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Chapter 1 Probability 1.1 INTRODUCTION The study of probability stems from the analysis of certain games of chance, and it has found applications in most branches of science and engineering. In this chapter the basic concepts of probability theory are presented.



1.2 SAMPLE SPACE AND EVENTS A. Random Experiments: In the study of probability, any process of observation is referred to as an experiment. The results of an observation are called the outcomes of the experiment. An experiment is called a random experiment if its outcome cannot be predicted. Typical examples of a random experiment are the roll of a die, the toss of a coin, drawing a card from a deck, or selecting a message signal for transmission from several messages.



B. Sample Space: The set of all possible outcomes of a random experiment is called the sample space (or universal set), and it is denoted by S. An element in S is called a sample point. Each outcome of a random experiment corresponds to a sample point. EXAMPLE 1.1 Find the sample space for the experiment of tossing a coin (a) once and (b) twice.



(a) There are two possible outcomes, heads or tails. Thus S



=



{H, T)



where H and T represent head and tail, respectively. (b) There are four possible outcomes. They are pairs of heads and tails. Thus S = (HH, HT, TH, TT) EXAMPLE 1.2 Find the sample space for the experiment of tossing a coin repeatedly and of counting the number of tosses required until the first head appears.



Clearly all possible outcomes for this experiment are the terms of the sequence 1,2,3, ... . Thus



s = (1, 2, 3, ...) Note that there are an infinite number of outcomes. EXAMPLE 1.3



Find the sample space for the experiment of measuring (in hours) the lifetime of a transistor.



Clearly all possible outcomes are all nonnegative real numbers. That is, S=(z:O P(A), then P(B I A) > P(B). P(A n B) If P(A I B) = -------- > P(A), then P(A n B) > P(A)P(B).Thus, P(B)



1.40. Consider the experiment of throwing the two fair dice of Prob. 1.31 behind you; you are then informed that the sum is not greater than 3. (a) Find the probability of the event that two faces are the same without the information given. (b) Find the probability of the same event with the information given. (a) Let A be the event that two faces are the same. Then from Fig. 1-3 (Prob. 1.5) and by Eq. (1.38), we have A = {(i, i): i = 1, 2, ..., 6)



and



[CHAP 1



PROBABILITY



(b) Let B be the event that the sum is not greater than 3. Again from Fig. 1-3, we see that



B = {(i, j): i



+ j 5 3) = {(I, I), (1, 21, (2, I)}



and



Now A n B is the event that two faces are the same and also that their sum is not greater than 3. Thus,



Then by definition (1.39), we obtain



Note that the probability of the event that two faces are the same doubled from information given.



8



to



4



with the



Alternative Solution:



There are 3 elements in B, and 1 of them belongs to A. Thus, the probability of the same event with the information given is 5. 1.41.



Two manufacturing plants produce similar parts. Plant 1 produces 1,000 parts, 100 of which are defective. Plant 2 produces 2,000 parts, 150 of which are defective. A part is selected at random and found to be defective. What is the probability that it came from plant 1? Let B be the event that "the part selected is defective," and let A be the event that "the part selected came from plant 1." Then A n B is the event that the item selected is defective and came from plant 1. Since a part is selected at random, we assume equally likely events, and using Eq. (1.38), we have



Similarly, since there are 3000 parts and 250 of them are defective, we have



By Eq. (1.39), the probability that the part came from plant 1 is



Alternative Solution :



There are 250 defective parts, and 100 of these are from plant 1. Thus, the probability that the defective part came from plant 1 is # = 0.4. 1.42.



A lot of 100 semiconductor chips contains 20 that are defective. Two chips are selected at random, without replacement, from the lot. (a) What is the probability that the first one selected is defective?



(b) What is the probability that the second one selected is defective given that the first one was defective? What is the probability that both are defective? (c)
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(a) Let A denote the event that the first one selected is defective. Then, by Eq. (1.38), = 0.2



P(A) =



(b) Let B denote the event that the second one selected is defective. After the first one selected is defective, there are 99 chips left in the lot with 19 chips that are defective. Thus, the probability that the second one selected is defective given that the first one was defective is (c) By Eq. (l.41),the probability that both are defective is



1.43.



A number is selected at random from (1, 2, . . ., 100). Given that the number selected is divisible by 2, find the probability that it is divisible by 3 or 5. A, = event that the number is divisible by 2 A, = event that the number is divisible by 3 A , = event that the number is divisible by 5



Let



Then the desired probability is



- P(A3 n A,)



+ P(A, n A,) - P(A3 n As n A,)



C E ~(1.29)1 .



P(A2 ) A , n A, = event that the number is divisible by 6 A , n A, = event that the number is divisible by 10 A , n A , n A, = event that the number is divisible by 30



Now



and Thus,



1.44.



AS



P(A, n A,) = P(A3 u As



n A21 =



I A21 =



Z O +



7%



P(A, n As n A,) = &,



Ah -hi - 23 - 0.46 50 loo



50



Let A , , A ,,..., A,beeventsinasamplespaceS. Show that P(A1 n A , n



. n A,)



= P(A,)P(A, 1 A,)P(A,



I A,



. P(A, ( A ,



n A,)



n A, n .



.



n A,- ,) (1.81)



We prove Eq. (1.81) by induction. Suppose Eq. (1.81)is true for n P(Al n A, n



. . n A,) = P(Al)P(A2I A,)P(A, I A ,



n A:,) .



= k:



- .P(A, I A ,



n A, n



--



n A,- ,)



Multiplying both sides by P(A,+, I A , n A , n . . . n A,), we have P(Al n A, n



and



- - - n A,)P(A,+,IA, n A,



n A,) = P(Al n A , n



P(A, n A , n - .. n A,, , ) = P(A,)P(A, 1 A,)P(A31 A , rl A,)



Thus, Eq. (1.81) is also true for n for n 2 2.



1.45.



n



=k



-..n



- - .P(A,+, 1 A ,



A,,,)



n A, n



- .. n A,)



+ 1. By Eq. ( 1 A l ) , Eq. (1.81) is true for n = 2. Thus Eq. (1.81) is true



Two cards are drawn at random from a deck. Find the probability that both are aces. Let A be the event that the first card is an ace, and B be the event that the second card is an ace. The desired probability is P(B n A). Since a card is drawn at random, P(A) = A. Now if the first card is an ace, then there will be 3 aces left in the deck of 51 cards. Thus P(B I A ) = A. By Eq. ( 1 .dl),
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