(6: X(6) 5 x} P(X > x) = P{C: X(6) > x) P(x, < X I x,) = P { ( : x , < X(C) I x,) EXAMPLE 2.2 In the experiment of tossing a fair coin three times (Prob. 1.1), the sample space S, consists of eight equally likely sample points S , = (HHH, ..., TTT). If X is the r.v. giving the number of heads obtained, find (a) P(X = 2); (b) P(X < 2).



(a) Let A c S, be the event defined by X = 2. Then, from Prob. 1.1, we have A = ( X = 2) = {C: X(C) = 2 ) = {HHT, HTH, THH) Since the sample points are equally likely, we have P(X = 2) = P(A) = 3 (b) Let B c S , be the event defined by X < 2. Then B = ( X < 2) = { c : X ( ( ) < 2 ) = (HTT, THT, TTH, TTT) P(X < 2) = P(B) = 3 = 4



and



2.3 DISTRIBUTION FUNCTIONS A. Definition : The distribution function [or cumulative distributionfunction (cdf)] of X is the function defined by Most of the information about a random experiment described by the r.v. X is determined by the behavior of FAX).



B. Properties of FAX): Several properties of FX(x)follow directly from its definition (2.4).



2. Fx(xl)IFx(x,) 3.



if x , < x2



lim F,(x) = Fx(oo) = 1 x-'m



4.



lim F A X )= Fx(- oo) = 0 x-r-m



5.



lim F A X )= F d a + ) = Fx(a) x+a+



a + = lim a O 3).



=



I),



(a) TherangeofXisR, = {1,2, 3). (b) P(X = 1) = P[{a)] = P(a) = P(X = 2) = P[(b)] = P(b) = $ P(X = 3) = P[(c, d)] = P(c) + P(d) = $ P(X > 3) = P(%) = 0



2.4.



Consider the experiment of throwing a dart onto a circular plate with unit radius. Let X be the r.v. representing the distance of the point where the dart lands from the origin of the plate. Assume that the dart always lands on the plate and that the dart is equally likely to land anywhere on the plate. (a) What is the range of X ? (b) Find (i) P(X < a) and (ii) P(a < X < b), where a < b I1. (a) The range of X is R, = (x: 0 I x < 1). (b) (i) (X < a) denotes that the point is inside the circle of radius a. Since the dart is equally likely to fall anywhere on the plate, we have (Fig. 2-10)



(ii) (a < X < b) denotes the event that the point is inside the annular ring with inner radius a and outer radius b. Thus, from Fig. 2-10, we have



DISTRIBUTION FUNCTION



2.5.



Verify Eq. (2.6). Let x, < x,. Then (X 5 x,) is a subset of ( X Ix,); that is, (X I x,) c (X I x,). Then, by Eq. (1.27), we have
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Fig. 2-10



2.6.



Verify (a) Eq. (2.10);(b) Eq. (2.1 1 ) ; (c) Eq. (2.12). (a) Since ( X _< b ) = ( X I a ) u (a < X _< b) and ( X I a ) n ( a < X 5 h) = @, we have P(X I h) = P(X 5 a )



+ P(u < X



I b)



+



or



F,y(b) = FX(a) P(u < X I h)



Thus,



P(u < X 5 b) = Fx(h) - FX(u)



(b) Since ( X 5 a ) u ( X > a) = S and (X I a) n ( X > a) =



a,we have



P(X S a) + P(X > a ) = P(S) = 1



Thus, (c) Now



P(X > a ) = 1



-



P(X 5 a ) = 1



-



Fx(u)



P(X < h) = P[lim X 5 h - E ] = lim P(X I b - E ) c+O



c-0 c>O



E>O



= lim Fx(h - E ) = Fx(b - ) 8-0 >0



8:



2.7.



Show that (a) P(a i X i b ) = P(X = a) + Fx(b) - Fx(a) (b) P(a < X < b ) = Fx(b) - F,(a) - P ( X = h ) (c) P(a i X < b) = P(X = u) + Fx(b) - Fx(a) - P(X = b) (a) Using Eqs. (1.23) and (2.10),we have P(a I X I h) = P[(X = u) u ( a < X I b)] = P(X = u ) P(a < X 5 b ) = P(X = a ) + F,y(h) - FX(a)



+



(b) We have P(a < X 5 b ) = P[(u < X c h ) u ( X = b)] = P(u < X < h) + P(X = b )



CHAP. 21



RANDOM VARIABLES



Again using Eq. (2.10), we obtain P(a < X < b) = P(a < X I b) - P(X = b) = Fx(b) - Fx(a) - P(X = b) P(a IX I b) = P[(a I X < b) u (X = b)] = P(a I X < b) + P(X = b)



Similarly, Using Eq. (2.64), we obtain



P(a IX < b) = P(a 5 X 5 b) - P(X = b) = P(X = a) + Fx(b) - F,(a) - P(X = b)



X be the r.v. defined in Prob. 2.3. Sketch the cdf FX(x)of X and specify the type of X. Find (i) P(X I I), (ii) P(l < X I 2), (iii) P(X > I), and (iv) P(l I X I 2). From the result of Prob. 2.3 and Eq. (2.18), we have



which is sketched in Fig. 2-1 1. The r.v. X is a discrete r.v.



(i) We see that P(X 5 1) = Fx(l) = 4 (ii) By Eq. (2.1O), P(l < X 5 2) = Fx(2) - FA1) =



-4 =



(iii) By Eq. (2.1I), P(X > 1) = 1 - Fx(l) = 1 - $



=$



(iv) By Eq. (2.64), P(l IX I2) = P(X = 1) + Fx(2) - Fx(l) = 3 + 3 - 3 = 3



Fig. 2-1 1



Sketch the cdf F,(x) of the r.v. X defined in Prob. 2.4 and specify the type of X. From the result of Prob. 2.4, we have



0



x 0 . Since b > 0 , property 3 of F X f x )[ F x ( ~=) 1) is satisfied. It is seen that property 4 of F X ( x )[F,(-m) = O] is also satisfied. For 0 5 a I 1 and b > 0 , F ( x ) is sketched in Fig. 2-14. From Fig. 2-14, we see that F(x) is a nondecreasing function and continuous on the right, and properties 2 and 5 of t7,(x) are satisfied. Hence, we conclude that F(x) given is a valid cdf if 0 5 a 5 1 and b > 0. Note that if a = 0, then the r.v. X is a discrete r.v.; if a = 1, then X is a continuous r.v.; and if 0 < a < 1, then X is a mixed r.v.



0



Fig. 2-14



DISCRETE RANDOM VARIABLES AND PMF'S 2.12.



Suppose a discrete r.v. X has the following pmfs:



PXW = 4



P



X



px(3) = i



=~ $



(a) Find and sketch the cdf F,(x) of the r.v. X. (b) Find (i) P ( X _< I), (ii) P(l < X _< 3), (iii) P ( l I X I3). (a) By Eq. (2.18), we obtain



which is sketched in Fig. 2-15. (b) (i) By Eq. (2.12), we see that P(X < I ) = F x ( l - ) = 0



(ii) By Eq. (2.10), P(l < X I 3 ) = Fx(3) - F x ( l ) =



-



4 =2



(iii) By Eq. (2.64), P ( l I X I 3) = P ( X



= 1)



+ Fx(3) - F x ( l ) = 3 + 4 - 3 = 3
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Fig. 2-15



2.13. (a) Verify that the function p(x) defined by x =o, 1, 2, ... otherwise is a pmf of a discrete r.v. X. (b) Find (i) P(X = 2), (ii) P(X I 2), (iii) P(X 2 1). (a) It is clear that 0 5 p(x) < 1 and



Thus, p(x) satisfies all properties of the pmf [Eqs. (2.15) to (2.17)] of a discrete r.v. X. (b) (i) By definition (2.14), P(X = 2) = p(2) = $($)2 = (ii) By Eq. (2.18),



(iii) By Eq. (l.25),



2.14. Consider the experiment of tossing an honest coin repeatedly (Prob. 1.35). Let the r.v. X denote the number of tosses required until the first head appears. (a) Find and sketch the pmf p,(x) and the cdf F,(x) of X. (b) Find (i) P(l < X s 4), (ii) P(X > 4). (a) From the result of Prob. 1.35, the pmf of X is given by Then by Eq. (2.18),
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These functions are sketched in Fig. 2-16.



(b)



(9



BY Eq. ( 2 . m P(l < X 1 4 ) = Fx(4)- Fx(X) =



-3=



(ii) By Eq. (1.Z),



P(X > 4 ) = 1 - P(X 5 4) = 1 - Fx(4) = 1 -



= -&



Fig. 2-16



2.15.



Consider a sequence of Bernoulli trials with probability p of success. This sequence is observed until the first success occurs. Let the r.v. X denote the trial number on which this first success occurs. Then the pmf of X is given by because there must be x - 1 failures before the first success occurs on trial x. The r.v. X defined by Eq. (2.67) is called a geometric r.v. with parameter p. (a) Show that px(x) given by Eq. (2.67) satisfies Eq. (2.17). (b) Find the cdf F,(x) of X. (a) Recall that for a geometric series, the sum is given by



Thus,



(b) Using Eq. (2.68),we obtain



Thus, and



P(X 5 k ) = 1 - P(X > k ) = 1 - ( 1 Fx(x)=P(X 1100) = (21, we have



Since X is a normal r.v. with p



=



{X < 900) u {X > 1100). Since (X < 900) n



~ ~ o o =o @( ) - 2) = 1 - @(2)



)



(



F,(1100) = @



Thus,



=



1000 and a 2 = 2500 (a = 50), by Eq. (2.55) and Table A (Appendix A),



Fx(900)= @(900



2.48.



513 hours



1100 - 1000 5o



=



P(A) = 2[1 - @(2)]z 0.045



The radial miss distance [in meters (m)] of the landing point of a parachuting sky diver from the center of the target area is known to be a Rayleigh r.v. X with parameter a2 = 100. (a) Find the probability that the sky diver will land within a radius of 10 m from the center of the target area. (b) Find the radius r such that the probability that X > r is e - ( x 0.368). (a)



Using Eq. (2.75) of Prob. 2.23, we obtain



(b) Now P(X > r) = 1 - P(X < r) = 1 - F,(r) - 1 - (1 - e-r2/200) = e - r 2 / 2 0 0 = e - l



from which we obtain r2 = 200 and r



=



$66



=



14.142 rn.
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CONDITIONAL DISTRIBUTIONS 2.49.



Let X be a Poisson r.v. with parameter 2. Find the conditional pmf of X given B = (X is even). From Eq. (2.40), the pdf of X is ;Ik



px(k) = e - A k!



k = 0, 1, ...



Then the probability of event B is



Let A = {X is odd). Then the probability of event A is



Now



a,



1



k = even



Ak



E- f



k=odd



Ak e-Ak!=eu-



(-A)k 7e ,-A



k =0



-A



,-21



Hence, adding Eqs. (2.101) and (2.102), we obtain



Now, by Eq. (2.62), the pmf of X given B is



If k is even, ( X = k) c B and ( X = k) n B = ( X = k). If k is odd, ( X = k) n B = fZI. Hence,



P*(k I B) =



P(X = k) P(B)



2e-9'' (1+eT2")k!



k even k odd



2.50.



Show that the conditional cdf and pdf of X given the event B = (a < X Ib) are as follows: 10



x 5: a
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Substituting B = (a < X 5 b) in Eq. (2.59), we have P((X I x ) n (a < X I b)} FX(x(a O), From Eq. (2.52), the pdf of X



Then by Eq. (2.105),



Hence,



= N ( 0 ; a2)is
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Let y = x2/(2a2).Then d y



=x



d x / a 2 , and we get



Next, =



Then by Eq. (2.31), we obtain



2.53.



I



1 " x2e-x2/(2a2) d x = -



=2.



f i , -"



(2.108)



A r.v. X is said to be without memory, or memoryless, if P(X~x+tlX>t)=P(Xsx)



x,t>O



Show that if X is a nonnegative continuous r.v. which is memoryless, then X must be an exponential r.v. By Eq. (1.39),the memoryless condition (2.110) is equivalent to



If X is a nonnegative continuous r.v., then Eq. (2.1 11) becomes



or [by Eq. (2.2511, Fx(x + t ) - Fx(t) = CFXW



-



FX(0)ICl



- FX(O1



Noting that Fx(0) = 0 and rearranging the above equation, we get



Taking the limit as t -+ 0 , we obtain F W = F>(O)[l - Fx(x)l where FX(x)denotes the derivative of FX(x).Let RX(x)= 1 - FX(x) Then Eq. (2.112) becomes



The solution to this differential equation is given by Rx(x) = keRx(OIx where k is an integration constant. Noting that k we obtain



= Rx(0) =



1 and letting RgO) = -FXO) =



Rx(x) = e -lx



-fdO) = -1,
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and hence by Eq. (2.113), Thus, by Eq. (2.49),we conclude that X is an exponential r.v. with parameter 1 =fx(0) (>0). Note that the memoryless property Eq. (2.110) is also known as the Markov property (see Chap. 5), and it may be equivalently expressed as



Let X be the lifetime (in hours) of a component. Then Eq. (2.114) states that the probability that the component will operate for at least x + t hours given that it has been operational for t hours is the same as the initial probability that it will operate for at least x hours. In other words, the component "forgets" how long it has been operating. Note that Eq. (2.115) is satisfied when X is an exponential rev., since P(X > x) = 1 - FAX)= e-" and e-A(x+t) = e - k i -At e .



Supplementary Problems 2.54.



Consider the experiment of tossing a coin. Heads appear about once out of every three tosses. If this experiment is repeated, what is the probability of the event that heads appear exactly twice during the first five tosses?



Ans. 0.329 2.55.



Consider the experiment of tossing a fair coin three times (Prob. 1.1). Let X be the r.v. that counts the number of heads in each sample point. Find the following probabilities: (a) P(X I1); (b) P(X > 1); and (c) P(0 < X < 3).



2.56.



Consider the experiment of throwing two fair dice (Prob. 1.31). Let X be the r.v. indicating the sum of the numbers that appear. (a) What is the range of X? (b) Find (i) P(X = 3); (ii) P(X 5 4); and (iii) P(3 < X 1 7).



Ans. (a) Rx = (2, 3,4, ..., 12) (b) (i) & ;(ii) 4 ;(iii) 4 2.57.



Let X denote the number of heads obtained in the flipping of a fair coin twice. (a) Find the pmf of X. (b) Compute the mean and the variance of X.



2.58.



Consider the discrete r.v. X that has the pmf px(xk)= (JP Let A = (c: X({) = 1, 3, 5, 7, . ..}. Find P(A).



Ans.



3



xk = 1, 2, 3, . ..
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Consider the function given by



(0



otherwise



where k is a constant. Find the value of k such that p(x) can be the pmf of a discrete r.v. X . Ans. k



= 6/n2



It is known that the floppy disks produced by company A will be defective with probability 0.01. The company sells the disks in packages of 10 and offers a guarantee of replacement that at most 1 of the 10 disks is defective. Find the probability that a package purchased will have to be replaced. Ans. 0.004 Given that X is a Poisson r.v. and px(0) = 0.0498, compute E(X) and P(X 2 3). Ans. E(X) = 3, P(X 2 3) = 0.5767



A digital transmission system has an error probability of per digit. Find the probability of three or more errors in lo6 digits by using the Poisson distribution approximation. Ans. 0.08 Show that the pmf px(x) of a Poisson r.v. X with parameter 1 satisfies the following recursion formula:



Hint: Use Eq. (2.40). The continuous r.v. X has the pdf - x2)



0 2).
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Ans. (a) k = 1. (b) Mixed r.v. (c) (i) $; (ii) ; (iii) 0 2.67.



It is known that the time (in hours) between consecutive traffic accidents can be described by the exponential r.v. X with parameter 1= &. Find (i) P(X I60); (ii) P(X > 120);and (iii) P(10 < X I 100). Ans. (i) 0.632; (ii) 0.135; (iii) 0.658



2.68.



Binary data are transmitted over a noisy communication channel in block of 16 binary digits. The probability that a received digit is in error as a result of channel noise is 0.01. Assume that the errors occurring in various digit positions within a block are independent. (a) Find the mean and the variance of the number of errors per block. (b) Find the probability that the number of errors per block is greater than or equal to 4. Ans. (a) E(X) = 0.16, Var(X) = 0.158 (b) 0.165 x



2.69.



Let the continuous r.v. X denote the weight (in pounds) of a package. The range of weight of packages is between 45 and 60 pounds. (a) Determine the probability that a package weighs more than 50 pounds. (b) Find the mean and the variance of the weight of packages. Hint: Assume that X is uniformly distributed over (45, 60). Ans. (a)



2.70.



4;



(b) E(X) = 52.5, Var(X) = 18.75



In the manufacturing of computer memory chips, company A produces one defective chip for every nine good chips. Let X be time to failure (in months) of chips. It is known that X is an exponential r.v. with parameter 1= f for a defective chip and A = with a good chip. Find the probability that a chip purchased randomly will fail before (a) six months of use; and (b) one year of use. Ans. (a) 0.501;



2.71.



(b) 0.729



The median of a continuous r.v. X is the value of x = x, such that P(X 2 x,) is the value of x = x, at which the pdf of X achieves its maximum value.



= P(X Ix,).



The mode of X



(a) Find the median and mode of an exponential r.v. X with parameter 1. (b) Find the median and mode of a normal r.v. X = N(p, a2). Ans. (a) x, (b) x, 2.72.



= (In



2)/1 = 0.69311, x, = 0



= x, = p



Let the r.v. X denote the number of defective components in a random sample of n components, chosen without replacement from a total of N components, r of which are defective. The r.v. X is known as the hypergeometric r.v. with parameters (N, r, n). (a) Find the prnf of X. (b) Find the mean and variance of X.



Hint: To find E(X), note that



( ) ( -) =x



x-1



To find Var(X), first find E[X(X - I)].



and



)(:



= x=O



(L)(~ n-x



r,
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A lot consisting of 100 fuses is inspected by the following procedure: Five fuses are selected randomly, and if all five "blow" at the specified amperage, the lot is accepted. Suppose that the lot contains 10 defective fuses. Find the probability of accepting the lot. Hint:



Let X be a r.v. equal to the number of defective fuses in the sample of 5 and use the result of Prob. 2.72.



Ans. 0.584 2.74.



Consider the experiment of observing a sequence of Bernoulli trials until exactly r successes occur. Let the r.v. X denote the number of trials needed to observe the rth success. The r-v. X is known as the negative binomial r.v. with parameter p, where p is the probability of a success at each trial. (a) Find the pmf of X. (b) Find the mean and variance of X. Hint:



To find E(X), use Maclaurin's series expansions of the negative binomial h(q) = (1 - 9)-' and its derivatives h'(q) and hW(q), and note that



To find Var(X), first find E[(X - r)(X - r - 1)] using hU(q). Ans. (a) px(x) =



x = r, r



+ 1, ...



r(l - P) (b) EIX) = r(i), Var(X) = p2 2.75.



Suppose the probability that a bit transmitted through a digital communication channel and received in error is 0.1. Assuming that the transmissions are independent events, find the probability that the third error occurs at the 10th bit. Ans. 0.017



2.76.



A r.v. X is called a Laplace r.v. if its pdf is given by fx(x)=ke-'Ix1 where k is a constant. (a) Find the value of k. (b) Find the cdf of X. (c) Find the mean and the variance of X.



2.77.



A r.v. X is called a Cauchy r.v. if its pdf is given by



1>0,



-co 
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Chapter 2 Basic Laws 

with finding the relationship between current and voltage for a resistor. ... Ohm's law states that the voltage v across a resistor is directly proportional ...... 7.5. R3 = RaRb. Ra + Rb + Rc. = 15 Ã— 10. 50. = 3. The equivalent Y network is shown i










 








All Together Dead Chapter 1 Chapter 2 Chapter 3 ... - yumenokaze 

This book is dedicated to a few of the women I'm proud to call "friend": Jodi Dabson Bollendorf, Kate. Buker, Toni Kelner, Dana ...... I shook myself and began to untie my apron. Arlene ...... She listened to a torrent of words that I could hear only










 








Dead Until Dark Chapter 1 Chapter 2 Chapter 3 ... - yumenokaze 

best to make me miserable since they'd moved into the rent trailer at Four Tracks Corner. I had hoped ...... I heaved a sigh at the sight of JB's muscular arms and pectorals. "What you doing out ...... truck and his fishing boat. If Jason had ever ..










 








Chapter 6, vocabulary 2 Habits 

get up take a shower take a bath dry (my) hair wash (my) face brush (my) hair brush (my) teeth ... get dressed make (my) bed go to the bathroom ... walk the dog.










 








chapter 2 description operation - provinspc2 

up to 2 colours (clear beige, dark beige colours) TBC .... This connector is located at the bottom of the transmission module and enable the connection to various.










 








Chapter 2: User Interface - trueSpace 

Windows bitmap (.dib): Windows and os/2 bitmap format. â€¢. Radiance Image ...... Reference PDF Manual Section 5.3 Workspace Material Editor. Inside a Material ...










 








Chapter 1, lesson 2 - English is cool 

Height: 5'3. Nationality: Irish. He likes coffee very much. He loves Italian food. He is crazy about music. He doesn't really like ice cream. He doesn't like fish at all.










 








Chapter 7, lesson 2 - English is cool 

Virgo. A good friend will be hit by a bus but don't worry, he/she won't die. Libra. Everybody around you will be ill but you won't. Scorpio. Try to stay calm or will ...










 








Chapter 2, lesson 6 - English is cool 

It is a great honor for me to be mayor of our city. I am here for you and your children. Our new skate park and swimming pool make all our young citizens' lives ...










 








Chapter 2: Construction Planning and Scheduling - Description 

Each project manager had a different system, which usually included the use of ... The best answer is to develop the minimum level of detail required to enable the user ..... H. 5. EFT=13. G. 8. EFT=8. I. 7. EFT=20. J. 4. EFT=24. L. 1. EFT=19. K. 3 .










 








Contents Chapter 2: Directional Control Valves 

Catalogue HY11-3500/UK. Parker Hannifin GmbH ... 3/2 Way Seated Type Directional Control Valve ...... The minimum pilot pressure must be ensured for all op-.
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